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A NONLINEAR LANDAU-ZENER FORMULA

REMI CARLES AND CLOTILDE FERMANIAN-KAMMERER

ABSTRACT. We consider a system of two coupled ordinary differential equa-
tions which appears as an envelope equation in Bose—Einstein Condensation.
This system can be viewed as a nonlinear extension of the celebrated model
introduced by Landau and Zener. We show how the nonlinear system may
appear from different physical models. We focus our attention on the large
time behavior of the solution. We show the existence of a nonlinear scatter-
ing operator, which is reminiscent of long range scattering for the nonlinear
Schrodinger equation, and which can be compared with its linear counterpart.

1. INTRODUCTION

1.1. Physical motivation. In the 30’s (see [19] and [24]), Landau and Zener have
studied independently the system

(1.1) —i0su =V (s,z)u ;u(0) = ug,
where u = *(u1,u2) € C2, and the potential V is given by

v =(2 7).

This system is the prototype of eigenvalue crossings: the eigenvalues of the matrix
V(s,z) are v/s2 + 22 and —v/s2 + 22 and they cross when s = 0 and z = 0. More
recently, a nonlinear version of this system has been introduced in [3], of the form

(12) iz (1) =m0 (12).

with the Hamiltonian given by

_ (1) + 8 (fual? — fur? :
(1.3) H(y) = <7 ( Zz B —y(t) = 6 (Juz|? — |U1|2)> ’

where v(t) = at denotes the level separation, z is the coupling constant between
the two levels, and § is a nonlinear parameter describing the interaction. This
nonlinear two-level model can be used to understand Landau-Zener tunneling of
a Bose-Einstein condensate between Bloch bands in an optical lattice: this has
been achieved in e.g. [7]. In Section 2] we present a derivation of this model from
the nonlinear Schrodinger equation in a rotating frame and a periodic potential.
Physical properties of the above system have been investigated in e.g. [16] 18] [17]
20]. We also show how this model can arise under the influence of a double-well
potential, as in [I7] (see Section 2 for a rapid presentation, and the appendix for a
rigorous proof). The goal of this paper is to recast this model in a mathematical
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2 R. CARLES AND C. FERMANIAN

background, and to study some of its properties, in particular as far as the large
time regime is concerned.

1.2. Mathematical setting. In the linear case ([LI]), classification of crossings, as
performed in [5] and [6] in the one hand, and [I1] on the other hand, produces the
model problem

(1.4) —10su = (GS* _GS) u;  w(0) =wug € H2,

where H is a Hilbert space and G an operator on H. Equation (L2) corresponds
to H=C and G =z € R, as in [19] and [24] (see also [11] and [5]). Other choices
of the pair (H,G) are relevant:

) In |

) In [6] and [9], G = 0, — z and H = L*(R).

) In [14], [13] and [8], G = ¢(z) is a quaternion, z € R* and H = C2.
) In |

For this reason, we will focus on the following abstract problem
(1.5) —10su = <(§* fs) u+ 6F(u)u;  w(0) = ug € H?,

which is the nonlinear counterpart of (L4). The nonlinearity F : C? — R2*2 is of
the form

F(u) = diag(Fy (u), Fa(u))

where the functions F}, F» are gauge invariant, and more precisely,

(1.6) Fj(u) = fi(|lull, lluzll3,),
with f; € C*(R?%R) and V2 f; bounded. In particular, the system (L2)—(L3) enters
into this framework. By the change of variable s = t1/a, we are left with (5] with
G = z/\/a and Fj(u) = (=1)76a?(Jug|? — |u1|?) for j € {1,2}.

We make the following assumption on the operator G:
(1.7) X(GG")G = Gx(G*G) and x(G"G)G* = G*x(GG™).

This assumption is satisfied in the first three examples above. The situation is more
complicated in the fourth one.

We also assume that the domains of GG* and of G*G — D(GG*) and D(G*G)
— are dense subsets of H. Note that the domain of the evolution operators e/7¢¢”
and €7 ¢ are well-defined for any 7 € R with domain #.

Lemma 1.1. Let ug € H2. Under the above assumptions, (L5) has a unique, global
solution u € C(R; H?). It satisfies the following conservation law

d
7 ()5 + llua(9)l3,) = 0.

Proof. Denote by Ul(s2,s1) the linear operator which maps u!®(s;) to u!®(sy),
where u!" solves the linear equation

. lin _ [ S G lin
—i0su _<G* _S>u .
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It satisfies U(s,s) = Id, U(s,7)U(r,0) = U(s,0), and is unitary on H2. By
Duhamel’s principle, (L5 becomes

u(s) =U(s,0)ug + i0 /0S U(s,o0) (F(u)u) (o)do.

Local existence follows by a standard fixed point argument (Cauchy-Lipschitz),
with a local existence time which depends only on |lug||xxn. We then note the
conservation law announced in the lemma, which follows from the fact that the
functions F; are real-valued. This implies global existence, and the lemma. (|

We normalize the data so that
(1.8) lur(s)l13; + llua(s)[3, =1, Vs eR.

In this article, we prove a scattering result for initial data which are in the
range of 1y (g)2<g for some R > 0. More precisely, we introduce a cut-off operator
depending on G: let 6 be a smooth cut-off function , § € C§°(R) with 0 < 6 < 1,
O(u) =0 for |u| > 1 and O(u) =1 for |u| < 1/2. Then, for R > 0 we set

. GG* G*G

Because of (I7]), the operator © g commutes with V(s) for all s € R and ©rV (s) is
a bounded operator on H x H with norm v/s2 + R2. Besides, a simple computation
shows that up(s) = Oru(s) satisfies T0,ur = V(s)ur + F(u)ug with up(0) =
Orug = ug. Therefore, we have the following result.

Lemma 1.2. Suppose ug = ©ruqg for some R > 0, then for all s € R, the solution

of LA satisfies u(s) = Oru(s).

Typically, in the physical examples presented in Section 2, the assumption ug =
ORrup consists in saying that some physical parameter (whose value is fixed in
practise) belongs to a bounded set.

1.3. Scattering. We introduce the phase function ¢ given by

s A
o(s,\) = ) + §ln|s|.

We can describe the large time asymptotics of u.

Theorem 1.3. Assume that ug = ©rug for some R > 0. Then, there exist « =
(a1,2) € H2, w = (w1,ws) € HZ, such that:
1. As s goes to —o0,

wi(s) = PP @)sHi(GG) o 4 O (R2571)
un(s) = ePF(@s—ie(sG" O g 4 O (R257Y).
2. As s goes to +oo,
up(s) = eI Wstie(s.GG) , 4 0 (R2s_1) ,

'LLQ(S) — ei(;Fg(w)S—iga(s)G*G)wz + O (st_l) .
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The above result is reminiscent of long range scattering in nonlinear Schrédinger
equations, as described first in [21]: nonlinear effects are present both in the fact
that the amplitude of the functions u; undergoes a nonlinear influence (this is what
happens in nonlinear scattering in general), and in the fact that oscillations are
different from those of the linear case (a typical feature of long range scattering),
since the linear phase ¢ is not enough to describe large time oscillations. An
important difference though is that (L5 is not a dispersive equation, as can be

seen from (LS.

Remark 1.4. When 6 = 0 and G is scalar (G = z), this result goes back to the 30’s
with the proofs of Landau and Zener [19] and [24]. The original proof is based on
the use of special functions; more recently, the proof of [I0] relies on the analysis
of oscillatory integrals. When G is operator-valued, the theorem is proved in the
linear case (6 = 0) in [I2, Proposition 7]. We point out that there is a slight
difference with the present framework, due to nonlinear effects. In the linear case,
one associates with wug scattering states such that the asymptotics hold true for
Oru(s). Here, the scattering states depend on R in a non trivial way.

Conversely, wave operators are well-defined, as stated in the following result.

Proposition 1.5. Let a = (a1, a2) € H? such that « = Opa for some R > 0.
There exists C > 0, such that for all € > 0, there exists a solution u® € C(R;H?)

to ([LH) with

ui(s) _ ei5F1 (a)s+ip(s,GG )al H + ‘
H

lim sup

’U,;(S) _ ei&Fg(a)sfiap(s,G G)OQH < Ce.
s——00 H

Remark 1.6. A similar result holds in +oo.

Therefore, there exists K C H a dense subset of H and an operator Ss with
domain K which is a nonlinear scattering operator mapping the scattering state
at —oo, a € K, to its counterpart w at +o0o given by Theorem [[33} the scattering
operator is defined by w = S;a.

Besides, if the unit ball of H is a finite dimension vector space (typically, H = C
in the case of ([[2])), one can extract from u® a converging sequence with limit «
which solves ([H]) and admits the scattering state (o, as), and the operator Ss is
defined on H (K = H).

Our final result concerning the large time behavior of solutions to (L)) consists
in describing the effect of the nonlinearity in S5 by comparing this operator with
its linear counterpart. We denote by u!™ the solution of ([4)), and we associate
with ug the linear scattering states

alin _ (Oéllin, al2in) and wlin _ (wiin,w;in) i
According to Proposition 7 in [12], the linear scattering operator is given by
in [ a(GG*)  —b(GG*)G
(1.9) ST = (b(G*G)G* GG )
with
2. 1T )
a(\) =e "2, b(\) = %2—“%—”% r (1 + z%) sinh <”—2A) :
and a(\)? + Ab(V)|? = 1.
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When G = z, the coefficient

(1.10) T(z) =a(z?)?=e "

is the celebrated Landau-Zener transition coefficient which describes the ratio [w|?/|al®|2
of the energy which remains on the first component (when oi® = 0). As we shall

see in the next result, the Landau-Zener transition probability remains relevant in

the nonlinear regime and for small §. Let us define, for j = 1,2,

+oo X R
(111) A= [ B )~ B ) .

(1.12) A7 = /_ (Fj (uli“(T)) — F; (alin)) dr,
0
and A* = diag(AT, AY).

Theorem 1.7. Let 6 > 0. The nonlinear scattering operator Ss and the linear
scattering operator S are related by the formula

55(04) _ ei&A*(a)Slin (efiJAf(a)a) )

In addition, we have the following asymptotic behavior as 6 — 0. There exists a
constant C > 0 such that for all R > 0 and initial data ug with O gug = ug, we
have

185 — S —ig (AT — SAT)| 1 5y qp) < O RS

As expected, as § — 0, S5 behaves at leading order like the linear scattering
operator. Nonlinear effects show up in the O(J) corrector (the nonlinearity is
present in the definition of A= and A™T), and are described rather explicitly in
terms of linear scattering and of the nonlinearity F. We note also that if A} # AJ
(Fy # F»), then S and AT do not commute.

This paper is organized as follows. In Section[2] we sketch the derivation of mod-
els of the form (LH) from cubic nonlinear Schrédinger equations used to describe
Bose-Einstein Condensation. In Section Bl we set up some technical tools needed
for the large time study of ([LH]), and we prove Lemma Theorem [[3]is proved
in Section [4] Proposition in Section [B] and Theorem [I.7] in Section [6l Finally,
in Appendix [Al we go back to the derivation of (LE]) from physical models, and
establish rigorously that (LH) can be interpreted as an envelope equation in the
semi-classical limit.

2. FORMAL DERIVATION OF THE MODEL

We rapidly describe some cases where () appears as an approximation to
describe the motion of a Bose—Einstein condensate.

2.1. Condensate in an accelerated optical lattice. As proposed in [3], and
considered in e.g. [I6], the motion of a Bose-Einstein condensate in an acceler-
ated 1D optical lattice is described by the equation

2
m‘%’ _ 1 (—zhi _ wt> Y+ Vo cos (2kpx) ¥ +

Amh2a,
ot 2m ox

m

[,
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where m is the atomic mass, kr, is the optical lattice wave number, Vj is the strength
of the periodic potential depth, w is the inertial force, and a; is the scattering length.
The adimensionalized form of this equation reads

oy 1( .0 2 )
(2.1) 5 =3 (—z% - at) P 4 veos(x)Y + €|v]“Y,
with € = —1 or +1 according to the chemical element considered. The approach
in [3] consists in injecting the ansatz
(2.2) U(t,x) = a(t)e™ + b(t)e k12

into 21), with k& = kr = 1/2, corresponding to the Brillouin zone edge (this
approximation amounts to considering that only the ground state and the first
excited state are populated, see [16]). We compute

10 = iae™® 4 ibe' kDT
(=i0y — at)?p = (k — at)® ae®™® 4 (k — 1 — at)? be'k—D2,
1/ ., . . _
cos(x)) = 3 (ael(kﬂ)z + betke 4 etV 4 bez(k*mz) ,
9P = (af? + b7) (o + BE02) + fafbettE D7 4 oyt
+ GQBei(k-i-l)LE + ab2ei(k—2);ﬂ'

Leaving out the new harmonics (the last two exponentials) generated both by band
interaction and nonlinear effects, and identifying the coefficients of €’** and e*(k=D=,
we come up with:

1
i0ia = 3 (k—at)’a+ %b + € (Ja]* +2[b]*) a,

1
iob =5 (k= 1-at)’ b+ ga + e (2lal® + [b]?) b.

We notice the identity 9 (|a|® + [b|*) = 0, so we can write |a|> + [b]*> = m§ > 0
(in [3], mg = 1). Now recalling the numerical value k& = 1/2 and expanding the
squares, we have

1 t t)?
i@ta:§a—a—a+ ()

a+ %b—ke (mg + |b|2) a,

2 2
1 t t)?
10ib = §b+ %b—k (a2) b+ %a—l— € (mg + lal®) b.

The above system becomes

(5= (5 20) () 1 2) ) sometvnn ()

with

1
Ey = 3 —|—m(2Je.

Using finally the gauge transform

(U1> — o iBot—ia®t?/6 <a>
u9 b/’
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we end up with

) upy 1 [/—at w U1 € .. 9 A
@(w)—g(v QQ<W)+§m%wMJmn<w)
Q. we

which is of the form (L2)-(L3) or (L) via the change of variable s = t,/5;
then have G = (2a)~/2v and F(u) = £(2a)~/?Diag(|uz|?, |u1]?). Note that the
only approximation that we have made in this computation consists in neglecting
the other harmonics than e**/2 and no linearization was performed, unlike in the
computations of [3].

Theorem [[.3] gives an asymptotic for the profiles a and b of the ansatz ([2.2) as ¢
goes to +o0o. Theorem [T gives an information on the profiles (a4, by ) for t ~ +00
in terms of (a_,b_), those for ¢ ~ —oo. For example if for ¢ ~ —oo, we have
(a—,b_) = (a,0), then the profiles for ¢ ~ 400 are related via the Landau-Zener
transition coefficient (LI0) for z = (2a)~'/2v: at leading order in &, they satisfy

1!2 U2
a2 = e~ 8 faf? and [by[* = (1—e "5 ) Jaf?
2.2. Condensate in a double-well potential. As suggested in [3], and further

developed in [I7], nonlinear Landau—Zener tunneling may be realized in a double-
well potential. Consider

O 19%) 2
(23) ZE + 5@ = W(t,i[:)’t/l + 6|’t/1| ’lﬂ
The potential W is of the form
(2.4) W(t,z) = Vi(x) + ktVy(x),

where Vs is symmetric and V, is antisymmetric. In [I7], we find the explicit ex-
pression

Vo Vo sinh (Bx

(2.5) Vi) = —0__ y,(q) = Yosinh(57)

cosh (fz) cosh” (Bx)

Note that V is a double-well potential. The main point to be aware of is that the

lowest two eigenvalues Ay < A_ of the Hamiltonian —%8% + V; are non-degenerate,

with associated eigenfunctions ¢ (see Appendix A for details). The two exponen-

, B>0.

tial functions e*%*/2 of the above model are then replaced by the so-called single-well
states
(26) = = (pr—v), vr=—r(pr o)

: PL \/590+ ¥-)s ¥R \/§<P+ w-)-

We note that this approach can be generalized to a multidimensional framework, in
the spirit of [23] (see Appendix [A]). We sketch the computation in the simplest 1D
case though, to emphasize the differences with the optical lattice case. We shall
use mostly two properties of ¢, and g, described more precisely in Appendix [A}
* or(—1) = oL (T).
e The product ¢repr is negligible, because ¢ and pgr are localized at the
two distinct minima of V.

Seek ¢ of the form
U(t, x) = ar(t)er(z) + ar(t)pr(z).

Denoting
A+ A A=

Q ’ w 5
2 2
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we compute:
10 = iarLpr + iarPR,
1
—5351/1 + Vi = ar (oL — wer) +ar (Qpr —wer)
= (Qar —war)pr + (Qr — war)pr,
Vo = arVypr + arVaer,
[91*9 = (laz’leLl® + |ar*lerl” + 2 Re (@LarPrer)) (arer + arer) -
By integrating in space and neglecting the product ¢rpgr, we get:
{ i0sar, = Qar, — wag + ktypar + eplarar,

. 2
i0iap = Qar —way, + Ktypar + erlar|*ar,

/YL:/VUJSD%J ELZE/SDL}J ’YR:/Vaﬁp%:a ERZE/SDLII%'
R R R R

By symmetry, v, = —g, €, = €g =: 6, so if we set o« = k7, we come up with:

{ i0sar, = Qay, —wag + atar, + dlarar,

with

10iar = Qagr — war, — atag + 5|CLR|20R-
w)  [(age
ug ) aRemt ’
) u _ (ot —w (31 |u1|2 0 U1
10 (uz) = (—w —at) (uz) +5( 0 Jugl?) \u2 )’

which is of the form (LI via the change of variables s = /at with Fj(u) =
a~2?u;? and G = —wa~'/2. Therefore, Theorems and [[7 yield similar
2

results than in the preceding subsection with a Landau-Zener coefficient e~ " .

Using the gauge transform

we find:

3. TECHNICAL PRELIMINARIES

In this paragraph, we introduce several operators related with G that will be
useful in the following. We set

(3.1) J = ((1) _01) and K := V(0) = (c? g)

so that V' (s) writes
V(s)=sJ+ K.
We observe that

where A(s) is the diagonal operator

A(s) = diag (\/52 T GG V2T G*G) .

For this reason, A(s) appears like a diagonalisation of V (s), all the more that if we
set
1
I+ (s) = 5 (Id £ A(s)"'V(s)),
then we have the following properties.
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(1) TIE(s)V(s) = V()T (s) = £A(s)ITF(s) = +ITH(s)A(s).
(2) It (s) + 11" (s) =Id.

(3) (ITF(s))" = TI*(s).

(4) T+ (s)ITF(s) = 0 and (T1*(s))? = ITF(s).

The properties (2)-(4) show that II*(s) are orthogonal projectors, and the prop-
erty (1) will play the role of a diagonalisation of the operator V(s). The fact that
1% (s) and V(s) commute with A(s) is more general. In fact, V(s) and I1*(s) are in
the subset A of L(H?) defined by: A € A if and only if there exist smooth functions
a, b, ¢ and d such that A = A(a, b, c,d) with

[ a(GG*) b(GGY)G
(3.2) A(a,b,c,d) = (C(G*G)G* d(G*G) )

A simple calculation shows that, because of the commutation property (L), oper-
ators of A commutes with A(s):

VAe A, VseR, AA(s) = A(s)A.

Besides A is an algebra, as shown by the following lemma which stems from straight-
forward computations

Lemma 3.1. Let a,b,c,d,a’,b',c/,d € C*(R). We have
A(a,b,c,d)* = A(a,c,b,d),
Ala,b,c,d)A(d’ b, d") = A(a”,b", ", d"),
with
a”(\) = a(N)a' (X) + Ab(N)e(N), b"(A) = a(MY'(X) +b(N)d' (M),
d"(N) = dN)d' (N) + Ae(N)b(N), "(A) = a’ (AN)e(N) + d(N)d' (N).
Operators of A will be called diagonal if
A =TI"(s)AIl" (s) 4+ 11" (s) AIL (s),
and antidiagonal if
A =TI (s)AIl™ (s) + I~ (s) ALt (s).

In particular, V(s), II*(s) and II" (s) are diagonal operators of A; on the other
hand, the operators 9,II*(s) and 951~ (s) are antidiagonal elements of A. Indeed,
the relation

O, ITT = 9,((IT1)?) = OO, 1T + o, I+
implies that TT*9,IT*I1* = 0 (and similarly for I~ since 9,11~ = —J,IT*).
Antidiagonal operators have nice properties that we shall use later. Typically,

they can be written as commutators with V(s): if C(s) = I*(s)C(s)IIT (s), then
we have

with
(3.3) B(s) = 2A(s) "1 C(s),

which also belongs to A. Because of this property, we have the following lemma.
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Lemma 3.2. Let u be a solution of (L), C(s) € A with C(s) = I (s)C(s)II™ (s),
and let B(s) be associated with C(s) as in B3]), then

(C(us) , u(s))ps = 1 (Blshuls) , u(s) e
(3.4) FHOBEs) 1))y — ([Bs), F)luls)  u(s))es

Proof. We write

and the lemma follows. O

4. EXISTENCE OF SCATTERING STATES

The proof of the existence of scattering states (Theorem [[3)) consists in three
steps.

(1) We set
ut(s) = T (s)u(s),

and we first prove the existence of a limit to [[u*(s)||3,. as s goes to Foc.

(2) Then, we deduce that for j € {1,2}, the functions F}(u) have a limit that
we denote by Fj(w) (resp. Fj(a)) as s goes to +00 (resp. —oo). Besides,
we prove that the functions

400 s
s / (Fj(u(r) — Fj(w))dr and s — /7 (Fj(u(r) — Fj(a)) dr

are well defined and we study their behavior as s goes to +0o or —oo,
respectively.

(3) Finally, we deduce the existence of scattering states from the scattering
result for the linear equation and by using Duhamel formula to treat the
nonlinearity.

If one expects the asymptotics behavior of u to be described as in Theorem [1.3] then
the first two steps consist in deriving the asymptotic phase, while the goal of the
final step is to describe the amplitude. This strategy is similar to the one employed
in e.g. [I5] to study the long range nonlinear scattering for the one dimensional
cubic Schrodinger equation and for the Hartree equation.

First step. The first step of the proof relies on the following proposition.
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Proposition 4.1. Assume that ug = Ogrug for some R > 0. Then, there exist
OF, AT > 0 such that

R
||ui(s)||%xﬂ —0t=0 (s_2> as s — +0o,

R
[u=(s)||F o — AT =0 (5_2) as § — —oo.

Proof. We consider the limit s — +oo for the + mode. The limit s — —oo and the
case of the — mode can be treated similarly. We are going to prove that ||[u™(s)||3,
is a Cauchy sequence as s — +0o. In that purpose, we write the equation satisfied
by u™

1 1

—0sut = A(s)u™ + =0, 1TT (s)u + F(u)u™.

i i

Therefore, for 0 < t < s,

(4.1) 1™ () 32— llu™ ()13

— 2Re (/ (T (@), (0)u(0), u(0))yy, sy da) .

t

We are going to use properties of the operator IT*(s)dsITT (s) that we gather in
the next lemma where we denote by Im C' the skew adjoint part of the operator C:
ImC = (C — C*)/2.

Lemma 4.2. Let C(s) = I*(s)0,I1*(s) and B(s) = %
and B(s) are antidiagonal operators of A with C(s) = O
9sB(s) = O (5) in L(H?). Moreover,

(4.2) ImC(s) = %A(s)_2 (C?* _OG> ,

The proof of this lemma is postponed to the end of the section. Using Lemma[3.2]
we obtain

/ts (Clo)u(o), u(o))yedo
1

S

(B@)u(0) , w(@))enc .

+ i/ts (0sB(o)u(o) , u(0))ye do —/t ([B(o), F(u)]u(o) , u(0))y- do.
A short computation gives for s € R,
Re ([B(s), F'(u)]u(s) , u(s))y2 = Re (Im B(s), F(u)]u(s) , u(s))se,
with
Im B(s), F(u)] = 3 (Fy(u) ~ Fa(u))A(s) K.

Therefore,
Re ([B(s), F(ululs) , u(s))ya = 7 (Fi () — Flu)) (Als) *Ku,u), .

Since u(s) = Opru(s) with ||u(s)||x2 = 1, we have || Kul|y2 < R. We deduce for all
selR

Re (B(s), Fululs)  u(s)el = O (3 ).
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This observation and Lemma [£2] yield: for s > ¢ > 1,

ot e~ I3 = 0 (7).
This implies the convergence of |[u™(s)||xx2 to QT > 0 with

R
w9l =2+ +0 ().
hence the proposition. (|

Proof of Lemma[].2 The proof relies on the computation of C(s) by observing

st (5) = % (A(s)™"T = sA(s) 2V (s)),

where we have used 9;A(s) = sA(s)™!. Since
I (5)0s 11T (5) = IIH(8) D ITH (s)IT (s),
the operators C(s) and B(s) are antidiagonal. Besides, we have

C(s) = T (5)0 11+ (5)T1 (s) = %A(s)_ll'ﬁ(s)JH_(s)

SAS) T+ AG) IV (3), T] = Als) 2V () TV (5)).

In view of
V(s),J] = [K,J] = 2 < o ‘OG> L V() JV(s) = 52J + 25K + diag(— GG, G*G),
we obtain
C1s) = 1) (o667, G°6) = sK) + 100 (5. ).
hence ([@.2)). Then, the estimates
(4.3) [A(S) ey <571 10sA(s) 22y < 1

102A(8) |32 = [[A(s) ~*diag(GG*, G*G))|ly2 = O(s1)
allow to conclude the proof of the lemma. O

Second step. We study F'(u) by analyzing the norm of uq(s) and uz(s). Note
that, for |s| > 1, we have

A(s) 'O = Il?l <1d+ o <f—;)> .

We deduce asymptotics for the operators II*(s): for s > 0, in £(H?),
52

2
(4.4) H+(S)@RZGREl-I—%A(S)_lK@R-FO(R ) ,

. 1 R?
1I (S)@R:@RE2—§A(S) KOr+ O ,

52
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and for s < 0, in L(H?),

1 R?
H+(S)®R:®RE2+§A( 1K®R+O<—2),
. 1 R2
1I (S)@R:@RE1—§A( KOr+ O —2 ,

where K = V(0) has been defined in (B),
E; = diag(1,0) and FE> = diag(0,1).

This suggests that as s goes to +00, u1(s) is related to u™ (s) and ua(s) with u™(s)
while when s goes to —oo, u1(s) is related to v~ (s) and wua(s) with u™(s). For this
reason, we denote by F(w) and F(a) the matrices

Fw)=F(Q",Q7) and F(a)=F(A™,A").
We now prove that F'(w) and F(«) are the limits of F(u) as s goes to £oo. More
precisely, we have the following result.

Proposition 4.3. If Ogug = ug for some R > 0, then for j € {1,2},
2

/S+°° (F; (u(r)) — Fy(w))dr = O <R?) 45 s 400,
/s (F; (u(7) — Fy(a)) dr = O (%) e

— 00

Proof. We first transfer the result of Proposition Bl on the coordinates of u(s).
Recall that ug = Oprug yields that for all s € R, u(s) = Oru(s) (by Lemma [[2)).
We claim that for all R > 0, as s — 400,

(45) @l - 07 =) +0 (%)

(%)

where for j € {1,2}, |g;(s)| = O(Rs™!) and ‘f;roo gj(a)da‘ = O(R?s™1), and that,
as s — —00,

)

luz(s)[13 — Q7 = ga(s) +

2
WM@@—A‘=%@+O(E),
MM$M—A+=QU+O(

where for j € {1,2}, [g;(s)] = O(R|s|™') and

g U)da‘ = O(R?|s| V).
Then, one concludes as follows: for 7 > 0 and j € {1, 2}, we write
F(u(r)) = Fj(w) = Vf; (27,97) - (91(7), g2(7))
1
+ / V2 (QF +001(7), 27 + 095(7)) [91(7), g2(7)] (1 = 0)do + O(Rs ™),
0

where the f1, fo are the functions of ([H). Recall that, for j € {1,2}, V2f; are
bounded, Vf; are continuous and Q]i < 1 from (L8). Therefore, the fact that
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lg;(s)| = O(Rs™!) and ‘fjm gj(T)‘ = O(R?s71) for all j € {1,2} yields the lemma
for s — 400 (one argues similarly in —00).
Let us now prove ([@H). Indeed, by Lemma FIl there exists Q7 such that as
s — +00,
lu*(s)l32 = @ + O(Rs™2).
By (44), we can write

lus(s)13, = lut ()32 + Re (u™ (s) , Als) ' KOgu(s)), . + O <R_)

R2
= [lut(s)[|32 + Re (KA(s) " 'II* (s)ORu(s) , u(s)>H2 +0 <—) .
In view of (@) and of the relation
IA(s) ' KORl ciuxmy = O(Rs™1),

we have
H+(S)@R = FEOr+ O(Rsil).

This implies that we can write

KA(s) "I (s)0r = KA(s) 'E1©Or + O < )
= EyKA(s) "' E1Or + O ( >

~ () (ROR () +0 (L)
where we have used Fo K = KEi, A(s)"'E; = E;A(s)”! and the commutation
properties of V(s) and IT*(s) with A(s)~! and ©r. We set
g1(s) = Re (A(s) "I (s) KORITT (s)u(s) , u(s)>H2 .

We obtain

1 2 2 R?
46 () = Os™) andfun (9 = () + () + 0 ().
In order to prove the integrability properties of g1, we study the operator

C(s) = A(s) I~ (s) KO RITT(s).

Lemma 4.4. The operators C(s) = A(s) I~ (s) KOgIIt(s) and B(s) = %A(s)fla(s)

are antidiagonal operators of A which satisfy
(4.7) ImC(s) = EA(S) Or (G* 0 ) ,
and C(s) = O (£), B(s)=0 (&), 9,B(s) =0 (f—;) in L(H?).

We postpone the proof of this lemma. By Lemma B2, we write

g91(s) = Re (159 <B(s)u(s) , u(s)>H2) +Re (z <85£~3(s)u(s) , u(s)>H2>

—Re <[§(s),F(u)]u(s) , u(8)>H2 +0 (f—;) .
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In view of
[1m B(s), F(w)] = 5 (Fiu) — Fa(u)Als) K,
we obtain
91(s) = Re (%dii <J§(s)u(s) , u(s)>H2> +Re (z <8S§(s)u(s) , u(s)>H2)
+ £(Fi(u) = Fa(u)) Re (A(s) *Ku(s) , u(s))y + O (f—j) .

By (@6 and using that sA(s) ™2 < s72, ||Ku(s)||52 < R and |Ju(s)||xe> for all s € R,
we infer (A3 with the properties stated for g;(s). The other assertions of the claim
can be proved similarly. (|

It remains to prove Lemma [£.4]
Proof of Lemmal[].7] We write
O(s) = iA(s)*l(K + A(s) K, V(s)] = Als) 2V (8)KV(5))On.
In view of
mvel=2 (g )
and

V(s)KV(s) = —s*K + 2s diag(GG*, —G*G) + < 0 GG G> ,

G*GG* 0
we obtain

Cl(s) = %A(s)_l (—23A(s)_2diag(GG*, —G*G) + (1 + s°A(s) HK

B _9 0 GG*G 4(0 -G
A(s) (G*GG* 0 + 2sA(s) a0 )@R

hence (@) and the other properties of the Lemma follow from the observation
[[Ku(s)|42 = O(R) and from the properties of A(s) stated in (£3). O

Third step. We are now able to prove the existence of scattering states and to
conclude the proof of Theorem [L.3]

Proof of Theorem[L.3. Let us focus on the case s — +00. Because of Lemma [£.3]
we can define v(s) = (v1(s),v2(s)) with for j = 1,2,
v;(s) = u;(s) exp (—is5Fj (w) —1id /S(Fj (u(r)) — F; (w)dT) .
We have ’
(4.8) %st =V(s)v; V5= = uo.

The linear scattering result of [I2] Proposition 7] can then be applied to v. This
gives the existence of @ = (&1, 2) (independent of R) such that

v1(s) = GGG /Ry + o(1),

va(s) = e GG Y(G*G /Ry + o(1),

where 6 is the smooth cut-off function used for defining the operator © . Besides,
the rest term o(1) which comes from the o(1) in Lemma 7 in [I2] (or equivalently



16 R. CARLES AND C. FERMANIAN
Lemma 11 in [II]) has been studied in the proof of Proposition 5.5 of [I3] and
proved to be O(R?s™1). Therefore, we have

v1(s) = ?CEIHGET /R0y + O(R?s™Y),

va(s) = e PG EY(G*G /Ry + O(R?s™Y),

Note that v does not need to be truncated by © g since it is associated with a initial
data which is already truncated by Or (ug = Orup). Again by Lemma L3 we

have
+o0 R2
exp (25/ (F (u(r)) — Fj(w))dT) —140 (—) .
s s
Therefore,
U (8) — oi50F (w)v1 (8) _ eiséFl(w)-i-iga(s,GG*)wl + O(st_l),
UQ(S) _ eisziFg(w)UQ(S) _ eiséFg(w)—icp(s,G*G)w2 + O(R2S_l),
with
(4.9) W = exp [ia JoF (Fy(u(r) — Fy (w))} 0(GG* /R,

wp = exp [i6 [ (Fa(u(r) = Fa(w))] 6(G*G/R*)as,
and the existence of scattering states in +oo is proved. We point out that

lur ()15, = llor ()13, Nua(9)F, = lva(s)ll3,
so that we have
QF = |0(GG*/R*)an |13, = [lwall3,
Q" = |0(G*G/R*)@s 3, = llwall3,,

which justifies the notation F(w) = F(Q%, Q7).
A similar argument allows to define the scattering states in —oo. (Il

5. EXISTENCE OF WAVE OPERATORS

In this section, we prove Proposition Let a = (a1,a2) € H? such that
a1 € D(GG*) and az € D(G*G) with

]l + llozll7 <1 and |GG on s + [|G*Gazlly < R?

for some R > 0. This assumption implies that ||G*au|n + ||Gaz|ln < R.

The strategy is the following. We first introduce an ansatz which solves (L))
up to an integrable source term. Then, for ¢ > 0, we infer the existence of an
exact solution which is at distance € > 0 of this ansatz as s — —oo. We conclude
by noticing that the ansatz is an O(1/|s|) perturbation of the expected reference
solution.

Step 1. Construction of the ansatz. We consider a continuous function from
R to H?, u(s) = (u1(s), ua(s)), with

i (s) = ei01() o) 4 oifa(s) ﬁ + 7 + o—is®/2 K1(8) + o3is”/2 F1(s)
s 52 52 52’

Ua(s) = ei02(5) ., 4 i1 (s) <% + g) + ois® /2 “Z(;) + o—3is?/2 “2(25)'
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The phase operators 6; and 65 correspond to the phases obtained in the previous
section, and are given by

82
01(5) = T+ 61(s), 61(s) = %(1n|s|)GG* +6sF(a),

52 1
0s(s) = 5 + da2(s), ¢2(s) = —5(1n|s|)G*G+ dsFy(a).
Similarly, we define
~ s2 1 N
01(s) = 5 + E(ln|s|)G G + dsFi(a),

fo(s) = _% - %(ln|s|)GG* +0sFy(a),

so that we have

(5.1) e G* = G*ei?t and Geifr = 1@,
002G = Ge?2 and G*eif2 = cif2G*.

The coefficients 3;, v; and £;, j € {1,2} satisfy

B2 = %G*ala B = —%GOéz,

= é(Fg(a) —F(a)B1, 2= g(Fg(a) — Fi(«))B2,

a(s) = — 2 (Oufu(e) (B, DG 0)) 8y fu(a) (e DT g ) Y,
Iig(s):geiwzag (81f2 <l<lnl\ "o, 51> +Oafola <5 —i(ln|s)G" G, >H)
%1(8)=ge“‘71a1 (01 f1(a) (e 00IDE qy, ﬁ1> + D2 1() { B, e "I G >H>
Fols) = — S0 (91 fofa) {81, 0MDT G0 ) 4 0y ) (DG Gy 1) Y,

with
Y1 = 61— 05(Fi(0) — F(a)) = 5(In[s)GG" +dsFs(a),

i = 61+ 05(Fi(e) = Fa(e)) = 3 (nls|)GG” + 85(2F1 (@) = Fa(a),
and

Vo = b2+ 05(F1(@) = Fa(a)) = —5(nls])G" G + DsFi (a),

Dy = s — 65(Fi(a) — Fa(a)) = —%(ln|s|)G*G 4+ 65(2F5(a) — Fi(a).

We have denoted by 0; fj() the real-number 9; f;(||aa ||3,, [|az2]|3,)-
We observe that for j € {1,2},
(5.2) [Bjll» = O(R) and |v;ll» = O(R),
1565 () 3 + |7 (8)lle = O(R) and [|0st;(s) |3 + [[0s5(s) [l = O(R?s™1).
We begin by studying each term of the equation (LH]): s-derivatives, linear term,

nonlinear term. Then we project on each family of oscillations generated by the
operator-valued phases.
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Derivatives. Using (0.2)), we get

—id,t; = " (s + 2—1SGG* +6F, (a)) ay + e’ (—61 + gFg(a)ﬁl - %)

1 .. 3 ..
— —e T Ri(s) + SeM T R(s) + O(R3s7?),
s s

—i0ty = e’ (—s - %SG*G + 5F2(a)) as + e <ﬁ2 + gFl (a)Ba + lj)

2

s s

3 s
€' T Ko(s) — —e_?”;kz(s) + O(R3s72).
s

[V

+

Linear part. Using (5.1 and (5.2]), we get

- . ) 1 . 1
suy + Gug = e“91 (SOZl + gGﬂQ) + 6“92 <ﬂ1 + g")/l + GCYQ)

1 .2 1

42
+—e "7 k1(s) + Se3z?kl(s) + O(R?s7?),

~ - - 1 . 1
—stz + G* 1y = ' <_50‘2 + —G*ﬂl) e (‘ﬂz - =72+ G*m)
S S

1 '52 1 -32
- geZTKQ(s) - ge*&quz(s) + O(R?s72).

Nonlinear part. We begin by expanding F;(u) = f;(||[a1)3,, |[az2]|3,) for j € {1,2}.
We observe

_ 2 e i .
il =l + 5 Re (% ar,e®81) +O(R?s™),

_ 20 /e .
lital3 = llaall3 + = Re (a0, €% ) +O(R%72).

We deduce

5 3 Fj(u) = Fj(a) + %31]%‘(04) Re <ei91a1,ei§2[31>7{

. + g&fg‘(a) Re <€i020<27€i0-152>ﬂ + O(R?s72).
Note that

(5.4 o 1024101 _ eis2+i65(F1(a)—Fg(a))ei(ln\sDGG*,

e—iél itz _ e—is2—ias(F1(a)—Fz(a))e—i(lnm)G*q

Finally, we have

F(@)a = Fi(a)e®a; + %Fl (@)ei® B,

+le—z‘§+iw1a1 (81f1(a) <ﬂl,ei(ln\s|)GG*a1>H + Oafr(a) <e—i(1n\s|)G*ca2,ﬂz>H>

S

1 3i§+1‘¢~1 i(In|s|)GG* —i(ln|s))G"G
+e % (Blfl(oé) <€ a1,ﬁ1>H+32f1(a) <527€ 0<2>H)
+O(R?*s™2).
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Similarly, we obtain

e~ . 1 s
FQ(’U,)’U,Q = Fg(a)ewzag + —Fy (Oé)elel B2
S
1 2. ) X ) N
+§6172+“Z’2a2 (51f2(0<) <el(lnls‘)GG 0¢17ﬁ1>H + 02 f2(c) <527€_l(1n|5‘)0 Ga2>H>

1 &2 . . * . *
+g67317+up2a2 (81f2(0&) <ﬂ1,el(ln\s|)G Ga1>H + anQ(a) <efz(ln\s|)G Ga25[32>7{)
+O(R?*s72).
By the definition of 5}, v;, k; and k; for j € {1,2}, one gets that u(s) satisfies
—i0su = V(8)u + F(u)u + O(R*s™?).

Step 2. Existence of an exact solution with prescribed behavior. We first
prove the result in the linear setting. Consider

eis?/2+i(In |s\)GG*/2a1
v_(s) = efisz/in(ln|s\)G*G/2a2 ’
sop € RT such that R3so_1 < e, ¥y = Us=0 and v° = (v§, v§) solution to the linear
equation
—i0sv° = V(s)v%;  vfm_y, = v-(50)-
Then, by step 1,
d . . _
l0(s) = o7 (5) e = O(R*s™2)
Therefore, there exists C' > 0 such that for s < —sj,
[[20(s) — v°(s)l32 < Ce.
Consequently,
(5.5) [[v-(s) = v°(s)[l5¢= < Ce.

In particular, this implies that the scattering states (allin’a, agn’a) associated with v,

satisfy ||04?n’E — ||y < Ce for j € {1,2}.
Let us now study the nonlinear case. We set
b= [ (B - B

This integral is well-defined, in view of (B3)—(&.4]), since integration by parts yields
~ 1
®;(s)=0 (ﬂ) as s — —oo.
s

Define ¢ by v; = e_i‘;SFf(a)_i‘s‘i’i(s)&j(s). In view of the first step, it satisfies
—i0s0 = V(s)0 + O(R*s™?).
Moreover, by construction,

[0(s) = v- ()l =0,

S—r—00
S0 in view of
d £ ~ 3.—2
2517 (5) = 0(s)llaz = O(Rs™),
there exists a constant C' > 0 such that, for s < —sy,

lo(s) = 8(s)llpes < Ce.
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Now set
S

5(s) = o5 (e HOTIE,ay(s) = [ (F05(0) - Fy(a) .

— 00
Then u® solves ([[LH)), and since F' is gauge invariant,

%56 = [ (B0 - B@)ar =0 (1) wss o .

— 00
We infer
(5.6) AC > 0, Vs < —sp, |Ju®(s) —a(s)]] < Ce
and the scattering states (af, a5) associated with wue satisfy [|a5 — oy < Ce for
je{1,2}.
Finally, if the unit ball of H is compact, we can extract from u® a converging
sequence which still solves (LI)) and whose scattering states are (aq, ).

6. ANALYSIS OF THE SCATTERING OPERATOR

We now prove Proposition [[.7] and we take into account the dependence of the
nonlinear term with respect to the parameter §. Because of [@9), we have w'™
Orw and

w = exp (i(5 /+OO (F(u(r)) — F(w)) dT) whn,
Similarly, ’

o= exp (m / T (Fu(r) - F(a)) dr) alin
In particular, we have F(w) = Fo(wli“) and F(a) = F(a'") since
(6.1) leoglla¢ = llw™ll2¢ and [lajlls = [l [l for j € {1,2}.
Besides, in view of

u(s) = exp (i(5 /S F(u(T))dT) ulm,

we obtain F(u) = F(u'™). We deduce i

—+oo
w = exp (25/ (F(ulin(T)) _ F(wlin)) dT) i — el'(s/ﬁwlin7
0

o = exp (25/ (F(ulin(T)) — F(ozlin)) dT) alin = @i0A~ glin
0
where AT = diag(AT,AT), and Aj[ are defined in (LII) and (I2)), respectively.
Therefore, the nonlinear scattering operator Ss = Ss(«) such that w = Sso satisfies
(6.2) Ss(a) = oiOAT (o) glin (e—i(s/r(a)a) 7
and the scattering operator Ss has the following expansion
S5 = S +i6 (ATS™ — S™AT) + OR(6%)
where OR(6%) = Y10y (O [[A] %) + OS2[|AS (7))
It remains to obtain an upper bound for A*. We write

S0 +oo
Aj:/o (Fj(u(s))—Fj(w))dS—f—/ (Fj(u(s)) = Fj(w)) ds.

S0
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By the continuity of the functions f; and f; (defined in (L)) and because of
luall3, + lluzll3, = llwrll3, + w23, = 1, we have

s0
| o) - Eyas| <2 (supls1) so
0
Lemma [£.3] gives the existence of a constant C' such that,

+oo
[ (Buts. ) - B ds

S0

(6.3) < CR?syt.

In order to optimize the upper bound, we choose sy = R whence
Or(6%) = O(R&?),
which completes the proof of Theorem [L71

APPENDIX A. RIGOROUS DERIVATION FOR A DOUBLE-WELL POTENTIAL

A.1. Mathematical framework. We give more details concerning the derivation
of (LA in the case of a condensate in a double well. This is achieved by adapting
the approach from [23], from which several intermediary results are borrowed (see
also [I] for some refinements to [23] in the confining, one-dimensional case). We
shall derive the model (A.3) as an envelope equation in the semi-classical limit.
Rewrite (2.3) in the presence of physical constants:

81/)h h2

(A.1) mw + 7A1/)h =Vt 2)0" + e(h) [ Py,

where €(h) is a coupling constant whose value will be discussed later on. Note that
we consider a slightly more general framework than in Section r € R?, with
d > 1. We assume that V" (¢,z) = Vi(x) + k(h)tV,(z), with V; and V, independent
of h.

We first describe the assumptions performed on the potential V; and discuss the
first consequences.
Assumption A.1 (Symmetric potential). The potential Vi € C*(R?) is a smooth
real-valued function such that:

(1) The potential Vy is at most quadratic,
0°V, € L¥(RY), V|a| > 2.
(2) Vi is symmetric with respect to the first coordinate:
Vi(—x1,29,...,2q4) = Vs(x1,22,...,24), VY € R?.

(3) Vi admits two minima at x = xy, where x_ and x4 are distinct and sym-
metric with respect to the first axis. Moreover,

Vi(x) > VRt = V(zy), VeeRY z#a.,

and
VD < Jiminf Vi(z) =: V.

|z|—o00
(4) The minima x4 and x_ are non-degenerate critical points: VV(xy) =0

and V2V (xy) > 0.

Remark A.2. As noted in [23], the last assumption (non-degeneracy) is not crucial.
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We denote by
2

i

The operator Hy admits a self-adjoint realization (still denoted by Hy) on L2(R?)
(see e.g. [22]). Let o(Hy) = 04 U 0dess be the spectrum of the self-adjoint operator
Hy, where o4 denotes the discrete spectrum and o.ss denotes the essential spectrum.
It follows that

oq C (VM Vo) and  Gess = [Vig, +00).
Furthermore, the following two lemmas hold, which follow from [2]:
Lemma A.3 (Lemma 1 from [23]). For any h € (0, h*], for some h* fized, it follows
that:

(i) o4 is not empty and, in particular, it contains two eigenvalues at least.
ii) The lowest two eigenvalues N of Hy are non-degenerate, in particular,
+
)\’}r < M. There exists C > 0, independent of h, such that

A= ymin L O(R); inf A=\ > COh.
5 (%) Aeg(H;)n\[Ai,A'z]( 1)

Lemma A.4 ([2], and Lemma 2 from [23]). Let ¢ be the normalized eigenvectors
associated to A%, then:
(i) ¢t can be chosen to be real-valued functions such that
O (1,9, .., xq) = £ (21, 20, . . ., 24).
(ii) o € N L>(RY), where
S={fe H'R), z~ |z[f(z) € L*RI)}.
(iii) There exists C independent of h such that for all h € (0, hx],
Il loeey < R 2G75), vp e f2,00],
IVl 2may < CRTY2, ol || pogay < C.
The single-well states are then defined as in (2.6)). They satisfy:

* (P%(—Jil,i[:g, s 7:Ed) = (Pﬁ(l'l,l'g, . ,xd).
o [[phh|Le = O (e=/") for all ¢ < T, where I' denotes the Agmon distance
between the two wells

r= inf / V V() — Vmindg > 0.
vy

~ connecting the two wells

e For any r > 0, there exists C' > 0 such that

/ |l (2)|?dz =14+ O (e_c/h) , / lh (2)|?de =1+ O (e_c/h> .
B(z4,r) B(xz_,r)

We denote by
I =1-((¢h,) o} + () l)
the projection onto the eigenspace orthogonal to the bi-dimensional space associated
to A1, Finally, we define the splitting between the lowest two eigenvalues
A — AR
(A.2) wh = _TJF

Then for all ¢ < T, w" = O (e=</").
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We now describe the assumptions made on the potential V.

Assumption A.5 (Antisymmetric potential). The potential V, € C®(R?) is a
smooth real-valued function such that:

(1) The potential V, is bounded, as well as its derivatives,
0V, € L*(R%), V|a| > 0.
(2) V, is antisymmetric with respect to the first coordinate:
Val—21,22,...,2q) = =Vo(x1,22,...,24), VX € R

Remark A.6. We note that Assumption [AJ] and are satisfied in the case (2.3))
borrowed from [17].

A.2. An approximation result. In this section, we prove:

Proposition A.7. Let d < 2. Let V" be as in Section[A 1, with
(w")?
h 3
for some n € R independent of h. Suppose that e(h) is given by
e(h) = ow"h?,

where 6 > 0 does not depend on h. Suppose also that the initial datum is of the
form

k=r(h)=n

Y0, ) = apel (z) + are(x), ar,ar € C independent of h.

Define the approximation solution Y.pp by

o) = a1 (22 o) +an (42) hio),

where (ar,ar) = (ar(7),ar(7)) solves

i0rar = nTap —ag + 5h|aL|2aL; Qrjre0 = O,
(A.3) { i g

, Ry, 12 . _
i0rap = —nragr —ar +0"|ar|“ar; apjr—o = AR,

and

" = 5hd/2/ 01 = 5hd/2/ ok
R R

is uniformly bounded in h € (0,h*]. Then we have the following error estimate:
there exist ¢, C independent of h such that for all v < T,

—it(A" A" _
sup || (t) —e t()\*+)\+)/(2h)¢§pp(t)”112 < Ce/h,
[t|<eVh/wh
Remark A.8. The case d =1 and § < 0 could be considered as well, leading to the

same result. Considering this case would just make the proof a bit longer, and we
refer to [23] for the adaptation.

Remark A.9. Since the range for the slow time 7 = w”t/h is —c/vVh < 7 < ¢/Vh,
the above approximation result is a large time result, which is consistent with the
large time study of (A.3]), or, more generally, of (L) to which one reduces thanks
to the change of variables s = \/fr (we then have G = —n~/2? and §F(u) =
n~1/26"Diag(|u1|?, |uz|?)). When A is small, Theorem [[3 gives asymptotics for the

profiles ar, and apr of ¢§”pp for large times (|t| < cv/A/w") and the connexion between
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the profiles for t < 0 and ¢ > 0 involves the Landau-Zener transition coefficient e
(at leading order when % goes to 0).

Proof. For simplicity, we write the proof for ¢ > 0 and it naturally extends to ¢ < 0.
Step 1: Preliminaries. We begin by proving estimates on 9", then we perform
the rescaling suggested by the form of the approximation solution. First, it follows
from Lemma [A.4] and [4] that for fixed A > 0, (A has a unique, global solution
Yt € C(R;X) (T is defined in Lemma [A4). In addition, if we set

Mass: M"(t) = Hwh(t)”%%

h
Buergy: £'(0) = 3 Vo @l + GO+ [ Vol 0P

then we have the a priori estimates:
aM"
=0,
dt

dEh / oV (t, )| (t, x)|*dx = k(R / Vo () |0 (t, z)|2dz,

where we have used (2.4]) for the last equality. Note that (A is not a Hamiltonian
equation, unlike the one studied in [I], where the Hamiltonian structure is crucial.
The conservation of mass and the form of the initial data yield

MM(t) = [9" ()] 22 = [|™(0)]| 2 = M™0) < C,
for some C independent of . We have

e(h)

E™0) = (w9l + argh, oLHogl + onHopk) + =~ larel + oneillis:

Introduce Q" = (A" + A")/2 and notice that Q" = V™" 4+ O(h) by Lemma [A3]
Noting the identities

(A4) Hopl = Q" —wol;  Hoplh = Qo —whel,
we infer from Lemma [A3] and Lemma [A4] that
E"0) = V™R M(0) + O(h).
Therefore, since V, is bounded,
|EV"(t)]32 < 2B"(t) — 2V M"(t) + Cr(h)tM"(t)
< 2EM(0) — 2V M(0) + 2k(R / / (2)|"(t, ) |>dx + Cr(h)t
R4
< Ch+ C( )
Next, as in [23], we c0n31der the slow time
wht
=—2= 07
T

and the new unknown function
(7, z) = YL, ;E)eiﬂﬁ't/h _ wh(t7x)eﬂlhr/wh'
It solves

(A.5) 10, UM = !

— (Ho — Q") O™ + nrV, O + 5hY2 W7 20",
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and in view of the above estimates,

1 h
(A6) D)= = ¥ O]l = 0(); [V < C <?—L " h—) |

We decompose ¥" as
(A.7) U=l g =0T,
so we can write "
" (1,2) = al (T)¢l(2) + ak (7)o (),

for some complex-valued coefficients a” and af. Projecting (A.5), and using (A.4),
we find:

ial —a’;+m/ Va\yh<p§+5hd/2/ | W2 whph
R4 Rd

ié?‘% —a%—l—m’/ Va\I/hga?%—l-éhd/z/ |‘Ilh|2‘llhg0§§,
Rd Rd
1
00y = — (Ho — Q") + It (Vo U™) + 0r7/2TIE (|0 2e”).
w

The proof of Proposition [A.7] consists in showing that ai /R are close to ar, /g, and

that " is small. This is achieved in two more steps.

Step 2. A priori estimates on a%, a% and ". By definition, we have a% =

fRd Whph  so Cauchy—Schwarz inequality yields

2 2
le" (D172 = [L(T) + |2k (N)* < (M")" (IeLlZ: + loklz) <2 (M)
Decompose the nonlinearity acting on U” as
[OPPO" = [ 2" + R
Using the a priori estimates on a” and Lemma [A4 we have
" 2"l 2 < 9" 17"z < C (IloEll7 + lkl7~) < CR™Y2.
Since we have the pointwise estimate
R < O (J¢"Ple| + [wel?)
we infer
IR"22 < C (W20l e + 9213 )
and Gagliardo—Nirenberg inequality yields (d < 2)

19213 6mey < CllEN Tz fa I VOEN T2y

Since d < 2, we can factor out, ||| 12(ra), and (AG) gives

/2
o w T
HU)?”%e(Rd) < C||7/}§||L2(Rd)h vz (1 T ( h ) ) '
Therefore,

d/2
w'T
(A.8) IRz < O /2 <1+( +) >||¢f||L2,
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and |U"|2WU" satisfies a similar estimate. We infer
whr\ 2
|a] (7)] + |ak(7)] <0(1+r)+c<1+ (T) )

Since d < 2 and w" = O(e~¢/"), we can simplify the above estimate:
|é§(r)| + |é§(7’)‘ <C(+7), Vr=o.

From this we infer

(A9) [0-"|| .o < [AE@| LIz + |8R(D)] Ikl < C(1+7),
and, again from Lemma [A.4]
(A.10) 10- (1" 2" || 2 < Bl 7 107" || L2 < CA=Y2(1 + 7).
Step 3. Stability estimates. In view of (A7), we first prove that " is small.
Since sz:O = 0, Duhamel’s formula yields
(A.11) ¢£<T>:<—n@/ e Hom M=/ (sI1f (Vo w”) (s)) ds
0

o Z-(;hd/z/o efi(Hngh)(Tfs)/whHZ (|\I/h|2\11h) (s)ds.

Each term is treated in a similar fashion: when U” is replaced by ", we perform
an integration by parts, and for the remaining term, we use directly the a priori
estimates. For the first part of (A1), we write

7 (V,uh) = 0 (Vo) + 1 (Vool)
and set

) = [ et il (V") () s

IS(T) _ / efi(Honh)(Tfs)/wh (SHZ (Va¢?) (S)) ds.
0
Integrating by parts,

I1(r) = e~ Hom =/ (b — M) Ml (V") (s)]
Liwh e~ i(Ho=Q")(r=s) /" (pr b\ T (ph V") + sII? (V,0-0")) (s)ds.
0 c ¥ c ¥
0
From Lemma[A.3] there exists C independent of i € (0, #*] such that

|1 (o — %)~ it <c

L2—L?

We infer, using (A.9)),

wh

|If(T)| < Cf (T+T3) )
For I}, we have directly
BOI<C [ slels)ads.
0

For the nonlinear term in Duhamel’s formula (the second term of (ATT])), we also
write

e ([0 Pet) = T2 (" 2¢") + TIER",
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and set

" —1 —Q"M)(r—s) /"
() = n/2 [t gl (") (5)ds,
0

I(r) = hi/? / o Ho = (r=) [ RN 5 s,
0

We have, directly from (A.g]),

T h d/2
<o [ <1+(“—;) )nw?(s)nmds,

and performing an integration by parts for I?, using (A.I0), we have
W
)< (147).

Since d < 2 and w” decays exponentially, we come up with:

wh

o2l < (5 @ v + [ lvhiolluads).

Gronwall lemma yields

Wl
—

2
e ()l < C— L4 7%)eC T,

27

Recalling again that w” decays exponentially, we can write that for all cg < ' (the

Agmon distance between the two wells),

2
”77[’?(7')”L2 <C(l+ T3)eC(T+T )=co/h_

This is small as h — 0, provided that 72 < /h. More precisely, there exist ¢1,ca > 0

independent of & such that

A2 MY < Ce—/h o< < 22
(A.12) e (Tl T

To conclude the proof of the proposition, set
wh =all —ap; wlh=ah —ag.

Subtracting the equation for ay from the equation for a%, we have

Gl =l 1 nT/ Va (" —arel) ol
R4

wont’ [ (WP~ Pl ) of.
We have
et —angh) el = [ Va(ahho+ ol + el of.
therefore, since the product ? ¢ decays exponentially in A,

Ve —angh) | <€ (e e+ 191
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A similar estimate can be established for the other source term in the equation for

w?. The equation for w% is handled in the same fashion, and using (AI2)), we end
up with:
. . — C2
L)+ k] < O (W] + R +e7") 0<r< L
Gronwall lemma and (A.12) then yield Proposition O
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