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Hyperdeterminants
A little history

Simplest generalization of the determinant to higher tensor (arrays
M = (Mi1,...,ik )1≤i1,...,ik )

Det(M) =
1

n!

X
σ1,...,σk∈Sn

ε(σ1) . . . ε(σ2)Mσ1(1),...,σk (1) . . .Mσ1(n),...,σk (n),

ε(σ) is the sign of the permutation σ.

The notion is due to Cayley
(1846).
For k = 2 we recover the
classical determinant.

Jean-Gabriel Luque in collaboration with Christophe Carré Hyperdeterminants and symmetric functions
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Hyperdeterminants
A little history

Nineteenth century, very few other contributors for instance :

Gegenbauer
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Hyperdeterminants
A little history

Early twentieth century, an important contributor : Maurice Lecat
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Hyperdeterminants
A little history

The reference book : Sokolov, N.P., Introduction à la théorie des
matrices multidimensionelles, Kiev : Nukova Dumka, En Russe,
1972.
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Why study hyperdeterminants ?
A natural generalization of the determinant

These properties are similar to those of the case of the determinant

1 Invariance properties

2 Det(M ◦i N) = Det(M)Det(N)

3 Det(M + N) = . . . (minor summation formula)

4 Laplace expansion formula

5 . . .

These properties can not be easily generalized :

1 The rank notion

2 Geometric interpretation of the variety Det = 0

3 How to efficiently compute Det ?

4 Eigenvalues, eigenfunctions . . .
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Why study hyperdeterminants ?
Many applications and connexions with other disciplines

1 Statistic Physic and random matrices (multiple integrals)

2 Fractional Quantum Hall effect (expansion of the Laughlin
wavefunction)

3 Algebra : Det is the smallest invariants of hypermatrices.

4 Algebraic combinatorics : rectangular Jack polynomials.

5 Orthogonal multivariate polynomials.

6 Combinatorics. For instance : the Alon-Tarsi conjecture (sum
of the signs of latin squares).

7 . . .
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Why study hyperdeterminants ?
Advances in Sciences

Study Det with the help of

1 Algebraic combinatorics

2 Algebraic geometry. In particular, Mumford’s geometric
invariant theory

3 Computer science
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What is an hyperdeterminant ?
Tensors = Multiindexed arrays = hypermatrices

Tensor (Algebraic geometry),Multiindexed arrays (computer
science), hypermatrices (Algebraic combinatorics)
We study the special case :

M := (Mi1,...,ik )1≤i1,...,ik≤n
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What is an hyperdeterminant ?
Grassmanian variables

Anticommutative variables : {η1, . . . , ηn}, ηiηj + ηjηi = 0.
A tensor is viewed as a polynomial :
M =

∑
1≤i1,...,ik≤n Mi1,...,ikηi1 ⊗ · · · ⊗ ηik

Alternative definition of Det :

Mn = n!Det(M)η1 . . . ηn ⊗ · · · ⊗ η1 . . . ηn.

Example :
M = M11η1 ⊗ η1 + M12η1 ⊗ η2 + +M21η2 ⊗ η1 + M22η2 ⊗ η2
M2 = (M11η1 ⊗ η1)2 + (M12η1 ⊗ η2)2 + (M21η2 ⊗ η1)2 + (M22η2 ⊗ η2)2

+(M11M12η
2
1 ⊗ η1η2) + . . .

+M11M22η1η2 ⊗ η1η2 + M12M21η1η2 ⊗ η2η1

+M22M11η2η1 ⊗ η2η1 + M21M12η2η1 ⊗ η1η2

= 2 det Mη1η2 ⊗ η1η2.
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What is an hyperdeterminant ?
Grassmanian variables

Anticommutative variables : {η1, . . . , ηn}, ηiηj + ηjηi = 0.
A tensor is viewed as a polynomial :
M =

∑
1≤i1,...,ik≤n Mi1,...,ikηi1 ⊗ · · · ⊗ ηik

Alternative definition of Det :

Mn = n!Det(M)η1 . . . ηn ⊗ · · · ⊗ η1 . . . ηn.

Example :
M = M11η1 ⊗ η1 + M12η1 ⊗ η2 + +M21η2 ⊗ η1 + M22η2 ⊗ η2
M2 = 0 + 0 + 0 + 0

+0 + . . .
+M11M22η1η2 ⊗ η1η2−M12M21η1η2 ⊗ η1η2

+M22M11η2η1 ⊗ η2η1 + M21M12η2η1 ⊗ η1η2

= 2 det Mη1η2 ⊗ η1η2.

Jean-Gabriel Luque in collaboration with Christophe Carré Hyperdeterminants and symmetric functions
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Basic properties
Summation formula

Let M =
∑

1≤i1,...,ik≤n Mi1,...,ikηi1 ⊗ · · · ⊗ ηik and
N =

∑
1≤i1,...,ik≤n Ni1,...,ikηi1 ⊗ · · · ⊗ ηik .

1 If k is odd.

2 If k is even.

M and N are anticommutative variables MN = −NM. Hence,
M2 = N2 = 0 and Det(M) = Det(N) = Det(M + N) = 0.
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Basic properties
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∑
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N =

∑
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2 If k is even.

M and N are commutative variables MN = NM :

(M + N)n =
n∑

i=0

(n

i

)
MiNn−i

Note that :

Mi = i !
∑

J1,...,J2k

Det

M

 J1

...
J2k


 ηJ1 ⊗ · · · ⊗ ηJ2k

where M

 J1

...
J2k

 denotes a hyperminor and the sum is over the

2k-tuple of sets J1, . . . , J2k ⊂ {1, . . . , n} of size i .
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Det(M + N) =
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±Det

M

 I1
...

I2k


Det

N

 J1
...

J2k



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Basic properties
Product (composition ?) of tensor

Composition :

(M ◦` N)i1,...,ik+k′−2
=
∑

j

Mi1,...,i`−1,j ,i`,...,ik Ni`,ik+1,...,ik+k′−2
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Operad
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Basic properties
Product (composition ?) of tensor

Composition :

(M ◦` N)i1,...,ik+k′−2
=
∑

j

Mi1,...,i`−1,j ,i`,...,ik Ni`,ik+1,...,ik+k′−2

Det (M ◦` N) = Det(M)Det(N)

N ∈ SLn ⇒ Det (M ◦` N) = Det(M)
Det, polynomial invariant for the action of SL2k

n .
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Symmetric functions
Definition

Let X = {x1, x2, . . . , xn, . . .} be an infinite alphabet.

Sym(X) the set of polynomials f in X verifying
f (x1, . . . , xi , . . . , xj , . . . ) = f (x1, . . . , xj , . . . , xi , . . . ) for any pair of
indices (i , j).
Stable by linear combination + product ⇒ Sym(X) is an algebra.
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Symmetric functions
Multiplicative bases

1 Complete functions : hn(X) =
∑

m is a monomial m

λ = [λ1, . . . , λk ] (λ1 ≥ · · · ≥ λk) partition.

hλ(X) = hλ1(X) · · · hλk
(X)

2 Elementary functions : en(X) =
∑

i1,...,in distinct xi1 . . . xin

eλ(X) = eλ1(X) · · · eλk
(X)

3 Power sums : pn(X) =
∑

x∈X xn

pλ(X) = pλ1(X) · · · pλk
(X)

h0 = p0 = e0 = 1
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hλ, eλ, pλ : multiplicative basis of Sym(X).
The relations between this basis are completely described by the
generating functions.
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Multiplicative bases
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1− xt

2 Elementary functions : en(X) =
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i1,...,in distinct xi1 . . . xin

λt(X) =
∑
n

entn =
∏
x∈X

(1 + xt) = (σ−t(X))−1

3 Power sums : pn(X) =
∑

x∈X xn

d

dt
((log (σt(X))) =

∑
n≥1

pn(X)tn−1

hλ, eλ, pλ : multiplicative basis of Sym(X).
The relations between this basis are completely described by the
generating functions.

Jean-Gabriel Luque in collaboration with Christophe Carré Hyperdeterminants and symmetric functions



Symmetric functions
Nonmultiplicative bases

1 Monomial functions :

type(x5
1 x2

6 x1
7 2x2

8 ) = [12, 5, 2, 2]
mλ(X) =

∑
type(m)=λ m.

hn(X) =
∑

λ mλ

2 Schur function : Sλ(X) = det (hλi +i−j) .

3 Jack J
(α)
λ , Hall-Littlewood Qλ(X; q), Macdonald polynomials

Mλ(X; q, t).
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Symmetric functions
Nonmultiplicative bases

1 Monomial functions :
type(x5

1 x2
6 x1

7 2x2
8 ) = [12, 5, 2, 2]

mλ(X) =
∑

type(m)=λ m.
hn(X) =

∑
λ mλ

2 Schur function : Sλ(X) = det (hλi +i−j) .

3 Jack J
(α)
λ , Hall-Littlewood Qλ(X; q), Macdonald polynomials

Mλ(X; q, t).

Jean-Gabriel Luque in collaboration with Christophe Carré Hyperdeterminants and symmetric functions
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Symmetric functions
Virtual alphabet

Sym(X) = C[p1(X), p2(X), . . . , ]
= C[h1(X), h2(X), . . . , ]
= C[e1(X), e2(X), . . . , ]

Consequences : A = (ai )i∈N be any number sequences. hi (X)→ ai ,
morphism of algebra.
Specialization or virtual alphabet hi (A) = ai .
Interest : relate some sequences of numbers.
Example :
hi (F) = Fi (Fibonacci numbers :F1 = 1, F2 = 2, Fn+2 = Fn +Fn+1)
e1(F) = −e2(F) = 1,
pi = Li (Lucas number L1 = 1, L2 = 3, Ln+2 = Ln + Ln+1)
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Symmetric functions
Virtual alphabet

Sym(X) = C[p1(X), p2(X), . . . , ]
= C[h1(X), h2(X), . . . , ]
= C[e1(X), e2(X), . . . , ]

Consequences : A = (ai )i∈N be any number sequences. hi (X)→ ai ,
morphism of algebra.
Specialization or virtual alphabet hi (A) = ai .

Interest : relate some sequences of numbers.
Example :
hi (F) = Fi (Fibonacci numbers :F1 = 1, F2 = 2, Fn+2 = Fn +Fn+1)
e1(F) = −e2(F) = 1,
pi = Li (Lucas number L1 = 1, L2 = 3, Ln+2 = Ln + Ln+1)

Jean-Gabriel Luque in collaboration with Christophe Carré Hyperdeterminants and symmetric functions
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Generalized Heine identity

Let hn(µ) =

∫
zndµ(z) be a moment.

V (z1, . . . , zn) =
∏

1≤i<j≤n

(zi − zj)

I (µ; n, k) :=
1

n!

∫
. . .

∫
V (z1, . . . , zn)2kdµ(z1) . . . dµ(zn)

= Det(hi1+···+i2k
(µ))0≤i1,...,i2k≤n−1.
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Selberg integral

Jean-Gabriel Luque in collaboration with Christophe Carré Hyperdeterminants and symmetric functions



Selberg integral

dµβa,b(c) = 1[0,1]x
a−1(1− x)b−1dx

I (µβa,b; n, k) =
n−1∏
i=0

Γ(a + jk)Γ(b + jk)((j + 1)k)!

Γ(a + b + (n + j − 1)k)k!

Atle Selberg, Bemerkinger om et multiplet integral, Norsk
Matematisk Tidsskrift 26 (1944), 71-78.

Det
(

hi1+···+i2k
(µβa,b)

)
=

n−1∏
i=0

Γ(a + ik)Γ(b + ik)((i + 1)k)!

Γ(a + b + (n + j − 1)k)k!

hn(µβa,b) =
∫ 1

0 zn+a−1(1− z)b−1dz = β(n + a, b) = Γ(n+a)Γ(b)
Γ(a+b+n) .
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Selberg integral

dµβa,b(c) = 1[0,1]x
a−1(1− x)b−1dx

I (µβa,b; n, k) =
n−1∏
i=0

Γ(a + jk)Γ(b + jk)((j + 1)k)!

Γ(a + b + (n + j − 1)k)k!

Atle Selberg, Bemerkinger om et multiplet integral, Norsk
Matematisk Tidsskrift 26 (1944), 71-78.

Det
(

hi1+···+i2k
(µβa,b)

)
=

n−1∏
i=0

Γ(a + ik)Γ(b + ik)((i + 1)k)!

Γ(a + b + (n + j − 1)k)k!

hn(µβa,b) =
∫ 1

0 zn+a−1(1− z)b−1dz = β(n + a, b) = Γ(n+a)Γ(b)
Γ(a+b+n) .

Jean-Gabriel Luque in collaboration with Christophe Carré Hyperdeterminants and symmetric functions



Kadel integral

I (µβa,b;λ, k) :=
1

n!

∫
. . .

∫
J

( 1
k )

λ (z1, . . . , zn))V (z1, . . . , zn)2k

dµa−k(n−1),b−k(n−1)(z1) . . . dµa−k(n−1),b−k(n−1)(zn)

= J
( 1

k )
λ (1, . . . , 1)I (µβa,b; n, k).

J
(α)
λ is a Jack polynomials.

K.W. J. Kadell , The Selberg-Jack polynomials Adv. in Math.

More generally : for any measure µ,

I (µ;λ, k) = (∗)λJ
(k)

λ+nk(n−1)(µ̃)

(∗)λ is an explicit factor and hn(µ̃) = en(µ).
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Rectangular Jack polynomials

If Z = {z1, . . . , zn} then J
(k)
mn (Z ) = (∗)(z1 . . . zn)m.

I (µ;λ, k) = (∗)Det(hi1+···+ik+m(µ)) = (∗)J
(k)

nm+k(n−1)(µ̃)

More generally, true for any specialization :

Det(hi1+···+ik+m(A)) = (∗)J
(k)

nm+k(n−1)(−A),

hn(−A) = en(A).
(Matsumoto 2006, Belbachir, Boussicault, Luque 2008)

Det(ei1+···+ik+m(A)) = (∗)J
(k)

nm+k(n−1)(A),
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Even power of the Vandermonde

Context : Fractional quantum Hall effect (Laughlin wave function)
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Even power of the Vandermonde

Context : Fractional quantum Hall effect (Laughlin wave function)

Expansion of the Laughlin wavefunction in terms of Slater
wavefunctions.

=
Expansion of V (x1, . . . , xn)2k in terms of Schur functions.

V (x1, . . . , xn)2k =
∑
λ

gn,k
λ Sλ.

gn,k
λ = ±Det

(
δλn−i1+1+i1+···+i2(k+1),(2(k+1)−n)+1

)
1≤i1,...,i2k+2≤n

.

δa,b = 0 if a 6= b, δa,a = 1.
Sparce hypermatrices, computed using Laplace expansion
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Sparce hypermatrices, computed using Laplace expansion
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Even power of the Vandermonde
Generalized Laplace Expansion

Det(M) =
∑

I2,...,I2k

±Det

M

 I1
...

I2k


Det

M

 {1, . . . , n} \ I1
...

{1, . . . , n} \ I2k


 .

due to
Armenante, Sui determinanti cubini, Giornale di Matematiche di
Battaglini, 1 (1868), pp 175-181. Only for cubic tensor
W. Zajaczkowski, Teoryja Wyznacznikow o p wymiarach a rzedu
ngo , Pamietnik Akademie Umiejetnosci (w. Krakowie), Tom 6
(1881) 1-33.
Independently by Gegenbauer, Uber Determinanten höheren
Ranges, Denkschriften der Kais. Akademie der Wissenschaften in
Wien 43, 17-32, 1882.
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Even power of the Vandermonde
Generalized Laplace Expansion

Det(M) =
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 {1, . . . , n} \ I1
...

{1, . . . , n} \ I2k


 .

Applications :

Computing the coefficient gn,k
λ .

Find recurrences and formulas for some λ.
For instance : If λ1 + · · ·+ λm = km(m − 1) for some 0 < m < n,
we have

gn,k
λ = gn−m,k

µ gm,k
ν

with µ = [λ1 − 2k(m − 1), . . . , λm − 2k(m − 1)] and
ν = [λm+1, . . . , λn].
Boussicault, Luque, Tollu (2009)
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Other identities

X = {x1, . . . , xn} :

V (x1, . . . , xn)2k = Det (hi1+···+i2k
(X))0≤i1,...,i2k≤n−1

= ±en−k
n (X) det(pn+i−j(X))k .

Example of Specialization : X = {1+
√

5
2 , 1−

√
5

2 }.
hn(X ) = Fn (Fibonacci numbers), e2(X ) = −1 and pn(X ) = Ln

(Lucas numbers).

Det (Fi1+···+i2k
)0≤i1,...,i2k≤1 =

∣∣∣∣ L2 L1

L3 L2

∣∣∣∣k .
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Jacobi-Trudy type equality

Consider the alphabets : X (i) = {x (i)
1 , . . . , x

(i)
n } and X =

2k−1⋃
i=1

X i .

Det
(

hλi2k
+i2k−1(x

(1)
i1
, . . . , x

(2k−1)
i2k−1

)
)

1≤i1,...,i2k≤n
V (X (1))...V (X (2k−1))

is symmetric in X
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Det
(
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+i2k−1(x

(1)
i1
, . . . , x

(2k−1)
i2k−1

)
)

1≤i1,...,i2k≤n

V (X (1)) . . .V (X (2k−1))
=

Det(hλi1
+i1+i2+···+i2k−(2k−1)n−1(X ))1≤i1,...,i2k≤n.

For k = 1, we recover the classical Jacobi-Trudy equality :

Sλ(x1, . . . , xn) = det(hλi +i+j−n−1(X )) =
det(x

λj +j−1
j )

V (X )
.
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Thank you !
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