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HYPERDETERMINANTS

A LITTLE HISTORY

Simplest generalization of the determinant to higher tensor (arrays
M = (Mi,...i)1<i o0 ie)

1
Det(M) = — > €(01) . (02)Mar 1. ...o0) - - - Mory(o)...cono)

€(o) is the sign of the permutation o.
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01,...,0kEG,

€(o) is the sign of the permutation o.

The notion is due to Cayley
(1846).
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HYPERDETERMINANTS

A LITTLE HISTORY

Simplest generalization of the determinant to higher tensor (arrays
M = (Mi, i )1<i..i)

1
Det(M) = o Z 6(0’1) R 6(0’2)M01(1) ,,,,, op(1) - - - Mal(n)

01,...,0kEG,

€(o) is the sign of the permutation o.

The notion is due to Cayley
(1846).

For k = 2 we recover the
classical determinant.
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Nineteenth century, very few other contributors for instance :
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HYPERDETERMINANTS

A LITTLE HISTORY

Early twentieth century, an important contributor : Maurice Lecat
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Early twentieth century, an important contributor : Maurice Lecat
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HYPERDETERMINANTS

A LITTLE HISTORY

The reference book : Sokolov, NP
matrices multidimensionelles, Kiev
1972.
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WHY STUDY HYPERDETERMINANTS 7

A NATURAL GENERALIZATION OF THE DETERMINANT

These properties are similar to those of the case of the determinant

@ Invariance properties

@ Det(M o; N) = Det(M)Det(N)

@ Det(M + N) = ... (minor summation formula)
@ Laplace expansion formula

Qo ...
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WHY STUDY HYPERDETERMINANTS 7

A NATURAL GENERALIZATION OF THE DETERMINANT

These properties are similar to those of the case of the determinant

@ Invariance properties
@ Det(M o; N) = Det(M)Det(N)
@ Det(M + N) = ... (minor summation formula)
@ Laplace expansion formula
Qo ...
These properties can not be easily generalized :
@ The rank notion
© Geometric interpretation of the variety Det = 0
© How to efficiently compute Det ?

@ Eigenvalues, eigenfunctions . ..
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WHY STUDY HYPERDETERMINANTS 7

MANY APPLICATIONS AND CONNEXIONS WITH OTHER DISCIPLINES

e

Statistic Physic and random matrices (multiple integrals)

©

Fractional Quantum Hall effect (expansion of the Laughlin
wavefunction)

Algebra : Det is the smallest invariants of hypermatrices.
Algebraic combinatorics : rectangular Jack polynomials.

Orthogonal multivariate polynomials.

© 00O

Combinatorics. For instance : the Alon-Tarsi conjecture (sum
of the signs of latin squares).

©
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WHY STUDY HYPERDETERMINANTS 7

ADVANCES IN SCIENCES

Study Det with the help of
@ Algebraic combinatorics

@ Algebraic geometry. In particular, Mumford's geometric
invariant theory

© Computer science
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WHAT IS AN HYPERDETERMINANT 7

TENSORS = MULTIINDEXED ARRAYS = HYPERMATRICES

Tensor (Algebraic geometry),Multiindexed arrays (computer
science), hypermatrices (Algebraic combinatorics)
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WHAT IS AN HYPERDETERMINANT 7

TENSORS = MULTIINDEXED ARRAYS = HYPERMATRICES

Tensor (Algebraic geometry),Multiindexed arrays (computer
science), hypermatrices (Algebraic combinatorics)
We study the special case :

M:= (M. i)

1<t ik <n
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%%
TENS

Tensor (Algebraic geometry),Multiindexed arrays (computer
science), hypermatrices (Algebraic combinatorics)
We study the special case :

M:=(M; i

M yeeesii

)1§i1,...,ik§n
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Anticommutative variables : {n1,...,nn}, -
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WHAT IS AN HYPERDETERMINANT 7

GRASSMANIAN VARIABLES

Anticommutative variables : {n1,...,n,}, ninj +njni = 0.
A tensor is viewed as a polynomial :

M= Zlgil,..‘,ikgn Mi,,..ini, @ -+ - @ j,
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Anticommutative variables : {n1,...,n,}, ninj +njni = 0.
A tensor is viewed as a polynomial :
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GRASSMANIAN VARIABLES

Anticommutative variables : {n1,...,n,}, ninj +njni = 0.
A tensor is viewed as a polynomial :

M= Zlgil,..‘,ikgn Mi,,..ini, @ -+ - @ j,
Alternative definition of Det :

M" = nlDet(M)n1..70, @ - @n1... 7.

Example :
M = Mi1m1 @ n1 + Mo @ 2 + +Marme @ m1 + Mazne @ 12
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WHAT IS AN HYPERDETERMINANT 7

GRASSMANIAN VARIABLES

Anticommutative variables : {n1,...,n,}, ninj +njni = 0.
A tensor is viewed as a polynomial :

M= Zlgil,..‘,ikgn Mil,...,iﬂ?il & @M
Alternative definition of Det :

M" = nlDet(M)n1..70, @ - @n1... 7.

Example :
M = Myim @ m1 + Miam @ mp + +Ma1mp @ m1 + Moz @ mp
M2 = (Mum @m)? + (Miam ® m2)? + (Ma1ne @ m1)? + (Moamp @ 12)?
+(MiiMpn? @ mma) + - ...
+My1 Maomine @ mim + M Moimine @ nom
+ Moo Myimpm & mamy + Mot Mionom @ min
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WHAT IS AN HYPERDETERMINANT 7

GRASSMANIAN VARIABLES

Anticommutative variables : {n1,...,n,}, nin; +nni = 0.
A tensor is viewed as a polynomial :

M= Z1§i1,...,ik§n Mi,.,.ini, @ -+ @,
Alternative definition of Det :

M” = nlDet(M)n1 ..., @ -+~ @M1 ... Mp.

Example :
M = My1m1 @ n1 + Miam @ m2 + +Mo1mp @ n1 + Maone @ 1o
M2 = 04+0+0+0
+0+4...
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GRASSMANIAN VARIABLES
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WHAT IS AN HYPERDETERMINANT 7

GRASSMANIAN VARIABLES

Anticommutative variables : {n1,...,n,}, nin; +nni = 0.
A tensor is viewed as a polynomial :

M= Z1§i1,...,ik§n Mi,.,.ini, @ -+ @,
Alternative definition of Det :

M” = nlDet(M)n1 ..., @ -+~ @M1 ... Mp.

Example :
M = My1m1 @ n1 + Miam @ m2 + +Mo1mp @ n1 + Maone @ 1o
M2 = 0+04+0+0
+0+4...
+My1 Maomine @ mima—MiaMaymine & ninz
+M11 Mo @ mime—Mi12Marmine @ mne
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WHAT IS AN HYPERDETERMINANT 7

GRASSMANIAN VARIABLES

Anticommutative variables : {n1,...,n,}, nin; +nni = 0.
A tensor is viewed as a polynomial :

M= Z1§i1,...,ik§n Mi,.,.ini, @ -+ @,
Alternative definition of Det :

M” = nlDet(M)n1 ..., @ -+~ @M1 ... Mp.

Example :
M = My1m1 @ n1 + Miam @ m2 + +Mo1mp @ n1 + Maone @ 1o
M2 = 04+0+0+0
+0+4...
+Mr1 Maomine @ mna— Mo Maimne ® mn
+M11M22m17m2 ® m1172—M12M21m172 @ 112
= 2det MT]1772 ®T]1772.
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Let M = Zl§i1,..-,ik§n Mil,...,iknfl X Q iy,
N = Zlﬁh,-..,ikén Nl'l,...,l'k’r/h K i -

«O> «Fr «E>» = = A

and



Let M =3 1< iv<n Miy,.iiy @ -+ - @, and
N = Zlﬁh,-..,ikén Nl'l,...,l'k’r/h K i -
Q If k is odd.

it
-

«O> Fr =>4 DA



BASIC PROPERTIES

SUMMATION FORMULA

Let M = Zlgil,...,ikgn Mil,...,iknh Q- ® Nix and
N - Zlgil,...,ikﬁn Nil,...,ik77i1 ® e ® 77i/<'
Q@ If kis odd.

M and N are anticommutative variables MN = —NM. Hence,
M2 = N2 = 0 and Det(M) = Det(N) = Det(M + N) = 0.
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Let M=, o cnMi i @ - @nj, and
N =2 1ci ii<n Nl @ @1,

Q If k is odd.

Q If k is even.

it
-

«O> Fr =>4 DA



BASIC PROPERTIES

SUMMATION FORMULA

Let M =51, <M.  iny®: - ®mn; and
N=> i ii<n N i @ @1,

Q If k is odd.

Q If k is even.

M and N are commutative variables MN = NM :

(M + N)" = Z (") mine

- 1
i=0
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BASIC PROPERTIES

SUMMATION FORMULA

Let M = 21§i1,...,ik§n Mi17~--»ikni1 @ - & Ny and
N =2 1ci ii<nNiilia @ @1,

Q If k is odd.

@ If k is even.
M and N are commutative variables MN = NM :

(M+ N)" = Z ('I’) MNP

i=0
Note that :
v
Z Det ; Ny @ @1,
-k Sk
v/
where M | denotes a hyperminor and the sum is over the
Jok

2k-tuple of sets Ji,...,Jox C {1..... n} of size i.
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BASIC PROPERTIES

SUMMATION FORMULA

Lete M =51, <aMi  iny®: - ®mn; and
N = Elgil,...,ikgn Niy,...ixniy @ - @1
Q@ If k is odd.
Q If k is even.
M and N are commutative variables MN = NM :
n
(M+N)" =3 () MmN

" 1
i=0

Det(M+N)= > +Det (M| : Det | N
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Composition

N N)il,m,ikﬂl_z i Z Mi,...ie—1diicseni Niz,ik+1,...,ik+k/_2
Jj
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Composition :

(MorN)y i =" M i N

J

234




Composition :

(Mo N)i1,...,ik+k/_2 = } :Milr--,ie—m,ie,..- ik Nil>ik+17"'vik+k’—2
J

234 k'
{(EFr «=Er» «=>» E A20N €4
~ Jean-Gabriel Luque in collaboration with Christophe Carré Hyperdeterminants and symmetric functions




Composition

N N)il,m,ikﬂl_z i Z Mi,...ie—1diicseni Niz,ik+1,...,ik+k/_2
Jj

Z3

k+k'-2



BASIC PROPERTIES

PRODUCT (COMPOSITION ?) OF TENSOR

Composition :

(Mo, N)i1,~--,ik+k/_2 = § Milv-uJZ—lJJ[vakNi£7ik+17-~'7ik+k’—2
J

Operad
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BASIC PROPERTIES

PRODUCT (COMPOSITION ?) OF TENSOR

Composition :

(Mo, ):17 ikl —2 § :M’h e idvitseeesi Nie i 1o it

with Chri I Hyperdeterminants and symmetric functions
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BASIC PROPERTIES

PRODUCT (COMPOSITION ?) OF TENSOR

Composition :

(M OZ N)I’17...7I'k+k/72 = : :Milv“’ifflzjvifv“)ik N’.Z’ik+11'“’ik+k’72
J

Det (M oy N) = Det(M)Det(N)

N € SL, = Det (M oy N) = Det(M)
Det, polynomial invariant for the action of SL2X.
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Let X = {X1,X2, .

, Xn, - ..} be an infinite alphabet.

«O>» 4F» «=)» «=) = Q>



SYMMETRIC FUNCTIONS

DEFINITION

Let X = {x1,x2,...,Xn, ...} be an infinite alphabet.

Sym(X) the set of polynomials f in X verifying
f(xt,..,Xiy.o s Xjy.o.) =f(x1,...,%j,...,X,...) for any pair of
indices (1, ).

Jean-Gabriel Luque in collaboration with Christophe Carré Hyperdeterminants and symmetric functions



SYMMETRIC FUNCTIONS

DEFINITION

Let X = {x1,x2,...,Xn, ...} be an infinite alphabet.

Sym(X) the set of polynomials f in X verifying
f(xt,..,Xiy.o s Xjy.o.) =f(x1,...,%j,...,X,...) for any pair of
indices (1, ).

Stable by linear combination + product = Sym(X) is an algebra.

Jean-Gabriel Luque in collaboration with Christophe Carré Hyperdeterminants and symmetric functions



@ Complete functions : h,(X)

> m is a monomial M

«O>» 4F» «=)» «=) = Q>



@ Complete functions : h,(X) = >

m is a monomial M

@ Elementary functions : e,(X) ="

iyensin distinet Xin + - - Xi

n

«40» «4F)»r « =) 4« » o



SYMMETRIC FUNCTIONS

MULTIPLICATIVE BASES

@ Complete functions : h,(X) = > is 3 monomial ™

© Elementary functions : e,(X) = 3>, . distinct Xit - - - Xi

n

© Power sums : p,(X) = > x x"
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SYMMETRIC FUNCTIONS

MULTIPLICATIVE BASES

@ Complete functions : h,(X) = > is 3 monomial ™

n

© Elementary functions : e,(X) = 3>, . distinct Xit - - - Xi

© Power sums : pp(X) =3 x x”

ho=po=e =1
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SYMMETRIC FUNCTIONS

MULTIPLICATIVE BASES

@ Complete functions : h,(X) = > i< 3 monomial M
A=[A1,..., k] (A1 > -+ > \g) partition.

WA(X) = b (X) - hy, (X)

© Elementary functions : e,(X) = 3>, . distinct Xit - - - Xi

n

© Power sums : pp(X) =3 x x”

ho=po=e =1
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SYMMETRIC FUNCTIONS

MULTIPLICATIVE BASES

@ Complete functions : h,(X) = > is 3 monomial ™
A=A, ., k] (A1 >+ > ) partition.

MA(X) = by (X) - by, (X)

n

@ Elementary functions : e,(X) = 3>, . distinct Xit - - - Xi

eN(X) = ey (X) -+ ex (X)

© Power sums : pp(X) =3 x x”

ho=po=e =1
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SYMMETRIC FUNCTIONS

MULTIPLICATIVE BASES

@ Complete functions : h,(X) = > is 3 monomial ™
A=A, ., k] (A1 >+ > ) partition.

MA(X) = by (X) - by, (X)

n

© Elementary functions : e,(X) = 3>, . distinct Xit - - - Xi

eN(X) = ey (X) -+ ex (X)

© Power sums : p,(X) = > x x"

P(X) = pa (X) - pa (X)

ho=po=e =1
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SYMMETRIC FUNCTIONS

MULTIPLICATIVE BASES

@ Complete functions : h,(X) = > is 3 monomial ™
A=A, ., Ak) (A1 >+ > Ag) partition.

WA(X) = by (X) - hy, (X)

© Elementary functions : e,(X) = >_. . distinct Xit - - - Xi

n

NX) = ey, (X) - e, (X)

© Power sums : pp(X) =3 x x”
PNX) = P (X) - pa(X)

h* e, p* : multiplicative basis of Sym(X).
The relations between this basis are completely described by the
generating functions.
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SYMMETRIC FUNCTIONS

MULTIPLICATIVE BASES

@ Complete functions : h,(X) = > is 3 monomial ™

© Elementary functions : e,(X) = 3>, . distinct Xit - - - Xi

n

eN(X) = ey (X) - e (X)

© Power sums : py(X) = > x x”
PHX) = pay(X) - P (X)

h* e*, p* : multiplicative basis of Sym(X).
The relations between this basis are completely described by the
generating functions.
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SYMMETRIC FUNCTIONS

MULTIPLICATIVE BASES

@ Complete functions : h,(X) = > s 3 monomial M

th _Hl—xt

xeX

@ Elementary functions : e,(X) = >_. . distinct Xi - - - Xin
- e = [ 50 = o)
xeX

© Power sums : pp(X) =3 x x”

PA(X) = pa,(X) - pa (X)

h* e, p* : multiplicative basis of Sym(X).
The relations between this basis are completely described by the
generating functions.
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SYMMETRIC FUNCTIONS

MULTIPLICATIVE BASES

@ Complete functions : h,(X) = > i< 3 monomial M

th _Hl—xt

xeX

© Elementary functions : e,(X) = 3>, . distinct Xit - - - Xi

Zent =T +xt) = (o-«(X)*

xeX

© Power sums : p,(X) = > x x"

(108 (0(%))) = X pol)e" !

n>1

h* e, p* : multiplicative basis of Sym(X).
The relations between this basis are completely described by the
generating functions.
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@ Monomial functions :

«gO»r «F» E E = A



@ Monomial functions :

type(x?xZx32x3) = [12,5,2, 2]

it
-

«O0)>» «FF» « E» « Q>



SYMMETRIC FUNCTIONS

NONMULTIPLICATIVE BASES

(1] I\/Ionomial functions :
type(xPx2x32x3) = [12,5,2,2]
mA(X) = Ztype (m)=xM
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SYMMETRIC FUNCTIONS

NONMULTIPLICATIVE BASES

(1] I\/Ionomial functions :
type(xPx2x32x3) = [12,5,2,2]
mA(X) Ztype (m)=xM
hy(X) = ZA my
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SYMMETRIC FUNCTIONS

NONMULTIPLICATIVE BASES

(1] I\/Ionomial functions :
type(xPx2x32x3) = [12,5,2,2]
m)\( ) Ztype (m)=xM
ha(X) =325 ma

© Schur function : 5 (X) = det (hy,+i—j) -
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SYMMETRIC FUNCTIONS

NONMULTIPLICATIVE BASES

o I\/Ionomial functions :
type(xPx2x32x3) = [12,5,2,2]
m(X) = Ztype (m)=xM
hn(X) =22, my
© Schur function : 5 (X) = det (hy,+i—j) -
@ Jack J\*), Hall-Littlewood Q,(X; g), Macdonald polynomials
Mx(X; g, t).
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Sym(X) C[pl (X)’ pg(X), cee 7]
C[h(X), h(X),...,]

Cla(X), e(X),....]
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SYMMETRIC FUNCTIONS

VIRTUAL ALPHABET

Sym(X) = C[p1(X), p2(X),...,]
Clm(X), ha(X),...,]
Clei(X), ex(X), .. .,]

Consequences : A = (a;)ien be any number sequences. h;(X) — a,
morphism of algebra.
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SYMMETRIC FUNCTIONS

VIRTUAL ALPHABET

Sym(X) = C[p1(X), p2(X),...,]
= C[hl(X)7h2(X)a""]
= Cla(X), exX),...,]

Consequences : A = (a;)ien be any number sequences. h;(X) — a,
morphism of algebra.
Specialization or virtual alphabet h;(A) = a;.
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SYMMETRIC FUNCTIONS

VIRTUAL ALPHABET

= (C[hl(X)7 h2(X)a s a]
= (C[el(X)7 eZ(X)7 R 7]
Consequences : A = (a;)ien be any number sequences. h;(X) — a,
morphism of algebra.
Specialization or virtual alphabet h;(A) = a;.
Interest : relate some sequences of numbers.
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SYMMETRIC FUNCTIONS

VIRTUAL ALPHABET

Sym(X) = C[p1(X), p2(X),...,]
= C[hl(X)ahZ(X)a“'v]
= Cla(X), exX),...,]

Consequences : A = (a;)ien be any number sequences. h;(X) — a,
morphism of algebra.

Specialization or virtual alphabet h;(A) = a;.

Interest : relate some sequences of numbers.

Example :

hi(F) = F;(Fibonacci numbers :F; =1, F, =2, Fppo = Fp+Fpy1)
e1(IF‘) = —GQ(IF) = 1,

pi = L;i (Lucas number Ly =1, L =3, Lpto = Ly + Lpt1)

Jean-Gabriel Luque in collaboration with Christophe Carré Hyperdeterminants and symmetric functions



(GENERALIZED HEINE IDENTITY

Let h,(p) = /z"d,u(z) be a moment.
zp) =

I @-2)

\/(21,...7
1<i<j<n
(in k) = — V( Pdp(z)...d
w; n, : R 21y 2Zn w(zi)...du(z,)

= Det(hjyttiy (1))o<in, ... i <n—1-
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SELBERG INTEGRAL
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de,b(C) = 1[0,1]xa—1(1 —x)bLdx
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SELBERG INTEGRAL

d,uf,b(c) = 1[071]Xa’1(1 — x)P~tdx

n—1

ey 1T Fa+ k)b +jk)(( + 1)k)!
’(“gb'”’k)_iﬂ) M(a+ b+ (n+j—1)k)k!

Atle Selberg, Bemerkinger om et multiplet integral, Norsk
Matematisk Tidsskrift 26 (1944), 71-78.

Jean-Gabriel Luque in collaboration with Christophe Carré Hyperdeterminants and symmetric functions



SELBERG INTEGRAL

d,uf,b(c) = 1[071]Xa’1(1 — x)P~tdx

H [(a+ jk)F(b+ jk)((j + 1))!

112 i, k) =
(15,50 - k) F(a+ b+ (n+j—1)k)k!

Atle Selberg, Bemerkinger om et multiplet integral, Norsk
Matematisk Tidsskrift 26 (1944), 71-78.

[(a+ ik)[(b+ ik)((i + 1)k)!

Det (hisosin, (12 ) ) =
e ( 1+ +2k(lua,b)> ,-1}) Fa+ b+ (n+j—1)k)k!

1 _pta— I'(n+a)l (b
Nab f +a=1(1 — z)b=1dz = B(n + a, b) = ((;rng(n))
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KADEL INTEGRAL

12 A k) = 7/ /J (21, 2V (s 20)
dpa— k(n—1),b—k(n— 1)(21) s k(n—1),b—k(n— 1)(Zn)
e i, K).

J*) is a Jack polynomial
\ polynomials.
K.W. J. Kadell , The Selberg-Jack polynomials Adv. in Math.
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KADEL INTEGRAL

1 A K) = 7/ /J (1re e 2V (2 20
dpa— k(n—1),b—k(n 1)(21) s k(n—1),b—k(n— 1)(Zn)
I I
J/(\a) is a Jack polynomials.

K.W. J. Kadell , The Selberg-Jack polynomials Adv. in Math.
More generally : for any measure p,

1(; A k) = (*)/\Jii_)nk(n—l) (1)

(%) is an explicit factor and h,(fi) = ep(p).
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RECTANGULAR JACK POLYNOMIALS

If Z={z1,...,2,} then J¥)(2) = (+)(z1 ... zn)™.

1 A\, k) = (+)Det( iy pviprm(10)) = () Iy (1)

More generally, true for any specialization :

Det(hytipaml(A)) = (5) I8, (—A),

hp(—A) = en(A).
(Matsumoto 2006, Belbachir, Boussicault, Luque 2008)

Det (et iprm(A)) = () I (A),

Jean-Gabriel Luque in collaboration with Christophe Carré Hyperdeterminants and symmetric functions



EVEN POWER OF THE VANDERMONDE

Context : Fractional quantum Hall effect (Laughlin wave function)
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EVEN POWER OF THE VANDERMONDE

Context : Fractional quantum Hall effect (Laughlin wave function)

Expansion of the Laughlin wavefunction in terms of Slater
wavefunctions.

2

Expansion of V/(xi,...,x,)?* in terms of Schur functions.
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EVEN POWER OF THE VANDERMONDE

Context : Fractional quantum Hall effect (Laughlin wave function)

Expansion of the Laughlin wavefunction in terms of Slater
wavefunctions.

2

Expansion of V/(xi,...,x,)?* in terms of Schur functions.

V(Xl, . ,X,,)2k = Zg/’\”ks,\.
A
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EVEN POWER OF THE VANDERMONDE

Context : Fractional quantum Hall effect (Laughlin wave function)

Expansion of the Laughlin wavefunction in terms of Slater
wavefunctions.

2

Expansion of V/(xi,...,x,)?* in terms of Schur functions.

V(Xl, . ,X,,)2k = Zg/’\”ks,\.
A

n,k
" = £Det ((5 . et — ) .
&) An—ipertit ooy, QU =m+1 ) L

Sap=0ifab 0,,=1.
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EVEN POWER OF THE VANDERMONDE

Context : Fractional quantum Hall effect (Laughlin wave function)

Expansion of the Laughlin wavefunction in terms of Slater
wavefunctions.

Expansion of V/(xi,...,x,)?* in terms of Schur functions.

V(Xl, . ,X,,)2k = Zg)’:’kS)\.
A

n,k
" = £Det ((5 . et — ) .
&) An—ipertit ooy, QU =m+1 ) L

dap=0if a# b, 0,,=1.
Sparce hypermatrices, computed using Laplace expansion
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EVEN POWER OF THE VANDERMONDE

GENERALIZED LAPLACE EXPANSION

h {L....n}\ A
Det(M) = Z +Det [ M| Det | M '

[ I {1, ey n} \ by
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EVEN POWER OF THE VANDERMONDE

GENERALIZED LAPLACE EXPANSION

h {4 m\h
Det(M) = Z +Det [ M| Det | M '

by by I {1, ey n} \ by

due to
Armenante, Sui determinanti cubini, Giornale di Matematiche di
Battaglini, 1 (1868), pp 175-181. Only for cubic tensor
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EVEN POWER OF THE VANDERMONDE

GENERALIZED LAPLACE EXPANSION

Il {17"'7’7}\/1
Det(M) = Z +Det | M | Det | M :

by by I {1, ey n} \ by

due to

Armenante, Sui determinanti cubini, Giornale di Matematiche di
Battaglini, 1 (1868), pp 175-181. Only for cubic tensor

W. Zajaczkowski, Teoryja Wyznacznikow o p wymiarach a rzedu
n&°, Pamietnik Akademie Umiejetnosci (w. Krakowie), Tom 6
(1881) 1-33.

Independently by Gegenbauer, Uber Determinanten héheren
Ranges, Denkschriften der Kais. Akademie der Wissenschaften in
Wien 43, 17-32, 1882.
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EVEN POWER OF THE VANDERMONDE

GENERALIZED LAPLACE EXPANSION

Il {1,...,”}\/1
Det(M) = Z +Det | M| Det | M '

by....by I2k {17 ey n} \ /2k

Applications :
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EVEN POWER OF THE VANDERMONDE

GENERALIZED LAPLACE EXPANSION

Il {1>
Det(M) = > +Det | M | : Det | M
- b 1,

Applications : Computing the coefficient g/{"k.
Find recurrences and formulas for some \.

...,n}\l1

...,.n} \ /2k
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EVEN POWER OF THE VANDERMONDE

GENERALIZED LAPLACE EXPANSION

h {1,...,”}\/1
Det(M) = Z +Det | M| Det | M :

by....by I2k {17 ey n} \ /2k

Applications : Computing the coefficient g/{"k.

Find recurrences and formulas for some .

For instance : If Ay + -+ + A\, = km(m — 1) for some 0 < m < n,
we have

n—m,k _m,k

gul =gl mkg!
with g =[A1 —2k(m —1),..., A\, — 2k(m — 1)] and
Vv = [)\m+1, N .,)\n].
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EVEN POWER OF THE VANDERMONDE

GENERALIZED LAPLACE EXPANSION

h {1,...,”}\/1
Det(M) = Z +Det | M| Det | M :

by....by I2k {17 ey n} \ /2k

Applications : Computing the coefficient g/{"k.
Find recurrences and formulas for some A.
For instance : If Ay + -+ + A\, = km(m — 1) for some 0 < m < n,
we have
gy =gl ke
with g =[A1 —2k(m —1),..., A\, — 2k(m — 1)] and
Vv = [)\m+1, ceey )\n]
Boussicault, Luque, Tollu (2009)

Jean-Gabriel Luque in collaboration with Christophe Carré Hyperdeterminants and symmetric functions



OTHER IDENTITIES

X={x1,...,%n}:

V(X]_, . ,Xn)2k = Det (h11++l2k(X))0S’17,’2 Snfl
e (X) det(poi- (X))
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OTHER IDENTITIES

X={x1,...,%n}:

V(X]_, . ,Xn)Zk = Det (h11++l2k(X))0S’17,’2 Snfl
e (X) det(poi- (X))

Example of Specialization : X = {1+—2‘/§, %}
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OTHER IDENTITIES

X={x1,...,%n}:
V(x,... ,Xn)2k = Det (hi1—l-~~~-i-i2k(X))ogil,m,i2 <n-1
enK(X) det(prs i (X))F.
Example of Specialization : X = f}

hn(X) = F, (Fibonacci numbers), e2(X) = —1and pp(X) =L,
(Lucas numbers).
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OTHER IDENTITIES

X={x1,...,%n}:
V(x,... ,Xn)2k = Det (hi1—l-~~~-i-i2k(X))ogil,m,i2 <n-1
enK(X) det(prs i (X))F.
Example of Specialization : X = f}

hn(X) = F, (Fibonacci numbers), e2(X) = —1and pp(X) =L,
(Lucas numbers).

Ly Ly
Det(Fi1+-~~+izk)ogil,.,,,ingl = ' L3 Lo
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JACOBI-TRUDY TYPE EQUALITY

2k—1
Consider the alphabets : X() = {x('), .. ,x,(,')} and X = U X'
i=1

) 1) (2k—-1)
Det (h,\,.2k+,2k_1(xi1 e X ) i
V(X®)...v(X@k-1))

is symmetric in X
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JACOBI-TRUDY TYPE EQUALITY

2k-1
Consider the alphabets : X() = {x\ . x{7} and X = U X'
i=1
. (1) (2k-1)
Det (hA'ék*’Qk’l(X"l e Mg ))1§i1,-..,i2k§n _
V(XM). V(X)) =
Det(hy, 4ir-+ittie—(2k—1)n—1(X)) 1<, i<
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JACOBI-TRUDY TYPE EQUALITY

2k-1
Consider the alphabets : X() = {x{7 . x{7} and X = U X'
i=1
. (1) (2k-1)
Det (hA'ék*’Qk’l(X"l v X ))1§i1,-..,i2k§n _
V(XM) . V(XD =
Det(hy, 4ir-+ittie—(2k—1)n—1(X)) 1<, i<

For k = 1, we recover the classical Jacobi-Trudy equality :

det(xV 7™

Saxt; o) = det(hyyitj—n-1(X)) = VJ(X)
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Thank you'!
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