N

N

Equivalence of the Fleming-Viot and Look-down models
of Muller’s ratchet
Julien Audiffren

» To cite this version:

Julien Audiffren. Equivalence of the Fleming-Viot and Look-down models of Muller’s ratchet. 2012.
hal-00759052

HAL Id: hal-00759052
https://hal.science/hal-00759052

Preprint submitted on 29 Nov 2012

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00759052
https://hal.archives-ouvertes.fr

Equivalence of the Fleming-Viot and Look-down
models of Muller’s ratchet

Julien Audiffren

Abstract

We consider Muller’s ratchet Fleming-Viot model with compensatory mu-
tations, which is an infinite system of SDE used to study the accumulation of
deleterious mutations in asexual population including mutations and selection.
We construct a specific look-down model, and we prove that it is equivalent to
the previous Muller’s ratchet model.

Keywords : Muller’s ratchet, Fleming-Viot, Look-down, Tightness, SDEs.

Introduction

The look-down model was first introduced by Donnelly and Kurtz (see [5] and [7]).
The idea is to distribute the population on sites indexed by 2 > 1, with exactly one
individual per site. In the "modified look-down model” of Donnelly and Kurtz, the
population evolves in continuous time as follows : for each pair of sites (i, 7), at rate
¢ > 0, the individual sitting on site ¢ A j gives birth to an individual sitting on site
1V j, and all individuals sitting on a site greater than or equal to ¢V j are shifted to
the right, that is to say each of those individual will move to the site which is at his
right.

The two main differences between this model and the Moran model, are that
first, the arrows representing births are always pointing to the right, that is to say
an individual sitting on site ¢ can only give birth to an individual on a site j with
j > 4. This ensures that the infinite model is well defined, since Vn > 0, the evolution
of the individuals sitting on the first n sites only depends on births happening on
the first n site. The asymmetry which result from this choice is compensated by
exchangeability, which is an important property of the look-down model.

The second difference is that the individual who was sitting on the site were the
offspring took place does not disappear, but instead is moved to the right, just as



all the individuals which are on a site to his right.In [6] Donnelly and Kurtz added
selection for a finite number of type of individuals to their model, which involved
additional births or possible deaths.

In our model, when a death occurs, the individual who dies is removed from the
population, and each of the individuals sitting on a site to the right of his site are
shifted to the left. This is a model of death different from the one in [6]. Note that
with those deaths, the infinite model is no longer immediately well-defined, since
Vn > 0, the evolution of the individuals sitting on the first n sites depend, in case
of death, on the individual sitting on the following sites. For example, in [3] the
authors show that when there are two type of individuals and one death rate, the
infinite model is well defined. It has also been shown for several specific models (see
e.g. [5], [6], [3]) that the look-down model can be seen as a particle representation
for the Fleming-Viot measure-valued diffusion.

In this paper, we consider a look-down version of the Muller’s ratchet model with
compensatory mutations, which have been suggested by A. Wakolbinger in a personal
communication. The model will have mutations in addition of selection, and will
involve an infinite number of types of individuals, and an infinite number of selection
rates. It is not obvious that in that case the infinite model can be defined, since
the death rate is not bounded (see below for the definition of our look-down model).
Therefore, we will begin by defining our model in a finite population case, and
will show that this model does have a limit (see Theorem 2) when the size of the
population tends to infinity.

More precisely, we will consider an asexual population where two types of muta-
tions occur : first, deleterious mutations which have the same value and are indepen-
dent so they have cumulative effects, and secondly compensatory mutations which
cancel deleterious mutations one by one (and thus not having an effect on individual
who carry no deleterious mutations). Since the type of one individual is determined
by the number of uncanceled deleterious mutations he carries, we will only account
those uncanceled mutations when we will speak about carried mutations. We will also
suppose that all the mutations are transmitted from any individual to his offsprings.
We define a modified look-down model called (L"), with a finite fixed number n of
individuals. Let n*(¢) be the number of mutations carried by the individual sitting on
level ¢ at time ¢, 1 < ¢ <n, and X} the proportion of individuals with k deleterious
mutations. We also define X" = (X}, k > 0). The following events occur :

Mutation : Each individual gains one deleterious mutation at rate A\, and muta-
tions are canceled at rate 7.

Selection : V1 < i < n, the individual sitting at site i dies at rate an}*(t). When it



happens, all individuals sitting on site 7 with j > ¢ are moved to the left, and we put
at the n-th site an individual, whose number of mutations is randomly chosen in such
a way that this number equals k with probability u(k) = X7 (t7) = = 3 Tyn )=k

Birth : For each pair of individual sitting at sites ¢ and 7 with ¢ < 7, at rate ¢,
the leftmost one gives birth to a child with the same number of mutation at site j,
and for all 7/ > j the individual sitting on site j' is moved one step to the right, and
the n-th individual dies.

Similarly, we define the model (L) with an infinite population which follows the
same rules as L™ with n = oo, and X* = (X;°,k > 0) the infinite vector of the
proportions for the model (L*°). As said before, we will prove that such model is
well defined.

For any initial proportion condition x = (xj)>0, we construct the initial condition
for our look-down model as follows : Y0 < k < n, n(0) are i.i.d and P(n}(0) = ¢) =

Zy.

Our aim is to prove that this infinite model is equivalent to a the Fleming Viot
model of Muller’s ratchet with compensatory mutations, that is to say that the
proportions X° of our model solve the following infinite SDE system (0.1), with the
following notations :

N > 0 a parameter;

Xk(t) the proportion of individuals with k deleterious mutations at time t;

A (resp. 7) is the rate at which deleterious mutations (resp. compensatory
mutations) occur;

a is the harmfulness of each single deleterious mutation;

{Bje, k > € > 0} are independent brownian motions, and By, = —Byy;

My =, cn kXj, denotes the mean number of mutations in the total population,

My =", cn(k — M) X}, is the (~th centered moment, V¢ > 2.

The Fleming—Viot model for Muller’s ratchet with compensatory mutations in
continuous time is given by the following infinite set of SDEs

(

XX
A5 = [o(My = k) Xi + M(Xomr = Xi) + (X = Xp)ldi+ Y 4/ =1 By
00,0k
Xi(1— Xy)

dB
N k

= [Q(Ml — ]C)Xk —+ )\(Xk—l — Xk) —+ ’Y(Xk—f—l — Xk)] dt +

(0.1)



and for k = 0,
XoX
dXO M Xo — AXo + X dt + ) Vor 0L dBy
£>0,0£0
4
Xo(1— X,
= [CEMlXO — )\X() + ’}/Xl] dt + %dBO
X0(0> = Xyp.

where (By, k > 0) are standard brownian motion with Vk # ¢

< \/Xk Xi(s)) \/Xg X)) 4 (51 > /Xk .

We choose our initial condition z = (xy)g>o such as z € X, where

X, = {(Ik)kzo, such as Vk > 0,0 < xp, < 1,Zxk =1 and Zxke”k < oo} .

k>0 k>0

and

X =U,sok, = {(xk)kzo, such as Vk > 0,0 < 2, < 1, Zxk =1 and dp > 0 such as kaepk < oo}

k>0 k>0

Note that X, is complete for the distance d(z,y) = > |2k — yrle?*.

This model is a slight variation of the one proposed by P. Pfaffelhuber, P.R. Staab
and A. Wakolbinger in [9]. Indeed in their model, they chose a compensatory mu-
tation rate which which was proportional to the number of carried deleterious mu-
tations i.e. vk for the individuals with k& deleterious mutations, V& > 0. The whole
following proof can be applied to the their model with very little modifications, but
we chose to study our alternative model since in our case, the proof of the con-
vergence to the infinite model (see section 4) is slightly harder, because it involves
getting an upper bound on the mean number of deleterious mutations in the popu-
lation. And in our case, compensatory mutations occur less frequently, then there is
more deleterious mutations, and obtaining the upper-bound is slightly more difficult.
The set X is already used in [9] by P. Pfaffelhuber, P.R. Staab and A. Wakolbinger to
prove existence and uniqueness of the solution of their Fleming-Viot infinite system
of SDE’s starting from an initial condition in X. Their proof can be applied to our
model (all the necessary reckonings are done through this paper, like e.g. exponential
moments) so we have the following Proposition :



Proposition 0.1 The infinite system of SDE (0.1) is well posed, that is to say there
is one and only one weak solution X = (Xy(t),t > 0,k > 0) for any given initial value
reX.

In the sequel, X will refer to this unique solution.

To reach our objective, we will proceed as follows :

In a first section, we will calculate the generator of the model (L"), and consider
its limit when n — oo. This will give some hints about the equation solved by the
limit of the (X™), and is used in the proof of existence and unicity in [9] to obtain
the corresponding martingale problem.

In the second section, we will establish the tightness of (X", n > 0) by writing
X™ as the solution of an infinite SDE system. Then by calculating the limit of the
previous system of SDE, which will require to carefully study M7 and to prove that

lim Y kX7 =) lim kXY,

we will deduce the first Theorem :

Theorem 1 Vk > 0, (X}, n > 0) is tight, and the family of the limits in law is the
solution X starting from x of (0.1).

In the third section we will use a method inspired from [3] to construct (L) and
show that it is well defined. Then in the fourth section we will prove that (L°°) has
the exchangeability property, like said in the following Theorem :

Theorem 2 The model L™ is well defined, and is the limit of the L™ when n — oo
as follows : ¥Yi > 0, Vt > 0, 772’” converges a.s. and we call ni’oo its limit. Moreover,
it has the exchangeability property, that is to say if the (né’oo)izl are exchangeable,
then Yt > 0, the (nﬁ’m)izl are exchangeable. As a consequence,

X* =X (equality in law).

Finally in the fifth section we will combine the previous results we obtained to
improve the obtained convergences. Then we will deduce the third and final Theorem

Theorem 3 VT > 0, supo<i<r Y i | X7 (1) — Xp°(t)] — 0 in probability.
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1 The generator

In this section, we will determine the generator A,, for the process X = (X}, k > 0),
and consider its limit when n — oco. This will give some hints about the equa-
tion solved by the limit of the (X™), and can be used to determine the associated
martingale problem. The proof of the Theorems will begin the next section.

We define e} = (&T"“,E > 0) € ZY, and e, = nej.

For all f € CLG(Z_?H,R),

Mutation : Since there are n.X} individuals carrying k deleterious mutations,

Aptf(x) =Y Anay (f(x = e + ) = f(@)+Y yna (fla = e +epy) — f(2).

k>0 E>1

Selection : Since there are nX; individuals of type k, and X, is the probability
that the new individual has ¢ deleterious mutations :

A f(a) = > nakur (f(z — e +ef) — f(z).

E,0>0,04k

Birth: For each 1 < ¢ < n, the individual sitting on level 7 gives birth at rate
¢(n — i), while the probability that both he carries k deleterious mutations, and the
individual sitting on level n carries ¢ mutations (¢ # k) is :

P = k,nn =€) =P = k)P, = £ = k)

= XX
n—1
Therefore,
bir n(n B 1) n n n
Arf@)= Y e —ar— (flr + e —ef) = f(2)).
ke 0>0, 04k
n2
= Y ma (- e) - [(@).
k,0>0, 04k

We obtain the generator for our process :
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Anf(ff) :A?Ut—f—Affl—f—Abir
:Z)\nxk( fle —ey+epq) — —|—Zvnmk (fz—ef +ep_y) — f(x)).

k>0 k>1
2

+ Z nakxxe (f(x —ep +€p) — f(x)) + Z c%xkxg(f(x—ez+e?)—f(x)).

k,0>0,02k k00,0

Now we will estimate its limits when n — oo.
Vo € X,3p > 0such as x € X,, and Vf € CZ(X,,R),

lim A, f(z) = lim AT f(x) + lim Az f () + lim AP ()
)
= (- )\x0+7x1 —I—; (xp—1 — x) + y(Ti1 —xk))a—xfk(x)

+ a Z (M, — axk )+ Z —z1(1 — xk Z Z ka&nkaxz

k>0 k>0 04k

Note that if we choose ¢ = %, we obtain the generator corresponding to the SDE
system (0.1). We will prove in the following section that the solution of the Muller’s
ratchet model is indeed the limit in law of X™.

2 Tightness and weak convergence

In order to prove that the limit of the X™ solves (0.1), we first need the process
X™(t) to converge in some way. We will prove the tightness of (X}') ez, Vk € Z4

in D ([0, +o0]) with the Skorohod metric. Since M appears in the equations of X"
(see (2. )) we will aso need to prove the tightness of (AM{"),ecz, .Note that Vk,n > 0
X7(0) € [0,1], which implies that (z",n > 0) is tight.

Proposition 2.1 Vk > 0, (X}',n > 0) and (M{*,n > 0) are tight in D (|0, +00]).

To prove this, we will prove the tightness on [0, 7] VT' > 0. We will establish the
system of SDEs which the X]’s and M7 solve, and prove some estimates regarding
the moments of (X}',k > 0).
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Let {Pkl, P2, P,S’ ’é, P,f ’é, k, 0> O} be standard Poisson point processes on R, which

are mutually independent, except that PZ = 0. We also define Vk,1 > 0 Pf’k = P,f’ £
and P} = P, and for all n,j € Z, EF = 300 kI XP.

We have :
<)\n/ X7 (s )

0
- - !
+ — Z pt (anﬁ/ Xp(s)X)'(s) s) - — Z pt (omk X,?(s)XZ(s)ds)
0=0,0£k 0 "o 04k 0
1 - 5,0 TLZ n 1 - 6,4 2 ! n n
+ — Z P, ey Xp(s) X (s)ds | — - Z P le—= [ Xp(s)X)(s)ds
£=0,7#k 0=0,0£k 0

Note that one can rewrite those equations as follows for £ > 1, and without the
term —y fJ XJ(s)ds for k=0 :

¢ ¢ ¢ ¢
X2 (t) = X7(0) + /\/ Xi 1(s)ds — )\/ X (s)ds + ’y/ Xpii(s)ds — 7/ X7 (s)ds
0 0 0 0

+ a/o Xp(s)(M{(s) — kX (s))ds — ak/o Xp(s)(1 — X7 (s))ds + M?k
= X0 +A [ (406 = X)) s+ [ (¥als) = Xp(9) ds
—i—oz/t X7 (s)(M(s) — k)ds + MM (2.1)

where Vk > 0 M?k is a martingale such that

t

(M), = 2 /0 (Xia(5) + X7 (s) s+ /0 (X711 (5) + X2 (s)) ds

+ %a/o X7 (s) (M7 (s) — 2kX}!(s) + k) ds + C/O X2 (s) (1 — X2 (s)) ds.
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and, Vk # /,

1 t 1 '
(MME MM = ——]l|£k|=1>\/ Xine(s)ds — _]llfk|=17/ Xive(s)ds
n 0 n 0
n

1 t t
— —a(l+ k:)/ X7 ()X} (s)ds + C/ X7 (s) X[ (s)ds.
0 0
Let us define, except as usual for £ = 0 where the term —v.Xj is absent,
$r(s) = A (Xi_y(s) — X3 (s) +7 (X (s) — Xi(s)) + a X (s)(MT(s) — k),

URS) = X (XA (9) + X)) + 27 (X (s) + X2(5)) + ~ aX[(s) (MP(s) — 2KXF(5) + B)

+ X (s) (1 — X[ (s)).

From the relations between our Poisson processes, we deduce the following iden-
tities :

02 (o (o 5.008) 1 (o 350
Sk (o2 0] - 100)

_ ; Lp ()\n /0 t X£<s>ds) - ; ~p? (’V” /0 Xi WS)

+

n o0 o0
1

b Yo (an€ /0 tX,?(s)Xf(s)ds) —gk% > Bt (ank /0 txg(s)X;(s)ds)

£=0,04k

k=07 (ant [ 07 )05)
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M (t) = MP(0) + M — y/t(l X7 (s))ds — a/t M2 (s)ds + M

where M7 is a martingale, and

(MPY, — %)\tJr %y/otu _ Xy)ds + la/t Er(s)M™(s)ds — %a /Ot Er(s)M? (s)ds
+%a/OtE§(s)ds—l—c/ o ( /M” )*ds
:%(Atﬂ/otu—xo)dsm/o B (s )ds—a/o B (s) M ) / M2(s

Like for the equations of X', we define :

¢"(s) = A =~(1 = Xg(s)) + aM(s),
P(s) = % (A +7(1 = Xg(s)) + aBy(s) — By (s)M'(s)d) + cMj'(s)
As a preparation for estimating the above quantities, we first establish the
Lemma 2.2 VT > 0, Yk > 0, sup,cz, supg<;<r E(E}(t)) < oo

PROOF :
VEk > 0, (except for k = 0 where —yX{ is absent.)
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t

E(X}(s)) = E(Xg(0)) + AE /Ot (X1 (s) — X5 (s)) ds + VE/O (X1 (5) — Xi(s)) ds
+oE /Ot (X7 ()M (s) — kX](s)) ds — aE /Ot (kX7 (s)(1 = X2(s)) ds
= EOXE(0) 4 X8 [ (614 (6) — XE6)) ds 78 [ (XEaa(o) - Xi(6) s
4 oF /0 (M — ) X7 (s)ds.

Then we will use a slight variation of Lemma 2.5 from [2], and we obtain that,
with the notation W, (t, p) = E(3_, o™ X}'), 3p0 > 0, Vn,t > 0,0 < p < pg

U, (t, p) < W, (0, p)ek(ep_l)tv

which is an important inequality since z; € X, so W, (0,p) < oo, and hence
sup,~o V»(0, p) < oo, and therefore prove the Lemma 2.2.

We recall here the argument (see [2] for more details) :

Let, for C' >0

. (t,p) =) Xi(t)e™,

k>0
@ (t.p) = DXL (1) (A O).
k>0
Y = EaC.

We deduce from Ito’s formula

T (t, p) = T (0, p) +]E/tz (A (Xpe1 (1) = Xp (7)) + « (—k+

0 k>0 >0

+E/Ot <7X1(1 NC)+ ZV(XkH (r) — Xi (1)) (e’ A C’)) dr

k>1

< w9 (0,p) —l—E/O (/\ (e”@g (r) — ®Y (r)) — aZka (r) (epk AC) + oszXj (r) ®C (r)

k>0 3>0

JX; (r)) Xk (r)) (e’ AC)dr

) dr,
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because we work with p > 0, so Ce™” < C' and

YXIAAC)+Y v (Xpoa (7)) = X (1) (P A C) =7 ) Xy ("B D AC = e A C) <0,

k>1 k>1
Moreover, we have (see Corollary 2.4 in [2]) :
D X ()@l () =) (e AC) X} <0,
J20 320

and since our functions are bounded, we can invert E and f ,

¥ (1, p) < WC(0,p) + / (A (" — 1)) TC (r, p) dr:

The result is a consequence of the Gronwall inequality, and the monotone con-
vergence Theorem. &

PrRoOOF OF PROPOSITION 2.1 : Now we take a 7" > 0. Lemma 2.2 implies that
Jey > 0 such as sup,,ez, supg<<r E(M7'(t)) < c¢1. Hence,

sup sup E(|6}(s)) swwa(sup sup E(M?<s>>vk>,

TLEZ+ OStST n€Z+ OStST
<A+v+4+a(a Vk),

2 1
sup sup E(JYp(s)]) < c+ E()\ +7) + ﬁa(k: +ca VEk).

neZy 0<t<T

And, for any family of stopping time (7,)n,>0, ¥V > 0, Ve > 0, if we choose

9 — en
T M yta(aVk)?

Tn+0 Tn+0
sup supP(| [ op(s)ds) = ) < sup supB( [ [6i(5)]ds) )

neZ, <0 neZ, 6<0

9 n
< sup sup — sup E(|¢;(s)]))
neZy 6<0 1) 0<s<T

0
SE()\—F’}/—FQ(Cl\/k))Sé.

I n . _ en
Likewise, for ¢}, by choosing 0 = IO Latiravi)
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Tnto 0 2 1
sup supP( [ upoash 2 m <2 (e 20+ Salk v i) <
nel4 6<6 Tn n n n
The bounded variation term satisfies Aldous’ tighness criterion. Since <./\/l”k> :
satisfies the criterion as well, so does M™* by Rebolledo’s result, then X} is tight
(see [8]).

Similarly, from Lemma 2.2, dcy > ¢; such as

sup sup E(M](t)) < ca,

neZy 0<t<T

sup sup E(M;(t)) < sup sup E(E3(t)) < c2,
neZ. 0<t<T n€Zy 0<t<T

sup sup E(E%(t)) < co.

neZ4 0<t<T

Hence for M7 we have :

sup sup E(|¢"(s)]) < A+ v+ acy,
n€Zy 0<t<T

1
sup sup E(|¢"(s)]) < = (A + 7+ alea+ ) + 2cs,
n€Zy 0<t<T n

__ & en
>\+'y+ozc ()\+'y+a(cg+c§))+2ccz

hold the same reasoning and use Aldous’ tighness “criterion. Hence the result. &

so by choosing 6 = for phi™ and 6 = for 1, we can

Now we can proceed with the
PROOF OF THEOREM 1 : From Proposition 2.1, we consider a strictly increasing
sequence (ng)een of integers, constructed by the diagonal extraction procedure, such
that Vk > 0, the family (M{", X70<5< k) converges weakly, for the Skorohod
topology of D([0, co] , R**2) when ¢ — oo, and we call (M{, X},0 < j < k) its limit.

We will continue to write (X}') for (X"*) and M} for M to ease the notations.

In order to prove that the limit solves the Muller’s ratchet Fleming-Viot system
of SDEs (0.1), we first need to prove that M| =", kX].

Since we know that (Mp(t),n > 0) is tight in D ([0, 7)), all we need to prove is
that

Vf € Cy([0,T], R, </ £ M2 )dt) —>n_>ooIE(/DTf(t)M1(t)dt>.
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Exploiting Lemma 2.2, Ve > 0, we can choose K = K. > 0 such that

K > ——sup sup E(E3(t))
||f||oo n>1 t€[0,T]

(/f £ MP(t dt) (/f Zka dt)+E</f Zka )

k=K+1

The first term in the previous right-hand side tends to E < fo Zf o kXg(t )dt)
since Yk > 0, X' = X}, and only a finite number of them appear.

As for the second term :
T
e[ rom0)
0

(/f Zka dt)

k=K+1

<eg,

(/ £t Z kX (t dt) <e.
k=K+1

Now, Vk # ¢, we can take the joined limit of (X}, X}*) noted (X}, X;), and from
the equation (2.1) we obtain that :

( t

Xi(0) = X{0) 3 [ (X9 = X)) ds 7 [ (Kpals) = X () ds

t
+a [ X)) - Ryds + M,
0

t

Xit) = X0+ [ (¥ia(0) = X)) ds+7 [ (X0 = Xi(s)) s

t
+a/ X1(s)(M](s) — O)ds + M,
0

where
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<< (M) >> . (fJ Xi(s) (1= Xi(s))ds [y Xi(s)X;(s) )
M), ~ [ Xie)Xi(s)  fyXils) (1= X(s)) ds
From this we deduce that X’ satisfies (0.1), hence from the uniqueness in Propo-
sition 0.1 we deduce Theorem 1.

3 Infinite look-down model

In the previous sections, we studied the convergence and the limit of X™. In this
third part, we will study 1", and show that one can define a look-down model similar
to the (L*°) with an infinite population, and that our truncated system converges
towards it as n — oo. This will be the proof of Proposition 3.2, which is the first
part of Theorem 2.

This section has been inspired by [3].

Let us define f,f’n as follows : 56’" = ¢, and V¢ > 0, whenever there is a birth
at time t in (L™) on a level smaller than or equal to §f’f , we have £ = 5:’_" + 1;
whenever there is a death at time t in (L™) on a level smaller than or equal to 52’_",
we have " = 52? — 1. € = i; so & denotes the level on which the individual
who was sitting on level ¢ at time 0 is at time ¢, with the convention that when this
individual is killed, we follow his left neighbor.

We will write § instead of | %] to ease the notations.

We will prove the following result, with p,, as defined below (see (3.3)).

Proposition 3.1 Vn > 64a(M?"(0) + 5y/n),

16an(M2*(0) + 5\/ﬁ)> %er
2n-

P(ngz’g 5
cn

,0 <t <T such that n'(t) # n?"(t)) <n (

|3

This can be seen as follows :for n large enough, with a probability which tends
to 1, the n/2 first individuals only depends on the n first individuals regarding their
evolution. With this idea, we will prove the following Proposition which define the
infinite model as the limit of the L™ :

Proposition 3.2 The model L™ is well defined, and is the limit of the L™ when
n — 0o as follows : Vi > 0, Vt > 0, ;" converges a.s. and we call ny™ its limit.



3 INFINITE LOOK-DOWN MODEL 16

Proor oF PROPOSITION 3.1 : This will be a three steps proof. In the first step,
we will couple our process with a birth and death process. Then, in the second step,
we will get some estimate for the rate of death, which will give us the Proposition 3.3.
Finally, in a third step we will combine the previous sections to prove the Proposition
3.1.

FIrST STEP : Note that

{ <t < T such that nl'(t) # nf”(t)}

n—+1, 0<3<t<Tsuchthat§Z2”>n 512”—3}

| /\

I/\ N'

1
Indeed, in order to have the first property we need that at least one individual from
the (L*") model reaches the level n 4 1, then the level 2, hence the inclusion.

Let us chose 1 < i < n, 0 < sy < t such that 510’2” > n, £0H = 5. The rate
v (t) at which £°°" decreases at time ¢ due to deaths is such that

2n 00
oi(s) £ S an(s) = 3 a2nk X2 (s)
k=1 k=0

Moreover, the rate v2(s) at which £*" increases after it has reached n and before
it reached § for t > s is greater than or equal to enfn=3)

SECOND STEP : Now we need some estimate of M{(¢) (in fact we need those
estimate for M?", but we work with M instead to ease the notation, since the
inequality still holds, see after the Proposition 3.3). We will use a similar reasoning

as in Lemma 3.2 from [2]. Note that we have : Vt > 0, V0 <r < T — ¢,

M”(t—l—r)<M”()+)\7“—a/ Mj'(s)ds + M{, — M}

1 t+r 4
gM{‘(t)—l—Ar—i—% ()\r—irfyr—i—a/t Eg(s)ds) —l—;Zf(tﬂ“);
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where, with B}, B2, B and B} four different Brownian motions,

1 (t,7) \[/ dBl——
Zy(t,r) = \/% /t \/Mng—% /t " En(s)ds

t+r t+r
Z3(t,r) = c/ VMydB? — a/ M3 ds
,t.y t+r ' v t+r
Zi(tr) = \ﬁ/ V1= Xp(s)dB" — 2—/ (1— XI(s)) ds.
n.Jy n.J

We note that exp (Z7'), exp (£3), exp (Z}') and exp (2% Z%) are both local mar-
tingales and super-martingales. Hence, like in [2], one can easily deduce that VC' > 0,

]P’( sup Z['(t,r) > C’) <exp(—C), i=1,20r4

0<r<T—t

]P’( sup Zi(t,r) > C’) < exp(—Q%C).

0<r<T—t

Hence,

P ( sup  Z(t,r)+ Z3(t,r) + Z5(t,r) + Z¢(t,r) > 4C’> < exp(—2%0) + 3exp(—C).

0<r<T—t

(3.1)

On the other hand, a consequence of Lemma 2.2 is that Jez(A,~,d), > 0 (since
ES < E\g) such that

1 6
sup sup K (()\—I—%(/\-FV-F(IEQ(S))) > §C3()\a%5)-

n€Zy 0<s<T

Then,

t+r t+r 1 6
IP(/ A+%(A+7+aE§f(s))ds>O):]P<(/ /\+%(A+7+aE§L(s))ds) >c6)
t t

7
,
Finally, by using (3.1) and (3.2), we finally obtain the following Lemma :
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Lemma 3.3 Vn >0, V0 <t <T, VC >0,

T
P ( sup M{(t+r)— M(t) > 5C’> < exp(—QCa—QC) + 3exp(—C) + o (e3(N,7,9)) .

0<r<T—t

Note that, as announced before, the right member of the inequality is a decreasing
function of n, so it is also true for M?". Also, if we take C' = /n, the quantity

P = exp(—25%5) + Besp(—VD) + o ({1 7.0) 33)

is such that > ., pn < 0.

THIRD STEP : Let p} (resp. p}) be a birth and death process, starting from pj = n
(resp. py = n), with a birth rate v (t) (resp %872)), and a death rate v} (t) (resp.
an(M?™(0) +5y/n)). Let " = inf {t > 0,57 = 2} and 7/, = inf {t > 0,§*" = n}.
Then

50 so<s<t

IP’{EIlSign,OSSOST,OStSTsuCh that %" = n, inf {?2”:7}/2}

7
o 0<s<T—7/,

§P{31§i§n 7/ < T, inf 582”’2”:71/2}

IN
=

0<s<T—1/

{Ellgign,Ti"n<T, inf p?zn/?}

<P =2

< 1 S M2n _Mzn <

<p{ int ot = /2 (] sup M20) — MEO) < 5+,
SP{,HO SSO STaﬁ?O = g}—i_an

S]P){Tn < T}+p2n
<P{m" < oo} + pon.

The rest of this proof is an adaptation from Lemma 1.2 in [3]. We now work
with n great enough to have n > 64a(M?"(0) + 5v/n). Let (Ax)x>1 and (Bg)r>1 be
two mutually independent sequences of i.i.d. exponential random variables, the A
having w for parameter, and the By an(M#(0) + 5y/n). We have
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WK

P(r" <o0) < » P(A1+...+ A > Bi+ ... + Byyn)

e
Il
o

[M]8

-2
P <eXp (% (Al + ...+ Ak — B +...— Bk+g)> > 1)

e
Il
o

W

k

Dgg

o e +5ym)
an(ME(0) + 5y/m) + <=2
(32an(M12”(0) +5/n) > ‘ (16an(M12”(0) + 5@)) H

cn? cn?

k=0

W

ol

=0

<160m(M12”(0) + 5\/ﬁ)> 3

IN

cn?

PROOF OF PROPOSITION 3.2 : Since

5 (n (160m(M12"(0) + 5ﬁ)> 2 +p2n) .

cn?
n>0

it follows from the Borel Cantelli Lemma that

P (N0, ¥ = No, VI i< 2.0 <t T, (t) = 2"(1)) = 1

19

(e (20 (e 252
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4 Exchangeability

In this section, inspired from [3] as well, we will show that this look-down model
preserves the exchangeability property, according to the following Proposition, with

n=n>

Proposition 4.1 If (no(i));», are exchangeable random wvariables, then Vt > 0,
(1:(7));, are exchangeable.

The Proposition will follow from the four following lemmata :

Lemma 4.2 For any stopping time 7, any N valued F,-measurable random variable
X, if the random vector n¥ = (n.(1),...,n.(X)) is exchangeable, and 7' is the first
time after T of an arrow pointing to a level < X, a death or a mutation at a level

< X, then conditionally upon the fact that 7' is the time of a birth, the random vector

ﬂfﬂ (0 (1), ...,n (X + 1)) is exchangeable.

PROOF : To ease the notation we will condition upon X = n and 7/ = ¢, and denote
by P the associated conditional probability. Let a®™! be a n + 1 dimensional vector,
and for 1 <i<j<n

A% = { The birth which occurs at time t involves the pair (i,j) }.

Vr € S,.1, l.e. mis a permutation of the set {1,2,.....n + 1}
fp( (77;1+1> an+1) _ Z ’P n+1 ( n+1> A%J)

= Z Pn(1) = af,ym(n+1) = aj .y, A7)

By definition of A%,

A O {tt = (af, o afy)} € {af = aT},

hence, defining the projection p;:N"*t — N

pj(bh ...bn+1> = (bl, coey bj—l; bj+1, ...bn+1),
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we obtain
73 n+1\ _ n+1\ __ 1 73 n o _ o (_—1/ n+l AiJ
() =a") = D dar—arPnf = pi(a " (")), AYY)
1<i<j<n
2
= Y Mg POE = gyl @)
n(n—1) 1<§<n T4 t J
2
=2 P = @)
n(n—1) 1§;§n i =9 t J

where the second line is obtained by independence of A} and {nr = pj(m~H(a")},
and the last one is a consequence of the exchangeability of n™™. The result follows.

o "

Lemma 4.3 For any stopping time 7, any N valued F,-measurable random variable
X, if the random vector n¥ = (n:(1),...,n.(X)) is exchangeable, and 7' is the first
time after Tof an arrow pointing to a level < X, a death or a mutation at a level
< X, then conditionally upon the fact that 7' is the time of a deleterious mutation,
the random vector 2% = (n,+(1),...,n(X)) is exchangeable.

PROOF : To ease the notation we will condition upon X = n and 7/ = ¢, and denote
by P the associated conditional probability. Let a™ be a n dimensional vector, and

for1<j<n

B! = { The deleterious mutation which occurs at time t involves the individual sitting on site j) }.
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Vr e S,
Pla(ny)=a")= Y P =n"(a"),B)
1<j<n
=Y Pn(l) =af,....ne(n) = al, B))
1<j<n

]laT‘>1
P S P~ (n(k)) = a(k),¥1 < k < n,k # j,n-(7(j)) = a(j) — 1)

t=1,625 Lag>1

1<j<n
1, - |
= PP (k) = a(k) Y1 < k < nk # G- (7) = a(j) — 1)
e - T ZE:l,Z;ﬁi Tap>1

where the third line is obtained using the conditional probability of Bg , and the
last one is a consequence of the exchangeability of n*.. The result follows since the
equality also holds for 7 = Id. &

Lemma 4.4 For any stopping time 7, any N valued F,-measurable random variable
X, if the random vector n¥ = (n;(1),...,n.(X)) is exchangeable, and 7' is the first
time after Tof an arrow pointing to a level < X, a death or a mutation at a level
< X, then conditionally upon the fact that 7' is the time of a compensatory mutation,
the random vector 7% = (n(1), ...,n(X)) is exchangeable.

PROOF : This proof is really similar to the previous one, except that the term before

the P which was Loj21 i %

———l———— IS NOW
T3 201 o Lag>1

Lemma 4.5 For any stopping time 7, any N valued F.-measurable random variable
X, if the random vector n¥ = (n,;(1),...,n.(X)) is exchangeable, and 7' is the first
time after Tof an arrow pointing to a level < X, a death or a mutation at a level
< X, then conditionally upon the fact that 7' is the time of a k-type death, the random
vector Ny = (n(1), ...,n(X — 1)) is exchangeable.

PROOF : To ease the notation we will condition upon X = n and 7/ = ¢, and denote
P the associated conditional probability. Let a® ! be a n — 1 dimensional vector,
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and V1 <j<n

C’tj k= { The k-th type death which occurs at time t involves the individual sitting on site j) }.

Ve S, 1,
P~y =a"") = Y Pyt =="a""),C"
1<j<n—1

= Z P(Ut(l) = a71T> "-777t(n - 1) Ay, 170] k)

1<j<n
- Z P(nt_<1):a17 5 M= (j_l)_aj 1 T~ ( )Zkﬂnt_(]+1> <M= ( )—CLZ 17Cj,k)

1<j<n

1
ant 7nt_(j_1)_aj 177]15 (.])_ka

ne-(j+1) = a’;'ra - (n) = ag_y).

1
P (1) = ag, ey (0 = 1) = an_, - (n) = ).
1+Z1<£<n 1 Z e (1) = 81, - (0= 1) = o, () )

where the last one is a consequence of the exchangeability of ) and ), o, | Lozt =
Z1gegn—1 1,,—k. The result follows.

PROOF OF PROPOSITION 4.1 : Let us define &' = £"°°. We have, VT > 0,
ot & e 00 (4.1)

Indeed, VN > 0, VI' > 0, with the same ideas as the proof of Proposition 3.1
with g} a birth and death process, starting from pj = n, with a birth rate Cn(g 2))

)
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and a death rate 2n(M?"(0) + 4y/n), 7" = inf {¢ > 0, 5 = n/2}, we have :
N _ N _
P ({oi?ich < N/2}> <P <{30 <so<s <T, eV = = N/2, max € = N})

<P ({30 <s<Tp=N/2} ) { sup M2 (r) — M*(0) < 4\/N}

0<r<T

{vi<i<No<t<T gV(t) = m(t>}>

+ pon + Z (160zk‘ QI(0) + 4\/—)> + D2k

ck?
k>N

P({m" <oo}) +pan + Z k (16ak<M12k(0> i 5¢E>> % + Pk

ck?
k>N

CLAUEL S o (UL R

< N
= Pan t ( cN? ck?

k>N

where the second line follows from Proposition 3.1 and from :

{Ell <1< N,0<t<T such that nizN(t) =+ ni(t)}
C U {31 <i < k,0<t<T such that n7*(t) #n* (1)},

k>N

since the rate at which ¢V decreases on the set writen on the second line is

&y N N
@Y ml(s) <ad m(s)=ad mN(s)

<> V() = 2Na MY (s)

Note that if we call gy the upper-bound in the last line, we have > v, gn < 00,
o (4.1) is a consequence of Borel-Cantelli Lemma . It follows from the previous
Lemma that for each ¢t > 0, n > 1, (n:(1), ..., m( n")) is an exchangeable random
vector. Consequently, for any ¢t >0, n' > 1, 7 € S,,, a” € N,

PO = a™) = P(nf =7 (a"™))| S P& <)
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which goes to zero, as n — oo. The result follows.

Theorem 2 results from Proposition 3.2 and Proposition 4.1.

25
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5 A stronger convergence result

Now that we have defined the infinite model L> and shown the convergence n™* =
n°*, we can improve the convergence by using tightness, de Finetti theorem and
some of our previous results. Note that a similar result appears in [5], Lemma A2.1.
First, let us recall the theorem we will be using (see [1]).

Theorem 4 An exchangeable (countably infinite) sequence {Y,,n > 1} of random
variables is a mizture of i.i.d. sequences, in the sense that conditionally upon G (the
tail o—field of the sequence {Y,,n > 1}) the Y, s are i.i.d.

From this one can deduce the following corollary (see corollary 1.6 in [3]) :
Corollary 5.1 Vk >0, VT > 0, Vt € [0,T],
X2 (t) = Xi(t) as. .
Then we can prove the following Proposition:

Proposition 5.2 Yk >0, Vn > 0, Ve > 0, Ing € N such as Vn > ng P(supy<; < | X; (1) —
Xi(t) =) <e

PROOF :
We define ¢, = ¢3 V0 < ¢ < 2L, Hence VO < ¢ < T 3¢ such as |t — &, < §/2.
Then,

sup [Xg(t) = Xk()| < sup sup [Xj(t+7) = XP(t)| + sup | XG(te) — Xi(te)]

0<t<T 0<e<2L |r|<é/2 0<r<2Z

+ sup sup |Xp(t,+7r)— Xi(to)|
0<e<2L |r|<6/2

We fix k£ > 0, and let ,7 > 0 be arbitrary. The third term tends to 0 when J tends
to 0 since X () is a continuous process, then

359 > 0, such that Vo < 6y, P < sup sup |Xg(te +71)— Xi(te)| > g) < g.

0<e<2L |r|<é/2

For the first term, let us define, like in [4],



5 A STRONGER CONVERGENCE RESULT 27

wi(0) = sup  |XR(t) = Xj(s)|
t,s€[0,T]|t—s| <6
wi' () = inf max sup | X} () — Xp(s)|.

(t;,i>0)d-sparse i>0 t,s€ [t tit1]

Since the size of the jump of the process X" are 1/n, from (12.9) in [4] we have
wp(0) < 2wi™(6) + 1/n. Moreover, since (Xj',n > 0) is tight in D ([0,7]), (see
Theorem 13.2 in [4]) :

301 < 09, V6 < 61 € N, Ing € N such that Vn > ng, P (w;*(§) > n/6) < /6.

By combining those two results, we obtain that

Aoy < 80, Vo < 09 Ing € N such that Vn > ny,Vk € N, P (wp(0) > n/3) <e/3

which is true for the first term since :

sup  sup |X7(te+7r) — X7 (to)] < wp(9).
0<e<2% [r[<6/2
The second term tends to 0 as n — +oo due to the previous Corollary, as X}'(t,)

converge a.s. for each ¢, and there are only a finite number of ¢ (which is a function
of §). Then,

Iny > ny € N such that Vn > ny, P ( sup | X[ (te) — Xi(te)| > g) < %

T
o<e<2T

So finally,

dny € N such that Vn > ny, P ( sup |Xp(t) — Xp(t)| > n) <e

0<t<T

Now with the Dini Theorem we can proceed to the :
PROOF OF THEOREM 3 : Let us define S;' = > ., X7 and Sy, = S¢°. The S, are
increasing in k and continuous from [0, 7] in R*. Moreover, V¢ > 0 the Si(t) — 1
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a.s. when k — 0o.Then with the help of the first Dini Theorem, we obtain that the
convergence is locally uniform. In other words,

sup |1 — Sk(t)] = k=00 0 a.s.
0<t<T

Since S} involves a finite number of X', it converges uniformly in probability to
Sk from Proposition 5.2, then Ve > 0,7 > 0, 4K > 0, dny > 0 such as Vn > ny,

P( sup |1 —Sk(t)| >n/3) <e/4.

P(sup 3 XP(0) = Xelt)] = n/3) < e/,

0SIST oy ¢

Hence, noting that |1 — S7| < |1 — Sk| + | Sk — S¢1,

P(sup » [XP(t) = Xi(t)] = 1)

0<t<T 13
<P(sup > [XP() = Xu(t)] > n/3) + P(sup [1— Sk|>n/3)+P(sup [1—Si|>n/3)
0<t<T 0<t<T 0<t<T

0<t<K

<2P(sup D X[ (E) = Xilt)] = 0/3) +2P( sup [1 - Sk| = n/3) <e.
0<t<T 0<I<K 0<t<T
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