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Abstract In this paper we derive a strain gradient plate model from the three-dimensional
equations of strain gradient linearized elasticity. The deduction is based on the asymptotic
analysis with respect of a small real parameter being the thickness of the elastic body we
consider. The body is constituted by a second gradient isotropic linearly elastic material. The
obtained model is recognized as a strain gradient Reissner-Mindlin plate model. We also
provide a mathematical justification of the obtained plate model by means of a variational
weak convergence result.
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1 Introduction

Higher order gradient continuum theories in linear and nonlinear elasticity have recently
raised the interest on many scientists, since modern technologies involving multi-scale ma-
terials exhibit size effects and a strong dependence on internal (material) lengths. A possible
generalization of Cauchy model has been proposed in the pioneering works by Toupin, [14],
Mindlin, [12], and Germain, [7]. In these papers, the stored deformation energy is assumed
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to depend not only on the strain, but also on the strain gradient. These general continua are
called second gradient continua by Germain, or strain gradient continua. In second gradient
continua approaches it is necessary to generalize the concept of Cauchy contact actions, see
[6], and the constitutive laws, see [5]. For a general overview on second gradient elasticity
theories and their applications it is worth mentioning the work by Askes and Aifantis [1].

Thin plate theories have found recently several applications in the areas of micro-mechanics
and nano-mechanics. Micro-mechanical systems and nano-mechanical systems show size
effects and non local behavior, hence strain gradient elasticity theories find their natural and
appropriate application. Furthermore, granular materials, porous materials and, generally,
materials endowed with a microstructure, in which the stresses do not depend only on the
local strain, can be described by strain gradient elasticity theories. For instance, Lazopoulos
has derived a mechanical model for the bending behavior of strain gradient Kirchhoff-Love
plates (see [9] and [10]) and shallow shells (see [11]).

In the present paper we derive a strain gradient plate model starting from the three-
dimensional equations of strain gradient linearized elasticity through an asymptotic analysis.
We consider a plate-like domain filled by an isotropic second gradient linearly elastic ma-
terial. By defining a small real parameter €, which represents the thickness of the plate-like
domain, we apply the asymptotic expansion method, following the approach by Ciarlet in
[4]. Then, we characterize the leading terms of the asymptotic expansion and the associated
limit problems. In order to have a mathematical justification of the obtained model we study
the weak convergence of the solution of the three-dimensional problem towards the solution
of the limit problem in a precise functional framework.

The asymptotic analysis is a widely used technique for the formal derivation and justi-
fication of classical theories of thin structures, starting from the classical three-dimensional
elasticity, (see [4], in the case of plate models). For what concerns with the derivation of
plate models, it is well-known that if we apply the asymptotic methods to the classical lin-
ear or nonlinear elasticity equations, we are capable to derive only Kirchhoff-Love plate
models. In order to obtain the Reissner-Mindlin plate model through an asymptotic anal-
ysis or variational convergence, we need to generalize the stored elastic energy by adding
some appropriate second gradient terms, see [13], or by using a different continuum model
as starting point, like the micropolar continuum, see [2]. As we already mentioned, in the
present approach, we use a second gradient continuum constituting the plate-like body and,
by performing an asymptotic analysis, we derive a second gradient Reissner-Mindlin plate
model.

The layout of this paper is as follows. In Section 2, we introduce the mathematical
problem associated with the equilibrium of a strain gradient linearly elastic plate; we de-
fine a small real parameter € which is related to the thickness of the plate; then we apply
the asymptotic methods to obtain the simplified models. In Section 3, we present the main
Ansatz (25) for the asymptotic expansions of the displacement field. Then we derive the
limit displacement field, which corresponds to the Reissner-Mindlin kinematics, and its as-
sociated limit problem. In Section 4, we give a mathematical justification of the obtained
model by presenting a weak convergence result.

2 Statement of the problem
In the sequel, Latin indices range in the set {1,2,3}, while Greek indices range in the

set {1,2} and the Einstein’s summation convention with respect to the repeated indices is
adopted.
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Let @ €2 be a smooth domain in the plane spanned by vectors e, let ¥ be a measurable
subset of the boundary ¥ of the set @, such that length % > 0, and let 0 < € < 1 be an
dimensionless small real parameter which will tend to zero. For each &, we define

QFf :=wx (—¢,¢), o
If =y x[—¢¢], [f:=wx{te}

Hence the boundary of the set QF is partitioned into the lateral face ¥ x [—g,€] and the
upper and lower faces I'f and I"¢, and the lateral face is itself partitioned as y x [—¢,€] =
(1 % [—€,€])U(n x [—¢,€]), where ¥ := ¥— . In order to avoid inessential complications
in the sequel we suppose that Y = }, and thus y; = 0.

We assume that the set Q° is the reference configuration of a strain gradient linearly
elastic plate of thickness 2¢ and middle surface @. We study the physical problem corre-
sponding to the mechanical behaviour of a strain gradient plate. The plate is completely
clamped on Ijf =I'¢, in the sense that the boundary conditions of place, imposed to the
displacements, are

ui =0 and Jfuf =0 on Iy, 2

where Jf represents the derivative operator with respect to the unit outer normal vector (nf)
along the boundary If. Moreover, we supposed that the plate is subjected to body forces
(ff): Q% - R? and surface forces (gf) : [EUL® — R3.
We finally assume that the strain gradlent linearly elastic material constituting the plate
QF is homogeneous and isotropic. The constitutive laws for this kind of material (see [5])
take the following form:
cf(uf) := A%ef(u®), 3)
Pt (uf) :=BfV¥ef(uf),

or, componentwise,

ij( &) = Al/keekz( uf), with

Af i = A8k + 21 (G By + 8 Sji),

pfjk( E) —ijkgpqezlq( u?), with )
B g = €1 (81700 Opg + 8ij8kp Stg + Bt Bjq Sup + 8ig 8jicSyp) + €581y Bp+
+c5 (08¢ Opg + 88 Otg + 8ie 0k Opg + Sip O Oeg) + 5 (8i0p g+
+6ip 3]‘2 5/«1) +c § (317 5jq 5kp + 5ip 6jq O+ 5iq 5./‘5 5kp + 5iq 6/‘17 51&)7
where 6° = (0;) is the classical Cauchy stress tensor, P* = (p; ) is the hyperstress tensor,

ij

(ef; (u®)) == (Jf ef;(u®)) is the gradient of e (u). A® = (A7, ) and B® = (B, ) represent,
respectively, the fourth order classical isotropic elasticity tensor and the sixth order isotropic
strain gradient isotropic elasticity tensor. The components of the Cauchy stress tensor and
the components of the hyperstress tensor can be also written as follows:

ef(uf) = (¢4, (u%)) := (5(8fuﬁ+8fuf)) is the linearized strain tensor and V¢ef(uf) =

o/ = A%e;, 6+ 2 e,
p,jk (e PPj6k+2'ekpp6] +eppl5jk)+c‘§e;pk5ij+ (5)

+2c5(e5,, O + €, 5jk)+2c4efjk+265( lijrejkl)

ipp pp

We assume that A¢ gives rise to a positive definite quadratic form on the vector space of
symmetric matrices. As it is well known, this condition is satisfied if and only if 3A¢ +2u® >
0 and p® > 0. We also assume that B gives rise to a positive definite quadratic form on
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the vector space of all third order symmetric matrices with respect to the first two indices.
In order to ensure this condition Dell’Isola et al. in [5] have proved the suffciency of the
following inequalities:

£
c§ >0, _4 e <cf, 5¢5+4c>2cE,
5 (38 cE) +2(c£2 — 5652 — 6¢Ect — 208+ c£ (265 +¢f)) ' (©)

£
3 > £ £ £
4c5 —10c5 — 8¢y

To begin with, we introduce some notations that will be used in the sequel. We let:
a-b:= a,-bh A:B:= a,'jb,'j and C...D:= Cijkdijk7 (7)
for, respectively, all vectors a = (a;) and b = (b;), for all symmetric second order matrices
A = (a;;) and B = (b;;), and for all third order matrices C = (c;jx) and D = (d;jx), symmetric
with respect to the first two indices.

The displacement field u® = (uf) satisfies the following variational problem defined over
the variable domain Q¢:

{of(u®) 1€ (v) + P () - VEe (v9) pdx® = 1°(vF), ®)
0E
for all v& € V(Q¢?), where
V(QF) = {v¢ = (vf) e H}(Q%R’); v* =0and dfv* =0on I}, Q)
and
IE(v®) ::/ € -vedx®+ | g vidI®. (10)
Q¢ Ie
Componentwise, we get:

S {5 I ) 4 e et = [ gt + [ ghvfare,

for all v¢ € V(Q¥). We suppose that f€ € L2(Q€) and gf € L*(If).

Proposition 1 From the assumption on the positive definiteness of the elasticity tensors A®
and B, the variational problem (8) has a unique solution u® in V(QF).

For a more general formulation of the three-dimensional strain gradient non linear elas-
ticity theory, the reader can refer to the work by dell’Isola et al. [5].

In order to perform an asymptotic analysis, we need to transform problem (11) posed on
a variable domain Q¢ onto a problem posed on a fixed domain (independent of €). Accord-
ingly, we let

Q:=wx(-1,1), (12)
Ip:=wx[-1,1], It ;== o x {£1}.
Hence, we define the following change of variables (see [4]):
T ixi=(Fx3) € Qs x = (F,ex3) € Q°, with £ = (xg). (13)

By using the bijection 7%, one has dg = dy and 0§ = 583.
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With the unknown displacement field u® = (uf) € V(2°¢), we associated the scaled dis-
placement field u(g) = (u;(€)) : Q — R3 defined by:

1, (xf) = euq (€)(x) and u§(x®) = uz(e)(x) for all x° = 7°x € Q°. (14)

We likewise associate with any test functions vector field v¥ = (vf) € V(Q2¢), the scaled test
functions vector field v = (v;) : 2 — R3, defined by the scalings:

Ve (xF) = evg (x) and vE(x®) = v3(x) for all xf = 1x € Q°. (15)

We make the following assumptions on the data, and, thus, we require that the Lamé con-
stants and the second gradient elastic moduli satisfy the following relations:

A=A, uf=pu, € =cp, ke{1,2,3,4,5). (16)

Hence Afjké = Ajjke and ijkép o = Bijkipq are both independent of €. We also ask that the

applied body and surface forces take the following forms:

€fa(x) and fF(x%) = f3(x) forallx® =rfxe QF,
€2g4(x) and g&(x) = eg3(x) for all x¥ = néx € Q°,

)
() an

fa(®
g

The elastic constants A, 4 and ¢y, and functions f; € L?() and g; € L*(I'; UT") are inde-
pendent of €.

Let us define, respectively, the rescaled components of the linearized strain tensor e;;(u(€))
and of its gradient e;;x(u(€)). According to the previous assumptions on the displacement
field, one has:

eqp(uf) = eqp(u(e)) = £ (Qaup(€) + dgua(€)),
ef5(uf) = €eq3(u(€)) = 5 (duq(€) + daus(€)) (18)

o3 (8 =
ef3(u®) = e33(u(e)) = $dsus(e),

and,
egpy(U°) = €eqpy(u(e)) = edyeqp(u(e)),
€op3 (%) = eqps(u(e)) = dseqp(ule)),
eap (W) = eq3p(u(€)) = dpeqs(u(e)), (19)
egas(uf) = %ew(u(f)) = %93606(“(8))7
€534 (0f) = gessg(u(e)) = gduess(u(e)),
533 (u°) = Sesns(u(e)) = Hdsess(u(e))

By virtue of the relations above, we can compute the components of the rescaled hyperstress
tensor p;jx(u(€)) := Bjjrepgeepq(u(€)) as follows

)
) (20)

pa33(u(€)) = €pgas(ule
P3a(u(€)) = eplzq(u(e)) + g piag(ule)),
p333(u(e)) = pls(ule)) + Eizl’;s%(“ €)),
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where

Papy(U(€)) = c1[8ayecop (u(€)) +28qpeyos (u(€)) + Spyecoa(u(€))]
+626aﬁeg(y'y(u(8)) +2c3 [5ayeﬁ06(u(8)) + 5ﬂyea66(u(8))]+
+2cseqpy(u(€)) +2¢5(eqyp (u(€)) +epyo (u(e))],

P&éy( u(g)) := c1[0ayessp (u(€)) +204pey33(u(€)) + Opyessa(u(e))]+
+c28gpe33y(u(e)) +2¢3[Sayepss(u(e)) + dgyeass(u(e))],

Papz((€)) = 2c184pe300 (u(€)) +c28upeoos ((€)) + 2caeqps (u(e)) +
+2c¢s(eqzp(u(e)) +epsa(ule))],

p;§3(u(£)) = (2¢1+c2)8gpessz(u(e)),

Poap(u(e)) := c18upeco3(u(€)) +2¢38upe300 ((€)) +2cseqap (u(e))+

+2cseqps(u(e)), @b

Pasp(u(e)) := (1 +2¢3)8qpe333 (ule)),

Pess(u(€)) = crecoa(u(€)) +2¢3eq00 (u(E)),

Pass(u(e)) = (c1 +2¢5)esza(u(€)) +2(c3 +cs +cs)eass (u(e)),
Paq(u(€)) :=2c1000(u(€)) + 26500 (u(€)),

P (u(€)) :=2(c1 +2¢5)eqss (u(g)) + (c2 +2c4)ensa (u(e)),
Pi3(u(e)) := (2¢1 +¢2)ecos (u(€)) +2(c1 +2¢3)es00 (u(e)),
p333(u(£)) (4cy +ca+4c3 +2ca +4cs)esss(u(e)).

We can now reformulate the problem on the fixed domain 2. From Proposition 1 it
follows that for every € > O the rescaled displacement field u(g) € V() is the unique
solution of the following rescaled problem:

—a_>(u(€),v)+ao(u(e),v)+ ar(u(e),v) =Ilp(v)+2hL(v), (22)

for all v € V(£2), where

V(Q):={v=(v;) e H*(Q:R’); v=0and d,v=00nI;}. (23)
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The bilinear forms a_4, a_, agp, a2 : V() x V() — R and the linear forms ly,  :
V(2) — R are respectively defined as follows:

a_a(u(e),v) = /Q P2 (u(e))ess(v)dx,

= /Q [(A +2p)es3 (u(e))ess (V) + pyps (u(e)eaps (v)+
+2p 3 (u(€))eqap (V) +2p 35 (u(E) Jeass (v) +
+P33(u(€))ensa(v) + pizs (u(e) eszs (v)]dx,

a_(u(e),v)

aop(u(e),v) := /-(2 [Aeso(u(€))ess(v) + Aesz(u(€))ess (V) +4ueqs(u(e))eqs(v)+
b 0() e (V) + Pl (0(E) e (¥) + 205 (0(E) e (v)+
+2p 33 (u(€))eass (¥) + pisq (u(e))essa(v)]dx,
as(u(e),v) = /Q [Aeso(u(€))ere(V) +21eqp(u(€))eqp(v)+
+Pgpy((€))eap, (v)]dx,

lo(v) 3:/ f3v3dx+/ g3vidl’,
Q I

Lh(v):= /Q favadx—}—/r' gavadl .
(24)

3 Asymptotic analysis

We can now perform an asymptotic analysis of the rescaled problem (22). Since it has a
polynomial structure with respect to the small parameter €, we can look for the solution of
the problem as a series of powers of €:

u(g) =0+ e2u? +etut +eful ... . (25)

By substituting (25) into the rescaled problem (22), and by identifying the terms with iden-
tical power of €, we obtain, as customary, the following set of problems, defined for all
veV(Q):

P_y:a 4 v)=0,

P ya 42, v)+a (uv) =0,

Pyt a_g(ut v)+a_(u?,v) +ap(u’,v) = Ih(v), (26)
Py a4, v)+a_o(u*,v)+ag(u?,v) +ay(u,v) = L(v),

P a_a(¥T V) +a_o (w2 v) +ag(u,v) +ax (w2, v) =0, j>2.

To proceed with the asymptotic analysis we need to solve each problem above and char-
acterize the limit displacement field u” and the associated limit problem.
We start by solving problem &_. Let us choose test functions v =u € V(Q):

/Q p§323 (u0)6333 (uo)dx = /Q (4c1+ca+4c3+2ca+4cs)(esss (uo))zdx =0. 27

Since 4cy + ¢ +4c3 +2c4 +4cs > 0, by virtue of the positive definiteness of B, we get
e333(u”) = 0, which implies that

ud(%,x3) = w' (%) 4 x3b3(%). (28)
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Let us consider problem Z2_,. Since e333(u’) = 0, we get that p&gﬁ (u%) = p;fﬂ(uo) =
0, thus one has:

/Q [P333(W7)e333 (V) + (A +2p)e33 (u”)ess (V) + 2p iy (u®)eqss (v)+

29)
+ P30 (W) €330 (V) + P33 (u°)ezss (v)]dx forall ve V.
If we choose test functions v =u" € V(Q), problem &_, reads as follows:
' 02 0 2¢5+cy 0 2
[+ 2 e e+ eates) (eans @)+ = ena(w?) )+
Jo c3+cq4+cs (30)
(205+C1)2) 0 2}
+ |2 4+2c4 — ——— | (e33¢(u dx=0.
(cav2es= 202 ey

Since the assumptions on A and B imply that the coefficients multiplying the quadratic terms
are positive, we obtain that

e33 (I.lo) = 633a(u0) = €33 (llo) =0. (31)

By virtue of relations (31), the displacement field u can be updated as follows:

[=}

ud,(%,x3) = @ (%) +x3 0% (%),
{ ud(%,x3) = w0 (). (32)

The above displacement field corresponds to the well-known Reissner-Mindlin kinematics
assumptions for a plate. Since we want to focus our attention on the flexural behavior of the
plate, in the sequel we neglect the in-plane displacements i, which are associated with the
membrane behavior of the plate. Hence,

0 (= 0/
Ug (%,%3) = x304(%),
- b 33

{ug(x,)g) =wl(). (33)
Finally, by substituting vq, = 0 and v3 = v3(¥,x3) in &_,, we have

/Q (p;323 (uz) +p(3)33(u0)) d33v3dx = 0 for all v; € V(Q), (34)

which is verified when p3(u?) = —pY;;(u®) and so, we obtain the following characteriza-
tion for u%:
2 2 2 3 0 0
u5(%,x3) = a3(%) +x3b3(%) — Y [(c1 +2¢3)050a3 + (3c1 + 24 2¢3)dsby | (X),  (35)

with ¢ :=4cy + ¢y + 4¢3+ 2¢4 + 4cs.
Problem £ reads as follows:

[ [P )em () + A+ 2m)en(@)en(v) + 3, @)eqp (v)+
2P 35 (0)eqap (V) +2pg 33 (0)eass (V) + paye (u)essa(v) +
+P333 (07)e333 (V) + Aego (u)e3s (v) +dpteqs (u”)eqs (v)+ (36)
+Pg[33(“0)€aﬁ3(v) + 2p23ﬁ (0)eqzp(v)+
+2pe33 (W) eqss (V) + g (u”)essq (v)] dx = /Qf,%v,%ab“r/ri g3vsdl,
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for all v € V(Q). Let us choose test functions v € V() such that vy (F,x3) = V(%) +
X3Nq (%) and v3(X,x3) = N3(%), i.e., €333(V) = €33(V) = eq33(V) = €33¢(v) = 0. Hence, prob-
lem &7, becomes:

[ (o @)+ plgs @) eaps ()42 (p30%) + s () eap )+

37
+4Ueqs (uo)ea3(v)} dx= / fmdx+ / g3Mmsdl forallve V(Q).
JQ JIt

Let vg = 0, then we find the first limit problem verified by w® and ¢3:

[ (€1 + Ca9p 0§ daamts + (ca(Bupn” + Ip 92 + c5(0a0f + I 0k ) duggma +
[0] .

+11(daw’ + ) I3 ] dF = / qn3d¥,
[0]
(38)
forall n; € V(o) :={n = (n;) € H'(®,R?) x H*(w); 1 =0, dyn3 =0 on y} ( by virtue
of the assumption ¥ = 7, one has V() = H} (0, R?) x H3(®)), where

1
a0:= [ AlExs)dn +ga(F £, (39)

and
(c1—2c3)?
Fi

Cl:=c3— ,
Ci=ci+c3— —(SCIﬂ'ZJrZ?)(C'H“) . 40

If we choose v3 = 0 in problem (37), we obtain the second limit problem satisfied by w®
and @Y
/ [(CzaﬁpW0+C35’/3(Pg) AaMa + 1 (9w’ + 9o) N + 1)
Jo
+ (048[3 00+ (ca+2¢5) (Dupn” + Ip 9% + aaq)g)) 9 na} di =0,

for all Ny € V(w), where

Cy e 201+ 4 ¢ — Gerreptten) (42)

By integrating by parts problem (38) and (41), we obtain the following differential sys-
tem:

WG A — ) AW + h(GrA — u)dive’ = ¢ in o,
(6rA — )Vl + (634 — 1) + 64V (dive®) = 0 in o, (43)
wl=0, W’ =0, ¢*=0, on %,

where A¢ := dyq ¢ is the two-dimensional Laplacian operator applied to ¢, dive := dg @q is
the divergence operator applied to ¢ = (@), V9 := (dq@) is the two-dimensional gradient
operator applied to ¢, and

61 :=c4+C, € :=c4+2c5+Cy,

44
63 ;:2(c4—§—c5)7 Cu = cq4+2c5+Cs. (“44)

Remark 1. We notice that the partial differential operator associated with system (43) is
self adjoint, because it comes from a symmetric bilinear form associated with the varia-
tional problem (37).
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Remark 2. In several works (see, for instance, [3]), Aifantis has proposed a simplified strain
gradient isotropic linearly elastic constitutive law, in which ¢; = ¢3 = ¢5 =0, ¢z = £>A and
c4 = 021, where £ is an internal length connected to the micro-structure. The simplified
strain gradient constitutive law gets the following expression:

ng(lleg) = lie%p(ge)gu-&-%ﬁgeﬁj(??, . e 5)
p[jk(u ) i=14°9 Gij(ll ) =29 (Afef, (uf)6; +2u el-j(u ).
In this particular case the limit problem takes the following form:
hu(2A —1)(Anw° +dive®) = ¢ in o,
(2u+31) (46)
H(CPA=1)(Vn° +°) +uPAg® + P HFEEVdive? = 0 in o,
or, analogously,
hi (A —1)(Aw° +divg?) = g in @,
2 (47)
LEDAdive” = —¢ in o,

3
‘g(&igzlh) =5 2(‘?13‘,2) is the classical rigidity modulus of the plate.

The coefficient 12(¢ /h)2 usually appears in strain gradient plate theories and it repre-
sents the ratio between the intrinsic length of the microstructure and the actual thickness of
the plate. Its influence is high for small thicknesses, when the intrinsic length ¢ is compa-
rable to the thickness of the plate. Besides, it has been shown in [10] that, by comparing
the deflections of a classical Kirchhoff-Love plate and the deflections of a strain gradient
Kirchhoff-Love plate, 12(¢/h)? has the effect of increasing the global stiffness of the plate.

where D :=

4 A weak convergence results

In this section we establish a convergence result of the solution of the three-dimensional
problem towards the solution of the simplified limit problem.

With the scaled displacement field u(e) € H?(;R3), we associate the following tensors
k(e) = (x;j(€)) and V() = (kiju(€)) := (dhkij(€)), with Ki;(e) € H'(2) and Kijx(e) €
L?(Q), defined by

Kap (€) 1= €eqp(€), Ku3(€) :=eqs(€), k33(€):= Less(e),
sz,By(e) = eeaﬁy(g)a Ka,B3(8) = ea,B3(8)a Ko3p (€)= €a3p (e), (48)
Ku33(€) == tea3s(€), K3a(€) = tessal(€), ksa(e) = Lex(e).

With an arbitrary vector field v € H?(;R?), we likewise associate the tensors k(€;v) =
(%;;(€);v) and Vi(€;v) = (% (€;V)) := (dkkij(€;v)). In particular, one has k(&) = k(&;u(g))
and Vk(g) = Vk(g;u(e)).

Then the rescaled problem (22) takes the particularly condensed form:

/Q (Ak(e) : k(e:v) + BVk(e) - Vi(e:v)) dx = lo(v3) + €22 (ver), (49)

forallve V(Q).
The main result of this section is claimed in the following theorem.
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Theorem 1 For each € > 0, let u(g) denote the (unique) solution of (49). Then

us(e) =iy in H* (o),

F3uq(€) = @o in H' (0), (50)

where ii3 and Qg are the solutions of the limit problems (38)- (41)

/(D[(Claﬁﬁlh +C298Pp) daa s + (ca(Iapits + 9 Pa) + ¢5(0u Pp + I Par)) D M3+
_ .1 -
+1(ells + Pa) D3| dE = E/ qmnsdx,
w

/w [(C20ppit3 +C39pPp) daNe + 1 (ait3 + Por) N +

+ (498 P+ (ca +2¢5) (Dgpits + g Po + 9 Pp) ) IpMe | dF =0,
(D
forallm; e V(w):={n =) e H (0,R*) x H*(®); 1 =0, dyn3 =00np}.

Proof For the sake of clarity the proof is divided into two parts. Let us define at first the
following L?-norms:

1/2 1/2
[k(€)lo,0 == {Z|Kij(£)|(2),!2} s V(e = { Y IKz‘jk(e)lég} (52)
i ijok

(i) By letting v = u(€) in (49), the variational problem takes the following simple form:
/-Q (Ax(e) : k(&) +BVk(g) . Vk(&)) dx = lo(uz(€)) + €%l (uq (€)), (53)

By virtue of the positive definiteness of the bilinear form and, by definition of k(&) and
Vix(¢€), one has

/Q (Ak(e) : k(e) +BVk(e) . Vk(€))dx > C{|k(e)[5 o +|VK(€)50} >
> C{SZ Yopleas(®)f o+ Laleas(®)f o+ Hles(e)f o+
+€? Za,ﬂ7y|eaﬁy(€)‘%,ﬂ +Za,B (|eoc[33(£)|(%,.(2 + |eo¢3ﬁ (8)%,.(2) +

+5 Y a (|€a33(€)|3,g + |e33a(€)|5,g) + g%|€333(8)|%,g} :

(54)

On the other side, by virtue of the continuity of the linear forms and since € < 1, we get:

lo(u3(€)) + &% (ua (€)) < C{l|us(e)ll1,0 +&* Lo lluale)ie} <

1/2 (55)
<c{Ix@)o+IV(e)a}
In order to prove the inequality above, we notice that, since u;(€) = 0 on I, the norm
l|ui(€)]]1,q is equivalent to {}; |8ju,-(8)\%,9}1/2. Since dyu;(€) =0 on Iy and n = (ny,ny,0),
one has the same inequality for any dgu;(€). In particular we get

10013 (€)[§ o < C{Ep |9apu3(€)[§ o + [9asus(€)[5 0}

56
1tip (€12 < CLE 10uyttp(€) B g + Pasitp (€20 - 8
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Since 8ajui(8) = ea,‘j(8) +ejia(e) - eaﬂ(s), one has

Ealda13(©)R 0 < C{ L (leaps(©)R o +leasp (€)F g +leans (@R o +lessa(@) o) }
Ealdaup(©)3 o < C{Tapy (leaps () o+ leasp @) o+ leaps(©)R0 ) }-

(57)
Hence we have that
lus(€)l1,0 + € Lo llual€)|io <
< blen ()R o+ Lap (leaps(€) o +leass B o) +
(58)

+£% Yo (|6’a33(3)|(2),9 + |€33a(8)|%,9) +¢? Yop |€oc;3(<9)|(2),.o+
1/2 1/2
12 Lapyleapr©a)  <C{IKEORq+IVREBo}

The inequalities above imply that the norms |k(€)]o.o and |Vk(€)]o.o are bounded indepen-
dently of €. Since the sequences (k;j(€))e>0 and (Kijk(€))e>o are bounded in L?(£2), there
exist a constant C such that

lesss(€)]o.o < Ce2, |eass(€)lo.q < Ce, leapy(€)]o.o < %7
lessa(€)lo.e < Ce, leasp(€)loa <C, leaps(€)loe <C, (59)
les3 (€)oo < Ce, leas(€)lo.o <C;  legp(€)loe < <.

Hence, from the first set of inequalities, we obtain that 6%6333 (8) — €333, e333(€) :=dn3uz(e) —
0, e330.(€) 1= dg3u3(€) — 0 and e33(€) := dsu3(€) — 0 in L*(R), and thus dsu3(€) — 0 in
H'(Q). Moreover, one has dgu3(€) — Z4(%) in L*(Q).

(From the second set of inequalities, we get that eq3(€) — €43, €q33(€) := dzeq3(e) =0
and eq35(€) == dgeqs(€) — €43p in L?(R). Thus eg3(€) — €43(%) in H' (2) and so, Co3p =
dp2a3(X). By definition of eq3(€), we obtain that d3uq (€) — 2843 (%) — Za (%) in L*(Q).

Thanks to (59), we notice that dygu3(€) = eq35(€) +ep3(€) — eqp3(€) is bounded in
L*(Q). Therefore, |0;;u3(€)|0,o < C and by (57) one has u3(€) bounded in H§(®) and so:

uz(&) — i3(%) in H3 (o). (60)
The limit i3 = ii3(X) is independent of x3. This implies that 7, = dyii3 and, thus
Autg(€) = Po(X) 1= 2643 (F) — i3 (%) in H} (). (61)

Finally, from the third set of inequalities, we deduce that €eqgy(€) — €qpy, €e4p(€) —
eup and eaﬁ3(8) — €up3 in Lz(.Q). We notice that €up3 = aaéﬁ3 + 8;; o3 — aaﬁﬁ3 = %(aa([_)ﬁ +
I Po) in L*(Q).

(i) Now we characterize the limits i3 and ¢g. Let us consider the rescaled variational
problem (22). Let multiply it by €2 and let € tend to zero. Then we find that

/Q (¢e333 + (2¢1 +2)es03 +2(c1 +2¢3)d5830) €333(V)dx =0, (62)
forall v € V(). This relation is satisfied when ¢é333 + (2¢1 +¢2)€s63 +2(c1 +2¢3) 05836 =
0, which implies that

2c14co 2(6‘1 +2€3)

e333=————0@603 — ———— 05836 =
¢ ¢

3ci4+cr+c3 _ c1+2c¢3
————— 055 —

(63)
Osoil3.
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Let us choose test functions v € V(Q), such that vy (¥,x3) = x31M¢(¥) and v3(¥,x3) =
v3(%), i.e. v has the same form of the limit displacement field u’. The variational problem
(22) takes the following expression when € tends to zero:

/-(2 [((2¢1 + €2)@333 +2¢1 05863 + 286063 ) ere3 (V) +

+(2c48qp3 1 2¢5(9pea3 + dalps))eqps (V) + (64)
+(2(c1 +2¢3)333 + 203958653 + 18663 ) €31 (V) +
+2(c40peas + cseap3)easp (V)] = lo(v3).

By choosing v = 0 and v3 = 13(%), by virtue of (63) and of the previous convergences,
we obtain the first limit problem

/ [(C19ppit3 +C208Pp) Ouas + (ca(dgpit3 + g Pa) + ¢5(a Pp + Ip Pa)) ap M3+
w

B (Puits + 90)damld = [ qmsas
’ (65)
for all N3 € V(). Otherwise, by choosing vy = x31M¢ (%) and v3 = 0, by means of relation
(63) and by means of the convergence results obtained in (i), we obtain the second limit
problem

/ [(C20ppit3 +C39pPp) daMNo + M (i3 + Po) N +
w

(66)
+ ((ca+2¢5)(0upit3 + O Po + 0o Pp ) + €408 P ) g Mo dF = 0.

for all Ny € V(®). This completes the proof.

5 Concluding remarks

In the present work we derive a strain gradient Reissner-Mindlin plate model by means of an
asymptotic analysis starting from the equations of strain gradient linearized elasticity. Be-
sides, we give a formal justification of the simplified model by virtue of a weak convergence
result. We concentrate our attention to the flexural behavior, by neglecting at this stage the
membrane behaviour.

As it is mentioned in the Introduction to this paper, in order to obtain the Reissner-
Mindlin kinematics for a plate through the asymptotic analysis or I"-convergence, we need
to generalize the initial classical elastic energy by adding some second gradient extra terms
or by using the micropolar continuum model. In our work we give another proof of the fact
that, in order to formally deduce the Reissner-Mindlin plate model, it is necessary to use a
different continuum model, such as the second gradient continuum model.

(From a mechanical point of view, the obtained strain gradient Reissner-Mindlin plate
model can be used to study the mechanical behaviour of micro-plates and nano-plates, es-
pecially by considering the reduced Aifantis strain gradient elastic material. The new model
contains a material internal length scale parameter ¢ to account the microstructural effect,
unlike the classical Reissner-Mindlin plate model. The presence of this additional material
constant enables this model to capture size effects.

At last let us explicitly point out that all the obtained conclusions are true also when the
plate is clamped only on a measurable subset yy x [—¢, €] of the lateral boundary I'¢ with
length 1 > 0, and y; # 0.
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