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Invariance and homogenization of
an adaptive time gap car-following model

R. Monneau? M. Roussignol! A. Tordeux?!

June 25, 2013

Abstract

In this paper we consider a microscopic model of traffic flow called the adaptive time gap car-
following model. This is a system of ODEs which describes the interactions between cars moving
on a single line. The time gap is the time that a car needs to reach the position of the car in front of
it (if the car in front of it would not move and if the moving car would not change its velocity). In
this model, both the velocity of the car and the time gap satisfy an ODE. We study this model and
show that under certain assumptions, there is an invariant set for which the dynamics is defined for
all times and for which we have a comparison principle. As a consequence, we show rigorously that

after rescaling, this microscopic model converges to a macroscopic model that can be identified as
the classical LWR model for traffic.

AMS Classification: 35B27, 35F20, 49125, 70F45, 70H20.
Keywords: car-following model, homogenization, traffic, particle system, Hamilton-Jacobi equa-
tion.

1 Introduction

1.1 The adaptive time gap car-following model

We present the adaptive time gap car-following model that has been introduced in [24].

In the following, one denotes by n € Z the index of the vehicle, x,(¢) € R its position at
dx,
dt

time ¢, and x,, = > ( its velocity, and we assume that

(1.1) Tp < Tpai-
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The distance gap of the vehicle n is by definition its distance to the vehicle in front of it, i.e.
Tni1 — Tn. The time gap of the vehicle n is by definition the time that this vehicle needs to
reach the position of the vehicle in front of it (if the vehicle in front of it would not move
and if the moving vehicle would not change its velocity). This means that the time gap of

the vehicle n is equal to
1
T = x,—n(ajnﬂ — ).

Usually, car-following models are defined by a relaxation process applied to the speed or
the distance gap, towards a function of equilibrium. In the model that we consider here, this
is the vehicle time gap that is relaxed. The adaptive time gap car-following model is defined
by the following dynamics for each time ¢ > 0 and each vehicle n € Z,

1
(1.2) ul?)

m () = g(@n(t)) — Ta(t)

where m > 0 is a parameter calibrating the relaxation and g : RT — R™ is a function called
the “targeted time” depending on the velocity. The parameters (even for a more general
model) have been calibrated on real data describing vehicles trajectories on a highway and
we refer the reader to [24] for more details on the calibration.

Mathematically, one of our motivation to study system (1.2) is to understand how the theory
developed in [8] can be adapted here.

The goal of this paper is to obtain homogenization properties for this model, i.e. to prove
a hydrodynamic limit towards a macroscopic model. To this end, we first control the long
time behaviour of vehicle trajectories. This is done identifying an invariant set on which
we can prove a comparison principle. Notice that in the limit case m = 0, these properties
are contained in the work [7] (see Theorem 1.3), since when m = 0, system (1.2) can be
rewritten as

(1.3) () = V(2n () — 2a (1))
in the special case where the function V' is well defined through its inverse:
V7H(v) = vg(v).

It is proven (when the function V' is continuous monotone increasing) that at large scale,
the microscopic positions of vehicles (z,,(t)),ez behave like a continuous macroscopic posi-
tion X (¢,y) of vehicles at time ¢t as a function of the continuous index y. The continuous
homogenized macroscopic model (see [7]) is the following Hamilton-Jacobi equation

X
where X, = — for a = ¢, y. Defining the density of vehicles as
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p(t, X(t,y)) = X,(09)



it is possible to check (at least formally) that p(¢, ) solves the following LWR model

pr+(pV(1/p))a = 0.

We refer the reader to [16, 21] for the introduction of the classical LWR model for traffic. We
will see in the next subsection (see Theorem 1.6) that, under certain assumptions, system
(1.2) for m > 0 behaves like its limit case m = 0.

1.2 Main results

Even, if on the one hand it is easy to find solutions of (1.2) defined for all times (under
suitable conditions, see Lemma 4.1), on the other hand, it is not obvious to get a control
on the distance x,,1 — x,, which is uniform in time. More precisely, in order to insure the
following property for all times ¢ > 0 and n € Z

O<a < Tn<t) < B,
(14 L0 e S ey <o

for certain parameters 0 < a < 8, and 0 < a < b, we need to choose initial data satisfying
additional assumptions. We also need to impose structural conditions on the dynamics (1.2),
which are given in the following assumption (H). This assumption relates the parameter m,
the function g of the model and also an extra parameter v which is used to map system (1.2)
onto a monotone system (see later (2.2)).

We first define
G(v) := 2vg(v) +v*¢ (v).

Assumption (H)
We assume that there exist 0 < o < 5, 0 < a < band v > 0, m > 0 such that g €

(-

((HO) 0<a < gw) < p VU€|:%,§:|,

b
(H1) > %% > 1,
ac

(H2) 0<m<m,:= inf hy(v) with h,(v):= a
vel.2] v <lvg(v) — —)

Notice that the denominator of h. is always positive under assumptions (HO),(H1), see
Lemma 2.2 and its proof. Moreover, we have m, > 0 for v large enough, if and only if we
have

\

(H2") i[I(}fb] G(v) > b.

For a = 3, (HO) implies that g is constant and (H2’) gives

0<a<b<2a.



For the statistical model of targeted time function proposed in [24]

g R = [y,m1+72/7s)

1.5
-2) v 2 log(l v/,

with the time v; > 0, the distance 75 > 0, and the speed 3 > 0, we have ¢’'(v) < 0 and

v
Gv) = 2y +plog(l+v/w) +
3
YU
= vg(v)+mMv+ ,
9(w) +n po—ws

a b 72 V273 :
and, for allv € |—=, —|, G'(v) = 27 + + > 0. Therefore assumption (H2’
' {5 OJ ) =2n Ystv o (tv)? T P (H2)
is
G(a/pB) > b.
We want to choose @ and 8 and then find a condition on a and b. If we assume that a and 3
are such that g(a/f) = 3, and that b and « are such that g(b/a) > « (by taking for instance
a =), then (HO) holds and moreover assumptions (HO),(H1),(H2’) are equivalent to
a 72%

o O<a<b<a+m-+ .
) AR

The condition (H’) is presented figure 1. Feasible values of b are plotted for a varying from
0 to 20. The values of the parameters (7;);c1,.. 3 are the statistical estimates given in [24]
(71 =0.84, 75 = 0.77 and 73 = 0.02), while 3 is the solution of g(a/5) = p.
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Figure 1: Numerical example for the assumptions (H’).

These two examples show that assumption (H) is feasible in the limit case 7 large enough.
See also Section 5 where we present numerical simulations satisfying condition (H). In order
to make assumption (H) less mysterious, let us give some (indirect) consequences of it:

Proposition 1.1 (Consequences of assumption (H): definition of V)

b
If (H) is satisfied, then for any p € |a,b], there exists a unique \ € [%, —] such that
a

fA) =p with f(A\):= Ag(N).
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b
Let us call Ay, A € [%, —} the following roots:
Q@

fA)=a and f(Ay)=0.

Then the map v — f(v) is increasing on [A_, \y] and we define a sort of inverse function

A if p<a,
(1.6) Vip)=4 AeA A with f(N)=p if pelal)],
Ay if p>b.

Notice (see Lemma 4.2) that there exists a v > 1 such that (H2) is satisfied for a = b= p
and a = § = g(\) with Ag(\) = p if and only if (with the notation of Proposition 1.1):

1 T if 7<1,
N with  Q(7) :=
Q( ) 2yr—1 if 7>1.

mV(p)

The function V' will appear later in the ergodic and homogenization properties (see
respectively Theorems 1.5 and 1.6). Our first main result is

(1.7) 0<mV'(p) <

Theorem 1.2 (Existence, uniqueness and invariance)
Assume (H). Let us introduce the notation

Lp — Ty
&y = xy +ymT, = T, +ym (L) .
Tn

If there exists an initial data (x,(0),&,(0)), satisfying for t =0 and for all n € Z
a < 7(t) < B,

(1.8) a < xpq(t) —x,(t) < b,
a< £n+1<t) - gn@) <b

then there exists a unique solution (x,,&,)n of (1.2), satisfying (1.8) for all t > 0 and all
n € 7.

We can interpret conditions (1.8) as defining an invariant set for the dynamics. More
generally, we can wonder when conditions (1.8) can be checked for the initial conditions.
The following result answers this question under the restriction (1.9) on m > 0.

Proposition 1.3 (Sufficient conditions to check (1.8))
Assume (H) and the following condition

1 (b —a)
(1.9) 0<m< — :
v 1 1
6+ (3-5)

If the initial data (x,(0), 7,(0)),, satisfies the following condition for alln € Z
0<a < 7(0) < B,

b a
-2
(1.10) O0<a+c<z1(0)—2,0) <b-—c a_ B

then (2,(0),7,(0)), satisfies (1.8).



Notice that assumption (1.9) is equivalent to a+c < b—c with ¢ given in (1.10). Condition
(1.8) shows in particular that the vehicles do not cross each other, which is a natural property
that this model does satisfy.

Indeed, we even have the following comparison principle (on the invariant set):

Theorem 1.4 (Comparison principle for solutions)
Assume (H). Let us consider two solutions (given by Theorem 1.2) (xy,, Tn)nez and (Zp, Tn)nez
of (1.2) both satisfying (1.8). We set

£y = xp +ymid, and &, = Tp + ymi,.

If
{ T (t) < v?n(t)a
&n(t) < &n(t)
1s satisfied for t =0, then it 1s satisfied for all t > 0.

forall neZ

This result is derived in the spirit of the results in [8].
We also have the following long time asymptotics (also called ergodicity property in the
literature on homogenization):

Theorem 1.5 (Ergodicity property)
Assume (H) and let us consider an initial data satisfying (1.8) for t = 0. Let us call
(T, Tn)nez the corresponding solution of (1.2) given by Theorem 1.2. Let us define

& = + ymay,.
If there exists p > 0 and Cy > 0 such that for alln € Z

2,(0) — pn| < Co,
(111) {\@m>—muscﬁ

then there exists a constant Cy > 0 such that for all n € Z and for allt > 0

| (t) — pn — At < C,
— Vet m e
where p € [a,b] and A =V (p) with V defined in Proposition 1.1.

In particular (1.12) shows that z,,(¢)/t — X as t — oo and A is then the mean velocity
of the vehicles.

Our last main result is the following homogenization of the microscopic model:

Theorem 1.6 (Homogenization)
Assume (H) and (1.9). Let uy € Lip(R) be a function satisfying

b «a
m(5-5)

] 1 1
+”m<a+5)

> 0.

a+c<ui(y) <b-—c with ¢ =



For e >0, let us consider the initial data for n € 7

25(0) = 10l

(1.13) <
0<a<7(0) <p.

We call (x5, 75) the solution of (1.2) given by Theorem 1.2 with initial data satisfying (1.13)
(which implies condition (1.8) at the initial time). We denote by |x| the floor integer part
of a real x. Then we have

leaf, e (t/e) —ult,y)| = 0 as €—0
locally uniformly on RT x R, where u is the unique viscosity solution of

(1.14) { ug = V(uy) on (0,00) x R,

u(0,y) = uoly) on R.
Recall that (1.14) is a reformulation of the classical LWR model (see the end of Subsection
1.1). Concerning the calculus method, we refer the reader to [3, 4] for references on viscosity
solutions.

1.3 Brief review of the literature

The paper is devoted to the so-called “car-following” microscopic traffic models, describing
coupled interactions between a vehicle and its predecessor. We refer the reader to [20, 11]
for nice overviews a several families of microscopic models for traffic.

As an example, a classical car-following model with acceleration is the “optimal velocity”
model developed by Bando et al. [2]. This model assumes a relaxation of vehicle speed
towards an optimal speed that is a function of the distance gap. Notice that in the “adaptive
time gap car-following” model [24] that we study in this paper, this is the vehicle time gap
that is relaxed.

Although the microscopic car-following approach is frequently used, rigorous analysis of
the models are rarely done. According to our knowledge, only the speed model by Newell
[18] has been completely described mathematically, see [25]. However, several approaches
are developed to analyse partially the models. Let us mention some of them.

Models are investigated using rescaling and non linear analysis. Relations are established
between microscopic models and macroscopic ones, see [15] for formal computations, [1, 9, 10]
for partial rigorous results and [7, 8] for rigorous results.

In the same spirit, studies derived the Korteweg-de Vries or modified Korteweg-de Vries
equation to explore traffic waves as kink and anti-kink solitons [13, 17, 27].

Models are also described using stability analysis of homogeneous configuration. See
[19, 14] for such an analysis performed on a ring, or [2, 26] for the case of an infinite line.

Note that probability theory for interacting particles system have been used to analyse
mathematically traffic models, see [12] and [5]. While cellular automata models can be
described using mean-field theory or cluster-approximations [22, 23].

In this paper, we rigorously show the existence, invariance, ergodicity and homogenization
properties of the adaptive time gap car-following model, using invariance principle, rescaling
and hydrodynamical limit. In doing so, we obtain explicit relations between the microscopic
model and a macroscopic one.



1.4 Organization of the paper

The rest of the paper gives the proves of the theorems and propositions stated in the in-
troduction. In Section 2 we give the proof of Theorem 1.2 of existence and uniqueness of a
solution (satisfying an invariance property) and the proof of Proposition 1.3. In Section 3,
we prove a general comparison principle (Theorem 3.1) for sub and supersolutions, which
implies Theorem 1.4. In Section 4, we prove Theorem 1.5, Proposition 1.1 and Theorem 1.6.
Finally in section 5, numerical simulations are presented to illustrate the results.

2 Existence, uniqueness and invariance

This section is subdivided in four subsections. In the first subsection, we reformulate the
original system in (z,,7,) in an equivalent system for (x,,&,) for which we show certain
monotonicity properties of the dynamics. In a second subsection, we consider a truncated
system to apply Cauchy-Lipschitz theorem for existence of a solution. In the third subsection,
we show a crucial property of invariance of the dynamics that allows in the fourth subsection
to get a global existence and uniqueness result.

2.1 Equivalent system

We first show that the original system in (x,,7,) can be reformulated in a system on the
unknown (z,,&,) (which will enjoy good properties for the comparison principle).

Proposition 2.1 (Equivalent system)
We assume m,~y > 0. Let us set

(2.1) En(t) == x,(t) + yma,(t).

If (zy, Tn)n solves (1.2) with x,1 — x, > 0 and 7, > 0, then (x,,&,), solves the following
system:

1
i‘n: —{gn_l‘n}a
(2.2) m

gn - F(xnaxn+17€n7€n+1)7

with

En—Tn
F(xna Tn+1, fn, £n+1> = _<£n _ x‘n) 1 4+ = é +1 f _ v
m Y Tpt1 — Ty m(anrl _ an)

Reciprocally, if (x,,&)n solves (2.2) with x,.1 — x, > 0 and &, — x, > 0, then (x,, )
solves (1.2) with

(xn—l—l - xn)

(En—2n)

All the solutions here are assumed to be C' in time.

(2.3) Tp = YM



Proof of Proposition 2.1
Step 1: Preliminary
We notice that we have the following equivalence

- 1
( — ; = — —
gn = Ty + YMI oy, Tn ym {gn xn} ’
1 (Tni1 — x0)
(2.4) Ty = —n($n+1 — Zn), N 7, = Vmuy
L T, >0, l‘n+1—$n>07 \fn_xn>07 xn+1—xn>0.

Step 2: derivation of the ODE on &,
We compute

& = Tp,+ym {——:pn + T—(:EnH — :En)}

n n

- 1
= =+ (Gt = 60) — (1 — )}
My, . 1
= — Ty + —(§n+1 - gn)
Tn Tn
m Tn Tn

where in the first line we have used the first line of (1.2); in the second line we have also
used the first line of (1.2); in the last line we have used (2.1). In the last line, we can replace
&, by its value in (2.4) (without time derivative), and we check that

gn = F(l‘n, Tnii, gna €n+1)
if and only if
mt, = g(&n) — Tn.
Step 3: Conclusion

We have shown the equivalence between (2.2) and (1.2).
This ends the proof of the proposition.

We now present some monotonicity properties of F(x,, Zni1,&n, {nv1) = F(y) that will
be used later and set the notation

Y= (y1,Y2, Y3, Y1) = (Tn, Tns1, &ns Engr),
(2.5)

Lemma 2.2 (Equivalent condition for (H2))
Under assumptions (H0),(H1), the assumption (H2) is equivalent to the following assumption

(2.6) inf Gup(v) >0 <1 + %) with  Ggp(v) == vg(v) (2 — ﬂv> Lma w2 (v).

vels.] « )



Proof of Lemma 2.2

We first remark that 1
y a _ v a a
— - — > —a - — - — —
avg(v) ;2 Boz ;> ; 0,

a

by using successively (H0), (H1) and the fact that 0 < a < b. Then assumption (H2) holds
if and only if

1
G(U) —b (1 + ;)
m<m, = inf h,(v) with  h,(v) = 7 o
[a/B,b/q] v (g“g(“) — E>

This ends the proof of the lemma.

Lemma 2.3 (Monotonicity of F)
Let us consider a function g € C*(R) N WH>(R) such that assumption (H) is satisfied. We
define
() = vg(v),
i) Perturbation of assumptions (H1) and (H2)
Then there ezists p > 0 (small enough) such that setting

(

a:=a—p,
b:=b+p,
(2.7) @ a—p’
B+p
bo— b+p
\ a—p
we have
(2.8) 7( inf f(v)) >b
v€(a,b]
and
(2.9) inf @ ()>B<1+1>
: in ap(v —
vefad] vy

where the function G is defined in (2.6).
ii) Monotonicity of F
Then (with notation (2.5)) we have

Fi(y) >0, Fy(y) >0, Fyy)>0,

10



if y € co(K,), where co(K,) is the convex hull of the set K, defined by
(2.10)
O<a—p<y—y1 <b+p,

—pn < — <
KP = Y= <y17y2uy3ay4> €R47 0<a p= 95 = b+p7

O<a—p<7<B+4+p with T:7m<y2_y1)
Ys — Y1 y,

\

Proof of Lemma 2.3
We have

(211)  F(y) = %(yz — ) (1 + m {(y4 —ys) =S <y37:ny1) }) .

Step 0: proof of i)

b
We notice that for v € {%, —} , assumption (HO) implies
Q@

1f(v) 25

a
&}
and then

(2.12) vf(v) >b

by assumption (H1). Then (2.8) and (2.9) follow respectively by perturbation of (2.12) and
(H2).
Step 1: proof of F; >0

We have
Flly) = —%#=0 ¢
Ymys: — Y1
Step 2: proof of F >0
We have
Fy(y) = —LMJ with  J = (g4 —y3) — 7f (w) _
ym (Y2 — y1)° ~m

— — —p b
InyKp,wesetv:y3 g9 ylé{a potr

ym T B+p a—p

€ co([a,b]) = [a,b] and we can compute

] = [a,b]. If now y € co(K,), then

Y=
v =
ym

—J =7f(v) = (ya — y3)
>f(v) = (b+p)
>0

where in the second line we have used the definition of K,, and we have used (2.8) in the
last line. This implies F; > 0 on co(K,).

11



Step 3: proof of F| >0
Setting z = yo — y; and zZ = y4 — y3, we write

r = s (1 - (252))

and we compute with the previous notation

A = (14 L -aron) + 8o oy LY (o)

m 22 z

— (14 o)) + S - v + L2

m

- fers e ()

igiz{f(v)ijv <%_7fév)+f'(n:)) —E<1+%)}

where in the fourth line we have used the fact that y € K,, and the last line follows from
(2.9) and the fact that v € [a,b] when y € co(K,).
This ends the proof of the lemma.

2.2 Truncated system

Notice that the dynamics of system (2.2) is not globally Lipschitz. This is the reason to
introduce a new truncated system. To this end, for any » < s, we define the truncation
function

r if <,
Trs(x)=< = if z€]rs],
s if x>s.

We want our new truncated system to be equivalent to the original system (without trun-
cation) when (2, Zp11,&n, Env1) € K, for all n € Z, for K, defined in (2.10) with p > 0. For
this reason we consider the following truncated system

jjn = TQ,Q (gn — xn) Y
(2.13) m

with (keeping in mind the expression (2.11) of F)

= fn — Ty 1 B N o gn — Ty
= ( ym ) (1 T3 — ) {T“’b(gnﬂ 2l <Ta’b ( ym )) } )

where 0 < @,b, 0 < a,b are defined in (2.7).
Then we have

12



Proposition 2.4 (Existence and uniqueness for the truncated system)

Assume 0 < a <b, 0 <a < B, m,y>0 and that g € C* (R) N WH>(R).

i) (Existence and uniqueness)

Given any initial condition (2,(0),£,(0)),, there exists a unique solution (x,(t),&n(t))n of
(2.13) defined for all times t > 0.

ii) (Time estimate)

Assume (H) and let p given by Lemma 2.3. There exists § > 0 such that if

(2.14) (2n(0), 2,41(0), £,(0), £,41(0)) € Koy for alln € Z
then
(2.15) (2, (1), Tps1 (1), En(t), Ensa(t) € K, for alln € Z  for all t € [0, 0]

where K, is defined in (2.10).

Proof of Proposition 2.4
Proof of i)
The result is a simple consequence of the classical Cauchy-Lipschitz theorem in Banach
spaces (see for instance the proof of theorem 5.1 in [6], where a similar argument is given).
Proof of ii)
We notice that we have '

[, |&n] < M.
Therefore there exists § > 0 (only depending on p, but not on the initial data satisfying
(2.14)) such that (2.15) holds.
This ends the proof of the proposition.

2.3 Invariance

Proposition 2.5 (Invariance property)
Under the assumptions of Proposition 2.4, assuming in particular that the initial data satis-

fies (2.14), we have
(2.16) (Xn(t), Tpi1 (1), £n(t), Enia(t)) € Ko foralln € Z  for all t € [0,0].

Proof of Proposition 2.5

Because of Proposition 2.4 ii), we deduce that our solution (x,, &, ), solves the original system
(without truncation) (2.2) on the time interval [0, d], and then by Proposition 2.1, we have
equivalence with system (1.2).

Let us define
(2(t) = 2aia(£) — () =,

7(t) = a = (xara(t) — za(t)),




where 7, is given in (2.3). We set

M(t) =sup max 2/(t).
nez J=1,-,6

Let us consider ¢, € (0,9) and let us assume that

M(t,) =sup #/(t,) for some j € {1,...,6}.
nezZ

Part I: first (formal) analysis
In a first analysis, we assume that

M(t.) =z} (t.) for some j € {1,...,6} and for some n, € Z.

Step 1: j =1
We have for ¢t = t,, using the dynamics

where the last inequality follows from the fact that zJ (¢,) is maximal for j = 1.
Step 2: j =2
Similarly, we have for t = ¢,

Step 3: j =3
We set
Y, = ((Yn)lv (Yn)2> (Yn)?n (Yn)4) = (xN7xn+17€n7€n+1)'

We have for t = t,, n =n, and B = (b,b,0,b)
8. = F(Yy) - F(Y)
— F(Yy — B) — F(Y,)

= > ((Yapr)i = (Ya)i = )F/(Z) with Z =0(Ya1 — B) + (1 - 0)Y,

= 2, 1(2) + 2,1 F5(2) + 23 F5(Z) + 23, Fi(Z)

In the third line we have introduced 6 € [0, 1], in the fifth line, we have used the monotonicity
F{,F},F; > 0 on co(K,), and in the last line we have used the fact that >_,_,
because F(Y + (z,z,2,2)) = F(Y) for all admissible real z.

.....
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Step 4: j =4
Similarly, we get with the same notation for t = t,, n = n, and A = (a,a,a,a)

G, = —(F(Yay — A) = F(Ya))

M

— 22FU(2) + 2 FY2) + 2 FYZ) + 24, Fi(Z) with Z = 0(Yor — A) + (1—0)Y,

=1,..,4
Step 5: j =5
We recall that 7, satisfies the second equation of (1.2). Then we have for t = ¢, and n = n,
(217) 5= = (gla) =) = = g(a) — 5~ =)
. T m n n m n n

and with L, the Lipschitz constant of g:

( g(xn)_g<%) SLQ (%_xn) if i‘n<%a

g(in) — B

IA
()
=
&.
3
Mm
™l
S|
—_

We also have

and similarly
b az, +bz25
a aT,
which implies (using the fact that the 2/ are maximal for j = 5)
kA

9(dn) — B < Ly (1+§) Enl,

Tn

Using the fact that 7, > a — p > 0, we deduce from (2.17) that there exists a constant Lj
such that

Zp. < Lg|2)).
Step 6: j =6
Similarly we have for ¢t = ¢, and n = n,
1 1
2.18 6 — 2 (g(d) — 7)) = — (o — 25 — g(i,
(218) 8. = = (glin) — ) = (= 25— gldn)

and we get the existence of a constant Lg such that

5. < Lglzp).

15



Step 7: Conclusion
Under the previous assumptions, we have (formally)

(2.19) M(t,) < L|M(t,)|.
Part II: the (rigorous) proof
In general we may also have
M(t,) = sup 2/ (t,) = lim 2/ (t,)

neZ k—oo 'k

for some unbounded sequence (n; ). In that case, up to redefine the sequences, we have

Tp(t) = T, (t) — 2, (0) = 22(1),
as k — +oo

Git) = &ugn, (8) =20, (0) = EF(H)

and we can apply the reasoning of part I (Steps 1 to 6) to the solution (z9°,£:°),,. And then
this implies that (2.19) holds true, but this has to be understood in the viscosity sense (see
3, 4]). We now notice that

M(0) <0
because the initial data satisfies (2.14). Then a Gronwall type argument (which, in the
viscosity setting, is simply the comparison principle applied with the zero solution) implies

that
M(t) <0 forall tel0,d]

which means exactly (2.16). This ends the proof of the Proposition.

2.4 Proofs of Theorem 1.2 and Proposition 1.3

Proof of Theorem 1.2

Propositions 2.4 and 2.5 imply the existence and uniqueness of a solution (z,, &, ), satisfying
condition (2.16) on the time interval [0,d]. This implies (1.8) on the same time interval.
Iterating on new intervals [kd, (k + 1)d], we get the result for all times ¢ > 0. This ends the
proof of the theorem.

Proof of Proposition 1.3
We have at time t = 0:
(:En+1 - xn)

n

fn:xn+7m

and then

o (:L‘n+2 - xn-{—l) (:En+1 - xn)

§n+1 gn = Tn+1 Tp +ym { Toit T .
Notice that

(a+c)

B Tn el

This implies that &,11 — &, € [a,b] (and then condition (1.8) is checked at time ¢ = 0) if

(b;c) - (a;c)}

16
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i.e.

(i)
(2.20) c> “ - P :

1+ym <a + B)
which is true because our choice (1.10) of ¢ means equality in (2.20). Finally the (necessary)

condition that a + ¢ < b — ¢ is satisfied if and only if condition (1.9) is satisfied. This ends
the proof of the proposition.

3 Comparison principle

This section is devoted to the proof of the comparison principle.
We say that (z,,&,), is a subsolution of (2.2) if for all n € Z and all ¢ > 0

1
. .
b € e =)

§n < F<xna$n+1a§nvfn+l>'

Similarly, we say that (z,,&,), is a supersolution of (2.2) if for all n € Z and all ¢ > 0

En > F<jna in+1a Env §n+1>'
We have the following generalization which implies Theorem 1.4.

Theorem 3.1 (Comparison principle for Lipschitz sub and supersolution§)
Assume (H). Let us consider a subsolution (z,,&,)nez and a supersolution (T,,&n)nez of
(2.2) both satisfying (1.8) with

L <$n+1 - xn) - (fnJrl — .f‘n)
Tn ‘= YM—————— Tn ‘= YM———-
(gn - l‘n)

(§n — ) ’

We also assume that there exists a constant C' > 0 such that
(3.1) 12, (0)], 1)), |Ea(t)], |€n(t)| < C forallt >0 and for alln € Z.
If

Tn(t) < T,(1),
(32) { : )s sn((t))

1s satisfied for t =0, then it is satisfied for all t > 0.

forall neZ

17



Proof of Theorem 3.1
We proceed similarly as in the proof of Proposition 2.5. We define

Zrlb = Tp _?na
zg fn _'gn

M (t) = sup max 2/ (t).
nez J=12

and we set

Let us consider ¢, > 0 and let us assume that

M(t,) = sup 2 (t,) for some j € {1,2}.
nez

Part I: first (formal) analysis
In a first analysis, we assume that

M(t,) =2 (t.) for some j € {1,2} and for some n, € Z

M

and that all the functions are derivable at time ¢,.
Step 1: j =1
We have for t = t,, using the dynamics

oS- A) <0

where the last inequality follows from the fact that 27 (¢,) is maximal for j = 1.
Step 2: j =2
We proceed similarly to Step 3 of the proof of Proposition 2.5. We set

Y, = ((YN)lv (Yn)Q’ (Yn)i’n (Yn)4) = (xna LTn+1, gna gn-ﬁ-l)

and
Yn = ((YN)lv (Yn)% (Yn)i’n (YN)4) = (jna Tpt1, gna gn-l—l)'

We have for t = t, and n = n,

G, SF(Y,) - F(Y,)

<z ( Z F{(Z)) with Z =0Y, + (1 —0)Y,

Step 3: Conclusion
Under the previous assumptions, we have (formally)

(3.3) M(t.) <O0.

Part II: the (rigorous) proof
Using (3.1), we proceed as in the proof of Proposition 2.5 and then conclude from M (0) < 0
that M(t) <0 for all times ¢ > 0. This shows (3.2) and ends the proof of the Theorem.

18



4 Ergodicity and homogenization

This section is composed of three subsections. In the first subsection we establish the ergod-
icity properties of the dynamics, while in the second short subsection we indicate how the
homogenization result can be obtained. Finally in the third subsection, we prove miscella-
neous results of independent interest.

4.1 Ergodicity property

Proof of Theorem 1.5

Because the initial data satisfies both (1.11) and (1.8), we deduce that p € [a, b].

Step 1: Construction of a root of A\g(\) =p

Step 1.1: First proof

The existence of a root A of the equation Ag(\) = p, can be obtained following the lines of
proof of [8] (see Definition 1.8 and Theorem 1.10 in [8]). Indeed, given p € [a,b], we can
show the existence of an effective Hamiltonian A = H(p) such that there exists hull functions
hy, hy satisfying h} = 1 = h}, (because of the invariance by translation of the problem) such
that (z(t,v),&(t,y)) = (hi(py + At), ha(py + At)) is solution of the system

Ty = L(f — ),

(4.1) ym

§ = Fa(t,y), oty +1),£(ty), E(ty + 1))
Up to translation, we can then show that we can choose
x(t,y) =py+ M, &(t,y)=py+At+d
where
p=Ag(A) and d=~ymA.

Step 1.2: Second proof
It is usefull to give a second self-contained proof of the existence of a root A, that will be
also useful later for showing the monotonicity of A\ in terms of p. We consider initial data
for p € [a, b]

2n(0) = pn,  &(0) =pn+dy

with dy > 0 that we choose such that

o ((Zn1(0) = 20 (0) ) _ ymp
0= (SEoy i)~ €1

Our initial data satisfies (1.8) and then Theorem 1.2 gives us the existence of (z,,7,),
solution of (1.2) (or equivalently (z,,&,), solution of (2.2)) such that (1.8) is satisfied for all
times ¢t > 0. In particular, this implies that

p . a b
(4.2) 7.00) € [a,pf] and ,(t) € [B, a} .

Notice that
(43) xn+1(t) - xn(t) + b, gn—l—l(t) = gn(t) +p
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holds for ¢ = 0, and then (using a comparison principle for (4.1), or alternatively the unique-
ness result of Theorem 1.2), we get that (4.3) holds true for all times ¢ > 0. This shows
that

xn(t) = pn + xO(t)v gn(t) =pn + SO(t)

and (g, &) solves

1

Ty = %(fo — o),
. —x 1 -
fo:F($o,$o+p,€o,€o+P):M<1+—{p—7f<§0 O)})
m P ym
where f(v) = vg(v). Setting
)\0 = .jf(]
we deduce that \g solves
‘ 1
mAo = Ao {1 - Ef(AO)} )
(4.4)
p
SH[A
a b
where \g(t) € {B’ —} because of (4.2).
a
We choose A\g(0) = g, and then realize that A\o(t) is non decreasing and bounded, and then

=

converges as t — 400 to a value A\ which is a root of p = f(\) which establishes the desired
result.
Step 2: Uniqueness of A
< < b
Assume that we have two candidates A < A with A\, A € [%, —] satisfying
!

p=Xg(\) = Ag(N)

and let us set B B
d=~ymA, and d=ymA.

We set
(4.5) zo(t) =pn+ A, & (t) =pn+ At +d

and B ) B B
To(t)=pn+ M —-C, &(t)=pn+Xt+d-—C.

We choose C' > 0 large enough such that
(4.6) Tn(t) < z,(t) and  &,(t) < &,(1)

holds at ¢ = 0, and then the comparison principle implies that (4.6) holds true for all ¢ > 0,
which implies that A < A. Contradiction. This shows the uniqueness of the parameter .
Step 3: proof of (1.12)
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The result follows from the comparison to the exact solution given in (4.5).
This ends the proof of the theorem.

Proof of Proposition 1.1

Because of our proof of Theorem 1.5, it only remains to show that f(v) = vg(v) is increasing

on [%, g} To this end, we notice that if p < p and )¢ solves (4.4) and \q solves

mio = Ao {1 - %f(XO)}

with the same initial data A\o(0) = \g(0) = %, then we have

Ao(t) = Ao(t)

and then

where B
p=f(A) and p=f(A).
This implies that f is non decreasing on {%, —} , and then increasing on the same interval,
«

by uniqueness of the A. This allows us to define the inverse V' given in (1.6). This ends the
proof of the proposition.

4.2 Homogenization

Proof of Theorem 1.6
The proof follows closely the lines of the proof of Theorem 1.5 in [8] with no further difficul-
ties. For this reason, we skip the details of the proof.

4.3 Proofs of miscellaneous results

In this subsection we first prove that the dynamics (1.2) is well defined for all time under poor
assumptions (Lemma 4.1). We next characterize assumption (H2) restricted on homogeneous
states.

Lemma 4.1 (Existence and uniqueness under poor assumptions)

Let 0 < a < 3,0 < a<b. Let us assume that g € C* ([0, +00); [, B]) and that the initial
data (2,(0),7,(0)), satisfies (1.4) att = 0. Then there ezists a unique solution (x,(t), 7,(t))n
of (1.2) satisfying for all times t > 0 and alln € Z

(4.7) 0<ae o < api(t) — an(t) <bes, 0<a<r(t)<p
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Sketch of the proof of Lemma 4.1
The proof of existence (and uniqueness) can be done similarly to the proof of Theorem 1.2.
We only focus on the proof of estimate (4.7).
Step 1: control on 7,
We recall that 7,, solves
mt, = g(&,) — Tn.
Because of the range [a, 8] of g and 7,,(0) € [«, 8], we immediately deduce that 7,,(t) € [«, S]
for all times.
Step 2: control on z,.1 — z,

Let us call

dn = Tnt1l — Tp
and o

M(t) =supd,(t) and M(t) = inf d,(t).
nez nez

We have p p

dn _ n+1 _ Un

Tn+1 Tn

Therefore we deduce (while M > 0)

<

) - M
M>—-—=—= and M < —.
« o

This implies (4.7) and ends the proof of the lemma.

Lemma 4.2 (Equivalent condition for (H2) on a homogeneous state)
There exists a v > 1 such that (H2) is satisfied for a =b=1p >0 and a = = g(\) with

f(A) = p if and only if

(45) Lr0>Q(2s) >0
with

T if <1,
(49) Q) =

20WT—1 if 7>1

of equivalently

(4.10) 0 <mV'(p) <

Proof of Lemma 4.2
Step 1: reduction
We first notice that if (x,,(t), 7,(t)), satisfies (1.2), then

fn@) = xn(t),

with t=mt




and (Z,, T, )n solves

(4.11) Tn
To = g(fn>_7'n

which is similar to system (1.2) with m replaced by 1 and g replaced by

L 1 v
9(0) = —yg (E) :
Step 2: checking (H2)
By construction, condition (H2) for (1.2) for v = X is equivalent to (H2) for system (4.11)
for v = A =mA, i.e. with p = Ag(\) = Ag(\):
- N g(\
(4.12) GAN) +1+AT(N) >+ y =: H(7).

If is easy to check that

inf H(y)=H <max <1, g(X)))
~vE(1,400)
and then there exists a v > 1 such that (4.12) holds if and only if
g\ +1+27(\) > H <max <1, g(A)))
i.e. with f(\) = Ag(\):
(4.13) F'(N) > Qg(\) > 0.

Setting V = (f)~!, we see that (4.13) is equivalent to
1

AT
*(+%)
V(p)
Step 3: conclusion

- b\ _
Finally we notice that f(\) = f - and then V(p) = mV/(p), and conclude that (4.13)

(4.14) 0<V'(p) <

and (4.14) are respectively equivalent to (4.8) and (4.10).
This ends the proof of the lemma.
5 Numerical results

We propose here some numerical simulations of the car-following model, with 10 vehicles on
a 200 long ring (with periodic boundary conditions). The values of the parameters and the
initial conditions are the followings :
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— The targeted time function g is the model (1.5), depending on the parameters ~;, v,
and -3 calibrated as in [24] (73 = 0.84, v = 0.77 and -3 = 0.02);

— Wefixa =18 and b = 22, &« = 1.10 and 8 = 1.17 are respectively solution of g(b/a) = «
and g(a/f) = 5;

— We set v = 10;

— The initial configuration is

Tpi1(0) —2,(0) =a, n=1,...,5, . B
{an(O)—xn(m:b, n=6, 10, 0= =110

where v* = 17.68 is the solution of v* = s*/g(v*), with s* = 200/10 the mean spacing.

We find numerically that here m. = 0.053 with m, defined in (H2).
We focus on the evolution of the variables

my(t) = min, {x,11(t) — 2, (1)} M, (t) = max,{Tp1(t) — zn(t)}
(5.1) me(t) = min, {§n11(t) — &)} M (t) = max, {§ni1(t) — &)}
m,(t) = min, {7,(¢)} M. (t) = max,{7,(t)},

by taking
m = 0.05 < m, and m = 0.09 > m,,.

If assumptions (H) hold, then we have the invariance property (theorem 1.2)
(5.2) VE>0 a<myu(t) < My(t) <b, a<me(t) < Me(t) <b, a<m.(t)<M(t)<§p.

The numerical results are obtained by using an explicit Euler scheme. The evolution of
the variables (5.1) are presented figure 2 on the time interval [0, 2], for m = 0.05 and for
m = 0.09. As expected, the invariance property (5.2) holds for m = 0.05. It is not the case
when m = 0.09, where it exists ¢ such that m¢(t) < a and M¢(t) > b.

By doing more simulations, we observe that the invariance (5.2) occurs as soon as m <
0.086, and invariance (5.2) is broken above this threshold. Similar experiences have been
done with more vehicles and longer rings (keeping constant the density level). The same
threshold value has been obtained.

The values for m previously used are far from the mean statistical estimate of this pa-
rameter m & 5, which is given in [24]. For this parameter value, we can observe instability
of homogeneous configurations, if enough vehicles are implemented (see [24]). On the figure
3, the evolution of variables (5.1) are plotted for 50 vehicles on a 1000 long ring, with m = 5,
and the previous parameter setting. The flow obtained is not homogeneous, with propaga-
tions of “stop-and-go” waves and limit-cycle stationary states. The invariance conditions
(5.2) clearly do not hold. But for this value of m ~ 5, numerically we did not find collisions.
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Figure 2: Evolution of the variables (5.1) for m = 0.05 and m = 0.09.
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