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QUASIHOMOGENEITY OF CURVES
AND THE JACOBIAN ENDOMORPHISM RING

MICHEL GRANGER AND MATHIAS SCHULZE

ABSTRACT. We give a quasihomogeneity criterion for Gorenstein curves. For
complete intersections, it is related to the first step of Vasconcelos’ normaliza-
tion algorithm. In the process, we give a simplified proof of the Kunz—Ruppert
criterion.
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1. INTRODUCTION

We consider a reduced algebroid curve X over an algebraically closed field k of
characteristic 0 with coordinate ring A.

By Lipman | |, X is smooth if and only if the Jacobian ideal J4 is principal.
Based on this equivalence, Vasconcelos [ ] showed that the normalization of X
is obtained by repeatedly replacing A by the endomorphism ring

Enda(J3h) = (JaJy ')~
Not much is known about these endomorphism rings. As a coarse measure for the
“amount of normality” achieved by this operation we consider the length
px = {(Enda(J1)/A).

Smoothness of X is equivalent to px = 0 and it is natural to ask when px = 1. We
shall answer this question for complete intersection curves.
By definition, X is quasihomogeneous if the kernel of some epimorphism

k’[[iﬁl, cee ,l‘n]] — A

is a quasihomogeneous ideal with respect to some positive weights on the variables.
The main result of this article is the following quasihomogeneity criterion.
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2 MICHEL GRANGER AND MATHIAS SCHULZE

Theorem 1.1. Let X be a non-smooth complete intersection algebroid curve over
a field k = k with chark = 0. Then X is quasthomogeneous if and only if px = 1.

The proof of Theorem 1.1 follows from Theorem 3.5 and Corollary 3.7 which rely
on a study of semigroups of curves developed in Sections 4 and 5.

2. FRACTIONAL IDEALS

Let p1,...,p, be the (minimal) associated primes of A. Then A; := A/p;,
i =1,...,r, are the coordinate rings of the branches of X. By reducedness of A,
[ , Cor. 2.1.13], Serre’s normality criterion and Cohen’s structure theorem, the
normalization A of A in the total ring of fractions L := Q(A) factorizes as
(2.1)

=1 =1 =1

and we identify A and A with their images in L. For o = (a1,...,q,) € Z", we shall
abbreviate t* := (¢{*,...,t%"), Oy :== (04, - .., 04,.), and t40; := (t7' 0y, ..., t270;.).
Recall that a fractional ideal is a finite A-submodule of L containing a non-zero
divisor of A. For any A-module I, we denote the dual by
I7! .= Homu(I, A)
It is easy to prove the following well-known statement.

Lemma 2.1. For each two fractional ideals Iy and I, also
(22) HOI’HA(Il,IQ) = {LC eL | xl; C IQ}
is again a fractional ideal. In particular, this applies to the dual I~'. Moreover,

I I is inclusion reversing.

Ezxzample 2.2.
(1) The maximal ideal mu and the Jacobian ideal J4 of A and the normalization
A are fractional ideals.

(2) The conductor
Cy = A1
is a fractional ideal by Lemma 2.1 and (1). It is the largest ideal of A which is also
an ideal of A. Since A is a product of principal ideal domains and A is not smooth,
(2.3) Ca=(t') Cmy

is generated by a monomial.
(3) The module
My = AtOymy
is a fractional ideal that is related to quasihomogeneity of X.
(4) For any fractional ideal M, End (M) is a fractional ideal and

ACEnds(M)C A

since the minimal polynomial of an endomorphism is a relation of integral depen-
dence.

We shall see that J4 is related to M4 and define
Py = U(Enda(M7")/A).
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Remark 2.3. Note that for X smooth we have px =0 = p.
From now on we assume that X is not smooth.

Lemma 2.4. For any non-principal fractional ideal I, we have 7! = Hom (I, m4)
as fractional ideals. In particular, m* = Enda(my).

Proof. After multiplying by a unit in L, we may assume that I C A. Any surjection
¢: I - A would have to split as I = A-x @ I’ with x € I a non-zero divisor and I’
an A-module. For 2’ € I’, we have 2’z € Az NI’ = 0 and hence 2’ = 0. But then
I would be principal contradicting to the assumption. Thus, any ¢: I — A must
map to my and the first claim follows. The second claim is due our assumption

that X is not smooth. d
We denote by —V := Homy(—,w)) the dualizing functor. From now on we

assume that A is Gorenstein. Then w} 2 A and hence

(2.4) —l= v

is an involution on finite A-submodules and on fractional ideals.

Lemma 2.5. For every fractional ideal I, we have Enda(I) = Enda(I~1) as frac-
tional ideals.

Proof. By (2.2), any ¢ € End4(]) is just multiplication by some x € L. The same
x corresponds to ¢! € Enda(I~!) and hence Enda(I) C End4s(I71). By (2.4),
the claim follows by applying the above argument to I~! instead of I. (I

3. QUASTHOMOGENEITY OF CURVES

In the following theorem, we summarize several versions of the Kunz—Ruppert
criterion for quasihomogeneity of curves. The original formulation is the equivalence
(1) & (2) < (3). In the appendix, we comment on a possible issue in its proof by
Kunz—Ruppert | ] and give a simplified argument.

The equivalence with (4) originates from work of Greuel-Martin—Pfister | ,
Satz 2.1] extending the criterion by a numerical characterization of quasihomogene-
ity, in case of Gorenstein curves. The implication (5) = (6) in their main result
was generalized by Kunz—Waldi [ , Thm. 6.21] by comparing the module of
Zariski differentials
(3.1)

dt

()™ 7! = Derp(A) ™ = (Hom4 (A0 A, A)9;) ' = ((Adma)~10,) ! = MA?
with the module of exact differentials cadA = Oymadt where

(3.2) ca: Q4 — wa

is the trace map into the regular differential forms w9 = Homa(Q4 *,w}) on A

(see [ , D.

Theorem 3.1 (Kunz—Ruppert-Waldi). The following statements are equivalent:
(1) The curve X is quasithomogeneous.
(2) For some derivation x € Derg(A), A-x(A) =ma4.

(8) Multiplication by some unit in A induces an isomorphism mg = tOymy.
(4) Every Zariski differential is exact, that is, tOymg = My4.

Corollary 3.2. If X is quasihomogeneous then p’y = 1.



4 MICHEL GRANGER AND MATHIAS SCHULZE

Proof. By Theorem 3.1, we have End4(M4) = Enda(m4) as fractional ideals and
hence p’y = £(m,'/A) = 1 by Lemma 2.4 and the Gorenstein hypothesis. O

Lemma 3.3. We have an inclusion Ends(ma) C Enda(My).

Proof. By (3.1) and Lemma 5.3, Dery(A) = M;'0; and hence Enda(M4) =
End 4 (Dery(A)). So, by Lemma 2.4, it suffices to show that m ;' C End 4 (Der(A)).
But any ¢ € Derg(A) lifts uniquely to ¢’ € Derg(L) and such a ¢’ is in Derg(A)
exactly if §'(A) C A. Now, let ¢ € m;l be multiplication by = € L. Then
xd8'(A) Camy C A since 6'(k) = 0. The claim follows. O

By Lemma 3.3, we have the following chain of fractional ideals
ACEnds(my) CEnda(Ma)

where the colength of the first inclusion equals ¢(m'/A) = 1 by Lemma 2.4 and
the Gorenstein hypothesis. This yields the following

Proposition 3.4. p'y =1 implies that Ends(m4) = End 4 (Ma).

In Propositions 4.2 and 5.1 in the following sections, we shall see that the equality
in Proposition 3.4 implies that in Theorem 3.1.(4). Combined with Corollary 3.2
this proves the following statement.

Theorem 3.5. A Gorenstein curve X is quasithomogeneous if and only if p’y = 1.

Recall the following result from | ] which uses the coincidence of the Jaco-
bian and the w-Jacobian ideal for complete intersections (see [ , 83]).

Proposition 3.6. If X is a complete intersection then w9 = J .

Proof. By hypothesis and | , Prop. 1], (3.2) induces a surjection QY — Jyu
with torsion kernel. The claim follows by dualizing. ]

In the situation of Proposition 3.6, (3.1) yields
Ja 2= (@) ((QW)Y) T = (@) T =Ma
and, by Lemma 5.3, we deduce the following statement.
Corollary 3.7. If X is a complete intersection curve then Enda(Ja) = Enda(Ma)
and, in particular, px = ply.
4. SEMIGROUPS

Let v;: Lj — Z U {oo} be the discrete valuation with respect to the parameter
t; and define the multivaluation on L to be

vi=1,...,V): L= (ZU{co})".

Let D(L):={x € L |Vi=1,...,r:x; # 0} denote the set of non-zero divisors in L
and set D(M) := D(L)N M for any subset M C L. Note that D(A) := A\U._, p;.

Definition 4.1. For any subset M C L, we set I'(M) := v(M N D(L)). Then the
semigroup of A is defined as

I'y:=T(A) CN"
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Note that, for any fractional ideal I, T'(I) is a I'-set, that is,
ael,pel(l)=a+peT).

Although, in general, my and t9ym4 are incomparable and ma % M4 (see ap-
pendix), we have at least t0;m4 C M4 and
(4.1) I(ma) =T(tOma) CT(Ma).
The purpose of this section is to prove the following result.
Proposition 4.2. IfT'(m4) =T (M,) then tOymy = My.

By (2.3), we have that

Ca Ctomy

Thus, the proof of Proposition 4.2 follows from equation (4.1) and the following
lemma.
Lemma 4.3. Let M C N C L be two k-vector subspaces offl and 6 € IN", such
that t*A C M. Then the equality T'(M) = T'(N) implies M = N.
Proof. Let z = (z1,...,2,) be an element of N. If v;(x) > §; for all 4, then already
xret?AC M. R

We can eliminate the zero components of = by choosing y € t°A C M such that
x +y € D(N) and hence v;(x + y) > min(v;(z), d;) for all i. If for some i we have
vi(x) < &;, there is by hypothesis an element =’ € D(M) such that v(z') = v(x +y)
and v;(z+y—2a') > vi(z+y) aswell as vj(z +y—2') > vj(z+y) for all j #i. We
can then conclude by an induction on Y ,_, max{d; — v;(z),0} that  +y —a’ € M
and hence x € M. (]

Remark 4.4. By Lemma 4.3, ' + IN" C T'4 implies that § < §’ for 6 as in (2.3).

5. GORENSTEIN SYMMETRY
The purpose of this section is to prove the following result.
Proposition 5.1. If Enda(ma) = Enda(Ma) then T'(ma) =T(My).

The proof of Proposition 5.1 uses that X being Gorenstein is equivalent to a
symmetry property of I' 4 which is due to Kunz | | in the irreducible case and
to Delgado | | in general. The formulation of the precise statement requires
some notation. Recall that I'(C4) = § + N" by (2.3) and we set 7 =96 — (1,...,1).
For any « € Z", we denote

Afa) = JAi(a), Ai(e):={B€Z |a;=pi and a; < B; if j #1i}.
=1

Definition 5.2. The semigroup I' 4 is called symmetric if
(5.1) VaeZ :aely s A(r—a)NTy =0.
Theorem 5.3. (Delgado) The curve X is Gorenstein if and only if its semigroup

T4 us symmetric.

Remark 5.4. In the irreducible case r = 1 the symmetry condition of Delgado
reduces to the classical Kunz symmetry condition

Vae{0,...,7}:aeTy & 17—aé¢ly.
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We prove Proposition 5.1 in a sequence of lemmas.

Lemma 5.5.
(1) T4 C{0}uU((1,...,1)+IN").
(2) T €T 4 if and only if r > 1.
(3) A(T)QFAZ(Z).

Proof.
(1) Let a € T4 be such that a; = 0 for some i. Then a = v(z) for some z € A
with x; € my,. This implies that © & m4 and hence a = 0.
(2) By (1), A(0)NT4 = @ if and only if r > 1 and the claim follows from (5.1).
(3) This follows from 0 € T'4 and (5.1).
O

Remark 5.6. For any 8 € N", 7 + 8 ¢ I'4 if and only if 8 has exactly one zero
component, generalizing Lemma 5.5.(3).

Lemma 5.7.
(1) If'(ma
(2) If A(7)

Proof.

(1) Let @« € T'(M4) \ T'(m4). Then, by (5.1) and (4.1), there is a § € A;(17 —
Oé) NIy C F(mA) - F(MA) Thus, a4+ 3 € AZ(T) N F(MA) - A(T) OF(MA).

(2) We may assume that there is an element € M4 with v(z) € Ay (m)NT(My).
Up to afactorin k*, z = (t™,...) mod t°A. Forany 8 € Ay(1), z—t° € t9A C My
and hence t° € M4 and 3 € T'(My).

P(MA) then A(T) N F(MA) £ 0.

-
T'(Ma) # 0 then Ay(7) CT(Ma) for some i.

)
n

O

Lemma 5.8.

(1) T(Enda(ma))\Ta = A(7).

(2) If Ay(T) C T'(Ma) for some i then (I'(Enda(Ma))\Ta)NU, o jei+A4(7) #
0.

Proof.

(1) By Lemma 5.5.(1), A(7) + I'(my) C 6 + Z" C I'(mu) and hence D by
Lemma 4.3 and 5.5.(3). To prove C, let « € I'(Enda(m4)) \T'4. Then, by (5.1),
there isa 8 € A(T —a)NT'4 and hence a+ 5 € A(7). As f € I'(my) leads to the
contradiction & + 8 € A(7) NT'(my) = @ by Lemma 5.5.(3), we must have g = 0
and hence a € A(7).

(2) There exists a minimal m < 0 such that |J,, <, je; + Ai(7) € I'(ma). In
fact, m > —7; by Lemma 5.5.(1). By (4.1) and the hypothesis, § + me; + N" C
I'(M4) and hence a +T'(M4) CT'(my) CI'(Ma) for any o € me; + A;(7)\T'4 by

Lemma 5.5.(1). This implies t* € End4(My4) by Lemma 4.3.
U

Proof of Proposition 5.1. Assuming that T'(m4) € I'(M4), Lemma 5.7 applies fol-
lowed by Lemma 5.8. The conclusions of the latter show that

I'(Enda(mya)) C T(Enda(My))
and hence that Enda(ma) C End4(M4) by Lemma 4.3. O
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APPENDIX: KUNZ-RUPPERT CRITERION

In the process of proving the implication (2) = (1) in Theorem 3.1, Kunz and
Ruppert seem to claim (see | , page 6, line 2]) and use that

(5.2) A-t0(A) ZXmy
as A-submodule of A. The following is a counter-example for this statement.

By abuse of notation, we denote m 3 :=myz x--- xmy .

Ezample 5.9. Consider the (non-quasihomogeneous) plane curve singularity defined
by z* + zy* + y° = 0. After a coordinate change, the equation reads

fi=a"—ylx+y)*=0.
Then the normalization A = k[[z,y]]/(f) C A = k[[t] is given by
t5
€r =
1-t¢
On the other hand, the left hand side of (5.2) considered modulo m% Dmy 10 (A)
is the k-vector space generated by the 7-jets

(5.3) T=1t0(x)=n x=>5+6t5+7t" mod m%, g =1to(y) = 4y,

=P+t +t" 4+, y=1tt

where
5 — 4t

I
If there were an isomorphism (5.2) then, both sides being fractional ideals, it would

1=

have to be induced by multiplication by some unit ¢ € A* with

ce=n=5+t+1t° modm}.

Note that the 3-jet

e=5+t+t2+at? rnodmj%7 a €k,

determines the 7-jet
e y=5t"+t° +t°+at” mod m%.

But for no choice of « this expression lies in the k-span of (5.3). Therefore, there
is no isomorphism (5.2) for the curve under consideration.

The following Proposition 5.11 contains the statement of | , Satz 2.2], which
yields the implication (2) = (1) in Theorem 3.6.

Remark 5.10. By Scheja—Wiebe | , (2.5)], x(p;) C p; and hence x induces a
derivation x; € Derg(A;). As A; is a domain, Seidenberg | | shows that x; lifts
to a derivation Y; € Der(A;). So by (3.3), X := (X1,-- ., X») € Derg(4) is a lift of
X- As x extend uniquely to any localization and hence to L, X is unique. While
this proves part 1) of | , Satz 2.2], it is actually not needed.

Recall | , page 168, Def.], that a derivation ¢ € Dery(A) is called diagonal-
izable if m 4 is generated by eigenvectors of .

Proposition 5.11. Any x € Dery(A) satisfying (2) lifts uniquely to X € Dery(A)
such that
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for some
(5.5) veE"

after a suitable coordinate change. Moreover, x is diagonalizable with non-zero
etgenvalues on my4 and can be chosen with eigenvalues in N .

Proof. The k-derivation x lifts uniquely to a k-derivation ¥ = (X1,...,Xr) €
Dery,(L). By finiteness of the normalization, 0 # x; € my forsome z = (z1,...,2,) €
my. Choosing x € my with v;(x;) minimal yields v; (X;(z;)) > vi(x;). By (2), equal-
ity holds for some such choice of x € my4. Hence x; = ; - t;0;, for some ~; € /T;"
and (5.4) is obtained by setting v := (y1,...,7.) € A*.

In order to achieve (5.5) by a coordinate change, apply the Poincaré-Dulac
decomposition theorem (see | , Ch. 3. 83.2] or | , Satz 3]) to § = X;. Then

S=oc+n, oc=v(0)td, ne Endk(mgi/m}i) nilpotent, [o,n] =0,

and hence n = 0. Finally, the conductor is a y-invariant (see (2.3)) finite-codimensional

k-subspace of A contained in m 4 which yields the last statement (see [ , page
7] for details). O
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