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Guaranteed Cost Certification for Discrete-Time
Linear Switched Systems with a Dwell Time

Marc Jungers and Jamal Daafouz, Member IEEE,

Abstract— This paper studies the guaranteed cost of a
quadratic criterion associated with a linear discrete-time
switched system for all the set of admissible switching laws.
The admissible switching laws are here the ones exhibiting
a dwell time. The approach provided here is to design an
upper bound and a parametrized family of lower bounds of
the guaranteed cost as close as possible in order to obtain
a certification of the guaranteed cost. The upper bound
is determined via a switched Lyapunov function and the
lower bounds are obtained via the numerical computation
of the cost induced by particular periodic switching laws.
The features of the proposed approach are illustrated by
a numerical example.

Index Terms— Switched systems; performance certifica-
tion; periodic Lyapunov equations

I. INTRODUCTION

linear switched system is an association of a

set of a finite number of LTI dynamic systems
and a switching law [1]. In practice, there are many
applications where switched systems modelling is
appropriate, like embedded systems in automotive
industry, aerospace and energy management. The
last decades have witnessed an increasing inter-
est from the scientific community in the study
of the stability property for this class of hybrid
systems [1]-[4], by emphasizing tools among them
Lyapunov functions depending on the switching
parameter [5] or multiple Lyapunov functions [6],
[7]. A situation which is often encountered in real
applications is the one where a mode must remain
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active at least during a constant time interval called
a dwell time.

Beyond questions of stability, the performance
aspects of switched systems have been investigated
and still remain an open issue [8], like the notion
of the guaranteed cost of a performance index. De-
termining such an extremum over all the admissible
switching laws is a difficult task, even if theoretical
answers have been provided via hybrid versions
of the Pontryagin Maximum Principle [9], [10], or
dynamic programming [11], [12]. Another way to
study the guaranteed cost of a performance index is
to consider a set of its upper bounds and to select
in this set the smallest value. Obtaining an upper
bound of a guaranteed cost as small as possible does
not provide information on its gap. This is the issue
of the certification by exhibiting upper and lower
bounds as close as possible.

This manuscript deals with the problem of the
performance certification for a discrete-time linear
switched system with a switching law under a dwell
time assumption. The performance is chosen as
the 2-norm of the output. Firstly the upper bound
of the guaranteed cost will be designed by the
help of the initial value of a switched Lyapunov
function. Secondly the lower bounds are determined
from the following observation: the exact value of
the criterion associated with a particular admissible
switching law is less than the guaranteed cost and
is one of its lower bounds. Such a certification was
firstly illustrated in [13], [14] by considering for the
lower bounds the simple case of constant switching
laws. Here we propose a less restrictive case using
switching laws exhibiting the following specifica-
tions: being periodic and satisfying a dwell time.
The exact value of the criterion, in this framework,
is obtained via periodic Lyapunov equations.

The periodic Lyapunov equations have been
studied [15], for both the theoretic (see for in-
stance [16]-[19]) and numerical aspects [20], [21].
Here an algorithm based on the shift-invariant rep-
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resentation and adapted to include the dwell time as
a parameter is proposed.

The paper is organized as follows. Section II
gives the problem formulation. Section III provides
the main results to design upper and lower bounds
of the guaranteed cost by taking into account the
dwell time. Section IV presents the certification
of the guaranteed cost and offers computational
methods for its obtaining. Section V emphasizes
the efficiency of our certification on an academic
example.

Notations. R, N, C are respectively the sets
of real, natural and complex numbers and N* =
N/{0}. If S is a set, S is the cartesian product
Sx---xS, N times. For two symmetric matrices, A
and B, A > B means that A — B is positive
definite. A’ denotes the transpose of A. The operator
diag(A; B) is a block diagonal matrix of A and B.

II. PROBLEM DEFINITION

Let us consider the autonomous linear switched
system in discrete-time

6]
2)

where x;, € R" is the state of the system, z;, € RP
the performance output and 0 € ¥ = {0 : N — T},
where Z = {1,--- , N} is the switching rule which
indicates the active mode at each time k: A,
(respectively Cy (1)) belonging to the finite set of ma-
trices {Ai, -+, An} (respectively {Cy,---,Cn}).
We assume that the switching law verifies a dwell
time, defined as follows.

Definition 1: For an integer A € N*, the set of
the switching laws satisfying a dwell time at least
equal to A is defined by

Tpt+1 Aa(k)ffk,

2 = Co)Th,

Da = {0 €%; Hl}tgen, b1 — Ly = A;

o(k) = 0(ly),Vly <k < Lyy1;0(Ly) # o(lgsr)}-

The subsequence {/,},en, induced in Da consists
in the switching times related to the switching law o.
Due to the definition of Do we have the following
properties A > A = Dz C Da.

In addition D; = X is the set of arbitrary
switching laws and D, is the set of the /V constant
switching laws. The performance of the system (1)
is chosen as the norm of the performance output zj:

—+00 —+00
J(o, o) = Z Zp2k = Z 21,000 Cotmyzn  (3)
k=0 k=0

The aim of this note is to obtain an evaluation of
the guaranteed cost,

Y(wo) = sup J(o,x0), “4)

og€DA
which is a quadratic form with respect to the initial
state .

Obtaining analytically the value of ~y(z¢) is not
possible in general via the Pontryagin Maximum
Principle or dynamic programming, even in the
case of switched linear systems, due to the time-
dependency and the infinite time horizon of the
criterion J. Moreover, one may apply dynamic
programming over a truncated horizon but at the ex-
pense of a numerical explosion when increasing the
size of the truncated horizon. The exact numerical
computation of an upper bound and a parametrized
family of lower bounds for particular switching laws
is considered in this note.

III. UPPER AND LOWER BOUNDS OF THE
GUARANTEED COST

This section is devoted to designing upper bounds
and a family of lower bounds of y(z). The associ-
ated main results are given in Theorem 1.

A. Preliminaries and notations

Preliminaries about tools for periodic
tems [15], [17] are recalled here.

Definition 2: For K € N*, the set of the K-
periodic switching laws is defined by Px =
{oceX;o(k+K)=o0(k),Vk € N},

Definition 3: For (A, d) € N* x N*, let us define

Sys-

Spaa= {0 €X;0(k+dA) =o(k),Vk €N,
o(iA) = o(iA + j),

V(j,7) € {0,--- ,A =1} x{0,--- ,d—1}}. (5)

A switching law belonging to Sa 4 has a dwell-
time equal to A and is dA-periodic. Sa 4 is then
a subset of D and Pya and one gets Saq C
('DA N PdA).

The set Sa 4 contains exactly N¢ switching laws,
which are characterized by the d-uplet o, € Z¢
defined by o4, = (0(0),0(A),---,0((d — 1)A).
We note 7 the natural bijection allowing the link
between Sa 4 and the cartesian product Z¢ by

Id — SA,d
78 (oyin, - ig1) —— 0;0(qA) =g,

Vg e {0, ,d—1}.
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Definition 4: The state-transition matrix related
to the system (1) is defined by Vi € N, ®,; = I,
and ®;1;; = As(irj—1)Ac(iri—2) - As)» J € N™.

Definition 5: For K € N* and o € Pk, the mon-
odromy matrix at time ¢ is defined as V; = ®; ;.
The eigenvalues of W; are called the characteristic
multipliers of the system (1).

The characteristic multipliers of the system (1)
are independent on the time 7 (see [15, Chapter
3] for more details and a proof). The system (1)
is globally exponentially stable if its characteristic
multipliers belong strictly to the unit circle. The
inclusion {A;};cz will be assumed here stable in
order to have all the possible monodromy matrices
stable and ensure the finiteness of ().

Definition 6: For o € Pk, a characteristic multi-
plier of A, is said to be (A, (), Cy())-observable
at time i if VA € C

Vix = Av, Co(lsiyPryiizr =0, 0 <VE< K —1
L i — M,
implies x = 0 or rank c =n, VA € C,
i, K,o
Co (i)
Co(it1)Pit1,i

where C; x, =

Colit k—1)Pitr—1,i
The pair (A,(), Cy(.y) is called observable if it is
observable at any time 7, 0 <7 < K — 1.

B. Main results

Theorem 1: For (A,d) € N*xN*, let us consider
the system (1)-(2) and the performance index .J
defined by (3). Assume that for 0 € Da, the pair
(Ao(), Co() is observable. If there exists symmetric
positive definite matrices P, € R™", (i € 1),
symmetric positive definite matrices W, € R™",

(h=0,---,d—1) and a scalar S satisfying in one
hand the LMIs, V(i, ) € Z2, i # j

P, < Bal,, (6)

AP A; — P+ CiC; < 0,, (7

(ADPPAR — P+ Qi < 0y, @®)

where Q; = j;ol(Ag)’fchiA?, Vi € 7 and in
the other hand the equalities, for a d-uplet o4 =
(ig, i1, ,iq_1) € Z% VL € {0,--- ,d — 2},

(A, ) WoAS = Wari + Qiyy = 0ny (9)

(AL) AW AL = We+ Qi = 0,,  (10)

then J(m(04),x0) = x(Wozo, and for any o € Da,
the origin is globally exponentially stable and in
addition the guaranteed cost ~y(xy) is finite and
verifies

%m)zi%@w—ggJ<mmm% (11)
Y(zo) < Vimg) = Igleazxxoﬂxo < Ballzoll?*(12)

where V() is an upper bound when z, is known,
and [al|zo||* when zq is unknown.

Proof: The proof is decomposed into two parts
dedicated to the bounds (12) and (11).

The conditions (7) and (8) imply A;P,A; — P; <
0, and (AD)APAS — P, < 0, V(i,7) € I%, i # j.
These conditions are the same as those of [22,
Theorem 1] leading to the global asymptotic sta-
bility of the origin. The relation (12) is proven
in the same way of [22, Theorem 2], by noticing
that C;(k)Oa(k) is constant between two consecutive
switching times: C(’r(k)Cg(k) = C’C’,(Zq)Cg(gq), Ve, <
k< Eq—&—l-

A
A{(P = Q) Ai — (P = Qi) < =Y _(A)FCICiAY
k=1
A-1
~CiCit ) (A)FCICAT <
k=0
By induction, we infer that (A))7(P;, — Q;)A] <
(P, — Q;), Y7 € N* and for any o € D,

T

—(A)ACICiAR < 0,

q+1 PU(Zqul):CZq-H

Cgsr—Lg—Dn
< wéq(Ag”&; )P,

< l’%qu(gq)l’gq

tg—A
QU (£q) ) Uq+1) Loys
— ;pquU q)l’gq. (13)
By reordering the set N via the switching times:
N = Ugen{4y, - - 1}, we have
+o0

)= Z%C;(k)ca(k)xk

7€q+1 -
J(o, xg

ooeq-H @q 1

"2 2

By the deﬁmtlon of ();, one gets
A-1
k ol k
> (54 Cotey Cote Asiay)
k=0
Lgr1—Lq—1

> Y (Ah,) O, Coten A

k=0

!
) Coten) Cotea) A 4 Tt

Qoty) =

(5)
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because (A%, \)'Cy i, Cow Ay s positive
semidefinite. With the help of inequality (13),

the+ inequality J(o,zg) < Zq o xg (e, <
q= O(xng (L) Ttlq — $2q+1Pa(eq+1) q+1) holds

Furthermore, it has been shown that the func-
tion (wy,0(k)) — . Pyuwor is a switched
Lyapunov function for this system. Due to
limg_ 4 oo x%Pa(k)xk = 0 and to the structure of a
telescopic series, we have

J(0,20) < 24Py 0)Zo.- (14)

By multiplying the inequality (6) from the left by
ry and from the right by zy, we have x4 P, )70 <
Ballzol|?. By taking the supremum over all o € Dy
of the inequality (14), we obtain the inequality (12).

The second part of the proof is based on the de-
sign of a dA-periodic Lyapunov function associated
with the dA-periodic switching law o = 7(0y), by
the help of the symmetric positive definite matrices
Wi, h€{0,---,d—1}.

Set o = Wy > 0,.
equation (19), that is

Define PdA,l by the

pdA—l - A/a(dA—l)pOAo(dAfl)—i'C;(dA_l)Ca(dAfl)7

= Al PA,  +C Ci,. (15)
For j € {2,--- A}, we set
PdA —Jj = 4, (dA— ])PdA j+r1Ac@n—j)
+ Cotan— C7WA = (A ) Poo Al
k
Z iq— 1 Zd 10%1 1A (16)
It is noteworthy that for j = A, we have
Pa-1a (Afd D WoAL
k
Z td— 1 Zd 1CZd 1Azd 1
A A .
= (45, WoAid_l + Qi =Wt >0, (17
In the same way, it induces that Py = A P A; +

C} Ci, = (A}))AW1 AL + Qi = Wo, which proves

definite, symmetric and solves’mt’he periodic Lya-

punov equation associated with o = 7(0y); 0 <

Vk < dA —2:
A;(k)pk+1Aa-(k) - Pk _i_ Cc,r(k

1 Cotky = 0p; - (18)

A;(K—l)POAU(Kfl) — Pr1 +C;(K—1)CU(K*1) = On.
(19)
Due to inequalities (7) and (8), the system (1) is
stable for any o € Dj, that is the characteristic
multipliers belong strictly to the unit circle. The

infinite series

Z (I) L+, KC/ (6+1)
= Z(\y;)q
q=0

are well defined, symmetric and solve the periodic
Lyapunov equation (18)-(19), by arguments pro-
posed in [16], [17], [23]. By invoking [17, The-
orem 1], the solution of the periodic Lyapunov
equation is unique. This implies that the infinite
series, definied by (20) are equal to ;. Because the
pair (A,(),Cy()) is assumed observable, classical
arguments allow to prove the positive-definitness of
matrix ;.

Let us prove now that the value of the criterion
J(m(04), x0) is given by x, Pyzg = x(,Wozo, because

Z 6P 0Cor)

The switching law (o) belonging to Sa 4 which
is a subset of D, we obtain the inequality (11),
which ends the proof. [ ]

The main results proposed in Theorem 1 deserve
some comments.

« The stability of A; and the observability of the
N vpairs (C;, A;), i € T are necessary condi-
tions for the existence of symmetric positive
definite matrices P; satisfying inequalities (7).

« The upper bound V(zy) = max;cr 7 Pizy of
y(xp) is less than Bal|zo|* but depends on the
direction of zg instead of Ba||xol|?. Ba is the
maximal eigenvalue of matrices F;.

e For A = 1, we recover the method and the
conditions proposed originally in [13], [14].

(Z—H) q)éJrz 14

1 koCoroVi, VL EN (20)

(bk OxO = .CEOP()QZ() (21)

IV. CERTIFICATION AND NUMERICAL METHODS

Theorem 1 offers tools to obtain classes of upper
bounds (12) and lower bounds (11) of the guaran-
teed cost y(zp). The smallest upper bound is given
by the following optimization problem
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Optimization problem 1: Under the assumptions
of Theorem 1, the smallest upper bound (12) is
solution of

]gniﬂn Ba

subject to the ineqﬁéﬁties (6); (7) and (8). [
The Theorem 1 provides a family of lower
bounds, based on the solution of the dA-periodic
Lyapunov equation (18)-(19) parametrized by a d-
uplet 04 € Z% The numerical computation of
the lower bounds may be conveniently achieved
by using a shift-invariant representation [20], [21],
with a block-diagonal structure of the extended
Lyapunov matrix. An optimization problem under
linear matrix inequalities is then proposed to solve
the periodic Lyapunov equations [24], when the
symmetric positive definite solution exists and is
unique. This allows to obtain numerically the lower
bound W () defined by (11) and satisfying also
Wa(zo) = max, Jezd ToWoxo, due to the fact that
Wy depends on the d-uplet o,;. The numerical
result is gathered in the optimization problem 2.

For o, = (ig, i1, - ,iq-1) € Z¢% we denote
W, = diag ( Wo; Wi -5 Wa ); Qo
diag( Qioy Qiy -5 Qiy, ) and
A
On Aid—l
A
AA,Ud = Aio
A2 0,

1d—2

Optimization problem 2: For (A,d) € N* x N*,
consider the optimization variables as symmetric
positive definite matrices W;, i« = 0,---d — 1. If
the system (1) is stable and if the pair (A, (.), Co(,))
is observable, then the optimization problem

min Trace(W,)
{Wi}ie{o’... ,d—1}
subject to W; = W/, > 04,, and

/A»UdeAAva'd - Wd + @O’d S Odny

(22)

leads to the unique symmetric and positive solution
of equations (9)-(10). O]

Moreover, it is possible to  quantify
more precisely the smallest gap between
y(zo) and Wy(wo). Let introduce the scalar

§ad = SUDyy fao=1 Wa(To) = maX, cza Amax(Wo)-
By definition of (Br and £ag. Wwe have
infyern ((V(20) — Wa(xo))/[z0]1?) < Ba — &aa-
The certification of the guaranteed cost 7(z) is
especially good for an particular initial condition

as &a q 18 close to Ba. The decreasing inclusion of
Da implies that 3 is a decreasing function of A.
Because A > 0, we have lima_,o, A = Bu, Where
0O 1s the solution of the optimization problem 1,
without inequality (8) as a constraint.

In addition, when d = 1, the periodic Lyapunov
solutions are restricted to be constant and they
depend only on the initial mode, we have thus
Wy = Py0) = Py(0), for any dwell time A. One gets
éa1 = Poo. Furthermore, if dy is a multiple of d;,
then Sa 4, C Sa 4, which implies that Ea g, < Ea g,
Nevertheless, {a 4 18 not an increasing function of d.

V. ILLLUSTRATION

Let us consider the next example, with N = 2,
09 0 0.9 0.5
n=24= {0.1 0.8l;A2_ 0 08
C7 = I, and C5 = 0.515. We can check in Fig. 1
that B is a decreasing function of the dwell time,
converging, as expected, to 5, = 7.07.

40

351

30

251

o 20

Fig. 1. Upper bound S in function of the dwell time A.

For a dwell time A, we define zy =
(cos(a) sin(a)), with o € [0, 7], because J is
quadratic. We consider here A = 4. The value
of the upper bound V(z) and the lower bounds
Wa(zo) (d € {1,---,6}) are depicted on Fig. 2
in function of «. It can be seen that the periodic
behavior helps to take into account the evolution of
the switched system and improves the lower bound.
The values &, 4 (d € {1, -+ ,6}) are compared with
B4 = 27.2 in Tab. I. We could verify that £, 3 < &40,
that is &, 4 is not an increasing function of d, but
we have &1 < 40 < §ua < & < Sug and
§40 < &u3 < &u6. The gap between the bounds
is characterized by (08; — &12)/0s = 3%, which
drastically improves the rate (8, — &41)/08s = T1%.
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