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The almost sure limits of the minimal position and the additive martingale
in a branching random walk

Yueyun Hu'
Université Paris XII1

Summary. Consider a real-valued branching random walk in the boundary case. Using
the techniques developed by Aidékon and Shi [5], we give two integral tests which de-
scribe respectively the lower limits for the minimal position and the upper limits for the
associated additive martingale.

1 Introduction

Let {V(u),u € T} be a discrete-time branching random walk on the real line R, where T is an Ulam-Harris
tree which describes the genealogy of the particles and V' (u) € R is the position of the particle u. When a
particle u is at n-th generation, we write |u| = n for n > 0. The branching random walk V" can be described
as follows: At the beginning, there is a single particle & located at 0. The particle @ is also the root of
T. At the generation 1, the root dies and gives birth to some point process £ on R. The point process £
constitutes the first generation of the branching random walk {V'(u),|u| = 1}. The next generations are
defined by recurrence: For each |u| = n (if such u exists), the particle u dies at the (n + 1)-th generation
and gives birth to an independent copy of L shifted by V' (u). The collection of all children of all u together
with their positions gives the (n + 1)-th generation. The whole system may survive forever or die out after
some generations.

Plainly £ =371 0(v(u)}- Assuming E[L(R)] € (1, 00) [namely T is a supercritical Galton-Watson

tree] and that
E </ e_”CL'(dx)) =1, E (/ xe_xﬁ(dx)> =0. (1.1)

When the hypothesis (1.1) is fulfilled, the branching random walk is called in the boundary case in the
literature (see e.g. Biggins and Kyprianou [9] and [10], Aidékon and Shi [5]). Under some integrability con-
ditions, a general branching random walk can be reduced to the boundary case after a linear transformation,
see Jaffuel [19] for detailed discussions. We shall assume (1.1) throughout this paper.

Denote by M, := minj,—, V'(u) the minimal position of the branching random walk at generation n
(with convention inf ) = co). Hammersly [17], Kingman [20] and Biggins [8] established the law of large
numbers for M, (for any general branching random walk), whereas the second order limits have recently
attracted many attentions, see [1, 18, 12, 2] and the references therein. In particular, Aidékon [2] proved the
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convergence in law of M, — % log n under (1.1) and some mild conditions, which gives a discrete analog of
Bramson [11]’s theorem on the branching brownian motion.

Concerning on the almost sure limits of M, there is a phenomena of fluctuation at the logarithmic
scale ([18]): Under (1.1) and some extra integrability assumption: 3 > 0 such that E[£(R)'*°] < co and
E[ [ (€% + e~1+92) £(dz)] < oo, the following almost sure limits hold:

) M, 3 .
lim sup = -, P*-a.s.,
n—oo logmn 2
M 1
liminf — = =, P*-a.s.,
n—oo logn 2
where here and in the sequel,
P*() =P (]S),

and S denotes the event that the whole system survives. The upper bound % log n is the usual fluctuation for
M, because M,, — % log n converges in law ([2]). It is a natural question to ask how M, can approach the
unusual lower bound % log n.

Aidékon and Shi [5] proved that under (1.1) and the following integrability condition

o= E[/ xQe_”CL'(dx)} < 00, (1.2)
R
E{n(long 77)2 + nlog, ﬁ] < 00, (1.3)

where n := [p e " L(dz), 7] := [;° x e *L(dx) and log, x := max(0,log x), then

n—oo

1
lim inf <Mn —3 log n> = —00, P*-a.s.
Furthermore, they asked whether there is some deterministic sequence a,, — oo such that

1 1
—00 < liminf — <Mn —3 log n> <0, P*-a.s.?

n—00

The answer is yes: we can choose a,, = log log n. Moreover, we can give an integral test to describe the
lower limits of M, :

Theorem 1.1 Under (1.1), (1.2) and (1.3). For any function f 1 oo,

< 0

0
N 1 . B & dt
P (Mn 35 logn < —f(n), z.o.) = ) <= / 7texp(f(t)) ) (1.4)

=0
where i.0. means infinitely often as the relevant index n — oc.

As a consequence of the integral test (1.4), we have that for any ¢ > 0, P*-a.s. for all large n > ng(w),
M,, — %logn > —(1 + ¢)loglogn whereas there exists infinitely often n such that M,, — %logn <
—log log n. Hence P*-a.s., lim inf,, W(Mn — 71 logn) = —1.



The behaviors of the minimal position M, are closely related to the so-called additive martingale
(Wn)nEO:
W, = Z e V(W) n >0,
|lul=n
with the usual convention: ), = 0. By Biggins [8] and Lyons [23], W,, — 0 almost surely as n — oo.
The problem to find the rate of convergence (or a Seneta-Heyde norming) for W, was arisen in Biggins and
Kyprianou [9] and was studied in [18]. Aidékon and Shi [5] gave a definite result to this problem. Let

Dpi= )Y V(e "™,  n>1, (1.5)
|u|=n

be the derivative martingale (which is a martingale under the boundary condition (1.1)). It was shown in
Biggins and Kyprianou [9] that P-a.s., D,, converges to some nonnegative random variable D.,. Moreover
under (1.1), (1.2) and (1.3), P*-a.s., Dy, > 0, as shown in [9] and [2].

Theorem (Aidékon and Shi [5]). Under (1.1), (1.2) and (1.3). Then under IP*,

aw, 32 b,
e

lim sup v/n W,, = oo, P*-a.s.

n—oo

as n — 0o. Moreover

Furthermore they conjectured that

2
liminf /n W,, = {/ —= Do, P*-a.s. (1.6)

n—00 71'0'2

The upper limits of W,, can be described as follows:

Theorem 1.2 Under (1.1), (1.2) and (1.3). For any function f 1 oo, P*-almost surely,

0 < 00
ViW, gt

lim sup

n—ooo  f(n)

o0 =0

Concerning the lower limits of W,,, we confirm (1.6) under a stronger integrability assumption: There
exists some small constant g > 0 such that

E {771“0 + /ex|x|2+€°£(daz)} < 0. (1.8)

It is easy to see that the condition (1.8) is stronger than (1.2) and (1.3).

Proposition 1.3 Under (1.1) and (1.8). We have

2
lim inf /n W, =4/ — Do, P*-a.s.
n—o0 e



Combining Theorems 1.1 and 1.2, we can roughly say that the main contribution to the upper limits
of W,, comes from the term e Mn, According to Madaule [25], and Aidékon, Berestichi, Brunet and Shi
[3], Arguin, Bovier and Kistler [6] (for the branching brownian motion), the branching random walk seen
from the minimal position converges in law to some point process, in particular, W, converges in law
as n — oo, but we are not able to determine the almost sure fluctuations of W,,eMn .

The whole paper uses essentially the techniques developed by Aidékon and Shi [5]. To show Theorems
1.1 and 1.2, we firstly remark that both two theorems share the same integral test and that W,, > e Mn
then it is enough to prove the convergence part in the integral test (1.7) and the divergence part in (1.4).
The convergence part in (1.7) will follow from an application of Doob’s maximal inequality to a certain
martingale. To prove the divergence part in (1.4), we shall use the arguments in Aidékon and Shi [5] (the
proof of their Lemma 6.3) to estimate a second moment, then apply Borel-Cantelli’s lemma. We can also
directly prove Theorem 1.2 without the use of the divergence part of (1.4). Finally, the proof of Proposition
1.3 relies on a result (Lemma 4.1) which is also implicitly contained in Aidékon and Shi [5] (by following
the proof of their Proposition 4.1).

The rest of this paper is organized as follows: In Section 2, we recall some known results on the branch-
ing random walk (many-to-one formula, change of measure) and on a real-valued random walk. In Section
3, we prove Theorems 1.1 and 1.2, whereas the proof of Proposition 1.3 will be given in Section 4.

Throughout this paper, (¢;, 1 < i < 36) denote some positive constants.

2 Preliminaries

2.1 Many-to-one formula for the branching random walk

In this subsection, we recall some change of measure formulas in the branching random walk, for the details
we refer to [9, 13, 24, 5, 27] and the references therein.

At first let us fix some notations which will be used throughout this paper: For |u| = n, we write
[, u] = {up := D, u1, ..., un—1,u, = u} the shortest path related u from the root & such that |u;| = i for
any 0 <7 < n. For any u,v € T, we use the partial order v < v if w is an ancestor of v and u < vifu < v
or u = v. We also denote by 2 the parent of v.

Under (1.1), there exists a centered real-valued random walk {S,,,n > 0} such that for any n > 1 and
fR" =Ry,

E[ N V@V (), oy V(un))] = E(f(S1, ..., Sp)). 2.1)

[ul=n

Moreover under (1.2), 02 = Var(S;) = E[ZM:l(V(u))Ze*V(“)} € (0,0).
The renewal function R(z) related to the random walk S is defined as follows:

= > — 1 . > .
R(z) kE_OIP’ (Sk > —x, S < omn S]> , x>0, (2.2)
and R(z) = 0 if x < 0. Moreover,
lim 28 _ (2.3)
r—00 I

with some positive constant cr (see Feller [16], pp.612).



For a > 0, we define as in Aidékon and Shi [5] two truncated processes: For any n > 0,

Wi = ) ey _a), (2.4)
lul=n

D1(1a) = ZRQ(V(U))eiv(u)1(Z(u)2,a)), (2.5)
lul=n

where V (u) := ming<,<y, V(v), Ro(x) := R(o + ) and R is the renewal function defined in (2.2).
Denote by (F,,,n > 0) the natural filtration of the branching random walk. If the branching random walk

starts from V(&) = x, then we denote its law by P, (with P = Py). According to Biggins and Kyprianou

[9], (Dgl), n > 0) is a (P, (F,,))-martingale and on some enlarged probability space (more precisely on

the space of marked trees enlarged by an infinite ray (§,,n > 0), called spine), we may construct a family

of probabilities (Q&O‘),m > —a/) such that for any = > —a, the following statements (i), (i) and (iii) hold:
(i) Foralln > 1,

d@(a) D(Oé)
=T =_ (2.6)
dP, |]~‘n D((]a)
1 —Vi(u
QY (6n = ulFn) = —5 RV yyzay,  Viul=n. 27

n

(ii) Under an), the process {V'(§,,),n > 0} along the spine (&,,),>0, is distributed as the random walk
(Sp,n > 0) under PP conditioned to stay in [—a, 00). Moreover forany n > 1,z > —aand f : R” — R,

1
E @ [f(v(fl)v "'7V(§n))} = Rul@)
(iii) Let G, = o{u,V(u) : u € {€,0 < k < n}}, n > 0. Under Q') and conditioned on G,
forall u & {&,k > 0} but u € {&,k > 0} the induced branching random walk (V (uv), |v| > 0) are
independent and are distributed as IPy(,.y, where {uv, [v| > 0) denotes the subtree of T rooted at u.
Let us mention that as a consequence of (i), the following many-to-one formula holds: For any n >
1,z > —aand f: R"” - Ry,

Eo| Y e VO R(V @)V @)oo V() Ly iz | = BQ)E g [ F(VIED, - V(Ea))].

lul=n

Eq|f(Sts s Sn)Ra(Sn)l(s, >—a)| - (2.8)

(2.9)

2.2 Estimates on a centered real-valued random walk

We collect here some estimates on a real-valued random walk { S, k& > 0}, centered and with finite variance
02 >0.LetS, = ming<;<y, S;, ¥n > 0. Recall (2.2) for the renewal function R(-).

Fact 2.1 There exists some constant c¢; > 0 such that for any x > 0,

P, <§n > 0) < a(+a)n V2 va>1, (2.10)
Py(Sp_1>5,>0) < ci(l+a)R@)n %  Vn>1, (2.11)
P, <§n > O) ~ GR(m)n_l/Q, asn — 0o, (2.12)



with 0 = i\ /2. Moreover there is c5 > 0 such that foranyb > a > 0,z > 0,n > 1,
CR To

P, (sn € la,b],S, > o) < o1+ 2)(1+b—a)(1+ b=, (2.13)

For any 0 < r < 1, there exists some c3 = c3(r) > 0 such that for allb > a > 0,2,y > 0,n > 1,

P, <Sn €ly+a,y+b,S5,>0, min ;> y> <es(1+2)(14b—a)d+bn =32 (2.14)

rm<j<n

See Feller ([16], Theorem 1a, pp.415) for (2.10), Aidékon and Jaffuel ([4], equation (2.8)) for (2.11),

Aidékon and Shi [5] for (2.13) and (2.14), and Kozlov [22] and Lemma 2.1 in [5] for (2.12) with the

identification of the constant 6 = CL 2
R o

We end this section by an estimate on the stability on x in the convergence (2.12).

Lemma 2.2 Let S be a centered random walk with positive variance. There exists a constant ¢4 > 0 such
that for alln > 1 and x > 0,

1+=z
‘R(x)ﬂ”(ﬁn > 0) '

n

—1‘SC4

Proof of Lemma 2.2. Denote in this proof by go(n) := P(S,, > 0) for n > 0. Let z > 0. By considering
the first k£ € [0, n] such that Sy, = S,,, we get that

Po(S,20) = PulS, =a)+ > Po(Simy > S > 0.,min S; > St)
k=1 -

= o)+ Y Po(Sk 1 > Sk 2 0)e(n— k),
k=1

by the Markov property at k. Note that R(z) = 14 > 72 | P, (S;_; > S > 0). It follows that

Po(S,>0) < Rlx)o(n) + D Pe(Spoy > 52 0)[eln —k) —o(m)].  (215)
k=1

P.(S,>0) > R@)on)- > P, (gk_l > S > O)Q(n). (2.16)
k=n+1

Denote respectively by I(2.15) and I2 16y the sum 22:1 in (2.15) and the sum Zzin 11 in (2.16). Let
T~ :=inf{j > 1:5; < 0}. By the local limit theorem (Eppel [15], see also [28], equation (22)), if the
distribution of .57 is non-lattice, then

C_

P(T— :k:) ~ o koo 2.17)

with some positive constant C'_. Moreover Eppel [15] mentioned that a modification of (2.17) holds in the
lattice distribution case. Then there exists some constant c; > 0 such that for all k > 1,

P(T* - k:) < % (2.18)

6



It follows that for any k < n, o(n — k) — o(n) = P(n —k < T~ < n> < s>t peri3/2. Then by
@.11),

n

I(215)<66 1—|—CC Zkﬁ 3/2 Z ’L'73/2.
i=n—k+1

Elementary computations show that Z"/Q k=3/2 ZZ:WHl i3 < zzg E32 % k(3)732 =0(1)
and Zk: 32y Y 32 < (B)I2N i i = O(L). Hence Ip.15) < c7(1+z)R(z)+ <
es(1 7 ) A(r) L o(m) by (2.12)

Finally again by (2.11), we get that I2.16) < co(1 + x)R(x)ﬁg(n) Then the Lemma follows from
(2.15) and (2.16). O

3 Proofs of Theorems 1.1 and 1.2

In view of the inequality: W, > e ™ the convergence part of the integral test (1.7) yields that of (1.4),
whereas the divergence part of the integral test (1.4) implies that of (1.7). We only need to show the conver-
gence part in (1.7) and the divergence part in (1.4).

3.1 Proof of the convergence part in Theorem 1.2:

Lemma 3.1 Under (1.1). For any o > 0, there exists some constant c1g = c10(«) > 0 such that for any
1<n<mandX >0, we have

a logn 1 /m
P(nrglkag(m\/—w )>)\) < cig \/g_ +010X o

Proof of Lemma 3.1. Forn < k < m + 1, define
(a n) Z e u)l(v (tn)>—a)»
lul=k
where as before V (u,,) := mini<j<, V' (u;) and u, is the ancestor of u at n-th generation. Then /V[v/na’n) =
Wi, N
For k € [n,m], W,gif ) = Do)k LW ()2 —0) 2oty e~V () The branching property implies that

u:U=v

(Wéiln |-7:k) = Wéa’n) for k € [n,m]. By Doob’s maximal inequality,

]P’( max VkW, " >)\> @E(W;ﬁv")) - @E(WW).

n<k<m "

By the formula many-to-one (2.1) and the random walk estimate (2.10),
E(W) = P(8, = —a) < =

with ¢11 := ¢1(1 + «). It follows that

o i 23) <



Comparing Wéa’n) and W,ga), we get that

P(ng&xm\fw >)\) gP(ngcigm'rﬁi:r}CV( ) < )+%\/%

The proof of the Lemma will be finished if we can show that for all n > 2,

IP( min V(u) < —a) < e10 3.1)

lulzn

To this end, let us apply the following known result (see e.g. [27]):

i — <e® > 0.
P(irelng(u)< CE)_B , Vo >0

Then for all n > 2,

P(min min V(u) < —oz)

k>n |ul=k

< ]P’( inf V(u) < —log n> —HP’(min min V(u) < —a, inf V(v) > —log n>
k>n [ul=k veT
1 oo
< E Z {Z V(u)<—a,V(un)>—a,...,.V(ug_1)>—ao, V(u )>—logn)]
k=n |u|=Fk
- ryEl
n (Sp<—0,Sn>—a,...,Sp_1>—0, S, >—logn)
1
< - +e—aﬂ>(§n > ~logn),
n

where the above equality is due to the many-to-one formula (2.1). Using (2.10) to bound the above proba-
bility term, we get (3.1) and the Lemma. [J

Proof of the convergence part in Theorem 1.2: Let f be nondecreasing such that [ o tjfl—tﬂ < o0. Let

= 2J for large j > jo. Then Y2 y < o0 By using Lemma 3.1,

Jj=Jo f(n
log n; 2

logn; | = V2
N f(ny)

whose sum on j converges. The Borel-Cantelli lemma implies that P-a.s. w, for all large k& > ko(w),
\/EW,ga) < f(k). Replacing f(k) by ¢ f(k) with an arbitrary constant £ > 0, we get that

o VR
msup ———-—~ —

for any o > 0. By considering a countable @ — oo (for instance « integer) and by using the fact that
W,ga) = W;, on the set {inf,c1 V(u) > —a}, we get the convergence part. [J.

IP’< max \/—Wa)>f(n])> < i

n;<k<njiq

=0, P-as.,



3.2 Proof of the divergence part in Theorem 1.1:

The following lemma is a slight modification of Aidékon and Shi [5]’s Lemma 6.3:

Lemma 3.2 ([5]) There exist some constants K > 0 and c15 = c12(K) > 0 such that for all n > 2,0 <
A< ilogn
— 3 »

2n
n n 1 —
e <P( (B NEMY) £0) < —e, (3.2)
k=n+1 12
where for n < k < 2n,
. 1 1 n .
E,i Ao {u ul =k, §logn— A<V(u) < §logn— A+ K, V() > az( ’)‘),VO <i< k},
n n _ _ (n,X) _ ) .
Flg T - {u ul =k, Z 1+ (V(v) — al(- ’/\))+)e (V@)—a;™") <Ke o ,Vo<i< k},
vGT(ui+1)
where for u € T\{@}, T(u) := {v: v # u, v = u} denotes the set of brothers of u, x := max(z,0),
n 1 ,
ag I <§ logn — )\> 1(%@-9”), 0<i<2n,
and forn < k < 2n,
bgkﬂ) = il/lQl(OﬁiS%) + (k - i)1/12 1(%<Z§k‘)7 0 S 7 S k.

Proof of Lemma 3.2. The proof of the lower bound in (3.2) [by the second moment method] goes in the
same way as that of Lemma 6.3 in Aidékon and Shi [5] [We also keep their notations], by replacing % logn
in their proof by %log n — A. Moreover, a similar computation of the second moment will be given in the
proof of Lemma 3.3. Then we omit the details.

The upper bound in (3.2) is a simple consequence of the many-to-one formula: Define s := % logn — A,

we have that

om 2n
IP( U Elin’A) # @) < Z E{ Z 1(3§v(u)§3+K,V(u¢)2a£n’k)7\72‘9’?)}
k=n+1 k=n+1 " |ul=k

2n
_ Sk
- Z E{e 1(sssk§s+f<,sz-za§“>,\ﬁsm}
k=n+1
2n
< Z e“KIP(sgSkgerK,SizaE"’A),ng).
k=n+1

By (2.14), ]P’(s < S, < s+ K,S5 > al(-n’/\),Vz' < k:) < clgn*3/2 for all n < k£ < 2n. Hence

IP’( izn-l—l Elin”\) # (7)) < c13¢ K proving the upper bound in (3.2). O

Using the notations in Lemma 3.2 with the constant K, we define forn > 2and 0 < A < % log n,
A, A) = { URL o (BUY 0 B £ 0. (3.3)

The following estimate will be useful in the application of Borel-Cantelli’s lemma:



Lemma 3.3 There exists some constant c14 > 0 such that foranyn > 2,0 < XA < % logn and m > 4n,0 <
uw< % log m,
logn

N

Proof of Lemma 3.3. As we mentioned before, the arguments that we use are very close to the computation
of the second moment in the proof of Lemma 6.3 in [5]. Write for brevity in this proof

IP’(A(n, A) N A(m, u)) <cpye NP4y e

1 1
s:zilogn—)\, t:zilogm—,u.
Similarly to (2.6) and (2.7), we may construct a new probability QQ such that for all n > 1, T { F = = Wy,
-V (u)

Q& = u|Fn) = Sv— V|u| = n. Moreover under Q, (V/(§,),n > 0) is distributed as the random walk
(Sn,n > 0) defined in Section 2, and the spine decomposition similar to (iii) in Section 2 holds under Q.
We refer to [9, 13, 24, 5, 27] for details. It follows that

2m
P<A(”’>‘)0A(m’l‘)> = E[lA(nA) Z Zl(ueElg’”WmFgm’“))]

k=m+1 |u|=k
2m
— Z ]EQ |:1A(n7>\)6V(£k)1(§keE](€m,p.)mF]§m,u)):|
k=m+1
< K Z E@[ n,\), & € E(m“)ﬂF(m“)}
k=m+1
2m
< K Z Z EQ[Z 1 veE"VnEMN g e B nF™ M)
k=m+1l=n+1 lv|=l
2m
= TN Z Ii3.4y(K, D). (3.4)
k=m+1l=n+1

Forn <1 <2n <% <k < 2m, we may decompose the sum on |v| = [ as follows:

Z 1(v€El("’A)ﬂFl("’A)) =1 BN RNy T Z Z Z 1(v€El(””\)mFl("’A))’

|v|=l p=1ueY (&) veT(u),|v|u=l—p

where T(u) denotes the subtree of T rooted at u and |v|, = |v| — |u| the relative generation of v € T(u).
Then

Iz.4y(k, 1)

— Q(f € E(nA) ﬂF aék c E(mu) ﬂF(mH ) +ZEQ[ (& eE<m“)ﬁF(m“) Z fk‘,l,p ( ))
p=1 u€YT (§p)
l

= I(3-5)(k’ l) + Z J(3.5)(ka l’p)a 3.5)
p=1

10



with

fk,l,p(x) = EQ[ Z 1(U€El(n,)\)mFl(n,)\)){V(u) = :C}, T € R.
vET(u),[v]u=l—p

In what follows, we shall at first estimate J3 5(k, [, p) then [(35)(k,[). By the branching property at
and by removing the event Fl("’/\) from the indicator function in f; ,(r), we get that

frip(z) < Eﬂﬁ[ Z 1(s§V(v)§s+K,V(v¢)2a£i’;\),Vogiglfp)]

lv[=l—p
R S
= ¢k [e p1(s§Sl_p§s+K75i2aEiﬁ)vvofiﬁl—p)]
< 6—x+s+KPm(S§Sl_p§s+K,Sizagi’;\),VOSiél—P), (36)

where to get the above equality, we applied an obvious modification of (2.1) for E, instead of E.
Let us denote by (3.6), ; ,, the probability term in (3.6). To estimate (3.6), ; ,, we distinguish as in [5]
twocases: p < gand § <p <[ Recallthatn <l <2n <% <k <2m.Ifp < 3,

1+zx

(B-0)1p < La>0)C15 (1 —pp/2’

by using (2.14). Then for 1 < p < 3,

Frup(®) < 1510 e K1+ 2)(1 — p) /2

It follows that foralln < | < 2n,m < k < 2m,

n/2
stric—vw 1+ V()
Z J(3.5)(k7lap) < ZEQ |:1(5k€E1(€m’H)ﬂFlgm’H)) Z 0151(‘/(“)20)6 e )(l _ )3/2]
1<p<n/2 p=1 ue€Y(&p) b
n/2
< e esn—3/2 ZEQ |:1(§k€El(€m’H)ﬂFlgm’N)) Z 1(V(u)20)6_v(u)(1 + V(u))]
p=1 ueY (&p)
s, —3/2 & —(p—1)1/12
< cgKen ZE@ [1(§keE,(cm’“)ﬂF,£m’“))e ]7
p=1

where the last inequality is due to the definition of &, € F,gm’“ ) [noticing that al(,m’“ ) — 0and b}f“m) = pt/12
for all p < n/2 < m/2]. Then we get that

> Jas(klp) < 017637173/2@(&9 € E,im’“)) < cige’n P m T2, (3.7
1<p<n/2

since @(gk € E,(Cm”‘)) =Pt<S,<t+K,S; > aEm’“),VO <i< k:) < ciom ™32 forallm < k < 2m,
by using (2.14).

Now considering % <p<l, agi’;‘) = sforany 0 <+¢ <[ — p, hence
=1,s0P(s< 8 ,<s+K, S __ >s)<1 14 K32 Lt e=s
BOkip = La>s) x<3 SOlpSStTHR, 0,2 S) < zs2(1+ K) A+i—ppP

11



by (2.13). It follows that

_ 1+ V(u)—s

2 s+K—-V(u

Z Jas(k,,p) < Eq [1(§keEl<€m,mnFlgm,m) Z (1 + K) Ly wsse ( )(1+Z—P)3/2 .
2 <p<i <p<l u€Y(§p)

w3

By the definition of &, € F,gm’“), forall p <1 < 2n < Z, we have that

—viu —V(u (m_1)1/12
Z 1(V(u)25)€ V( )(1 + V(u) — S) < Z 1(V(u)20)€ V( )(1 + V(u)) < Ke (p—1) ]
ueT (&) )
Then . -
Z Jasy(k,1,p) < cge’e™™ Q& € E,im’“)) < ey 302, (3.8)

5 <p<i
Combining (3.7) and (3.8), we get that

Z Jas)(k,1,p) < (cisn™®? + care™"

1<p<l

et m =32, (3.9)

It remains to estimate I(35)(k,!) forn <1 < 2n and m < k < 2m [in particular [ < k]. We have

Ii35)(k,1)
Qg e B, g € E™)

_ IP’(s <SG <s+ K8 >a"V Vi<l t <8 <t+K, S >a™ vj< k:) (3.10)

IN

Let us denote by (3.10);, ; the probability term in (3.10). Using the Markov property at [, we get that

(3.10); t< S <t+K,S, Za(m’“),vogjgk—lﬂ

E [1(ssszss+K,s¢za§"’”,v o<i< S < gl
C21

= (k—1)3/2 {(sssl§s+K,Siza£"’”,vogz’sw(

< (1 +s+K)(k—1)321732

1+ by @13)

Based on the above estimate and (3.9), we deduce from (3.4) and (3.5) that

IP’(A(n, A) N A(m, ,u))
2m 2n
Cog ! TK Z Z <(1 + s+ K)(k—=1)732173/2 4 ¢ e~ /2 4 gy —3/2 m_3/2>
k=m+41l=n+1
logn

N

IN

< cpge N TH 4 egge

proving the Lemma. []

o te%) = o0o. Without

any loss of generality we may assume that v/Iogt < e/() < (log t)? for all large ¢t > t, (see e.g. [14] for a
similar justification). Let us prove that there exists some ca5 > 0 such that for any z € R and k£ > 0,

Proof of the divergence part in Theorem 1.1. Let f be nondecreasing such that [

1
P(Mn+x§§10gn—f(n+k), i.o.n—>oo> > 5. (3.11)

12



To this end, we take n; := 2 fori > 1, \; := f(n; +k)+x+ K and consider the event 4; := A(n;, \;)
in (3.3). By Lemma 3.2,

1
C12 G_Ai S P(AZ) S — B_Ai.
C12

Note that ZZ e M = 0. By Lemma 3.3, we have for any j > 7 + 2,

by log n; .

i

]P’(Ai N Aj) < ci4 e_Ai_)\j + ciye

It follows that

koo [ SR P(A)] et

which does not depend on (x,k). By Kochen and Stone [21]’s version of the Borel-Cantelli lemma,
P(A;,i.0.1 — 00) > c2,/c14 =: 25, hence we get (3.11).
Denote by

1
B, (k) := {Mn+w§§10gn—f(n+k), i.o.}, reR, k>0.

We have proved that for any € R and k > 0, P(B,(k)) > co5. For any k£ > 0, the events B, (k) are
non-increasing on x. Let By (k) := M52, B;(k) [then Bu, (k) is the event nothing but {lim inf,, (M, —
%logn + f(n+ k)) = —oo}]. By the monotone convergence, P(By,(k)) > cgs5, for all k£ > 0. Moreover,
for any z € R, Py(Boo(k)) = P(Boo(k)) = c25. On the other hand, if we denote by Zy := >, _; 1 the
number of particles in the k-th generation, then by the branching property,

P(Boo(0) [ Fi) = 1zes0) (1 = [T (1 = Pr(Bos (k) = 1z50) (1 = (1 = e25)% ).
lu|=k

It is well-known (cf. [7], pp.8) that on {Z; > 0}, Z; — oo and 1(z, ~0) — ls (in probability), hence
P-a.s.,

Loy = lim ]P’(BOO(O) | ]—"k) > 1g.

Clearly S¢ C B (0)€ by the convention on the definition of M,, on S¢. Hence P-a.s. on S = By (0). This
proves the divergence part of Theorem 1.1. [

4 Proof of Proposition 1.3

The main technical part was already done in Aidékon and Shi [5]:

Lemma 4.1 ([S]) Under (1.1) and (1.8). For any fixed o > 0, there exist some § = 6(g¢) > 0 and
co6 = co6(, 0) > 0 such that for all n > 2,

) h —k
Varg o) \/ﬁ% < c96 n~0 + sup M — 1‘ , “4.1)
Dy, kn/3<a<ky, ha(n)
where ky, := |n'/3| and h,(j) := Mforj >1,2>0.

R(z)
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Proof of Lemma 4.1. The Lemma was implicitly contained in the proof of Proposition 4.1 in [5]. In fact,
N A
DL
of £, := E,1 N Ey2 N Ey 3 (see the equation (4.6) in [5], Section 4). We claim that for some constant

01 = d1(e0) > 0, there is some ca7 = c27(d1, ) > 0 such that forall n > 1,

Q" (E;)

sup Q(O‘)<E§|V(5k"):x) < ey, 4.3)

ke <a<kn

in their proof of the convergence that Varg ) — 0, we choose k,, := |n'/3| in their definition

IN

Corn ™%, 4.2)

In fact, according to the definition of E,, 1 in [5],
Q) (1) < QO ({V(6) > kU V() <K/) +  sup Q) (U3 (V&) < k%)),
k! <a<kn
By (2.8),

1 Ro(k/?
<

) ~1/6
Ra(O)E(1(§knzfa,skn<ki/3>R“(Skn)) S TRo(0) ke Z m0) S cashn

Q) (Vien,) < ki) =

and

Q) (V(&,) > kn) <E[15, k0 Ba(Sk)] < 1/P(Sk > bin ) /EIRa(Sk,)2 < caokin \[B(Sk, > k),

since Ry (z) ~ cr(1l + 2 + ) as x — oo. The condition (1.8) ensures that E(]S1|?>759) < oo which in turn
implies that (| Sy|?120) < e30k!T0/2 for any k > 1 (see Petrov [26], pp.60). Hence

QO (V(Ek,) > kn ) < sk =/,

Now for k}/ 3 <z <kpletr=inf{i >0:5; < k}/ 6}, then the absolu continuity (2.8) at 7 reads as

1

Qéa)(u?;okn V(&) < k}/ﬂ) - [1(T§n—kn)Ra(Sr)1(§Tz_a>

1/6 1/6
< Ra(kn ) < Ra(kgb 3) < c39 k;l/G,
Ra(z) Ra(k:n/)

since x > k}/ s, Assembling the above estimates yields that
Q) < ek,

[we may assume ¢ < 2/3]. Let us follow the proof of Lemma 4.7 in [5], we remark that on E,, 1, V' (§;) >
k,l/ % for all kn, <1 <mn, and it was shown in [5] that

n—1
n
an) <En,1 m E?i,2) S Zk Eq; |:1(77+ﬁ>esi/2) [77 + m] 1(51214:71/6)] .
i=kn

14



By the integrability assumption (1.8), since 1 = fo xe TL(dx) < \/ n f 2e=7L(dx), it is easy to
see that E(7?) < oo for some p > 1. It follows that Qm < n1NE; 2) < nIE( KL/ [77+77]>
’ ’ (n+n>ekn/2)

c3yn 10 . Finally by (4.9) in [5], Q) (Ep1 N B2 N ES 5) < cssn !0, hence we get (4.2).

From (4.2), it suffices to follow line-by-line the proof of Proposition 4.1 in [5]: In Lemma 4.4 of [5],
we can get n~ 171/ instead of o(1) [by replacing in its proof & by n~%1/4]. In their proof of Lemma 4.5,
taking 7, = % and we arrive at

W) 2 (@)

n _ 1 Wha nPSn,nz—a—x

Eqw (\/ﬁ—( ) > <czen M+ (14 O(=))Eg [\/ﬁ—( ) | sup VIP(S, )
Dy n DY " 8t R, (x)

( )
The Lemma follows because E ) [\/_ (a) | = ha(n), and ho(n) — 6 when n — oo, as shown in [5]. O

Proof of Proposition 1.3. It is enough to prove that for any o > 0,

(Of)
lim inf \/_ =0, Q@-as., 4.4)

n—oo

where 0 is defined in (2.12). In fact, under (1.1), (1.2) and (1.3), D!*) converges in mean to D' (see [27],
Chapter 5, also see [9], Theorem 10.2 (i) with an extra log log log-term). Then on {D(()g) > 0}, P and Q@)
are equivalent. Moreover, as shown in [5], P-almost surely on {inf|, oV (u) > —a}, Wi = W, and

D,(f‘) ~ cr Do, therefore Proposition 1.3 follows easily from (4.4).

(a)
Now to prove (4.4), since \/ﬁg?a) — 6 in probability under Q(®) ([5]), it suffices to prove that

IAS
lim inf Vn—— W >0, Q@-gs. 4.5)

n—oo (

To this end, using Lemmas 4.1 and 2.2 we get some constant do > 0 such that for all n > ny,
(@)

w,
Varg e (ﬁL) <n %, (4.6)
Q D(C“)
n
Letn; := §73/%2 for j > jo and choose an arbitrary small ¢ > 0. We are going to show that
Wi
3 @W( inf et < (1 —5)9) < 0, 4.7)
>3 ny<n<nie DY)

from which the Borel-Cantelli lemma yields (4.5).
To prove (4.7), let F,, := F, V G,, where G,,, defined in Section 2, denotes the o-fields generated by the
spine up to generation n. Then

Fo [Rawénm))‘ﬁ”} N E@“){ Ra(V @1 n) }
_ ﬁ (Spin>—a)  (by@®)
= BaVE))
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It follows that for all n < n;41,

1 )
P [R( Ve ) 5|7 ] = g [Ra<v<£n>>‘f ]:W

where the last equality comes from Lemma 4.2 in [5]. Consequently for all n; < n < nj,1,
W 1
Vn——>Y, = n; Egw {—‘]—"]
p =" U Ra(V(&ny))

Remark that (Yy,,7; < n;1) is a martingale with mean Eqya) (Yn,) = /75 Egyo) (72 )) > (1—¢e)6.
The Doob L?-inequality implies that

IN

Q(O‘)< max  |Y, — Egee (Yo, )\>89/2)

n; <n<njii

4
wvar(@(a) (Ynj-H )

5 .3
< eenyC =c36)

(@)

—
by (4.6) and the fact that Y, , =,/ n?i Lo (b* L. Finally for all large 7,
nj41

(@)
Q(a)< inf \/EWLQ) <(1- 6)9) < Q(a)( max |Y, — Ega (Y, ){ > 59/2> <3672,

n;<n<njii DSL n;<n<njii

proving (4.7) and then completing the proof of Proposition 1.3. [
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