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Absorbing boundary conditions for the two-dimensional
Schrodinger equation with an exterior potential.
Part I: construction and a prior: estimates *

Xavier Antoinef Christophe Besse! Pauline Klein®

Abstract

The aim of this paper is to construct some classes of absorbing boundary conditions for the
two-dimensional Schrodinger equation with a time and space varying exterior potential and for
general convex smooth boundaries. The construction is based on asymptotics of the inhomogeneous
pseudodifferential operators defining the related Dirichlet-to-Neumann operator. Furthermore, a
priori estimates are developed for the truncated problems with various increasing order boundary
conditions. The effective numerical approximation will be treated in a second paper.
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1 Introduction
The aim of this paper is to propose some Absorbing Boundary Conditions (ABCs) for the two-
dimensional linear time-dependent Schrodinger equation [1] with a potential V'

{i@tu+Au+V(x,y,t)u:O, (z,y) €ER%,t >0 1)

U(J;‘7y70) = UO(x7y)7 (:1:73/) € R27

where ug € L?(R?) is compactly supported in the future bounded spatial computational domain €2,
with fictitious boundary X. The potential function is C'°°, space and time dependent and real-valued.
We assume that the smoothness of V' is at least satisfied outside X1 := ¥x]0;T[, T being the final
time of computation. The computational domain is Qp = Q2x]0;T[. Under suitable conditions, the
initial boundary value problem (1) is well-posed [12, 13]. Moreover, in the free-space the L?-norm of
the solution is conserved

Ve >0, [lu(t)]|Fzge = /R [ulz,y, ) Pdedy = |luol| T2 (ge) (2)

where HHQLQ (r2) 18 the L?(R?)-norm. Finally, n is the outwardly directed unit normal vector to X.



The main difficulty here in designing ABCs is that we include a general potential V' := V (z,y,t). In
practical applications, being able to handle correctly potential effects is an important, active and not
completely understood topic in physics [23, 15, 14, 21, 22]. Here, we assume that the potential makes
the wave outgoing to the bounded domain 2. In the one-dimensional case, a sufficient condition is that
V' is an acceleration or a repulsive potential [5]. Examples of potentials which cannot be considered are
the confining potentials. In the two-dimensional case, a definition of admissible (repulsive) potential
does not exist. For this reason, we assume that the outgoing wave assumption holds without giving
a mathematical definition. This point is probably interesting and important to discuss but also out
of the scope of the paper. Our contribution focuses on the effective construction of ABCs and some
of their properties. Their discretization and numerical comparison will be included in a companion
paper [6].

In the one-dimensional case, ABCs for some special time independent potentials can be obtained
via explicit calculations of the Dirichlet-to-Neumann (DtN) operator by using special functions (for
example Airy’s functions) [20, 19] or particular techniques (Floquet’s theory for sinusoidal potentials
[29]). Handling general potentials can be achieved by using pseudodifferential operator theory and
symbolic asymptotic expansions of the DtN map. In [5], we introduced two strategies to build robust
and accurate ABCs making use of the Engquist & Majda [16, 17] approach adapted to the Schrodinger
equation [5, 7, 3, 1, 8, 25, 26, 18, 11]. In the present paper, we develop the extension of the theory to
the two-dimensional case for general smooth convex boundaries 3. As we will see, the two strategies
of the one-dimensional case can be extended to the two-dimensional case. However, since the principal
symbol of the DtN operator is more complicated, further (high frequency) asymptotic expansions are
required and lead in fact to four families of ABCs, two for each strategy. After designing these ABCs,
we also investigate the obtention of a priori estimates, which from the semi discrete point of view
would correspond to prove stability of the discretization schemes. Let us note that the technique of
Perfectly Matched Layer (PML) [10] can also be used to bound the computational domain for spatially
dependent potentials. We refer to [28] for more details.

The paper is structured as follows. In the second Section, we review some results known for special
two-dimensional problems and explain what can be extended from the one- to the two-dimensional
case. In Section 3, we introduce a local parameterization of the boundary and discuss the possible
links between the two strategies. Next, specific pseudodifferential operators results are summarized
and the F-quasi hyperbolic, elliptic and glancing zones are defined. In Section 4, we explain in details
the two strategies. The first one (strategy I) is called the gauge change and the second one (strategy
IT) is the direct method. We unify the notations and then develop the symbolic system which gives
the asymptotic expansion of the total symbol of the DtN map. We then discuss the choice of the
principal symbol of the DtN map which plays a key role in the accuracy of the ABCs. Section 5 deals
with the gauge change strategy (strategy I) where we detail the calculations and the construction of
ABCs. Section 6 does the same developments but for the direct strategy (strategy II). We state a
priori estimates in Section 7 and conclude in Section 8.



2 What we already know and what remains true compared to the
one-dimensional case

2.1 The half-space case and a null potential

Let us consider the positive half-space {x > 0}. We set Q := {z < 0} with boundary ¥ = {z = 0}.
Let us assume that the potential V' is equal to zero in the right half-space. Then we can prove that
the (exact) Transparent Boundary Condition (TBC) for the problem

i@tu—l—@iu—i-@;u—i—‘/u =0, (z,y)eR? t>0,

is given by the Dirichlet-to-Neumann (DtN) map

Onu — V0 + Axu =0, (x,y)€ Xr. (3)

This TBC can be obtained by Fourier transform in time ¢ and space y. Then, the resulting differential
equation in x is solved explicitly leading to the linear combination of two traveling waves. It is next
sufficient to kill the incoming wave and to derive according to x (normal derivative 0y := 9;) to get
(3) in the (y,t) Fourier space. An inverse Fourier transform then gives the result. In our case, the
Laplace-Beltrami operator Ay is 35. The transparent operator is given by a square-root Schrédinger
operator on the boundary . This operator is nonlocal in time and space. We will see later that this
operator can be localized (for example by a Taylor expansion) or globally localized in time and space
(through rational approximants [6]).

2.2 The time dependent potential case

In the one-dimensional case and when the potential is only time dependent V(z,t) = V(¢) outside
Q, a gauge change leads to work with a free potential Schrédinger equation. If u is solution to:
i0pu + 02u + V(t)u = 0, and v is defined by

v(z,t) = u(x, t)e*ifot Vis)ds,

then v is solution to: i9;v + 0?v = 0, for which the TBC is known. In the two-dimensional case, this
property remains true. If V(z,y,t) = V(t) and w is solution to

iOyu + Ogu + Oju + V(t)u =0,

then, by defining
-t
v(z,y,t) = u(zx,y, t)e_zfo V(S)ds, (4)

v is solution to the free potential equation: id;v + 02v + 851} = 0. This result is independent of the
coordinates system (z,y).



3 Specific aspects of the two-dimensional case

3.1 Choice of the boundary and local parameterization

Let us consider a rectangular domain ) parameterized in cartesian coordinates (x,y) with corners
(w1,31), (z1,92), (2,92) and (z2,y1). For the vertical right boundary ¥, = {(z,y) € R?/z = x4,y €
[y1; y2]}, we use the pseudodifferential operator calculus associated with the partial Fourier transform
in (y,t) to get the DtN operator according to 9, by considering the right half-space. Then, we obtain a
TBC on X4. The problem is that this boundary condition is singular at (2, y2) and does not smoothly
match with the boundary condition that one would get on Xj, := [x1; x2] X {y2} by considering a partial
Fourier transform in (z,¢). This means that additional continuity conditions at the corners must be
developed (see e.g. [27] for the wave equation). To the best of our knowledge, this question has
not been treated yet for the Schrédinger equation. Furthermore, to have an outgoing solution to the
computational domain 2, a convex (regular) boundary 3 must be considered. Therefore, we try to
write a boundary condition on a smooth (closed) convex boundary ¥ parameterized by its curvilinear
abscissa s € [a;b]. The assumption about the convexity implies that the local curvature at s, k = k(s),
is positive.

Let © be a convex domain with smooth boundary 3. We do not detail here all the calculations
and refer to [3] for more explanations concerning the change of variables. For a point M of ¥ with
coordinates (x,y), we designate by 7 the tangential vector to X at M and n the outwardly directed
unit normal vector. In the local coordinates system associated with M, a point M’ close to the
boundary is connected to its coordinates r and s. Since €2 is convex, the projection of the point M’
onto the boundary ¥ is unique, giving hence its curvilinear abscissa s. The radial coordinate r is the
distance from point M’ to its projection according to the outgoing unitary normal vector. Hence, &
can be denoted by X, if ¥, designates the parallel surface to ¥ at distance r. Since X is convex,
we can restrict ourselves to positive values of r, bounded from above by a small parameter ¢, and so
r € [0;¢]. The laplacian in local coordinates (r, s) writes down [4, 2]

A, = 02 + 1,0, + B 0,(R10y), (5)

with the scaling factor h: h = 1+rk and &, the curvature at M’ on the parallel surface ¥,: &, = h™'k.
For the sake of conciseness, we denote by @ the function u written in the local system

u(z,y,t) =a(r, s,t), (z,y) € R?, (r,s) € [0;¢] x [a;b], t >0, (6)
and V,. the locally rewritten potential function
V(z,y,t) =Vp(r,s,t), (z,y) €R? (r,s)€[0;¢] x [a;b], t > 0. (7)
The Schrodinger equation for system (1) is then
0 + 020 + kOt + R 0s(h 1 05)u + Ve = 0, (r,s,t) € [0;¢] x [a;b]x]0; T7, (8)

where 7 and s parameterize the domain 2 and ¢ > 0. In the sequel, we identify u to .



Figure 1: Local generalized coordinates system.

3.2 Discussion on the equivalence between the two strategies

In the one-dimensional case, when V' is only x dependent and by applying a partial Fourier transform,
we have the equivalence between the two (gauge change and direct) strategies according to the identity
(see Lemma 2, page 320, in [5])

Op(a(t =V (zx)))u= ™V Oop (a(T)) (e*itvu(a:, t))

In two dimensions, if one considers the solution to the Schrédinger equation in the half-space {x > 0},
we apply a Fourier transform with respect to y and ¢t. To have a similar property, we have to assume
that V' only depends on one spatial variable V(z,y,t) = V(x), which is unrealistic for practical
applications.

If one works in the local coordinates system with r and s, it seems reasonable to consider the de-
pendence properties according to the computational domain geometry. For example, a radial variable
in a circular domain is characterized by a null tangential variation. In the local system, the potential
writes down V(r,s,t) and we work with the Fourier transform in s and ¢. To get an equivalence
property, we would have to assume that V is s and ¢ independent, which means that the potential is
symmetrically radial and time independent and can be considered as quite realistic now. Then, we
have the following result.

Lemma 1. If a is a symbol in S™, independent of t and s, and V(r,s,t) = V(r), then we have the
equality ‘ ‘
Op (a(T = V(r),&) ulr,s,t) = e Op (a(r,€)) (7 u(r, s,1)) (9)

where & designates the Fourier covariable with respect to s.

Proof. By definition, the pseudodifferential operator associated with the symbol a(7—V (r),§) is given
by a partial inverse Fourier transform

Op (a(T - V(r)’ 5)) u = y(;lt) (CL(T - V(T)a f)ﬂ(T, fa T))

= [ [ alr = V0. (T et e are
RJR



By using the following time variable change p = 7 — V(r) one gets

Op(a(r — V(r), ) u = /R /R a(0,€) (Fioayu) (&, p + V(1)) €06V D dpde.

From the translation properties of the Fourier transform we can simplify the expression

Op (a(r =V (r),&)u ="’ /IR /]R a(p, &) Fsy((r5,) = eV Du(r, 5,6))(r,€, p) € dpde.

Then, we identify the operator with symbol a(p, £) applied to the function (r, s,t) — e~V y(r, s, 1),
ie.

Op (alr ~ V(r). ) u = ™ O0p (a(r). ) (" Vur.1))
which proves (9). O

3.3 Pseudodifferential operators for the two-dimensional case and associated sym-
bolic calculus

The functions that we consider in this chapter depend not only on two variables, the local spatial
coordinates 7 and s, but also on the time ¢. In this framework, the two-dimensional pseudodifferential
operator calculus is realized through the partial Fourier transform (s,t) of a function f(r,s,t). We
denote by ¢ (respectively 7) the covariable of s (respectively t). We have

Flon P50 (16.7) = 75 [ [ Flrs.e e aras (10)

and we set .F = F(y, in this section. A pseudodifferential operator P(r,s,t,0ds,0d;) with symbol
p(r,s,t,&,7) is defined by

P(r,s,t,0s,0p)u(r, s, t) = 9(;1) (p(r, s, t, & m)u(r, &, T)), (11)

that is
P(r,,t, 04,0, u(r, 5,) = / / D(ry 5,1, €, 7)i(r, €, 7) e drde (12)
R JR

where 4 = Fu.

The inhomogeneous pseudodifferential operator calculus that we use in the paper was introduced
in [18] and applied e.g. in [3]. For the sake of conciseness, we only give the useful material needed
here. Let m be a real number and O an open subset of R?. Then (see in [24]), the symbol class
S™(O x R*) denotes the linear space of C* functions a(r, s,t,,£) in O x RT x R? such that for each
K C O and for all integer indices k, o, o, | and f3, there exists a constant C, o, a,,1,8(K) such that

0F 02092 0L0  alr, 5,,1,7,6)] < Choayaus(K)(1+72+€Hm 72,

for all (r,s) € K, t € RT and (1,&) € R%

Let E = (1,2). The homogeneity of a pseudodifferential operator can be deduced from the ho-
mogeneity of its symbol with respect to (¢2,7). Therefore, £2 and 7 are considered as homogeneous
[18, 11]. This leads to the following definition.



Definition 1. A function f(r,s,t,&,7) is said to be E-quasi homogeneous of order m if and only if
for all > 0 and for large (€2,7) we have

f(r7 5? t’ /’L£7 ILI’QT) = /’Lm f(/r’ S’ t? 57 7-)' (13)

For example, the operator with symbol A = \/—7 — &2 is first order E-quasi homogeneous (with
respect to (£2,7)).

From now on, a E-quasi homogeneous pseudodifferential operator of order m € 7Z, denoted by
A € OPSY%, is defined as an operator with a total symbol a(r,s,t,&,7) admitting an asymptotic
expansion in E-quasi homogeneous symbols

a(r,s,t,§,7) Zam]rstf, ), (14)

where the functions a,,—;, j € N, are E-quasi homogeneous of degree m — j. The meaning of ~ in
(14) is here

Vi € N, me ;e gpmmr), (15)
A symbol a satisfying the property (14) is denoted by a € S%' and the associated operators A = Op(a)

by A € OPS%. Finally, we introduce OPS,™ as the intersection between all the classes OPS}, m € Z.
For P and () two pseudodifferential operators with respective symbols p and ¢, and m € Z, we set

P=@Q mod OPS%H (16)

or equivalently
p=gq modSE (17)

if the difference between the two symbols fulfills: p — ¢ € S%'. Finally, the composition formula for
two operators A and B with respective symbols o(A) and o(B) writes

2 il
o(AB) =) ( a)! 0z 10 (A) O, o (B). (18)
|a|=0

Furthermore, if 0(A4) € S and o(B) € S}, then we have 0(AB) € Sp*™. In (18), v is a multi-index
(a1, a2). We use the classical notations for multi-indices. In particular, its length |a| is defined by:
|a| = a1 + ag. The factorial is defined by: a! = a;!as!, and we introduce the derivative according to
(&, 7): aa A= 91022 A(r, 5,t,€,7). These classes of operators allows to define an associated symbolic

calculus [18 1]. Finally, we have: o(0s) = i€ and 0(9?) = —&2.

3.4 FE-quasi hyperbolic, elliptic and glancing zones

Let us recall that the ABCs will be built in the high frequency regime. More precisely, we consider
the following definition with E = (1,2) [7].



Definition 2. We define the E-quasi hyperbolic zone as the set H of points (s,t,&,T) such that
H={(s,t,&,7),—7 — £ > 0} (19)

The construction of the ABCs is then realized under the microlocal assumption that the points
(s,t,&,7) lie in H. This hypothesis characterizes the propagative part of the wave. Two other regions
can be also defined: the E-quasi elliptic zone £ given by

E={(s,t,&,7), -7 — 2 <0}, (20)

which gives the evanescent (exponentially decaying) part of the wave and the E-quasi glancing zone
which is the complementary set G of £ U 7. This last region is reduced to {0} if u is not tangentially
incident to . We always assume here that the frequencies are defined in . This assumption is not
always valid but is true if we suppose that the evanescent part is reduced to {0}.

4 'Two possible strategies

To build the asymptotic expansion of the DtN operator on ¥, we factorize the Schrodinger operator
with Nirenberg’s techniques [24] in the generalized system (r,s) given by (8). This allows us, as in
the one-dimensional case, to obtain the DtN pseudodifferential operators A~ and A" characterizing
respectively the incoming and outgoing wave. Two strategies can then be followed according to the
fact that the gauge change is applied or not. In each case, we are going to explicit the underlying
Schrodinger operator on which a factorization is made.

4.1 Strategy I: gauge change method

The first strategy that we consider consists in applying the gauge change before building the boundary
condition. Let us recall that the change of unknown (4) leads to the TBC for a potential V' = V()
and a half-space. Let us introduce the phase function V

¢
Virosit) = [ Vitrs.)do, (21)
0
and do the change of unknown ‘
v(r, s, t) = e VS G(r, s, ). (22)
Then, the new function v is solution to the variable coefficients Schrédinger equation
10 + 020 + (K, + 2i(0,V)) 0pv + h™195(h™105) + 2i(05V)05v + Gv = 0, (23)

where G is the zero order operator given by
G =ik, (0,V) + 102V — (0, V) +i0?V — (9sV)% +ih 1 (9sh1)(9,V). (24)
Hence, after the gauge change, function v is solution to
L(r,s,t,05,0;)v =0, on Qrp,
with L defined by
L =0+ 07 + (K, + 2i(0,V)) 0y + h 105 (h™105) + 2i(95V)0s + G. (25)



4.2 Strategy II: direct method

The second strategy consists in directly working on the operator involved in (8), that is
L =0 + 02 + £ 0r + h 1 05(h105) + V. (26)

Unlike the gauge change method, a term related to the potential will be handled in the principal
symbol AT,

Remark 1. As in the one-dimensional case, the difference between the two strategies is related to two
points. First, the gauge change (22) is only applied in the first strategy while we directly work on u
in the second method. However, a second difference concerns the choice of the principal symbol. In
the direct method, and unlike the gauge change, zero order terms are included in the principal symbol
to compensate the gauge change effect. Following this strategy, another strategy, called strategy 0,
which is more basic may be considered. This aproach would consist in neither applying the gauge
change nor taking the potential into the principal symbol. However, like the one-dimensional case and
as seen later (see Remark 4, page 23), this strategy corresponds to a high frequency approximation,
for large |7|, of strategy II via a Taylor expansion. We note that this is however the approach used in
[4, 7].

4.3 Unification of the strategies

In a unified framework, we are now led to build a boundary condition for the Schrodinger equation
with variable coefficients A and B

(10 + 02 + (kr + A) Oy + h'05(h105) + B)w =0, on Qr, (27)

where A and B and the unknown w differ according to strategy I or II. For the gauge change, the
unknown is w = v = e~"u and

A = 2i(0,V), B =2i(0,V)0s + G. (28)
For the direct method, the unknown is w = u and the coefficients are

A=0, B=VY,. (29)

4.4 Symbolic system
The operator L associated with the general equation (27) writes down
L=1i0 4+ 0%+ (k, + A) 0, + h10,(h™10,) + B (30)

where the operators A and B are given by either (28) or (29). We have the following factorization
theorem.

Theorem 1. Let L be the Schridinger operator with coefficients (30). There exist two first-order ho-
mogeneous classical pseudodifferential operators A* = AT (r,s,t,0s,0;) € OPS;,%, smoothly dependent
with respect to r, and such that

L(r,s,t,05,0;) = (0 +iA")(0, +iAT) + R (31)

10



where R = R(r,s,t,05,0;) is a smoothing operator in OPS;>. Furthermore, the total symbol \E =
o(AT) of A* admits an asymptotic expansion in E-quasi homogeneous symbols

o(AF) = AT ~ Z)\ (32)

where )\li_j € S}E_j for j € N. These asymptotic expansions are unique once the principal symbols /\it
are fixed.

Proof. To prove the result, we develop the expression (31) of L and group together the terms in
decaying power of 0,
L=0?+iA"0,4+i0,AT —A"AT +R.

By using the identity 9,A" = AT9, + Op (0,A), we deduce
L=02+i(A"+A7)d, +i0p (9, A7) — A"AT + R. (33)

Then, we can compare (30) and (33) and identify the terms of the same order in 9, in the two
expressions, modulo the smoothing operator R of order —oo. We obtain the system

iAT+A )=k + A

iOp (0, A1) = AAT =0, + h 1 9,(h™'0,) + B (34
The term h~9s(h~10s) can be developed as
“19,(h10s) = R hT10? + hlo, (W10, (35)
implying that the symbol of this operator is
o (h'05(h710,)) = —h 2% +ih 1 os(h )&,
Furthermore, the symbol of A~A™ being given by (18), (34) leads to the symbolic system
iAT+AT) =k +a
AT — f (_;)!la O pATOL AT = =T — R +ih T (O E+ b (36)
|la[=0

where a = A and b = B, respectively, designate the symbols of the operators A and B, respectively.
In the gauge change case, we have

a = 2i(0,V), b=—=2(0:V)¢+ g, (37)

where g = G is the zero order operator defined by (24); for the direct method, the symbols are given
by

a =0, b="V,. (38)

We now have to determine the asymptotic expansion in E-quasi homogeneous symbols of the total

symbol A*. This asymptotic expansion is obtained by identifying in (36) the terms of the same order

11



of homogeneity. Before that, system (36) can be reduced to one unknown, A*. Indeed, the term a
only depends on r, s and ¢,but not of &, nor 7. We first extract A~ from the first equation

AT = -\" — ik, —ia.

This expression is then injected into the second equation. But, as the terms x, and a do not depend
neither on 7 nor on £, we have

At —ik, —ia ifa=0
(9(62,T))\_ —

—0% At if |o| > 1.

In the infinite sum of the second equation of (36), the terms can be written as
AT — ik AT —dadt ifa=0
o -/« +
HenA Fspr =
ATo

-0 AT if |a] > 1.

(&7) (s:t)

Hence, the second equation of (36) gives

i)l
iOAT + ik AT it + Z ) 0 AT AT = = =R i (0T E+ b (39)
|a|=0

This last equation will be the starting point to get the symbols >\1+_ i J €L, which in each case lead

to an approximate boundary condition. O

The factorization (31) indicates that the reflected part of the wave is given by wt = (9, +iAT)w
The TBC is then .
wt = (Op +iAH)w =0, on X7, (40)

where the pseudodifferential operator A* is defined by

AT =AF

- (41)

Like AT, the operator A* can be developed in homogeneous symbols and its expansion is given by
o (A+) ~3 N (42)
=0

where

S = (W), (13)

As a consequence, determining the operator AT requires the computation of its boundary symbols:
(A j)\r~:0- We approximate At by truncating its asymptotic expansion (42). Keeping its first M
terms (Ai1—;)o<j<m—1, the approximate boundary condition of order M writes down

M—1

Onwps + 1 Z Op <X1_j> wy =0, on Xp,
7=0

12



where wyy is then an approximate solution to (27). In the gauge change case, we then apply the inverse
change of unknown w = e~*u to express the approximate boundary condition on uy;. The question
is now how to compute the first M symbols of the asymptotic expansion of AT, for each strategy and
finally evaluating the symbols on the boundary for r = 0.

4.5 Adding terms in the principal symbol

We can classify the terms appearing in the right hand side of (39) in three classes: the second order
terms, which must be included in the principal symbol; the potential type terms of order zero which
will be considered in the principal symbol only for strategy II; and some first order terms that may be
included or not into the principal symbol for both strategies. The key argument allowing to determine
if a term may be included in the principal symbol is related to the sign of the imaginary part of )\f
which guarantees that the wave is outgoing. As in the one-dimensional case, we have the following
lemma.

Lemma 2. The principal symbol \f (s,t,&,7) of AT must satisfy the following high frequency condition
Im (A\] (s,£,£,7)) <0, for|r| > 1. (44)

Proof. The idea of the proof is the same as in the one-dimensional case. Let us first consider the case
of a principal symbol of the form: A\j = )\f (&, 7), corresponding to the tangent plane approximation.
The artificial boundary condition at (z,y) of ¥, described by its local coordinates (r, s), is given by

orw(r,s,t) +iOp (AT) w(r,s,t) =0, for ¢ € [0;T].

The first symbol being the leading order term in the asymptotics of AT, we have the following first
order approximation

Orw(r, s, t) +i0p (A ) w(r, s, t) =0, for t € [0;T).

Applying the partial Fourier transform according to (s,t) to this equation leads by definition of the
symbol of an operator to

O (r, &, 7) + X (€, 7)i(r, €, 7) =0, (€,7) € R (45)
Integrating this ordinary differential equation with respect to r gives
w(r,&,7) = Ae=MEDT for (¢,7) € R,
A L?(Q) integrability condition for the frequencies in the elliptic zone &€ defined by (20) gives that

Re(—i\]) < 0. Since Re(—iA]) = Im(\]), we deduce condition (44). If A\] = \[(r,s,t,&,7) also
depends on 7, s and t, we consider large |7| and we asymptotically get

)\T(T, s,t,¢, T) ~|r|—=oo )‘ii_(r(b 50,0, 7-)7

where the points g, sg and ¢y are given. Similarly, we obtain on )\;r (z0,to, T) the necessary condition
Im(\{ (7o, S0, t0,&, 7)) < 0 for large |7|. We deduce (44). O
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As a conclusion, we may include in )\1F
e real valued terms (as for example the potential) without sign restriction;

e complex valued terms as soon as their imaginary part has a fixed sign: a complex valued term
with a positive imaginary sign will lead to choose the negative sign in front of the square-root
defining )\;r while a negative imaginary part will lead to a plus sign. If the imaginary part of the
complex term has no sign, then we cannot characterize the outgoing wave. This case will not be
considered in the sequel.

5 Strategy I: gauge change

In this strategy, we made the change of unknown (22) and we must solve the equation (39)

oo (Lpylal
) Lo + + (=) o + A +
00T ik AT =20, V)N + Y ar et %unt
|a|=0
= 7 —h 2 +ih T (9hT)E = 2(0V)E+ g, (46)

with
g = ik 0V + 002V — (0, V) +i02V — (0,V)* + ih Lo,h 10,V

5.1 Choice of the principal symbol

The first question concerns the choice of the principal symbol which directly impacts the symbolic
calculus. We obtain the principal symbol by identifying the second order terms in the equation (46).
In the left hand side, the second order term is: ()\;F)Q. However, different solution exist for the right
hand side. Strictly, the second order term is: —7 — h™2£2, leading to the principal symbol

A =+ — h 282

The characterization of the outgoing wave leads to choose the correct sign. However, an inhomogeneous
point of view allows to handle in the principal symbol )\f’ any lower order term, like for example in
the one-dimensional case where we fixed the principal symbol to )\IF/Q = —v/—7 + V. Initially, many
possibilities can be adopted for the principal symbol if we include or not the terms ih~!(9;sh~1)¢
and/or —2(9sV)¢ and/or g. To guarantee that A\]” corresponds to an outgoing wave characterization,
we must check that condition (44) holds. This implies that complex valued terms with unsigned
imaginary part cannot be considered in the square-root. This is typically the case of the first and
third terms. The term —20;V¢ can be included since it is real valued. Finally, two admissible solution

may be considered
A =17 —h"2¢2 (47)

and

A= —V/—1 — h262 — 29, V¢. (48)
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The main difference between symbol (48) and all the other symbols is that its evaluation at r = 0
always include a term involving &

A= —/—7 — €2 = 2(d,V)E.

This term is multiplied by the tangential variation of the phase function V which has an a prior:
relatively small amplitude since the radial variations of the potential are generally larger. The extreme
case is the radial potential V' (r, t) since sV = 0. Hence, the information contained in the term 2(9;V)&
can be considered as relatively limited and will not be included inside the principal symbol. It will
however appear in )\ar when identifying the first order terms in the equation. This precisely corresponds
to the choice (47) as principal symbol.

Concerning the gauge change, only the asymptotics given by (47) will be considered. Two ap-
proaches are then derived for each strategy, one based on a Taylor expansion for high frequencies ||,
and the other one based on square roots of operators which will then be numerically approximated
by Padé functions. Even if the Padé approximation itself is practically treated in [6], we will always
refer to as Padé approach for strategy II.

5.2 Symbols computation

The principal symbol )\f being fixed by (47), we successively compute the next symbols following the
symbolic calculus rules for the two-dimensional situation. To obtain AT, we consider the first order
terms in (46)

PN + ik AT = 200 V)AT + 20T NS — 10 AT O A = ih 1 Osh e
giving /\g
i

X=-3

1
fr+ OV + (=0 A] + 0 AT O +ih o ,hTE — 20,V€)
1

and then
. s -1 .13 2 -5 3
IV PPN U Y s @V)¢ i h3(9,h)E h=3(0,h)¢

{
+ 2 .
2 2/—r—h22 /7 —h2W2 2-T-— h=2¢2 2 /- _ h*2£23

Next, we compute AT, and AT,. Since the calculations are too cumbersome, we do not give the
p 1 2 g

(49)

expressions of these symbols. We only report Xj, which are the evaluations of )\j atr=20

A =—v-1-¢, (50)

) o,
5\02—%&+8HV+ \/(%—;fé e (51)
oolomt 1 @mE LoV - (OV) 1G0Y — (V)¢
8/—r—¢ 27— 2 [ r-¢ 2 \/_7_7_523
3 2k Ck(9sV)E3 1 (0sk)E3 5 w2t
BRI e S T ST O 52)
3 ; 2 .

R S L e R (53)
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Remark 2. Since many terms appear in X_g, we do not consider all of them. All the terms in A_y are
FE-quasi homogeneous of order —2 but can also be written either as the ratio between a zero order
term and a symbol of order 2, or as the ratio between a first order symbol and a symbol of order 3
and so on. The common point is that the terms in 7 only appear in the denominator. In the Taylor
expansion of the symbols, the asymptotics will be made according to large values of |7| in the E-quasi
hyperbolic zone H. For the fourth order condition (the highest order considered in the present paper),
we will only keep terms in at least 7! and higher. Since the terms in the expression of A_s have a
denominator of the form /—7 — 523, (=7 — €2)2, ..., leading to terms of the order of 773/, 772 .
in the Taylor expansion, they will not be considered in the fourth order condition. Finally, the terms
which are not given will not be considered in the writing of the boundary conditions until the fifth
order for the Taylor approach. They are not necessary either in the Padé approximation since this
approximation is more accurate. For this reason, only artificial boundary conditions taking Xl and Xo
will be considered in the Padé approach.

Considering the symbols (50)—(53), we get the boundary conditions of order M, M € {1,2,3,4},

for v, given by
M—1

On¥ + 1 Z Op <X1_j> v=0, on Xr.
j=0
In terms of unknown u, we have the ABC of order M
Onu — 10y Vu + ie'’” Z Op (Al_j> (e”vu) =0, on X7, (54)
§=0
where V is the phase function. The next step consists in interpreting the operators Op (&) in such

a way that (54) is written in terms of explicit operators. This is done for both the Taylor and Padé
approaches.

5.3 Interpretation of the ABCs for the Taylor approach

In this approach which is also considered in [4, 7], we make a high frequency asymptotic expansion of
the symbols for |7| > £2 in the E-quasi hyperbolic zone H. Let us introduce

Mo = (Xl_j)(a) +0 (o712, (55)

where (5\1,]-) designates the truncation of the Taylor expansion of 5\1,]- by limiting to terms of
(e

order at least equal to a. From a general point of view, the order M condition is given by

+o00
Ont — i Vu + ie’ Z Op <<X1j) > (e_ivu) =0, on .
§=0

(1-M/2)

However, this sum is in fact finite since the terms of order 1 — M/2 are only contained in Xj, for
1<j<2— M. The order M boundary condition writes down

M—1
Onu — iy Vu + ie’” Z Op ((Xl_j) ) (e_ivu) =0, onX7. (56)
§=0

(1-M/2)
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In the sequel, we denote this ABC by ABC1 7, the index 1 refereeing to as the first strategy and

the index T to the Taylor approach. By using the symbols Xl, }V\(), X_l and X_g, we can write four
boundary conditions, from the first order condition

Onu — 10nVu + ieiVOp (<X1> (1/2)> (e_ivu) =0, on Xp,

to the fourth order one

Ontt — 10 Vu + ieWOp ((Xl)(—n + (Xo)(_l) + (X_1)(_1) + (X_2>(_1)> (e*ivu) =0, onXgp.

Since we have

1
-7 2 /7 <3/2>’
i oV ing (1
)\0— 2/€+8nv+\/_—7_+2 - +O 7_2 s
- 2 92V 2
5 k1 1305V — (0sV) +1831<a§+0< 1 )7

TR V= 2 =7 2 71
- i@nV 282 ik 10sk05V 1
A - = + + 0 ;

274 81 81 T

the truncated symbols are given by

B 2
(Al)(_ - 2\£—ﬁ’
()= 2 2
( ) . _ I*iz 1 1i0%V — (0sV)? . JRS
(>

8 N —T 2 N =T 2 7’
) _28 \%4 183 i&3+1831<c851/
-1y 4 7T 8 T 8t 2 T

Let us now write the fourth order condition (the lowest order ones can be deduced directly) for
the function v

. K . . ’f2 52 2 2 1
Onv —i0p (V—-7) v+ 5Y + i0n Vv —iOp <<8 — = —0sVE+ - (zf) YV — (0sV) )> ﬁ> v
k&2 i0skE KD 852/<c OnV 10550V 1 B
+Op<<—2+ 9 +§+ 3 - 4 + 9 ; v=20 (57)
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Since v = eV (and eVopv = Oqu — i0nVu) we obtain

Onu — ie”Y Op (\/ —7') (e_ivu) + gu

. N 1, 1 _Z.
— eV Op ((8 -5~ 0sVE + 5(18521) - (881/)2)) \/TT) (e Vu)

WV _L§2 10sKE /13 agn_anv 105505V 1 Vo
+60p(<2+2+8+8 TR —) (7" u) =0 (58)

It remains now to interpret the operators given by their symbols. Hereabove, the surface laplacien Ay,
is a constant coefficients surface operator on ¥ since Ay, = (A;)|,—o (the surface laplacian corresponds
to the evaluation on the boundary of the laplacian written in local coordinates). Since we are working
in a two-dimensional setting and that we can use a global parameterization of the boundary, only
Ay, = 0? remains. This would not hold for the three-dimensional case. We finally have

Op (—52) = Ay, Op (=€) = i0s, Op (—f<;§2 + i@smf) = mf?sz + 0sk0s = 05 (KOs) .

Furthermore, symbols in 7 lead to

. —im —1 im/471/2 1 ;
Op (—z —T) =e /482/2, Op < = —¢ /4It , Opl|—) =il
VT T

The fourth order ABC is then

Onu + ffi”/‘lewﬁtl/2 (e*ivu) + gu

8 2 2

. 3 2 ) .
_|_Z'61V <as(’;as) + K _’_Sasﬂ . 81:1‘/ + Zas/;asv> I, (eﬂvu) -0

In the sequel, we will try to obtain a priori estimates. For this reason and as in the one-dimensional
case, a symetrized version of the ABC is preferred. This leads us to symmetrize the term which
depends on the potential 9,V /4 by writing 0nV = 8g(0nV)/|0nV|/|0nV|. The fourth order ABC,
denoted by ABC‘iT, is then given by

. . 2 A 1 i
_ eim/4giV <K“ + 2% 130V, + 7(20‘3]; _ (8SV)2)> ]tl/2 (e—lvu)

Dot + e—m/4eivat1/2 (" Vu) + g“
, , 2 A 1 j
- (U4 B2k i.vo,+ 02 — 0 ) 1V ()

. 3 2 ) .
eV <8s(/<a83) k® + 0ik n z@s/ﬂ@sv> 1, (e‘zvu)

2 s 2
OV a1 (VIBaVie ) = 0. (59)

We can clearly extract lower orders ABCs from this construction. These ABCs will be discretized by

using discrete convolutions associated with the operators 83 / 2, Itl/ % and I; [5, 6, 7, 4]. The results are
summarized in Proposition 1.
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Proposition 1. In strategy I and following Taylor expansions, the ABCs of order M are given by
Onu + A%Tu =0, on X, (60)

where the operators A{\f[T are defined on X by

AiTU _ e—m/4eivatl/2 (e~ Vu) + gu’ (61)
A pu = A3 pu— e <";2 + % +1i0sV0s + %(z'agv - (asvf)) L7 (e ™),  (62)
A = A3 g+ e (35(/;85) n K3 gagﬁ 4 iasf;(?sv> I, (¢ )

~ B0V B VeV, (Vi) (63)

and where the phase function V is given by
t
V(z,y,t) = / V(z,y,0)do.
0
These ABCs are denoted by ABC{\{T in the sequel.

5.4 Interpretation of the ABCs for the Padé approach

We can also write the boundary conditions by keeping the symbols and approximating them by Padé
approximants in view of an efficient numerical implementation. We will define the ABC of order M
as the boundary condition simply obtained by retaining the first M symbols

M-1
Ot — 10,V + i€ Z Op (Xl_j> (e”'vu) =0, on X7.
=0

The boundary condition is denoted by ABC{‘ffp. Since the exact symbols contain more information
than for the Taylor approach, we will (arbitrarily) keep less terms leading to lower order boundary
conditions. The second order boundary condition which considers the two first symbols A; and g
writes down

2
Onv — i0Op (\/ -7 — 52) v+ gv — On Vv +1i0p <(M> v+ %Op (_7/_{5_ 52) v =0. (64)

Na—2

Going back to u by the change of unknown, we obtain
Onu — i€’ Op (\/ —7 — §2> (e_wu) + gu

+eYOop (;_878_1/_{€2> (e*ivu) + }eWOp < ’igj > (efwu) =0 (65)




We have the following link between the symbols and the operators
Op (\/—T - g?) = \/i0; + Ay,

Op (“) = 0, (i0, + Ax) V% = (10, + Ag) Y2 0,

2
Op <_€> = —Ax (i0, + )™ = = (0, + Ax) ™! As. (66)

Here, since the operators to identify are independent of s and ¢, these substitutions are exact unlike
what we will observe in the second strategy. Hence, we have the second order boundary condition

Ouu— ie™ /i, + Ay (V) + Zu+ 9,VeV 0, (10, + Ax) ™ (e Vu)

— ge“’ (i0: + Ax) " Ax (e Yu) = 0. (67)

The first order boundary condition is deduced by truncation. We do not give the higher order boundary
conditions which would not be useful for computational purpose. The following proposition summa-
rizes the results.

Proposition 2. For strategy I and following a Padé approximation, the ABCs of order M are given

by
Onu + A{\f‘fpu =0, on X (68)

where the operators AJI\/[P are defined on X by

Aipu = —ie'V\/i0; + As, (e_ivu) , (69)

A} pu=Af pu+ gu + 0V 8, (0 + As) 2 (V) — gew (10, + Ax) " As (eYu) . (70)

We specify these boundary conditions by ABCLP.

Remark 3. Looking at (66), two equivalent interpretations are possible for A\t,: Ag (id; + Ag) ™

or (i0; + Ag)fl Ay. We choose the second solution for implementation issues in a finite element
framework [6].

6 Strategy II: direct method

In this strategy, we directly work on the equation (8) and we must solve the equation in A™ given by

(39)

—+00 i |a\
0 AT ik AT+ > (;jaggﬁ)vag’r)ﬁ = —7 — h2& +ih Y shHE+ V. (71)
la|=0 ’
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6.1 Computation of the symbols

Let us begin by fixing the principal symbol. This can be achieved by extracting the second order
terms in (71). Like the gauge change, we must determine which second order terms in the right hand
side of (71) must be retained. The direct method consists in including the potential in the principal
symbol to compensate the gauge change effect. We exclude the case \| = +1/—7 — h=2£2 (which
corresponds to the zero order strategy in Remark 1 leading to less accurate ABCs). Considering the
term ih~19sh 1€ is excluded since we have no sign control. Finally, the principal symbol is

A =FV-1 - h262 1V, (72)

The sign of Af is chosen to fix the outgoing wave. The term —7 — h =262 + V. is real valued and its
square-root is a complex number with a null or positive imaginary part. Therefore, the minus sign
must be considered to get a negative imaginary part for )\f. The principal symbol is then

A = V-1 —h262 1V, (73)

The computation of )\a“ is obtained by considering the first order terms in (71). These are solutions

to
IO + ik A+ 20N = ik (9:hh)E

However, since )\f is non homogeneous, OT/\T is the sum of two terms with different homogeneities,
respectively 1 and —1,

d,(h~1)¢e? B 0.V,
W —T—h22 4V, 2/—7—h22 4V,

DA =

We use the notation: (&Af)l to designate the part of 9.\ which is of order 1, and similarly for the
order —1. With these notations, the equation for the first order terms writes

i (0:A]), +ike AT + 207N = ih 1 (87 HE.

The term of order —1 (8,)\1*)71 will be considered when the terms of order —1 will be collected in the
computation of )\J_r2. Hence, all the terms of each equation must be carefully studied to know their
correct order. Finally, we have
Ao byt RS i h=2(9,h~2)¢3
0 2" 4—7—h22+ih Y (Osh 1)E+V, 4\/—r—h—2§2+7Lh—1(8sh—1)§+v;3.

We also compute Afl and )\J_FQ which are next evaluated at r = 0 to get the associated operators AT
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This gives

M=—V-T-4V, (74)

< i i KE2

A S g i
5. 1 K2 1 Osk€ 3 K2E2 1 k€3
TR gy 284V A gy 2(r-@+V)
5 2¢4
R 5 S (76)
8—r—e+v
< —i OV i 0%k i K3 134 KOskE 10,V E
4 —71 -4V 87’—5 +V 87‘—€ +V 8 \/7._52_’_‘/ \/T—§2—|-V
13i K32 N 3i02kE? 19ik0,kE3 N 5i02 k&l
8 (r=+V)2 (r=8+V)? Loaypy -84V
27i ¢4 25ik0skED 15i 3¢6
2 fff - ik0sKE . Fc2§ . (77)
8 (r—¢ +V) [T -2 4V 8 (1—&2+7V)
For the symbols (74)-(77), we get the ABCJ! of order M, M € {1,2,3,4},
M-—1 =
Ont + 1 Z Op (Al_j> u=0, on Xr. (78)
=0

The next step consists in interpreting the operators Op (X]) in such a way that the ABC (54) is

explicit in terms of operators. As before, we consider both the Taylor and Padé approaches.

6.2 Interpretation of the ABCs for the Taylor approach

In this approach, we consider an asymptotic expansion of the symbols Xl, Xg, X_l and X_g for large | 7|
in the E-quasi hyperbolic zone. Taking the notations (55), we get the symbols asymptotic expansions
to the order —1 in 7

- - 2 v\ 1

(/\1)(71) sV (2 B 2> V- (79)
~ i i KE?

() Ly =3 F 57 (80)
~ 1 k2 1 0sk€

(A*)(_l) ~ TRy T2 s (81)

= - — = - - 2
4 T 8 T 8 T (8)

Then, we can write the fourth order ABC in terms of symbols

nu—i—zZOp((/\l_j) 1))uz(), on X,

<~ >( 1)_i(9nV i 0%k ik
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which gives
; ; 2 A Vv
Onu + 67”/48,51/2u+ gu — im/4 <K8 + =2 > Itl/zu

2 2
(0s(kOs) KD 0Pk OV B
+%2+8+8__4 frw=0

Like for the gauge change method, we try to obtain a symmetrical ABC to get a priori estimates. We

, by writing

=sg(V)VIVIVIV]
OV =3g(0nV)V |0V |V |0nV]

The resulting ABC is denoted by ABC‘Z{T. We directly have some lower order ABCs. The result is
embedded in the following proposition.

symmetrize the two terms 5 and — 4

and

Proposition 3. In strategy II (direct method) and by using a Taylor expansion, the ABCs of order
M are given by

Onu + A%Tu =0, on Xy, (83)
where the operators AS{T are defined on X by
A%yTu = e*”/48tl/2u, (84)
A%m:Ahw+gw (85)
. 2 A
A3 gu = A3 pu — &/ <"é + ;) [ Pu— ”/4Sg LV (VIVIu). (86)
0s (KOs 3402 6 V)
A = A2Tu+z< (’; ) & ; 8”) Lu—i 89 B, (\/|8nV|u). (87)

The boundary conditions are denoted by ABC o in the sequel.

Remark 4. Let us note the symmetrical form of A3 5 and A . We also obtain here the ABCs expected
from strategy zero (see subsection 4.2, Remark 1) This shows that strategy II is more general.

6.3 Interpretation of the ABCs and Padé approach
For the Padé approach, the first order ABC is obtained by retaining the first symbol M

Bntu — iOp (\/—r—§2+v)u:o (88)

and the second order ABC by adding Xo

2
Ontt — 10p (\/—T—§2+V>U+EU+%OP <K£> u=0. (89)

2 —-T—-&24V

Since we consider the symbols globally, we retain less terms in the expansion. For implementation
issues, it is necessary to interpret the operators. We use the following approximations.
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Lemma 3. We have the following equivalences

Op <\/—T - &4 V) ~ \/iat +As +V  mod OPSE1 (90)
and o
I{/ . —
Op <—7’—£2+V> ~ =k (i0; + As + V) ' Ay mod OPS.>. (91)

Proof. Let us consider the first equivalence (90). We set A = \/i0; + Ay + V which is a first order
operator in (£2,7). Therefore, it admits the asymptotic expansion: o(A) ~ Z;;OS o1—j, where the
symbols o1_; are homogeneous of order 1 — j, j € Z. We now determine this asymptotics thanks to

A =i0+ Ax+V =0p (-1 —E+V). (92)
Furthermore, we have
“+o00 . |a|
¢ (0% (6%
a(A%) =" (a)!a(g,T)U(A)a(s,t)U(A)- (93)

|ee|=0

Using (92) and (93), we compute the symbols o1_j, j € Z. The identification of the second order terms
leads to —7 —&2+V = 02, and to the principal symbol: o1 = \/—7 — £2 + V. The identification of the
terms of order 1 gives 0 = o109 + 0901, and og = 0. Similarly, we have: 0 = 20101 + 08 — 10010501
and hence 0_1 = 0. Finally, the terms of order —1 lead to 2010_2 = i0:010s01, which gives

i (0sV)¢

b/ rmexv

O_9=—

Finally, the asymptotics of A is

O Ny 2 DY vy S SN 2 14

L/ rmexv

We deduce that y/—7 — &2 + V is the principal symbol of A and we have

(Vi +Ax +V)=y/—1—€+V mod Sz

and (90) at the operators level.

We proceed in a similar way to show (91) by introducing B = (i0; + Ax + V) This is an
operator of order —2 with a total symbol such that: o(B) = Zj:og 0_o_j. Since o(B™1) = o(id; +
As + V) = —7 — 2+ V, we have the identity

-1

“+o0 _ \a|
_ 1 o o _
1=0(BB )= > ua(gj)(;(J_Lz)a(sﬂt)a(B .

!
(o2
|ae|=0

The terms of order 0 give 1 = 0_90(B™1) = 0_o(—7 — (2 4+ V) and



We next obtain the equations 0 = o_30(B~!) and 0_3 = 0, then 0 = 0_40(B~1), and 0_4 = 0.
Finally, the terms of order —3 lead to o_50(B™1) = i0¢o0_20s0(B~1), and

2i0sVE
o_5= .
T @4 vp
We deduce the asymptotics of the inverse operator
1 2i0sVE

a((i8t+Ag+V)*1)~ S

@4V (- +V)

We can now compute the asymptotics of —k (i0; + Ay + V)_1 Ay. Function k is independent of &£
and 7, and so

o (—n (0 + As + V)™ Ag> S— ((i@t +Ag+ V)7 Ag> .
By the composition formula, we can write that
. - = (=) . -
ko ((z@t +As+ V) Ag) LD Dt <(18t +As + V) 1) 0% o (Ax)
|a|=0
ey ((i&t +As + V)*l)
since all the terms are equal to zero for |o| > 1. Hence, we have

K £2 2ik0,V £
—T—&+V  (—T—-£+4V)

0<—n(i8t+Ag+V)_1Ag>~ S

2
The SyHlbOl m

leading to (91). O

can finally be interpreted as the principal symbol of —k (i0; + Ay + V)_1 Ay,

From Lemma 3, we deduce ABCs for strategy II that we denote by ABC%P, and which are given
in Proposition 4.

Proposition 4. In strategy II and following a Padé approach, the ABCs of order M are given by
Onu + Aé\fjpu =0, onXr, (94)
where the operators Aé\ffp are defined on X by

Aj pu = —i\/i0y + A + V u, (95)

A2 pu = Ad pu+ gu - g (i0; + As + V) ! Asu. (96)

The ABCs are denoted by ABC’é\fIP.

Remark 5. We saw in paragraph 3.2 that for a time independent radial potential we have the corre-
spondence between the gauge change and direct methods. It can be proved that this is the case for
the ABCs ABCJI\?P and ABC%P by using the Padé approach while not for the Taylor approach where
the symmetry is broken.
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7 A priori estimates

7.1 Principle

We have four families of ABCs related to Strategy I and II, Taylor or Padé approximation. These
ABCs are given in Propositions 1, 2, 3 and 4 for ABC{V[T, ABC{V[P, ABCQ/[T and ABCS/[P, respectively.
In [7], for the free-potential equation, ABCs have been built andforrespoﬁd to strategif 1T with Taylor
approximation for V' = 0. For these ABCs, we have the following result [7].

Proposition 5. Let ug € L*(Q) and u solution to
(10 + Au) =0, in 0 x RT*,

O+ TMy, =0, on ¥ x R, (97)
u(z,0) = up(z), in Q,

where the operators TM are defined on ¥ x RT* by

T'u = e_”/46t1/2u, T?u =T u + gu,
. 2 A
Ty =T —e™/4 (2 4 22 Itl/Qu,
8 2
3 1 82
T = T3u + i (’; + §88(/@68) + 5;) L.

Then, u 1s unique and defined in C ([O;T], LQ(Q)). Moreover, u satisfies the energy inequality
vt e [0;T],  lu®)lr2) < lluoll2 - (98)

The idea is to generalize this Proposition to the ABCs with potential, that is ABCJl\fIT or ABC%‘TIT.
For A{\{T and Aé\f[T, this seems pretty simple to generalize Proposition 5 to A%T because of the symmetry
of the operators. This is however more difficult for A‘iT (and A‘iT) since we have no sign control on
102V — (0sV)2.

For the second strategy, the operators are closer to TM since there is no change of variable. The
interesting point is to analyze if the added terms modify or not the result. For AiT = T! and
A%’T = T2, the result is direct since it does not include any potential term. The operators A%T and
A%,T are respectively modified by terms V and 0,V compared to 7% and T%. Our study will mainly
analyze these two additional terms. We will need the following Lemma [9].

Lemma 4. Let ¢ € HY/*([0;], L*(X)) and ¢ € L* ([0;¢], L*(X)) that we extend to zero on R\ [0;1].
Then we have

/R Eg@(s,t’) ai/zgo(s,t')dt'dil € ™R U e T/ARY, (99)

X

| _6) (s, t)atds € R U e iT/IRY, (100)
X

A Ew(s,t’) Iy (s, t)dt'dy € iR. (101)
X
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Proof. Let 7 and & be respectively the Fourier covariables of t and s and let @ be the Fourier transform
of u. Let us first remark that for a general pseudodifferential operator P(s,t ¢, 7) with symbol
p(s,t',&,7), we have the identity

/ @(s,t’)P(S,tC88,8t)<ﬁ(s,t’)dt’dE=/ p(s,t',&,7)|@(€, )| *drde. (102)
RxX RxR

Indeed, Plancherel’s Theorem implies that

/ p(s,t')Pp(s,t') dt'dx =/ F () (&) F (P p(s,t')) (& 7) drde.
RxX RxR
But, from the definition of the symbol of an operator, we have

F (P (s, t))(&7) =0 (P) (& 1) =p(s,t', £, 7) (& 7),
and so (102)

/ 205, 1) Pp(s, ') di'dS: = / BETIp(s, 1, €, T)P(E,7) di'dS. = / p(s,t',€,7)|(E, 7)|Pdrde.
RxX® RxR RxR

We next apply this result to 83,/ ? with symbol v/i7. We must determine the part of the complex plane in
which this symbol lies. For positive 7 we have viT = e”/‘lﬁ, and for negative 7, Vit = e /4 /=71,
leading to the expected property (99). A very similar proof gives the result for I tl,/ 2 ot Iy with
1/2
I

respective symbols o (I,/”) = \/% and o (Iy) = % 0

Lemma 4 is the basic ingredient to derive a priori estimates for ABC{WT and ABCQ/[T.

Remark 6. The Padé based ABCs will not be considered here. We cannot apply our proof and more
developments should be considered.

7.2 A priori estimates for ABCJ/,
Concerning the family of ABCs ABC%‘{T, the following result holds.

Theorem 2. Let ug € L*(Q) an initial data with compact support in Q. Let V € C®(R? x R*,R) be
a real-valued potential. We denote by u a solution to the initial boundary value problem

10w+ Au+ Vu =0, in Qp,
Onu+ AY'pu =0, on X, (103)
u(z,0) = up(z), in Q
where the operators AS{T, M €{1,2,3,4}, are defined in Proposition 3. Then, u satisfies the inequality
vt >0, fu(t)lr2) < lluollz2() (104)

for M =1 and M = 2. Moreover, this inequality is also satisfied for M = 3 under the assumption
that V' is positive on X, and for M = 4 under the hypothesis that sg(OnV') is constant over ¥ for any

time. In particular, this implies the uniqueness of the solution u of the initial boundary value problem
(103).
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Proof. Let T €]0; T). Let us introduce x = (z,y) € R?2. We begin by extending u to a function @
defined over R in the following way

N ~ Ju(,t) fort e [0 T
il 1) = {O for t €] — oo; 0[U]T’; +00].

In the distributions sense, we obtain

ou(x,t) T)df(t) +ug(x)do(t), te [O;T]
t t €] — o0; 0[U]T'; +-00]

u(x,t), tel0;T]
€] — o0; 0[U]T'; 400

Onti + AY, Tl =
The function u satisfies the equation
Ot + At + Vi = —iu(x, T)07 + iug(x)do(t), on QxR
Multiplying this equation by —im, we get
WOt — 1UAT — 1uV i = —u(x, T)abz(t) + uo(x)udo(t).
We integrate by part over 2
/ WOy dSY — 2/ U Onl d +z‘/ |Va|?dQ — z/ V]al2dQ
Q by Q Q
_ /Q (o, T)6(£)d2 + / wo(X) 5o (1)d (105)

Q

and next take the real part of this expression by assuming that V' is a real-valued potential

/ at|“|2d9 Re( / anuudz> ~Re ( /Q u(x,f)ﬂéf(t)d9> + Re < /Q ua(x)ﬂéo(t)d(2> (106)

We integrate on t € R. The terms in the left hand side give

/ / a(x, )05 (t)dQdt = /Q u(x,T) /R a(x, 1)87(t)dtd) = /Q u(x, T)a(x, T)dQ = [u(T)| 720

since @(x,T) = u(x,T), and

/ / o (%) (%, 1o (t) dS2dt — / o ()%, 0) A2 = o |22 0y
Q

because u(x,0) = u(x,0) = up(x). Furthermore, since % is zero at +o0o0, we have

//a 9 ) — / [‘“ * W]i: = 0.
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Finally, after a time integration of (106), we obtain

Re <z/2 Raanadzdt> = (D) 720 — w0l 2(q) (107)
X

for any T € [0;T], and where On@ is given by the chosen boundary condition. For the sake of
conciseness, we note u instead of @, having in mind that u is equal to zero outside [0; T .

Let us first begin by ABC%T given by the operator (85). We have to analyze the sign of the real
part of the two following terms

/ iu@nudEdt:—ie_”/4/ u@tl/QudZdt—Z/ K |ul? dSdt. (108)
YXR YXR 2 YxR

To this end we use the identity (102). We have

—je i/ / 70 udSdt = —ie= i/ / a(¢, 7)o (0% dedr.
xR RxR
However, 0(8?51 / 2) = /it which varies in e ™/4R* U ¢"/4R* for 7 in R, implies that the real part
of (108) is negative. Since the second term is purely imaginary, (104) is proved for the second order
ABC.

We consider now the fourth order ABC ABC3 . given by the operator (87). The boundary condition
can be decomposed in seven terms A;, 1 < j <7, as follows

, . A ;
/ MUOpu dSdt = / (—ie-”/‘*uaj/?uﬂ‘e”/‘*uEftl/gu) dsdt — - / K [ul? dSdt
SxR SxR 2 2 Jexr

2
. . Vv
+z‘e“f/4/ /;uItl/2udEdt+ie”/4/ se(V) |V\m§/2( \V\u)dZdt
YXR b

xR 2
1 3 82
— - / U0, (KOs ) Tyu dtSdt + / B O e L dsdt
2 Joxr oxr 8

—/ 80V 15, (\/\anvm) dsdt
sxr 4

A;.

I
[M]~

1

<
Il

(109)
Therefore, we have to study the sign of the real part of each term. We use several times the identity
(102). We have

) A
Ay = / la(¢, ) Po (—ie_”r/48tl/2 + 161”/421151/2) dédr.
RxR 2
Furthermore, we also can write that

. . _; , , 2
a1(§,7) =0 (—ie—”/‘*aj” + ieZ”/4A22[t1/2> S <26_’”/4\/i7+ em/4\§ﬁ> )

2 iT
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For 7 > 0, we have Vit = /4,/7 and so

a1(€,7) = _71 <2\E+ \;) .

The symbol a;(&,7) is then a pure imaginary number in this case. For 7 < 0, we write Vit =
e~ /4 /=7 and we have

4 2 2
a1(5,7)22<—2iﬁ+i\/§:> ﬁ+1\/§7 2\% (rtr+€2),

However, we work in the E-quasi hyperbolic zone H in which 7 4+ ¢2 < 0. As a consequence, the

real number a; (&, 7) satisfies a1(€,7) < 2\% < 0 and its real part is negative. Finally, we have

Re(A1) < 0. The term Ay is purely imaginary. The term Ag fulfills

Ay = et/ /R (€. 7) P (€. )

where ) )
K- a2\ _ KL iAot || —in /Aot
a = —1I =———= € "R " Ue R™.
3(57 7—) o < ] t ) ] \/’E
We deduce that Az varies in R~ U ¢R™ and so has a real negative part. Since we assume that V
remains positive over ¥, and then sg(V') is equal to 1, we can write A4 by applying the Plancherel’s

identity in time
ze”r/4/ / VIV|a 1/2 ( V] u) dtdx,

_ m/4/ /(yt VIVu ‘2 s

Here, we apply Lemma 4 but only working on the time integral and taking the time Fourier transform.
The integral over 7 varies in e/™/*R* U e "/4R*, and so A4 € R~ UiR' and A4 has a negative real
part.

The next three additional terms are related to the fourth order ABC. Under the assumption on
OnV, we show that they are all purely imaginary. The first one, As, is treated by a integration by
part over the closed curve 3 and by using the commutativity of I; and s

/u@s(m?sltu) d¥ = —/ 0su kO [yu dY = —/ 0su k 11 (0su) dX
b b b))
and then

1 — 1 _—
A = — Osu kI (Osu) dXdt = / s u(
2 Jexr 2 JrRxR

7) (2 " aedr.
1T

Since k is a real number, the term Ajs is a pure imaginary number. The term Ag is also purely
imaginary since

K3+ 0%k
A= [ it P dear.
RxR
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Finally, for A7 we consider the time integral
sg(OnV) —
Ap= — [ 22 ViowVal, (\/|8HV|U> dtds
b R
OnV 21
- —/ Sg(>/ /BT w)(s, )| Zdras
b)) 4 R 1T

which is purely imaginary. Finally, we have

Re <z / aanadzclt) <0,
YxR

and then, for any time T € [0; T], ||U(T)||L2(Q) < |luol|z2(q), ending hence the proof for M = 4.
To get the result for the third order ABC, we do not consider As, Ag and Ar. O

7.3 A priori estimates for ABC}/,
We have the following results for the family of ABCs ABC{\TIT.

Theorem 3. Let ug € L2(Q) an initial data with compact support in Q. Let V € C°(R? x RT | R) be
a real-valued potential. We denote by u a solution to the initial boundary value problem
10w+ Au+ Vu =0, in Qp,
Onu + A{\?Tu =0, on X, (110)
u(z,0) = ug(z), in Q
where the operators A{\{T, M € {2,3,4} are defined in Proposition 1. Then, u satisfies the energy

inequality
vt >0, flu(t)lr2) < lluoll2() (111)

for M = 2. Furthermore, if V a a radial potential: V(r,s,t) = V(r,t), then the energy inequality
(111) is also satisfied for M = 3 and M = 4 if we assume that sg(OnV') is time independent over 3.
In particular, this implies the uniqueness of the solution u of the initial boundary value problem (110).

Proof. We first consider the second-order boundary condition for a general potential V' (r,s,t). The
beginning of the proof is the same as in Theorem 3, until the equality (107). We consider now the
boundary condition ABC%T given by the operator (61). We get

/ UOgu dXdt = —ie ™"/ / ¢Vu oy (e7Vu) dSdt — - / k|u|*dSdt. (112)
SxR xR 2 Jexr

The second term is clearly purely imaginary. The first term can be written as

ie_i”/4/ eVa 8751/2 (e_wu) dXdt = ie_i”/4/ ’f(s’t)(e_wu)(g, 7')‘2 Vit dédr
UxR RxR

and so varies in R™ U ¢R™, which ends the proof for M = 2.

31



Let us assume now that V' = V(r,t) is a radial potential. Then the phase function V is also radial.
The operator AiT remains unchanged but since ds)V = 0, the operators AiT and A‘iT respectively
write down

o 2 A .
AiTu = A%}Tu — /A <F; + 22> Itl/z (eﬂvu) ,

[ D,(K, 3.1 92 . ; . ,
AiTu = AiTu +ietV ( (; ) + r —; SH> I (e"vu) — %sg(@nV)\/WnV\ eV, (\/\&J/\ e_zvu) ,

by using the symmetric form of A‘iT. The third order boundary condition considers the additional
terms

o . A .
/ iuOpu dXdt = / (—ie_”r/46“2u<9tl/2 (e Vu) + ie'™/ eV 721.151/2 (e_lvu)> dxdt
SxR SxR 2

. ) (113)
-~ / klul2ddt + iet™/4 / eV’ (emVu) dsdt.
2 Juxr TxR

The first term can be treated in a similar way as ABC%{T and the second one is purely imaginary.
Finally, the third term is analyzed as before. Then, we only obtain some terms with a negative or null
real part for the third order ABC. Let us now consider the fourth order ABC for radial potentials.
We must study the sign of the additional terms

1 . . ) 3 2 )
— / fewﬂﬁs(m?s)lt (e_zvu) dXdt — / eV ﬂlt (e_’vu) dXdt
xR 2 xR 8 (114)

+/ isg(@nV)eW\/\@nV\UIt (e_w\/\@nV]u) dsdt
YxR

These three terms can be treated as for ABC;T: the first one by integration by part over 3, and next
applying the identity (102) after using the assumption over sg(d,V') which is time independent. This
ends the proof for M = 4. O

Remark 7. Let us remark that the results cannot be extended to M > 3 when the potential is not
radial. Indeed, we then have to study the sign of the real part of the terms

_ i/t /R _IFE e K (ay)\}% dedr
and
1
N

However, the symbol (6SV)\}—% varies in e”™/4R U e~""/4R without restricting the lines to half-lines

ieiﬂ/4/ |y(e—ivu) ({7 7—)‘2 (Z@?V — (85V)2) dé-d’r
RxR

studies since ¢ describes R and has no fixed sign. Consequently the first integral takes values in R x R
and its real part may be either positive or negative. The same problem arises for the second integral
(i0?V — (95V)?) which is complex. Therefore, estimates can only be obtained for radial potentials for
ABCs of order 3 or higher in which case these two integrals vanish.
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Conclusion

We proposed the construction of absorbing boundary conditions for the two-dimensional Schrodinger
equation with a general potential and for a curved convex fictitious boundary. We essentially obtained
four families of ABCs according to strategy I (gauge change) or II (direct method), with a Taylor
expansion or a Padé approach. The discretization schemes of these ABCs will be introduced and
analyzed in a forthcoming paper [6]. Furthermore, numerical examples will show how these ABCs
compare.
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