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N Σ = {a1, a2, ..., ak}
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Ψ : Σ∗ → N
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Ψ(L) = {Ψ(w) | w ∈ L}

M ⊆ N
k M = {v0 +

∑m

i=1
vixi | xi ∈ N}

v0, v1, ..., vm N
k

Ψ(L)

RE, CS,CF,LIN, REG

FIN

FIN ⊂ REG ⊂ LIN ⊂ CF ⊂ CS ⊂ RE
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L1 = {anbncn | n ≥ 0}

L2 = {anbmcndm | n, m ≥ 0}

L3 = {ww | w ∈ {a, b}∗}
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p ≥ 1 Σ

Σ Σ

x = (x1, x2, ..., xp) xi ∈ Σ∗, 1 ≤ i ≤ p

Σ Σ

c = [c1, c2, ..., cp] ci = (ui, vi), ui, vi ∈ Σ∗ 1 ≤ i ≤ p

p ≥ 1

G = (Σ,B, C) Σ

Σ

Σ

Σ ⇒G ⇒

x = (x1, x2, ..., xp) y = (y1, y2, ..., yp) Σ

x ⇒G y y = (u1x1v1, u2x2v2, ..., upxpvp)

c = [(u1, v1), (u2, v2), ..., (up, vp)] ∈ C

⇒∗

G ⇒∗

⇒G

G = (Σ,B, C)

L(G)

L(G) = {y ∈ Σ∗| (x1, x2, ..., xp) ∈ B (x1, x2, ..., xp)

⇒∗

G (y1, y2, ..., yp) y = y1y2...yp}
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ECp p ≥ 2

n ≥ 1

G = (N1, ..., Np, Σ, M, S)
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(S → A1...Ap) Ai ∈ Ni, 1 ≤ i ≤ p

A1 → x1, A2 → x2, ..., Ap → xp), forAi ∈ Ni, xi ∈ Σ∗, 1 ≤ i ≤ p

A1 → x1B1y1, A2 → x2B2y2, ..., Ap → xpBpyp Ai, Bi ∈ Ni,

xi, yi ∈ Σ∗, 1 ≤ i ≤ p
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p = q = 1 S Σ ECp
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(Σ,B, C) Σ Σ
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ECp p

p

p

SECp

SECp

SECp

p ≥ 2 SECp MCS

SECp ⊆ ECp ECp

•



L ⊆ Σ∗

w ∈ Σ∗ w L

ECp

SECp p ≥ 1

SECp p ≥ 2

L1 = {anbncn | n ≥ 0}

L2 = {anbmcndm | n, m ≥ 0}

L3 = {ww | w ∈ {a, b}∗}
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L1 = {anbncn | n ≥ 0} SECp

G1 = ({a, b, c}, B,C)

{(λ, λ)

{ c1 = [(a, b), (c, λ)]}

L2 = {anbmcndm | n, m ≥ 0} SECp

G2 = ({a, b, c, d}, B,C)

{(λ, λ)

{ c1 = [(a, λ), (c, λ)], c2 = [(λ, b), (λ, d)]}

L3 = {ww | w ∈ {a, b}∗} SECp

G3 = ({a, b}, B, C)

{(λ, λ)

{ c1 = [(a, λ), (a, λ)], c2 = [(b, λ), (b, λ)]}

SECp

SECp ⊂ CS p ≥ 1

SECp p ≥ 2 CF

SEC1 CF

SECp p ≥ 1 REG
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SECp p ≥ 2

L =

{anbn|n ≥ 0}∗ L SECp

G = (Σ,B, C) L

w = ai1bi1ai2bi2...airbir

p < r

w L SECp p ≥ 2

SECp p ≥ 1

L = a∗ ∪ b∗ L

SECp p ≥ 1

SECp

SECp

SECp ECp

SECp ⊂ ECp
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SECp SECp

SECp

CS

SEC

LSMG

CS

SECp,q ⊂ LSMGp′,q′ ⊂ CS

SECp,q

SECp

LSMGp′,q′

LSMG

G = (Σ,B, C) SECp,q

{(γ1, ..., γp)

{ c1 α1
1 β1

1 α1
p β1

p cq α
q
1 β

q
1 αq

p βq
p }
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LSMG

N1, ..., Np Σ

{ −→ A1...Ap

A1 −→ γ1 Ap −→ γp

A1 −→ α1
1A1β

1
1 Ap −→ α1

pApβ
1
p

A1 −→ α
q
1A1β

q
1 Ap −→ αq

pApβ
q
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Ai ∈ Ni γi, α
j
i , β

j
i ∈ Σ∗ 1 ≤ i ≤ p 1 ≤ j ≤ q

CSG ·

CSG ≤ k · p′ · q′

SECp,q

G = ({a, b, c, d}, B,C) SECp,q

{(ab, cd)

{ c1 λ λ c2 λ λ }

L(G) = {ambncmdn|m, n > 0}

SEC

LSMG

G′ = ({S, A,A′}, {a, b, c, d}, P, S)

{ m0 −→

m1 −→ −→

m2 −→ −→

m3 −→ −→

CSG VN

VN {S, A,A′, B,R1, R2, R3

{ −→ ABA′

AB −→ abR1 R1b −→ bR1 R1c −→ cR1 bB −→ Bb

AB −→ aAR2 R2b −→ bR2 R2c −→ cR2 cB −→ Bc

AB −→ AbR3 R3b −→ bR3 R3c −→ cR3

R1A
′ −→ Bcd R1A

′ −→ cd

R2A
′ −→ BcA′ R2A

′ −→ cA′

R3A
′ −→ BA′d R3A

′ −→ A′d

CSG

L(G) = L(G′) = L(G′′)

L(G) ⇔ L(G′)
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L(G′) ⇔ L(G′′)

L(G) ⇒ L(G′)

G = (Σ,B, C) SECp,q L(G) = L

LSMGp′,q′ G′ = (N1, ..., Np, Σ, M, S) Ai ∈ Ni, 1 ≤ i ≤ p

• S → A1A2...Ap

LSMGp′,q′

SECp,q

• x1, x2, ..., xp SECp,q

A1 → x1, A2 → x2, ..., Ap →

xp

SECp,q

• c = [(u1, v1), (u2, v2), ..., (up, vp)] ∈ C

A1 → u1A1v1, A2 → u2A2v2, ..., Ap → upApvp

c1, c2, ..., cq

m2, m3, ...,mq+1

s ∈ L(G)

L(G) ⇐ L(G′)

LSMGp′,q′ L(G′) = L SECp,q

G = (Σ,B, C)

• A1 → x1, A2 → x2, ..., Ap → xp) ∈ M

x1, x2, ..., xp

A1 → x1, A2 → x2, ..., Ap →

xp

• A1 → u1A1v1, A2 → u2A2v2, ..., Ap →

upApvp) ∈ M c = [(u1, v1), (u2, v2), ...,

(up, vp)]

s ∈ L(G′)
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L(G′) ⇒ L(G′′)

G′ = (N1, ..., Np, Σ, M, S) LSMGp′,q′

CSG G′′ = (N, Σ,P, S)

Σ

S ∈ N

• S → A1BA2A3...Ap

LSMGp′,q′

p ≥ 2
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A1B → x1R1

A1B → u1A1v1R2

(...)

A1B → u1A1v1Rq′

q′

R1

m1

•

R1A2 → x2R1

R2A2 → u2A2v2R2

(...)

Rq′A2 → u2A2v2Rq′

p−1
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R1Ap → Bxp | xp

R2Ap → BupApvp | upApvp

(...)

Rq′Ap → BupApvp | upApvp.
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L(G′′) = L s ∈ L(G′)

G′′

L(G′) ⇐ L(G′′)

CSG LSMGp′,q′ G′ =

(N1, ..., Np, Σ, M, S)

• CSG

• Ri CSG

1 ≤ i ≤ q′

Ri

s ∈ L(G′′)

SECp,q LSMGp′,q′

CSG

p′ = p p

LSMG

q′ = q + 1 q

LSMG

CSG ·

G′′ O(p′ · q′) p′ q′ G′′

p′ > 0 q′ > 0

p′ q′
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SEC q m

⊂

Sec(p, q,m)

SECs p q

m Sec(∗, q,m)

Sec(∗, q,m) =

∞⋃

p=1

Sec(p, q,m).

w Σ (b, C) b C

w w b

C b′ C ′ b = b′ C ′ ⊂ C

w b′ C ′ w MinC(w)

(b, C)

w

w ∈ Σ∗ MinC(w)

Sec(∗, q,m)

Sec(∗, q,m)

w0, w1, w2, ... Σ∗

L1, L2, ... Sec(∗, q,m)

k ≥ 1 {w0, w1, ..., wk−1} ⊆ Lk wk -∈ Lk

i = 1, 2, ... Si SEC Li

Si MinC(w0)

MinC(w0) C0 ∈ MinC(w0)

Si C0 σ = Sn1
, Sn2

, ...

SEC C0 σ S1, S2, ...

n1, n2, ...

wn1
Ln1

wn1

Sn1
Sn2

, Sn3
, Sn4

, ... wn1

MinC(wn1
)

MinC(wn1
) C1 ∈ MinC(wn1

)
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C1 C0 wn1

|C0| < |C0 ∪ C1|

C0, C1, ...

|C0| < |C0 ∪ C1| < |C0 ∪ C1 ∪ C2| < · · ·

q SEC S1, S2, ...

C0 ∪ · · · ∪ Cq

q m

q m
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