N

N

Approximation of stationary solutions to SDEs driven
by multiplicative fractional noise
Serge Cohen, Fabien Panloup, Samy Tindel

» To cite this version:

Serge Cohen, Fabien Panloup, Samy Tindel. Approximation of stationary solutions to SDEs driven
by multiplicative fractional noise. Stochastic Processes and their Applications, 2014, 124 (3), pp.1197-
1225. 10.1016/j.spa.2013.11.004 . hal-00754368v2

HAL Id: hal-00754368
https://hal.science/hal-00754368v2
Submitted on 19 Nov 2013

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00754368v2
https://hal.archives-ouvertes.fr
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Abstract

In a previous paper, we studied the ergodic properties of an Euler scheme of a
stochastic differential equation with a Gaussian additive noise in order to approximate
the stationary regime of such an equation. We now consider the case of multiplicative
noise when the Gaussian process is a fractional Brownian Motion with Hurst param-
eter H > 1/2 and obtain some (functional) convergence properties of some empirical
measures of the Euler scheme to the stationary solutions of such SDEs.

Keywords: stochastic differential equation; fractional Brownian motion; stationary pro-
cess; Euler scheme.

AMS classification (2000): 60G10, 60G15, 60H35.

1 Introduction

Stochastic Differential Equations (SDEs) driven by a fractional Brownian motion (fBm)
have been introduced to model random evolution phenomena whose noise has long range
dependence properties. Indeed, beyond the historical motivations in Hydrology and Telecom-
munication for the use of fBm (highlighted e.g in [24]), recent applications of dynamical
systems driven by this process include challenging issues in Finance [I4], Biotechnology [27]
or Biophysics [18, [19]. As a consequence, SDEs driven by fBm have been widely studied
in a finite-time horizon during the last decades, and the reader is referred to [26] [6] for
nice overviews on this topic.

In a somehow different direction, the study of the long-time behavior (under some
stability properties) for fractional SDEs has been developed by Hairer (see [15] [16]) and
Hairer and Ohashi [17], who built a way to define stationary solutions of these a priori non-
Markov processes and to extend some of the tools of the Markovian theory to this setting.
See also [I], [7, [13] for another setting called random dynamical systems. The current
article fits into this global aim, and starts from the following observation: the knowledge
of the stationary regime being important for applications and essentially inaccessible in an
explicit form, we propose to build and to study a procedure for its approximation in the
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case of SDEs driven by fBm with a Hurst parameter H > 1/2. This paper is following a
similar previous work for SDEs driven by more general noises but in the specific additive
case (see [0]).

More precisely, we deal with an R%valued process (X¢)t>0 which is a solution to the
following SDE
dX; = b(Xy)dt + o(X;)dBH (1)

where b : R? — R? and o : R? — Mg, are (at least) continuous functions, and where Mg ,
is the set of d x ¢ real matrices. In (), (B );>0 is a g-dimensional H-fBm and for the sake
of simplicity we assume % < H < 1, which allows in particular to invoke Young integration
techniques in order to define stochastic integrals with respect to B¥. Compared to [5] we
handle here a fairly general diffusion coefficient o, instead of the constant one considered
previously. Classically the noise is called multiplicative in this setting, whereas it is called
additive when o is constant.

Under some Holder regularity assumptions on the coefficients (see Section [2 for details),
(strong) existence and uniqueness hold for the solution to (I)) starting from z¢ € R%. Clas-
sically for any stochastic differential equation, a natural question arises: if we assume that
some Lyapunov assumptions hold on the drift term, does it imply that (X;);>¢ has some
convergence properties to a steady state when t — 400 7

This question implies in particular to define rigorously a concept of steady state. For equa-
tion ([I), this work has been done in [I7]: using the fact that, owing to the Mandelbrot
representation, the evolution of the fBm can be represented through a Feller transition on
a functional space S, the authors show that a solution to () can be built as the first coor-
dinate of an homogeneous Markov process on the product space R? x S. As a consequence,
stationary regimes associated with (IJ) can be naturally defined as the first projection of
invariant measures of this Markov process. Furthermore, the authors of [17] develop some
specific theory on strong Feller and irreducibility properties to prove uniqueness of invari-
ant measures in this context.

In the current article, our aim is to propose a way to approximate numerically the station-
ary solutions to equation (II). To this end, we study some empirical occupation measures
related to an Euler type approximation of ([Il) with step v > 0. We show that, under some
Lyapunov assumptions, this sequence of empirical measures converges almost surely to
the distribution of the stationary solution of the discretized equation (denoted by v7) and
that, when v — 0T, 7 converges in turn to the distribution of the stationary solution of
(). This approach is the same as in [5]. However, the introduction of multiplicative noise
has some important consequences on the techniques for proving the long-time stability of
the Euler scheme. In particular, the main difficulty is to show that the long-time control
of the dynamical system can be achieved independently of ~. In [5], this problem has
been solved with the help of explicit computations for an Ornstein-Uhlenbeck type pro-
cess. Because the noise is multiplicative the computations of [5] are not feasible anymore
and we use specific tools to obtain uniforms controls of discretized integrals with respect
to the fBm. Before going more precisely to the heart of the matter, let us mention that
the numerical approximation of the stationary regime by occupation measures of Euler
schemes is a classical problem in a Markov setting including diffusions and Lévy driven
SDEs (see e.g. [31], 20} 211, 22] 28] 29]).

2 Framework and main results

This section is firstly devoted to specify the setting under which our computations will
be performed. Namely, we give an account on differential equations driven by fractional
2



Brownian motion and their related ergodic theory. Once this framework is recalled, we
shall be able to state our main results.

2.1 FBm and Holder spaces

For some fixed H € (%, 1), we consider (€2, F,P) the canonical probability space associated
with the fractional Brownian motion indexed by R with Hurst parameter H. That is,
Q = Cy(R) is the Banach space of continuous functions vanishing at 0 equipped with the
supremum norm, F is the Borel sigma-algebra and IP is the unique probability measure on
Q) such that the canonical process BY = {Bff = (BtH’l, . ,BtH’q), t € R} is a fractional
Brownian motion with Hurst parameter H. In this context, let us recall that B is
a g-dimensional centered Gaussian process such that Bé{ = 0, whose coordinates are
independent and satisfy

. N 2
E [(Bfm — Bf”) } = |t —s]*, for s,teR. (2)

In particular it can be shown, by a standard application of Kolmogorov’s criterion, that
BH admits a continuous version whose paths are §-Hélder continuous for any § < H.

Let us be more specific about the definition of Holder spaces of continuous functions.
Namely, our driving process B lies into a space C? defined as follows: we denote by
C/(R,RY) the set of functions f : Ry — R? such that

[f() — f(s)]

VYT >0, |[fller= -sup < 400,
1oz o<s<t<r (£ — )"
where the Euclidean norm is denoted by |.|. We recall that C?(R,R%) can be made into

a non-separable complete metric space, whenever endowed with the distance dy defined by

do(fig) = 27" <1 A <0§3<I>N 1F(#) =gl +[1f - 9||6,N>> ;

NeN

where z Ay = min(z,y) Vz, y € R. However, since separable spaces are crucial for conver-
gence in law issues, we will work in fact with a smaller space C? (Ry, Rd): we say that a
function f in C?(Ry,R%) belongs to C’(R,,RY) if

VT >0, wer(f,6):= sup F(®) — ()] 50 0. (3)

9
0<s<t<T0<|t—s|<s |t — S|

CY(R,,R?) is a closed separable subspace of C?(R,R%).

2.2 Differential equations driven by fBm

We recall now some results on existence and uniqueness of solutions of the stochastic
differential equation (IJ) starting from a deterministic point.

When B is a fractional Brownian motion with Hurst parameter H > 1/2, equations
of the form () are classically solved by interpreting the stochastic integral fot o(X,)dBH
as a Young integral (see e.g [12]). The usual set of assumptions on the coefficients b and
o are then of Lipschitz and boundedness types.

Specifically, we recall the following definition of a (1 4 «)-Lipschitz function:
3



DEFINITION 1. Let 0 : R — My, be a C! function and 0 < o < 1. We say that o is
(1 + a)-Lipschitz if the following norm is finite:

Do(r) — D
10]l1s0 = sup [Do(@)] + sup 2ZE) aa(y)\
z€R4 z,ycRd ‘Z’ — y’

(4)

With this definition the basic existence and uniqueness result in a finite horizon [0, T']
for T' > 0 for pathwise equations driven by §-Hélder functions with # > 1/2 can be found
in [0, 23]. Nevertheless in this article we are searching for stationary solutions, which have
to be defined on R . Moreover we use ergodic results that require some damping effect of
the continuous drift coefficient b. In order to quantify this notion, let us now introduce
a long-time stability assumption (C). Namely, let EQ(R?) denote the set of Essentially
Quadratic functions, that is C2-functions V : RY — (0, 00) such that

lim inf M

12| EE >0, VV| < CVV  and D?V is bounded.
r|—+o0

Note that any element V € £Q(R?) is continuous, and thus attains its positive minimum
v > 0 so that, for any A, r > 0, there exists a real constant C, = such that A+V" < C, V".

With these notions in mind, our standing assumptions on the coefficients b and o are
summarized as:

(C) The map o is assumed to be a bounded Lipschitz continuous function. Moreover we
suppose that there exists V € EQ(R?) such that
(i) Vz e RY |b(z)|> < V(z),
(ii) and such that for 5 € R and o > 0 the following relation holds:
Ve e RY (VV(x),b(z)) < —aV(z).

PROPOSITION 1. Let us suppose that in addition to assumption (C), b is Lipschitz con-
tinuous and that o is (1 + &)-Lipschitz with « > & — 1. Then

(i) For any deterministic function B € C®(Ry,RY) with 6 > %, and any xo € RY, there
exists a unique solution X € C°(Ry,R%) of

Xt:xo—i—/otb(Xu)du—i—/Ota(Xu)dBu, (5)

where the integrals are interpreted in the Riemann-Stieljes sense.
(ii) Let us set X = ®(xg, B), so that ®(xg, B) satisfies

®(z9,B)y = zo + /Ot b(®(xg, B)s)ds + /Ot o(®(zo, B)s)dBs.

Then the so-called Ité map ® is continuous from R x C%(R,4,RY) into C? (R, R?).

REMARK 1. Proposition [1] is not completely standard, when b is not bounded, and we
haven’t been able to find a specific reference giving an equivalent statement in the liter-
ature. Namely the case of bounded smooth coefficients b and o is handled e.g in [6l 23].
If we move to the case of a dissipative coefficient b, an existence and uniqueness result
is available in [I7]. Nevertheless, this result also assumes that the derivatives of b are
bounded. Assumption (C) (i) implies that b is sublinear.With the boundedness and Lips-
chitz assumption on o assumed in (C), the proof of the existence of a global solution of
this stochastic equation and of the continuity of the It6 map is a consequence of Young
and Gronwall inequalities.



2.3 Ergodic theory for SDEs driven by fBm

We can now define the solution of the stochastic differential equation starting from a
random variable Xg. Since the Itd map of Proposition dlis used in the following definition
we have to suppose that in addition to assumption (C), b is Lipschitz continuous and that
o is (1 4 a)-Lipschitz with o > £ — 1.

DEFINITION 2. Let B be a fractional Brownian motion with H > % A process (X;)ier,,
is called a solution of equation () driven by B starting at X, if for every 1/2 < 6 <
H <1, (Xi)ier, is almost surely C(Ry, RY)-valued and if X = ®(Xy, BY), almost surely.

We now have all the tools to define rigorously a stationary solution to the SDEs driven
by fBm. In the following definition and further on we use the notation 6; : w — w(t + .)
for every t > 0 for the time-shift .

DEFINITION 3. Let (X;);>0 denote an R%valued solution to () in the sense of Defi-
nition Bl Let v denote the distribution of (X;);>0 on C?(Ry,R%). Then, v is called a
stationary solution of () if it is invariant under the time-shift. Such a stationary solu-
tion is called adapted, if for 0 < ¢ the processes (X;s)o<s<¢ and (BH) s>t are conditionally
independent given (B),<;.

Please note that there is an abuse of language in the preceding definition. The distri-
bution of a process (X;)¢>0 on C?(R,,RY) cannot determine alone if (X;);>0 is a solution
of (@) in the sense of Definition Bl We need the distribution of the pair (X;, Bf);>¢ to
know if X = ®(X,, B), almost surely. In particular it is not possible to take X, indepen-
dent of (BH);>0 in general as remarked in Proposition 5 of [5]. Nevertheless we consider
as in the Definition 2.4 in [I7] that two distributions (X}, Bf);>¢) and (X2, Bf);>¢) on
Co/(R4,RY) x C?(R,,RY) solutions of (I are equivalent if the distribution of X' and of
X2 are the same. These definitions are the same as definitions in [I7] that come from
Stochastic Dynamical Systems (SDS). In particular, we require adaptedness of solutions.
Compared to Random Dynamical Systems (RDS) (see [I] for an introduction), this prop-
erty is specific to SDS and is strongly linked to the fact that for such dynamical systems,
one can associate a Markovian structure (with an enlargement of the space). Here, the
main consequence is that the uniqueness of the stationary solution can be obtained through
the criterions of uniqueness of the invariant distribution of this associated Markov process.
Such results will be stated later.

Let « be a positive number, we will now discretize equation (II) as follows, for every n > 0,

Y7 = Y+ (- )Y + o(V)(BI — BE) Ve [y, (n+1)y).  (6)

We set

t, = max{vk,vk < t,k € N}.

In fact, we will usually write ¢ instead of ¢, in the sequel. The discretization of (@) can
also be introduced with the following discretization ®7 : R? x C%(R,,RY) + C?(R,,R?)
of the It6 map :

DV (x0, B) := 0 + /Ot b(®7 (w0, B)s, )ds + /OtJ(CDV(xO,B)SW)dBS. (7)

Please note that the definition of ®7 does not involve any Riemann integration but only
finite sums and that
Y7 =07(Yy, (B )iz0) as. (8)

We now define stationary adapted solutions of (@) in the spirit of the Definition Bl
5



DEFINITION 4. Let BY denote a fractional Brownian motion with H > 1/2 and let X7
be defined by X7 = ®V(X{, (B{);>0). The distribution v of X7 on C?(R,,R?) is then
called an adapted solution of (@) if the processes (X7 )o<s<: and (BH)s>; are conditionally
independent given (BI) s<t- We will say that v7 is stationary if it is invariant by the shift
maps (k) ken-

Note that in this definition, there is a slight abuse of language since we do not require
the invariance by the shift maps 6; for every ¢t > 0, but only when t = k~, k € N.

Let us introduce the following uniqueness assumption for v7 and v:

(S7) (v > 0): There is at most one adapted stationary solution to (IJ) (resp. to (&) if
v =0 (resp. if v > 0).

For (S?), we refer to Theorem 1.1. of [17]. When ~ > 0, we have the following proposition:

PROPOSITION 2. Let H € (1/2,1). Assume that d = q and that b and o are C?-functions.
Assume that o is invertible and that supyega 0~ (x) < +00. Then, (S7) holds for every
v > 0.

The proof, which is an application of [16], is done in the appendix.

Let us now focus on the construction of the approximation. We denote by (X, );>¢ the
continuous-time Euler scheme defined by X T =z € R? and for every n > 0

X] = X0, + (t —n)b(X) + o(X0)(B = By)) Yt € [y, (n+1)7). (9)

The process (X, )i>o is a solution to (@) such that X = z. In order to alleviate the
notations and, when it is not confusing, we will usually write X; instead of X;. Now, we

define a sequence of random probability measures (P (w, da)),>1 on C?(Ry,R?) with
0 < H (recall that C%(R,,R?) is defined at (@) by

P (w, dev) Z Xl s, (w) (d)

where § denotes the Dirac measure and where, for every s > 0, X, := (X],,)i>0 denotes
the s-shifted process.
We are now able to state the main theorem of this article:

THEOREM 1. Let 1/2 < 6 < H <1 and assume (C). If (SY) holds for every v > 0,
(i) then there exists o > 0 such that, for every v € (0,7),

lim P (w,da) = v (de) a.s. when n — 400,
n—-+o0o

where the convergence is for the weak topology induced by C®(R4,R?) and where v is the
stationary solution of (@l).
(ii) If additionally, b is Lipschitz continuous, o is (1 + «)-Lipschitz with o > % —1 and
if (S°) holds, then

lim 7 (da) = v(da) a.s.

¥—0
where the convergence is for the weak topology induced by C?(Ry,RY) and where v denotes
the adapted stationary solution of ().



REMARK 2. Note that some extensions can be deduced from the proof of this theorem.
First, remark that this result implies in particular that

lim lim Pénﬁ)(w,dy):uo(dy) a.s.

~y—01t n—+o00

where

(n) I
PO v (o,),dy) = ; Zéxzk—l)'y(dy)
k=1

and vy (dy) denotes the initial distribution of the stationary solution v of (). This marginal
procedure will be numerically tested in Section 6.

Also note that some extensions can be deduced from the proof of this theorem. First,
when uniqueness fails for the stationary solutions, the preceding result is replaced by

THEOREM 2. Assume (C).

1. Then, there exists vo > 0 such that for every v € (0,70), (P™M(w,da))n>1 is a.s. tight
on C(Ry,RY), for every 1/2 < 0 < H < 1. Furthermore, every weak limit is a stationary
adapted solution of (0.

2. If additionally, b is Lipschitz continuous, o is (1 + «)-Lipschitz with o > % —1, set

U (w) = {weak limits of (P (w,da))}.

Then there exists y1 € (0,70) such that (U (w))y<y, is a.s. tight in C° (R4, R?), and any
weak limit when v — 0 of (U7 (w))y<~, s an adapted stationary solution of ().

REMARK 3. From the very definition of weak convergence, the preceding assertions imply
that the convergence of (P™7)(w,da)),~ holds for bounded continuous functionals F' :
C/(Ry,RY) — R. In fact, this convergence can be extended for arbitrary 7 > 0 to some
non-bounded continuous functionals F : C?([0,T],R?) — R. Actually, setting G(a) =
supyepo,r] V(at), we easily deduce from inequality (III) of Proposition @l and Proposition
that

sup lim sup P™7) (w,GP) < +00  a.s.

v<v0 n—+00

for every p > 0. By a uniform integrability argument, it follows

PROPOSITION 3. The convergence properties of (P (w, de)) extend to continuous func-
tionals F : C%([0,T],R%) — R such that there erxists a constant C such that for every
o € ([0, T],RY),
[F(a,0 <t <T)| < C sup VP(aw)
te[0,T]

with T >0 and p > 0.

REMARK 4. A third natural extension of Theorem [ consists in handling the case of an
irregular fractional Brownian motion B with Hurst index 1/4 < H < 1/2. This extension
is presumably within the reach of our technology on differential systems driven by fBm, but
requires a huge amount of technical elaboration. Indeed, to start with, equation (1) has to
be defined thanks to rough paths techniques whenever H < 1/2, and we refer to [12] for a
complete account on rough differential equations driven by Gaussian processes in general
and fractional Brownian motion in particular. More importantly, as it will be observed in
the next sections, our main result heavily relies on some thorough estimates performed on
the discretized version (@) of equation (Il). When H > 1/2 this discretization procedure is
based on an Euler type scheme, but the case H < 1/2 involves the introduction of some
7



Lévy area correction terms of Milstein type (see [8]) or products of increments of BY if
one desires to deal with an implementable numerical scheme (cf. [9]). This new setting
has tremendous effects on the proof of Propositions Ml and Bl For sake of conciseness, we
have thus decided to stick to the case H > 1/2, and defer the rough case to a subsequent
publication.

The sequel of the paper is built as follows. The three next sections are devoted to
the proof of Theorem [0l In Section Bl we prove some preliminary results for the long-
time stability of (P (w,da)),, when v > 0. It is important to note that the controls
established in this section are independent of v in order to obtain in the sequel a long-
time control that does not explode when v — 0. Then, in Section M, we obtain some
tightness properties for (P(™7) (w,da)) (in n and v) and, in Section [5] we prove that the
weak limits of this sequence are adapted stationary solutions. Eventually, in Section [l
we test numerically our algorithm for the approximation of the invariant distribution of a
particular fractional SDE.

Note that in the proofs below, non-explicit constants are usually denoted by C or Cp (if
a dependence to T" needs to be emphasized) and may change from line to line.

3 Evolution control of (X}) in a finite horizon

The main aim of this part is to obtain a finite-time control of V(X7) in terms of V(X{)
which is independent of «. This is the purpose of the first part of Proposition [ below. In
order to obtain some functional convergence results, we state in the second part a result
about the finite-time control of the Holder semi-norm of X7.

PROPOSITION 4. Let T > 0. Assume (C). Then,
(i) For every p > 1, there exist vg > 0, p € (0,1) and a polynomial function P,y : R — R
such that for every v € (0, 7o),

VP(X]) < pVP(x) + Poo((|BY [lor)- (10)
Furthermore,

SElp}V”(X?) < C(VP(x) + Py((|B [lo.r)) - (11)
te(0,T

(ii) For every 0 € (3, H), T >0, and v € (0,7

X/ — XJ|
sup ————

o<s<t<T (t—5)? <Cr <V(x) + pG(HBHHe,T)) ; (12)

where P is another real valued polynomial function.

The proof of this result is achieved in Subsection[3.2l Before, we focus in Subsection B.1]
on the control of increments of some discretized equations with non-bounded coefficients
driven by B,

3.1 Technical Lemmas

Let us recall that, for every t > 0, ¢, = ymax{k € N,vk < t}. In the sequel, we will
usually write t instead of L.

8



In the following lemmas, we will use the following notation: for any element (x(t))¢>0
of C((Ry,R%) and T > 0, 6 > 0, v > 0, we define

"T(y'y) - x(g’y)‘

s,t
x = sup ————
Il scuv<t (Uy —uy)?
where we set by convention g = 0.

LEMMA 1. Assume that b is a sublinear function, i.e. that there exists C' > 0 such that
for every x € R?, |b(z)| < C(1+|z|). Then, for every T > 0, there exists a constant C' > 0
such that for every s,t € [0,T] with s < t, for every v > 0, for every 6 € (0, H)

%71 < (IX21+ Ct— ) + 12754~ )°) exp(C(t - 9)))

where .
Zgz/ o(X7)dBE.
0 s

Proof. First, from the very definition of (X} )¢>0, we have for every s,t € [0,7] with s < ¢:

t

X=X+ [+ 7 - 23 (13)

S

The function b being sublinear, we deduce that
t _
X[ = 152+ 12705 - 9+ © [+ XD
Setting gs(v) = | X544/, it follows that for every v € [0,t — s],

9:(0) €0+ C [ g (u)du
0
with a = | X7 |+ HZVH‘;’;(; —5)? 4+ C(t— s). The result follows from Gronwall’s lemma. [

The control of B -integrals is usually based on the so-called sewing Lemma (see e.g.
[6, [11]) which leads to a comparison of fst f(z,)dBE with f(x,)(Bff — BH). The following
lemma can be viewed as a discretized version of such results:

LEMMA 2. Assume that b is a sublinear function. Let vo > 0 and (fy) (0,40 be a family
of functions from Ry x R? to My 4 such that there exists v > 0 such that for every T > 0,
there exists Cp > 0 such that ¥y € (0,7,

(s, @), (t,y) € [0, TIxRY, || f5(t.y)=Fr(s,2)| < Or(1+ el +|yI") (t—s|+|y—zl). (14)

Let (H])i>0 be defined by
t
vt >0, H;Y:/ f(s,X2)dBE.
0 s
Then, for every 6 € (%,H), for every T > 0, there exists Cp > 0 such that for every
v € (0,7%)], for every 0 <s <t <T,

[ — 0] = f(s, X)(B{' = BI)| < Cr(t = )™ (L + X7+ (1271557918 lor-
(15)
9



Proof. Denoting by f%w the (random) function on R a.s. defined by f., ,(s) = fy(s, X (w)),
we can write:

t -
HY — 0 — fo(s, X7)(BY — By = / Fyo(t) — Fo(s)dBY

Let 8 € (1/2,H) (so that 20 > 1). We use a classical Young estimate (see e.g. [34],
Inequality (10.9)), to get a upper bound for the left hand side of (I5]). Let us recall the
definition of p-variations. For every u,v > 0 such that u < v, for every p > 0 and for every
function f: R — RY,

Vo (o, 0) = sup(S 1 £(8:) — Fltmn)P)7,

i=1
the supremum being taken over all subdivisions (¢;) of [u,v]: u =1y <t} < ... <t, =0.

Then using Young inequality we get

where C depends only on 0. Note that we could write V% ( f%w, s,t—y) instead of V% ( f%w, s, t)

since f%w is constant on [t —7,t). We now control separately the two terms on the right-
hand member.
Let T > 0. Since for every u,v € [0,T],

1B = B < 1B llg,rlv —ul’,

we first obtain that
V(B s,t) < [|B"[lg.r(t — 5)°. (17)

Second, let s,t € [0,T] such that s <t and consider a subdivision (¢;)}"_; of [s,t —~]. By

(I4)), we have
[ Frao(tin) = Fro(t)] < Or(L+ X0+ X0 1) (i — ] + X7, — X70).

i1

On the one hand, it follows from Lemma, [I] that
L+ X1+ X7, 17 < O (1T+ 1% + (1271557 -
On the other hand, since b is a sublinear function, we have

_ _ i1 _ _ _
1 Xp, — Xl < Cr(1+ /t | Xaldu+ 12, , — Z;).

Then, using again Lemma [l and the definition of H.H%’%{_V, it follows that

\ \ \ 7 é_ 7 ,é_
|XZL1 - X <Cr (1 +1X+ 1271 7) (tiv1 — t) + 12757 " (tir — t:)’.

By a combination of the previous inequalities (and by the use of the Young inequality),
we obtain

[frso(tien) = Frw()] < Or(L+ X1+ (12701557t — 6l

Since ), (tix1 —ti) <t — s, we deduce that

Vi (Fransit =) < Or(L+ X1+ (12711557 (E - 5)".

Finally, we plug this control and (I7) into (I6]) and the result follows. O
10



In the following lemma, we make use of Lemma [ when f,(t,z) = o(z). In this
particular case, we show below that we can deduce a control of the increments of Z7 on
an interval with random but explicit length n(w) (which does not depend on ).

LEMMA 3. Let vy be a positive number. Assume that b is a sublinear function and that o
is a bounded Lipschitz continuous function. Then, for every 6 € (%, H), for every T > 0,
there exists C > 0, there exists a positive random variable

1 H —1 v
) = (Sl @lor) " A1) (13)
such that a.s for every 0 < s <t <T witht —s <mn, for every v € (0,70)
2] = 221 < (¢ = 8)° (2ol + Cr(1 + 120" ) 1B or
where ||o|oo = sup,ega [|o(2)]]-
Proof. For every | > 0, set t; = s+~l and N; = HZ“’H%? Owing to the definition of |.|[5*

0,7y’

we have
Al
-z}

ti+a1

Niy1 < Ny Vsup ‘7
i<t (tigr — 6;)?

By Lemma 2 applied with s = ¢;, t = ¢;4; and f,(s,z) = o(x) (and r = 0),

7 7
‘ fn s,t
o —t) < (HU”oo + Cp(tigr — )" (1 + X2+ 12705 l)) | BH|g..

By Lemma [l and the fact that ¢t — HZ'YH(%; is nondecreasing, it follows that

‘ tiyr
sup +—————+

t
<znﬂ—m < (lolleo + Or (1 + 12D (1 — )+ 12715t — £)°) ) 18" o
(2

Let p be a positive number. If ¢;11 — s < p, we obtain that
Nip1 SNV (ap + B,INp)
with
oy = (lolloo + Cr((1+X2)6") B o, and By = Cro | B o
Let us now set p = n(w) where n(w) is defined by (I8)). For this choice of p, we have
By < % Then, the interval [0, oy, /(1 — ;)] being stable by the function « — oy, + Byx, we

deduce that for every [ € N such that t;11 —s < n(w),

N <

Q)
<2«

_ 577 n

Note that we used that Ny belongs to [0, a;,/(1—/3,)] (since Ng = 0). The result follows. [

11



3.2 Proof of Proposition (4

Proposition [ is the main technical issue of our approximation result, and its proof is
detailed here for sake of completeness. We shall first focus on establishing relation (IO
for p = 1. The main difficulty is to prove that the noise component can be controlled in
such a way that under the mean-reverting assumption, we obtain a coefficient p which is
strictly lower than 1. (See in particular (2I]).) Note that this property on p will be crucial
for the control of the sequence (V(Xyr))k>0-

Then, we generalize this result to any p > 1. Finally we handle the Holder type bound of
Proposition M item (ii). We now divide our proof in several steps.

Step 1: First upper-bound for V(X;) under the mean-reverting assumption. Set A, =
BI - BI . 3
y(n—

V(X(n—irl) ) = V(Xm) + ’Y(VV(X )a b(Xm)> + <VV(X"’Y)7U(XH’Y)ATL+1>

Z gn—i—l (n+1) Xn'y)i(X(n—l—l)'y - X*n’\/)]"

Owing to the Taylor formula,

where &,11 € [XM,X(HH) |. Using assumption (C), equation (@) for X(n+1)w — X,y and
the boundedness of D?V and o, we obtain

V(Xni1yy) < V(Xny) +7(8 = aV(Xny)) + A1(n + 1) + OV (Xny) + [Aniaf?), (19)

where ) B
Ay(n+1) = (VV(Xo), oK) D).

Set v = For every « € (0, o], for every n > 0, we have

&
2C"

V(Xpn1) < VEay) (1= 57) + Ailn+1) + (87 + Cl A ).

Then, iterating the previous inequality yields for every s,t such that s <t,

+ Y =50 7  (Ailk) + By + ClALP).

V() V(X1 -57) 7

Using that log(1 + z) < x for every x > —1, we deduce that

= _a(t—s) = — — d
V(X)) <e 2 (VX +H] = HID+ Y (87 +ClAP), (20)
=2+1

where

Y = t S X.). o(X Hy _ t S , o Hyj
H) = /0 0, (8)(VV (Xy), (X )dBH) Z /0 0y (8)(VV)i(Xa). 055 (Xo)A(BH Y.

with g,(s) = (1 — %)_% We now wish to see that this relation has to be interpreted as
(_*_)
V(Xy) <e” V(Xs), up to a remainder term.

Step 2: Upper bound for |H} — HJ|. For every (i,j) € {1,...,d} x {1,...,q}, set
[y (s,2) = gy(s)(VV)i(x)0i (). Using that supseio 7,e(0.40] 195 (£)] < +00, we check that
12



(94(:))ve(0,40) 18 @ family of Lipschitz continuous functions such that sup,e g ,j9+]Lip <
+o00. Furthermore, (VV'); and o; ; being respectively Lipschitz continuous and bounded

Lipschitz continuous functions, we deduce that ( fé’j ) | satisfies ([I4) with » = 1.

Y€(0,7
Applying Lemma [Z] we obtain that for every 6 € (%, H),

|H] — H{|
(t—s)?

Now, if t — s < n(w) defined by (I8]),

< Cr [+ 1X20) + Crlt - '+ X212 + (1271557 1B o,z

1270557 < (2lolloe + Cr(1+ X200 ) 1B o,z
Owing to the definition of 7, we have a.s.
1B (w)llo,rn” < Cr
where Cr is a deterministic positive number so that

271557 < Cr(IBT 3 + 1+ [X21).

Thus,
(] — 7] < Cr [(1+1X2)(E - 8)" + (¢ — )% (1+ X2 + 1B 3.0)] 1B o r-
Using that |ab| < 27'(|a|? + |b|?) and that 1 + |z| < CV/V (z), we have
(1+ XNt = 9)°1IB lo,r < C(V(XD)(E— ) + 1B} 1)-
It follows that there exists C'r > 0 such that for every € > 0

Cr(t —)* ' (1L +[|1B" o)
9

) — )| < e(t-5)V(XD) ( )+CT<HBHH5,T+@—§>29HBHHZ:T).

Now, we choose 7. € (0,7)

Cr(iie)? (1 + | B®|o.7)
g

<1

1
More precisely, we set 7. = [(Cr(1 + ||[BH|g1))"te]22-1 An. Thus, we obtain that for
every 0 < s <t <T such that t — s <17,

[H — H]| < e(t = s)V(XD) + Cr(IB |3 7 + (t = 9P| BT} 7)- (21)

Step 3: Contracting dynamics for V(Xy;). Choose now 9 > 0 such that there exists
d € (0,1/2) satisfying o

Ve e [0,1], e 2%(1+eox) <1 -6, (22)

and set 77 := 7,,. Plugging the two previous controls in (20), it follows that for every
ke {1,...,[%“,

2|3

V(Xkp) < V(Xe—ng) (1 = i) + Cr(L+ 1B )+ Y (By+ClAP),

_ (k=1)7
=—1

13



where ay, = ki) — (k — 1)7. Note that we can apply (22]) since

ap <27 <2 <27 <L

In particular, dap < 1/2. With the convention [[; = 1, an iteration of this inequality
yields for every k € {1,..., L%J}

k
V(Xpi) < V(2 )H(l—aal)+CT\\BH\\9TZ H (1 - day)
=1 m=1l=m+1

k k
+3 ] a=da) D0 By+ClaP).

Then, using the inequality log(1 + z) < z Vo € (—1,+00), we have for every m €
{0,...,k} (with the convention ), = 0)

k k k
H (1 —day) = exp( Z log(1l — day)) < exp(— Z day)) = exp(—0ki) + dmi).
l=m+1 l=m+1 l=m+1
Thus

exp(kon) — 1 < c

k k
(1-— < < n — O0kn
Z H day) < exp(—6kn) mz:lexp on)™ < exp(61 — ok7) xp(07) =1 = 07

m=1l=m+1

where C' is deterministic (and does not depend on k). Owing to the definition of 7 (and
thus from that of ), we have

_ __1 _ _1
it <[(Cr(+ 1B o)) eo) T vt < Cop (1 + || BH || 7).

It follows that there exists a polynomial function P; such that

k k
CrIBH3+ Y T[] - dar) < Pi(IBT |lox)-
m=1[l=m+1

On the other hand, since Hf:mﬂ(l —doy) < 1, we also have

mn ki ki
ko k = 15 15
oI =6a) D Br+CIAP) <D (By+ ClALP) < BT+ C > |AP
m=1l=m-+1 = (mfl)ﬁ_i_l u=1 u=1
s

We deduce that for every k € {1,..., L%J}
V(Xkq) < V() exp(=0kn) + Pi(||BY||o,r) + CQy(Bi',0 <t < T), (23)
where P is a polynomial function and @ is defined by

15 ]

Qy((w(t)ero,r) = D lwlky) —w((k — 1)), (24)
k

=28

1
14



Owing to the definition of || B ||y r, one checks that for every v € (0,7o]
Q4(B{,t € [0,1]) <¥*'T|B"|3 7 < Cr|| B |§ -

Thus, denoting by P the polynomial function defined by P(v) = P;(v) + Crv?, we deduce
from (23) that for every k € {1,..., L%J}

V(Xi) < V() exp(=0ki)) + P(||B"[|o,r). (25)

Step 4: Contracting dynamics for V(X'T); We now patch the estimates obtained so far in
order to propagate inequality (Z5) to V(X7). Indeed, applying (25) with k& = |77, we
obtain

V(Xjoiryy) < V(@) exp(=6[7 ' T]a) + P(IB"[lo,r),

and owing again to 20), @I) (applied with s = |77 'T |7 and t = T') and (22)), we deduce
that

V(Xr) < V(x)exp(=0|a—T7) + P(|B" |lo,r) (26)

where P is a polynomial function. Finally, we want to control V(X7) — V(X7). The
function VV being sublinear and D?V being bounded, we deduce from the Taylor formula
that for every z,y € RY,

V(y) <V(z)+ Clzl.ly — | + |y — z?).

Applying this inequality with x = Xz and y = X7 and taking advantage of the assump-
tions on b, we have

V(Xr) <V(Xp) + C [v(1+|X2l*) + 1+ | X2DIBY - BY |+ B — BfI!]  (27)
S V(X1 +C) +CA+[IBY3 1), (28)

where in the second line, we again used the elementary inequality |ab| < 271(|a|? + |b|?)
and the fact that |z|? < CV(x). Combined with (Z6)), the previous inequality yields:

V(Xr) < V(z)exp(=0[7T]7)(1 + Cv) + Pro(| B or),

where Py g denotes the polynomial function defined by Pj g(v) = P(v)+C(1+v?). Finally,
since exp(—6|7~ 1T |7) < e 9T=1=7) since T > 1 and 7 < 23 < 1, one can find 7% > 0
such that T'— § — 49 > 0 and such that,

exp(=6|7 ' TI7)(1+Cy) < p as.

Inequality (IQ) for p = 1 follows.

Step 5: Inequality (I0]) for p > 1. We recall that for every p > 0, there exists ¢, > 0 such
that for every u,v € R, the following inequality holds: |u+v[P < |ulP +c,(|v].|u[P~1 +|v[P).
Thus, by the Young inequality, it follows that for every € > 0, there exists c., > 0 such
that [u+v|P < (1+¢)|ul? + ¢, p|v|P for every u,v € R and p > 1. Applying this inequality,
we deduce from the case p =1 that

VE(XT) < pP(1+e)VP(x) + CrPo(|| B [lo,1))".
15



Since p < 1, we can choose £ > 0 such that p = pP(1 +¢) < 1. It follows that
VP(XF) < pVP(x) + Pyp(|| B [lo,7)

where P, ¢ is again a polynomial function.

Now, let us focus on (IIJ). We only give the main ideas of the proof when p = 1 (the
extension to p > 1 again follows from the inequality |u + v[P < 2P~(|julP + |v[P)). By
[25), the announced inequality holds taking the supremum of the left-hand side of ()
for every kf with k € {1,. LTJ} Then, for every t € [(k — 1)1, k7j], it remains to
control (uniformly in k) V(Xt) in terms of V(X(j_1)7). By (@) and 2I)), we obtain such

a control for every discretization time between (k —1)7 and k7). Then, it is enough to

control uniformly V(X;) in terms of V(X;). This can be done similarly as in inequality
7).

Step 6: Proof of the Hélder bound (I2). Let s,t € [0,T] with 0 < s <t <T. We have
t
X - X7 = / b(XY)du + Z} — Z3.
First, since |b(z)| < CVV (z) < C(1 +V(z)),
|/ b(X)du| < C(t — s)(1 + sup V(X))
u€e[0,T]
and it follows from (i) that

b(Xq)d
LD

< Cr(V(2) + Ppo(|B"llo.r))-
0<s<t<T S (t-s)?

Thus, we can only focus on the increment of Z7. By Lemma 3] for every u,v € [0,7T] such
that v — u < n (where 7 is given by (I])),

2} = Z}) < (v —w)’ <2H0Hoo +Cr(1+ e IXs|)770> 1B™ o7
s€l0,T

Using the concavity of = +— 2% on R, we have for every s1,s2 € [0,7] being such that

|s2 —s1] <, ) )
Z3, — Z2 | <270 oo (s2 — 51)0 | B |lor

and we derive that for every w,v € [0,T] with |u —v| <,

s€[0,T

|2} = Z}| < Cr(v —u)’ (1 +(1+ sup } \X’g\)n9> 1B o,z

Now, by the very definition of 7, we have n||B¥||g 7 < 1. Then, since |z|?> < OV (z), we
have in particular that |z| < CV(z) (using that inf,cps V(z) > 0) and we deduce from
the first part of this proposition that for every u,v € [0,7T] with |u — v| <n:

|2} = Z}) < Cr(v =)’ (V(z) + P(| B lo.r), (29)

where P is a polynomial function.
We want now to make use of the previous inequality to control Z] — ZJ for every 0 <

16



s <t <T. We divide [s,t] in intervals of length lower than 7. More precisely, setting
sk = s+ k|n|, we have

15°)
2 -21=-7] -1} Z

Sts

skl

Then, we deduce from (29]) that

= sw) (V) + P(1B" 1))

<Cr ((t=9"+ (t=90"") (V@) + P(IB" o))

77— 7)) < Cr ((t—s“_spu L
n

Thus, using 29) if t — s < 7 or the fact that (t —s)n?~! < (t —s)? if t — s > 1, we deduce
that there exists Cp > 0 such that for every 0 < s <t < T,

|27 = 2] < Cr(t = 5)°(V(x) + P(| B [lo,1).
The result ([I2]) follows.

4 Tightness properties

In the following proposition, we obtain some a.s. tightness results for the sequence (P(™7) (w, da))p>1.
Using that the controls established in Proposition [l are uniform in v, we also show that
tightness properties also hold for the set of its limiting measures (14(>7) (w,8)), defined
by

U (w,0) = {,u e C'(Ry,RY), El(nk(w))kzl,P("k(w)”)(w, da) koo, u} .

PROPOSITION 5. Assume (C). Then, there exists yo > 0 such that,
(1) For every v € (0,7] and p > 1, a.s.,

hmsup ZV «/(k 1 < CPEHPP,G(”BHHG,I)H < +00.

n—+oo N

where C), does not depend on v and P, ¢ is a polynomial function.

(ii) For every 6 € (1/2,H), for every v € (0,7], (P™"(w,da))n>1 is almost surely tight
on C’(R,,RY).

(i7) For every 6 € (1/2,H), (U™ (w, 0))ve(0,0] 18 @-5. tight in CO(R,,RY).

Proof. (i) Case p=1: We first focus on the sequence (+ Zévz_ol V(X,))n>1. Note that,
at this stage, we consider the values of the Euler scheme at times 0, 1, 2, ... (which do not
depend on 7). that We set

v¢>0, (6,B"), =B, Bl
By Proposition [ applied with T' = 1, we have for every k > 1
V(X)) < pV(X] 1) + Pro(ll6e-21B™]lg.1)

with p € (0,1). An iteration yields for every ¢ > 1

/-1
V(X)) < p' V(@) + > 0" Pro([6m B [loa)-

m=0

17



Setting Uy, = Py g(||6m B ||p,1) and summing over ¢, we obtain

N-—1 N-1 /(-1
1 V S ‘;(Z’) +% pé l—mU
z:o N1 -p) (=0 m=0
N—2 N N—2
V) 1 rm V(@)
N(l o p) N m=0 l=m+1 N(l a ) m=0

Let us remark that since B is a C%([0,1], R?) valued Gaussian random variable, the
norm || B[4 1 has finite moments of every order, which is classical consequence of Fernique
Lemma. Hence

E[|Pro(| B o)) < +oc. (30)

Then, since (6, B%),,>1 is ergodic (see Remark [ for background and details). We have

N—
1 N +oo
. Z % BP(1B )] . (31)
and it follows that
1 = 1
hmsup— Z V(X)) < ——E[Pig(|B"(|p1)] a-s. (32)
N—+o0 1 -
+ (=0

. . . 1 -1 >
We want now to use this result to control the a.s. asymptotic behavior of (3 > /'~ V(X;Yk))nzl.
By the second point of Proposition (i), for every ¢ > 0,

sup V(X)) <C (VX)) + Pig((l6eB™ [lg,1)) -
Re([£]4+1,[ ]

As a consequence, setting N = [y(n — 1)] + 1, we have

1 n—1 ~ N 1 N—-1 ~ B
DY VE S5 [V@+ Y Y VIER
k=0 =0 ’f:L%J-H

11 1 N-1 o o
<O+ G +D | 7 2 (VXD + Pro(laeB" o) | -

Using (B31)) and (32), the result follows when p = 1.

The proof when p > 1 is very similar to the case p = 1 and is left to the reader.

(i3) If for a sequence (i)n>1 of probability measures on R?, there exists a positive
function ¢ : R? — (0,400) such that sup,>; tin(p) < +00 and lim, o @(z) = +00,
one classically derives that (,),>1 is tight on R? (see e.g. [I0] p. 41). Thus, by (i),
(Pé"’w) (w,dz)) is a.s. tight on R?. Owing to some classical tightness results in Holder
spaces (see e.g. [30], Theorem 1.4), we deduce that we only have to prove that for every
T > 0, for every 6 € (1/2, H), for every ¢ > 0,

lim sup lim sup — Z {wo.r (X7 >3 =0, (33)

§—0 n—+oo Ake—1)+.0)
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where we recall that

t —
VT > 0’ w@,T(f? 5) = sup M
0<s<t<T0<|t—s|<s |t — S|

By Proposition [ (ii) with 6’ € (6, H),

X/ = X _ ) Py (|| BH
sup — < Cr(t—5)""(V(x) + Py (| B" lo,7))
o<s<t< (t—5)

so that for every s,t € [0,T] such that s <t and t — s < ¢,

X/ — XJ|
sup ————

< Crd” 0V (x) + P (| B o 7).
o<s<t<r (t—5)

As in (7), this property can be extended to the shifted process: we have for every k& > 0

el
wG,T(X»Y]H_.)

X \ P 5
e (AR M(TY-C o)
0<s<t<T, t—s<§ (t—s)
(34)

Since (0x BH )1 is ergodic (see Remark[H for details) and since by the Fernique Lemma
| BH ||or 7 has moments of any order, we have

1 5 n—+o0
= Po(l10xB g 1) “== B[Py (1B |lo7)] - s
Then, we deduce from (i) and (34]) that

lim sup — ZweT 1) ,0) < cs? 0.

n——+0o00
By the Markov inequality, we obtain for every € > 0,

50’0
lim sup — Z fwo.r (X2 ), 0)2e} <C . (35)

n—+oo N

and (B3) follows.

(iii) Let @ € (1/2,H) and denote by p(?) an element of 2/(>7)(w,#) and by ,u(’Y) i
marginals. By ([B0) and (32)),

C
Vy e (Oa’YO]a 87)(‘/') < E

where p does not depend on «. It follows that Z/{OOO’V) (w,0) is a.s. tight in R? (where

Z/{OOO’V) (w, ) stands for the set of initial distributions ,uéw).
Now, since C' does not depend on v in (B5]), we also have for every T'> 0, > 0 and € > 0
for every 6’ > 6:

¥y € (0,7], 1 Ay (5)2ep) < CO7 7

and the announced result follows again from Theorem 1.4 of [30]. O

19



REMARK 5. Some of the arguments of the previous proof are based on the ergodicity
of the increments of the fractional Brownian motion. More precisely, we use the fact
that (Bf)er is ergodic under the transformation T; : C?(R,R%) — C?(R,RY) defined by
(Te(w))e = w(€+t) —w(&) (& > 0), which implies by the Birkhoff theorem that, for any
functional F : C?(R,R?) — R such that E[|F(BH,t > 0)|] < +oo,

P—a.s., ZFB§k+ BE) "= E[F(BF t > 0)]. (36)

Note that this ergodic result is a (classical) consequence of the Maruyama theorem [25]
(see also [32]) which is stated in a slightly different way: let (6;);cr denote the standard
time-shift defined for w : R — R by 6;(w) = w(t +.). Then, a centered stationary real
Gaussian process (Y;)icr is ergodic under (0;)¢cr if its covariance function r(t) = E[Y;Y(]
satisfies r(t) — 0 as ¢ — +o0o. This result can be applied to the stationary (centered)
fractional Ornstein-Uhlenbeck process solution to dY; = —Y;dt 4+ dB{! (since r(t) — 0, see
e.g. [])). Then we retrieve (36) by using that the increment B}, — Bf! is a functional of

(Yo)iss: B, — Bl = Yies — Yy + [ Yodu.

5 Identification of the weak limits

5.1 Weak limits of (P™)(w,da)),>1

We have the following result:

PROPOSITION 6. Assume (C) and let P (w, da) denote a weak limit of (P (w, da))p>1 .-
Then, P (w,da) is a.s. an adapted stationary solution of (8.

REMARK 6. In the following proof, we will state some properties “for every function f, for
almost every w” and conclude that “for almost every w, for every function f” the property
is true. For the sake of completeness, we recall here that such inversions are rigorous
since we work on Polish spaces (in which the distributions and the weak convergence are
characterized by some countable family of bounded continuous functions).

Proof. In the proof, we denote by (75(”) (w,da, df))n>1, the sequence of probability mea-
sures on C’(R,RY) x C’(R,R?) with £ < 6 < H defined by

p(n,y)
P (w, da, df) = Z (K. @By @)=BIL_ ) () (40 4B)

where (Bf!)icr is the fractional Brownian motion used to build the Euler scheme ().
First, let us recall that by Proposition Bl (i), (P (w,da)),>1 is a.s. tight. Thus, we can
consider a weak limit P> (w, da). Second, one checks that (P (w, da, df))n>1 is also
almost surely tight since each of its margins have this property. Indeed, for the first margin,
it is again (7i) of Proposition Bl For the second margin, we use that (B/?);cr is ergodic
under the transformation 7., : C?(R,RY) — C?(R,RY) (see Remark [5]). In particular,

1 n
n ; OB 1y =By, (9F) (87)

is converging almost surely to the distribution of (Bf)ier (on C%(R,R%)). Hence, the
sequence (P (w, da, dB))p>1 is almost surely tight (and thus relatively compact). Then,
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if P(°°7) (w, da) is the limit of a subsequence of (P (w, da)),>1, maybe with the help of
a second extraction, it follows that a.s., there exists a subsequence (ny(w))g>o such that

P (W, da) koo, pleon) (w,da) and P (W, da,df) D00, ploo) (w,dao, dp)

(38)
where the first margin of P> (w, de, df) is obviously P(>")(w,da) and the second one
is a.s. the distribution of (B}?);cr (thanks to (37)). Let us also denote by (Xt(oo’w, B
the coordinate process on C?(R,,R%) x C?(R,R?) endowed with the probability P,
For (a, B) € C*(Ry,RY) x C?(Ry,RY) we consider the following function

¥ B = o+ [ W@ (@) )i+ [ 0@ (.9), ). (39)

Please remark that ®7 is slightly different from ®7 in the way it handles the initial con-
dition but

(0, B) = 97 (a, B)
for every a such that ag = a. For t, K > 0 let us denote by F} i the functional defined
on C?(Ry,RY) x CO(R,RY) by Fi r(a, ) = suppeg<y|as — 7 (a, By)s| A K where B, =
(B(t))¢>0- The function Fj g is bounded continuous on C?(R,,R?%) x C?(R,RY).

Then,

[e%] : 1 - \
E(Frx (X7, BY) = Tim —» Fx(X 1) Bliciye. — Blioy)-
k=1

n;—o0 1y

By definition of the Euler scheme (even though it is shifted), we have for every k > 1,

Ft,K(XZk_l B{;’_lm. - B(Ii_l)ﬁ/) = 0 almost surely, and

X7 = 7(x 0o BH)

v+

almost surely, which ensures that the pair (X (), BH) is a solution of (B]).
The stationarity of X () follows from the construction. Actually, using the convergence
of (P (w, da)), we have for every bounded continuous functional F : C?(R,,R?) — R,

1 " — S n 00 00 00
= PRy ) — F(X oy ) 5 BRG] - EIF(X )]
k=1

and owing to a change of variable, it is obvious that for every ¢t € vN,

1 = s - n——+0oo
v Y .
n 1; 1:F(X-y(k—1)+t+.) o F(X'y(k—l)-‘r.) 0.

It follows that for every ¢ € YN, for every F,
E[F(X,27)] = E[F(X 7)),

This property implies that X (007) ig stationary.

We now focus on the adaptation of X (7). In this step, we need to introduce, for a
subset D of R that contains 0, the Polish space Wy 5(D) that denotes the completion of
C3°(D,R?) (the space of C*°-functions f : D — RY with compact support and f(0) = 0)

for the norm |f(t) — f(s)]
— f(s
= sup ’
I£1 sren |t — s|°(1 + [t + |s]?)
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This space is convenient to obtain some Feller properties for the conditional distribution
of the fractional Brownian motion given its past. More precisely, by Lemmas 4.1 to 4.3
of [17], the paths of BY belong a.s. to Wy s(R) when 6 € (1/2,H) and 0 + 6 € (H,1).
Furthermore, setting BtH = Bgu — B we also deduce from these lemmas that for every
non-negative t and 7',

Pr(w,.) == LB e<ol (B )s<0 = (ws)s<o)

is a Feller transition on Wy 5(R_) (which does not depend on t).

Let us now prove that X (7 is adapted, i.e. that for every t > 0, (ngoo’ﬁ/))sq and
(B4 are independent conditionally to (Bf);<;. One can check that it is enoﬁgh to
prove that for every ¢ > 0 and (arbitrary large) 7' > 0, (X§°°’”’))s<t and (B Ht+T)320 are
independent conditionally to (B s<0 (using on the one hand that (B);<; is trivially
o(BE s < t)-measurable and that for every u > 0, o(B2"" s < 0) = o(BH,s < u)).
To prove this conditional independence property, it is now enough to show that for every
t > 0, for every T > 0, for every bounded continuous functionals f : C?([0,t],R?) — R,
g: Wg,g(R_) — R and A : Wg,g(R_) — R

E[f (X7, s € 0,])g(BI"*T, s < 0)h(BI, s < 0)]

= B[f(X{7,5 € [0,1])09 (B, s < 0)h(BIM, 5 <0)] o
where 9((w4)sz0) = Blg(BIT 5 < 0)|(B)yco = (@s)oso] = Pro((ws)eco). Since
Pr(w,.) is Feller, ¢ is continuous on Wy 5(R_).

Then, using the ergodicity of the increments of B¥ | we can show as in the beginning of
the proof that (P (w)),>1 is tight on C?(Ry,RY) x Wy s(R). Thus, there exists a.s. a
sequence (ny) such that

E[f(X(© s < t)g(BIT s < 0)W(BH!. s <0)] = 1 H
[f( s S S )g( S 73—0) ( s 73_0 k—1>I—lI-loonkZ k— IJk

and such that

1
E[f(X(7 s < )9 (Bt s < 0)W(BHt s <0)] = 1 Hy  E|
[f( s S S )1/}( s 73_0) ( s 73—0)] k—1>I—lI-loonkZ k—1 Jk‘ y(k— 1+t]

with 7, = o(B,s < u), H, = F(X s < t)h(Bfik_leH — BH

1)1 S < 0), and

s
s < 0). This implies that it is now enough to prove

_ H H
k= g(B'y(k—l)-l—s-‘rt-l—T - B’y(k—l)—i-t—i-T’
that
_ZHk 1 (k= BRI Fyenyae]) 20 aus.
k=1

This point follows from a decomposition of the above sum in martingale increments and
from classical martingale arguments (see proof of Proposition 6 of [5] for a similar argu-
ment). O

5.2 Identification of limits when v — 0"

In this part we fix a H-fractional Brownian motion B¥ on C?(R,RY) and we consider a
pair (X°*7, BH) on C%(R,, R?) x C?(R,RY) such that for each v > 0 the joint distribution
is given by Proposition

22



PROPOSITION 7. Let () be a sequence converging to 0 such that the distributions of
(X BHY are converging weakly on C®(Ry,RY) x C?(R,RY) to (X, BH). Then X is
a stationary adapted solution to (Il in the sense of Definition[3.

Proof. Let us first introduce

bla ) =an+ [ Wbla s+ [ o(bla,8).)ds
0 0
and remark that ®(«, 3) = ®(a, 8), if a9 = a. We want to show that
X = o(Xx>, BH) (41)

almost surely so that (X°°, BH) is a solution to (I)). Let us rewrite the equation with the
help of two continuous operators on C?(R,,R%) x C?(R4,RY) :

Vep) = [ bas)ds + / o(as)dBe,

and
Ala)y = o — ap.

Then equation (4I]) is equivalent to
A(X%) = w(X> BH). (42)

Let us also consider the discretization of ¥

t—/b ds+/ o (0, )dBs.

A(X>7) = U7 (X7 BH), (43)

Obviously (6) can be rewritten

LEMMA 4. Let (;)k>1 be a sequence converging to 0 such that (X" BH), - converges
weakly on C?(Ry,R?) x C%(R,R%) to (X, BH). Then Wk (X%, BH) converges weakly
on CO(R4,RY) to W(X>, BH).

Proof. Let (o, B) € C®(R4,R?) x C?(R,RY). A classical result concerning the discretiza-
tion of Young integrals shows that

U (e, B)e — 0 (e, B)e] < [lello,ell Bllo.cy*~"t.
See for instance [6], Proposition 31 or [34]. Hence for T > 0,
19 (e, B) = 7 (e, B)lo,r < llllo,r ]| Bllory*' ' T (44)
Let F be any bounded K-Lipschitz functional on C?([0, 7], R?),
[E(F(W(X>%, BT)) —E(F(¥(X>,B"))| =0 (45)
as k — oo. Then

|E(F (@7 (X% BHY)) — R(F (W (X% BT))| <KE(”XOO’W‘HGTHBHHeT)Tl 0 29 1

(46)
and using Proposition @(7i) the left hand side of (4@) is converging to 0 as kK — oo.
Combining (45]) and this last fact, we get the desired convergence in distribution. O
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Let us start with
A(X) = W (X5, BH), (47)

and let k — co. By Lemma @] the right hand side of [{@T)) converges to W(X>, BH) and
the left hand side to A(X°°), which, in turn, has the same distribution as ¥(X>°, BH).

Now, let us prove that X is stationary. It is enough to show that E[F(X>)] =
E[F(X7%.)] for every t > 0 and for every functional F' defined by F(o) = [];L; fi(ow,)
where fi,..., fm denote Lipschitz continuous functions on R? and t1,...,t, belong to
R,. By Proposition [, the distribution of X°7 is invariant by the time-shift (6y,) for
every k € N so that E[F'(X*)] = E[F (X% )]. The result follows easily by checking that
for every T > 0, )

E[ sup | X027 — X207 229, 9,
u,v€[0,T],|u—v|<y
Finally, it remains to show that (X°°, Bf) is adapted. Since (X°*) converges in dis-
tribution to X*° on C?(R;,R%) and since BY belongs to Wy (with 8 € (1/2, H) and
0+d € (H,1)), (X%, Bf) converges to (X°°, B) for 4/ a subsequence of ;. Then, we
can let v go to 0 in equality (40]) and the result follows. O

6 Simulations

In this section, we give an illustration of the application of our procedure for a one-
dimensional toy equation:

dX; = —Xudt + (4 + cos(Xy))dB}.

We propose to compute an estimation of the density of the (marginal) invariant distri-
bution in this case. We denote it by I/OH . By Theorem [l for every bounded continuous
function f : R* — R,

li li (nyy) — ., H )

lim T P (w, f) = v ()
The first step is to simulate the sequence (B% - Bﬁk—l))zzl' We use the Wood-Chan
method (see [33]) which is based on the embedding of the covariance matrix of the frac-
tional increments in a symmetric circulant matrix (whose eigenvalues can be computed
using the Fast Fourier Transform).

Then, we compute Kj, * 770("’7) where K} is the Gaussian convolution kernel defined by

Ky (x) = \/21?h exp(—%). Note that Kj, * Pén’y)(xo) = én’y)(Kh(xo —.)), where, for a
measure u, and a p-measurable function f, we set u(f) = [ fdu. In Figure [l is depicted

the approximate density with the following choices of parameters

n=10", v=0.05 h=0.2, H:%

We choose to compare it with the density of the invariant distribution when H = 1/2.
Note that in this case, the invariant distribution is (semi)-explicit (as for every ergodic
one-dimensional diffusion) and is given by

1 M (dx) 1 v 2u
2 — — — e
vy (dz) = M(R) where M (dx) = (d+ cosz)? exp < /0 (A + cos u)2du> dz.

We observe that the distribution when H = 3/4 has heavier tails than in the diffusion case.

Finally, in order to have a rough idea of the rate of convergence, we depict in Figure 2l the

approximate densities for different values of n keeping the other parameters unchanged.
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Figure 1: Approximate density of v (continuous line) compared with that of v¢ (dotted
line)

0.16

0.14 1
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Figure 2: Approximate density of vl for n = 10° (dotted line), n = 10° (dash-dotted
line), n = 107 (continuous line)
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REMARK 7. As mentioned before, this section is only an illustration. In fact, there are
(many) numerical open questions. For the estimation of the error, it would be necessary for
a function f to get some rate of convergence results for 770("’7) (f)—vu(f) (long-time error)
and for I/OH Y(f) — vt (f) (discretization error) where I/OH "7 denotes the initial distribution
of the stationary Euler scheme with step v. Note that in the diffusion case, it can be
shown (under some appropriate assumptions that the long time error is about (’yn)_% (see
[3] for the corresponding result in the continuous case) whereas the discretization error is
O(7) (see [31], Theorem 3.3 for a similar result with the Milstein scheme). Finally, even
if the Wood and Chan simulation method is fast and exact, it requires a lot of memory
because of the Fast Fourier Transform. On Matlab, for instance, this implies that we can
not take n greater than 2.107. Thus, it could be interesting to study some discretization
schemes based on some approximations of the fBm-increments simulated, which consumes
less memory.

7 Appendix

Proof of Proposition [Z Let us show that (X,z) is a skew-product in the sense of [16]
as follows. For a fractional Brownian B motion on R, set for every n € Z A, =

B (Ii )y ~- Setting W := (R%)%- | we then introduce the regular conditional probability

PYIW - Ml(Rd) defined byfll:
P (w) = LIA][(A))k<0 = w)

and denote by P? the Feller transition on W defined for every measurable function f :
W = R by P7f(w) = [ga f(wU@)PY(w,dd) where for w € (RY)%- and @ € RY, wU @ =
(oo wy, Wy, wo,W). Settlng ®7(z,0) = z+yb(x) + o(x)w and P}, = .C((An)ngo), we have
defined a skew-product (W,P}Y{,PV,Rd, ®7) with the transition operator Q7 on R x W
defined by

Qf(r,w) = / (@ (2, ) P (w, ),

which describes the dynamics of the Euler scheme.

Then, thanks to Theorem 1.4.17 of [16], uniqueness of the adapted and stationary discrete
Euler scheme (X,;) (in distribution) holds, if the skew-product (W,IP’}Y{,PV,RC[,{W) is
strong Feller and topologically irreducible (in the sense of Definition 1.4.6 and 1.4.7 of
116)).

First, write @ = (&',...,@7) and ® = (®],...,®)). Denote by M?®(z,&) the (discrete)
Malliavin covariance matrix of ® defined by

V(z,@) e R x RY and(i,j) € {1,...,d}?, M(I) (z,w) Z@ k@) (z,0) wkflﬂ(:z: w).

Thus, M®(z,0) = (00*)(x) and since 0! is bounded (and continuous), it follows that
r — (det(M®)~1(z,w) is bounded continuous. Second, the functions D,®, D,D,® and
D2 ® are clearly bounded continuous. Finally, the sequence ((A})') has a spectral density
f that satisfies [™ (f(z)) 'da < +oo (see e.g. [2] for an explicit expression of f). Thus,
it follows from Theorem 1.5.9 of [16] that the skew-product is strong Feller.

For the topological irreducibility, it is enough to show that for every (z,w) € R? x W, for

! Note that since (A} )nez is a stationary sequence, L(A[(A]) k<o = w) = L(A] 1](A rak)k<0 = W)
for every n € Z.
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every (y,e) € R? x R*, Q(z,w, B(y,e) x W) > 0 . Since o is invertible, the map ® is
controllable in the following sense: ®(z,®,) = y has a (unique) solution @ € R?, for every
z,y € R? Furthermore, b and o being continuous, for every e > 0, there exists 7. such
that for every @ € B(@g,7¢), ®(z,0) € B(y,e). Thus

Q(z,w, B(y,e) x W) > P(w, B(Qg,7:)) > 0,

since P(w,.) is Gaussian with positive variance. This concludes the proof.
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