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Abstract

In a previous paper, we studied the ergodic properties of an Euler scheme of a
stochastic differential equation with a Gaussian additive noise in order to approximate
the stationary regime of such equation. We now consider the case of multiplicative
noise when the Gaussian process is a fractional Brownian Motion with Hurst parameter
H > 1/2 and obtain some (functional) convergences properties of some empirical
measures of the Euler scheme to the stationary solutions of such SDEs.

Keywords: stochastic differential equation; fractional Brownian motion; stationary pro-
cess; Euler scheme.

AMS classification (2000): 60G10, 60G15, 60H35.

1 Introduction

Stochastic Differential Equations (SDEs) driven by a fractional Brownian motion (fBm)
have been introduced to model random evolution phenomena whose noise has long range
dependence properties. Indeed, beyond the historical motivations in hydrology and telecom-
munication for the use of fBm (highlighted e.g in [21]), recent applications of dynamical
systems driven by this process include challenging issues in Finance [11], Biotechnology [24]
or Biophysics [15, 16]. As a consequence, SDEs driven by fBm have been widely studied
in a finite-time horizon during the last decades, and the reader is referred to [23, 4] for
nice overviews on this topic.

In a somehow different direction, the study of the long-time behavior (under some
stability properties) for fractional SDEs has been developed by Hairer (see [12, 13]) and
Hairer and Ohashi [14], who built a way to define stationary solutions of these a priori non-
Markov processes and to extend some of the tools of the Markovian theory to this setting.
See also [1, 5, 10] for another setting called Random dynamical systems. The current
article fits into this global aim, and starts from the following observation: the knowledge
of the stationary regime being important for applications and essentially inaccessible in an
explicit form, we propose to build and to study a procedure for its approximation in the
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case of SDEs driven by fBm with a Hust parameter H > 1/2. This paper is following a
similar previous work for SDEs driven by more general noises but in the specific additive
case (see [3]).

More precisely, we deal with an R%valued process (X¢)t>0 solution to the following
SDE
dX; = b(Xy)dt + o(X;)dBE (1)

where b : R? — R? and o : R — My, are (at least) continuous functions, and where
My, is the set of d x ¢ real matrices. In (1), (Bf);>0 is a g-dimensional H-fBm and for
the sake of simplicity we assume % < H < 1, which allows in particular to invoke Young
integration techniques in order to define stochastic integrals with respect to B. Compared
to [3] we handle here a fairly general diffusion coefficient o, instead of the constant one
considered previously. Classically the noise is called multiplicative in this setting, whereas
it is called additive when o is constant.

Under some Holder regularity assumptions on the coefficients (see Section 2 for details),
(strong) existence and uniqueness hold for the solution to (1) starting from x¢ € RY. Clas-
sically for any stochastic differential equation, a natural question arises: if we assume that
some Lyapunov assumptions hold on the drift term, does it imply that (X;);>¢ has some
convergence properties (in distribution or in a pathwise sense) to a steady state when
t— 400 ?

This question implies in particular to define rigorously a concept of steady state. For equa-
tion (1), this work has been done in [14]: using the fact that, owing to the Mandelbrot
representation, the evolution of the fBm can be represented through a Feller transition on
a functional space S, the authors show that a solution to (1) can be built as the first coor-
dinate of an homogeneous Markov process on the product space R? x S. As a consequence,
stationary regimes associated with (1) can be naturally defined as the first projection of
invariant measures of this Markov process. Furthermore, the authors of [14] develop some
specific theory on strong Feller and irreducibility properties to prove uniqueness of invari-
ant measures in this context.

In the current article, our aim is to propose a way to approximate numerically the station-
ary solutions to equation (1). To this end, we study some empirical occupation measures
corresponding to an Euler type approximation of (1) with step v > 0. We show that,
under some Lyapunov assumptions, a (pathwise) convergence to the stationary solution
of the discretized equation (denoted by v7) holds and that, when v — 0T, 7 converges in
turn to the stationary solution of (1). This approach is the same as in [3]. However, the
introduction of multiplicative noise has some important consequences on the techniques
for proving the long-time stability of the Euler scheme. In particular, the main difficulty is
to show that the long-time control of the dynamical system can be achieved independently
of . In [3], this problem has been solved with the help of explicit computations for an
Ornstein-Uhlenbeck type process. Because the noise is multiplicative the computations
of [3] are not feasible anymore and we use specific tools to obtain uniforms controls of
discretized integrals with respect to the fBm. Before going more precisely to the heart of
the matter, let us mention that the numerical approximation of the stationary regime by
occupation measures of Euler schemes is a classical problem in a Markov setting including
diffusions and Lévy driven SDEs (see e.g. [28, 17, 18, 19, 25, 26]).

2 Framework and main results

For some fixed H € (%, 1), we consider (€2, F,P) the canonical probability space associated
with the fractional Brownian motion indexed by R with Hurst parameter H. That is,
2



Q = Cy(R) is the Banach space of continuous functions vanishing at 0 equipped with the
supremum norm, F is the Borel sigma-algebra and PP is the unique probability measure on
Q) such that the canonical process B = {B; = (B{,..., B}), t € R} is a fractional Brownian
motion with Hurst parameter H. In this context, let us recall that B is a ¢-dimensional
centered Gaussian process such that By = 0, whose coordinates are independent and
satisfy

. A 2
ERB{—B;) ] —[t—sPH, for steR. 2)

In particular it can be shown, by a standard application of Kolmogorov’s criterion, that
B admits a continuous version whose paths are §-Holder continuous for any 6 < H.

Let us be more specific about the definition of Hoélder spaces of continuous functions.
Namely, our driving process B lies into a space C’ defined as follows: we denote by
CY(R,,R?) the set of functions f : R, — R? such that

VT >0, flor = sup LOIG)

< 400
o<s<i<T (t—s)? ’

where the Euclidean norm is denoted by |.|. We recall that C?(R,,R?%) can be made into
a non-separable complete metric space, whenever endowed with the distance dy defined by

o(f9)=> 27" (1 A <02?£N”f“> — gl +1If —g||97N>> :

NeN

where z Ay = min(z,y) Vz, y € R. However, since separable spaces are crucial for conver-
gence in law issues, we will work in fact with a smaller space C?(R,,R?): we say that a
function f in C?(R,R%) belongs to C?(R,,RY) if

VT >0, wer(f, ) == sup |f(t) = f(s)] 6=0

7 0.
0<s<t<T0<|t—s|<s |t — S|

CY(R,,R%) is a closed separable subspace of C?(R,R%).

We recall now some results on the existence and uniqueness of the solutions of the
stochastic differential equation (1) starting from a deterministic point a. Let us suppose
that b is Lipschitz continuous and that o is (1 + «)-Lipschitz with o > % —1,. We recall
that for 0 < o < 1, o is (14 a)-Lipschitz on R? if it is a C'! function and if the following
norm is finite:

Do(x) — Do(y
|o|l14+a = sup ||Do(z)| + sup |Do(x) ) ()]
rER4 z,yERY, lz—y| <5 ‘x _ y‘

(3)

Then for any deterministic function B € C?(R,,R?) with § > %, any zo € R? and any
(14 a)-Lipschitz map o, there exists a unique solution denoted by ®(xzo, B) in C?(R,,R?)
of

dXt = b(Xt)dt + O'(Xt)dBt, X(] = Zo. (4)

See [4, 20] for proofs and discussions of this kind of deterministic ordinary differential
equations. Please note that by definition

®(xg,B)r = xo—l—/o b(@(xO,B)s)ds—i—/O o(®(zg, B)s)dBs,

where the integrals are Riemman Stieljes integrals. Moreover the so-called It6 map ® is
continuous from R? x C?(R,,R%) into C®(R,,RY) (see Proposition 47 in [4]). Actually
3



the solution of the stochastic differential equation (1) such that Xy = z¢ is nothing but
®(xo, B (w)), where the fractional Brownian motion B has been first sampled.

Let us now introduce a long-time stability assumption (C) concerning the stochastic dif-
ferential equation (1) where b : R? — R? is a continuous function.

Let £Q(R?) denote the set of Essentially Quadratic functions, that is C2-functions
V : R? — (0, 00) such that

lim inf @

| —»+oo |]?

>0, |VV|<CVV and D?V is bounded.

Note that any element V € £Q(R?) is continuous, and thus attains its positive minimum
v > 0 so that, for any A,r > 0, there exists a real constant C,  such that A+V" < C, V".

(C): The map o is assumed to be a bounded Lipschitz continuous function. Moreover we
suppose that there exists V' € EQ(R?) such that

(i) for a given C' > 0 we have |b(z)|? < CV(z) Va € RY
(ii) and for € R and a > 0, the following relation holds:

Ve e RY  (VV(x),b(z)) < B —aV(z).

We now turn to the definition of a stationary solution of (1).

DEeFINITION 1. For 1/2 < § < H < 1, a stationary solution v to (1) is a probabil-
ity measure on C?(R,,R?), which is the first projection of a probability measure p on
CO(R,;,RY) x CY(R,RY), satisfying the following conditions. Let us denote by (X;, B;) the
coordinate process on C?(R,, R?) x C?(R,RY). The projection of y on C?(R,RY) is the law
of a H-fractional Brownian motion indexed by R. For any T" > 0, we consider ur the
restriction of p on C?([0, T],R%) x C?(]0,T],R9). Then we assume that

X = ®(Xo,(Bf)i>0), pr almost surely (5)

and that the distribution of (X;);>0 is strictly stationary under p. A stationary solution is
called adapted, if for 0 < s < t the processes (Xs)o<s<¢t and (B (s))s>; are conditionally
independent given (B (s))s<;.

This definition is very similar to the definition in [14] that comes from Stochastic Dynam-
ical Systems.

Let v be a positive number, we will now discretize equation (1) as follows:

Y7 =Y+ (t—n)b(Vh) + o (V) (BY — BE) Vi€ [y, (n+10).  (6)

We set
t, = max{vk,vk < t,k € N}.

In fact, we will usually write ¢ instead of ¢, in the sequel. The discretization of (1) can
also be introduced with the following discretization ®7 : R x C?(R,,RY)  C?(R, ,R?) of
the It6 map :

O (zg, B)r :=x0 + /Ot b(®7 (w0, B)s, )ds + /Ot o(®" (20, B)s, )dBs. (7)
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Please note that the definition of ®7 does not involve any Riemann integration but only
finite sums and that

Y7 = (Y (B o) (8)
Then, we call adapted solution of (6) a distribution v on C?(R,R%) defined as in Def-
inition 1 replacing (5) by (8). We will say that v7 is stationary if it is invariant by the
shift maps (0 )ken, where 6; : C/(R;,R?) — C(R;,RY) is such that (6;(w))s = wits,
for t > 0. Note that in this definition, there is a a slight abuse of language since we do
not require the invariance by the shift maps 0; for every ¢ > 0, but only when t = k~, k € N.

Let us introduce the following uniqueness assumption for v7 and v:

(S7) (v > 0): There is at most one adapted stationary solution to (1) (resp. to (8)) if
v =0 (resp. if v > 0).

For (S?), we refer to Theorem 1.1. of [14]. When ~ > 0, we have the following proposition:

PROPOSITION 1. Let H € (1/2,1). Assume that d = q and that b and o are C*-functions.
Assume that o is invertible and that supyega 0~ *(z) < 4+00. Then, (S7) holds for every
v > 0.

The proof, which is an application of [13], is done in the appendix.

Let us now focus on the construction of the approximation: we denote by (X;):;>o the
continuous-time Euler scheme defined by: X 7 =2 € R% and for every n > 0

X] = X2, + (t=n)b(X]) + o (XL ) (B! = BL) Vi€ (n+1)0).  (9)

The process (X;)i>0 is a solution to (6) such that X = z. In order to alleviate the
notations and, when it is not confusing, we will usually write X; instead of X;. Now, we
define a sequence of random probability measures (P (w,da)),>; on C?(R,,R?) with
0 < H by

(n,7)
P (w, do) Z Xy (w) (dv)
where & denotes the Dirac measure and for every s > 0, X, := (X],,)i>0 denotes the
s-shifted process.
For t > 0, the sequence (Pt(n) (w,dy))n>1 of “marginal” empirical measures at time ¢ on

R? is defined by
(n, } :
7Dt w dy X7 (e— 1)+t(w d )

We are now able to state the main theorem of this article:

THEOREM 1. Let 1/2 < 6 < H < 1. Assume (C) and (S7) for every v > 0. Then,
(i) There exists vo > 0 such that for every v € (0,7),

~0 d
PN (w, da) (R4 RD)

V' (da)) a.s. where n — 400

and where v denotes the unique adapted stationary solution to (6).
(ii) Moreover, if b is Lipschitz continuous, o is (1 + «)-Lipschitz with « > & — 1 and if
(S%) holds, then,

lim lim P™)(w,da) = v(da) a.s.

y—0n—+o00
where the convergence is again for the weak topology induced by C%(Ry,RY) and v denotes
the unique adapted stationary solution to (1).
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REMARK 1. Note that some extensions can be deduced from the proof of this theorem.
First, when uniqueness fails for the stationary solutions, the preceding result is replaced
by

THEOREM 2. 1. Assume (C). Then, there exists o > 0 such that for every v € (0,7v),
(PO (w, da))p>1 is a.s. tight on D(R 4, RY). Furthermore, every weak limit is a stationary
adapted solution of (6).
2. Assume (C) and set

U (w) = {weak limits of (P (w,da))}.

Then, there exists v1 € (0,70) such that (U7 (w))y<~, is a.s. relatively compact for
the uniform convergence topology on compact sets and any weak limit when v — 0 of
(U (w))y<~, 15 an adapted stationary solution of (1).

REMARK 2. From the very definition of weak convergence, the preceding assertions im-
ply that the convergence of (P(™7) (w,da))n~ holds for bounded continous functionals
F : C%R,,RY — R. In fact, this convergence can be extended to some non-bounded
continuous functionals F' : C?([0,T],RY) — R. Actually, setting G(a) = supyefo,r) V (o),
we easily deduce from inequality (12) of Proposition 3 and Proposition 4 that

sup limsup P (w, GP) < 400 a.s.
7<v0 n—+00

for every p > 0. By an uniform integrability argument, it follows

PROPOSITION 2. The convergence properties of (P (w, da)) extend to continuous func-
tionals F : C%([0,T],R%) — R such that for every a € C?([0,T],R%),

|F(a,0<t<T)| <C sup VP(ey)
t€[0,T

with T'> 0 and p > 0.

REMARK 3. A third natural extension of Theorem 1 consists in handling the case of an
irregular fractional Brownian motion B with Hurst index 1/4 < H < 1/2. This extension
is presumably within the reach of our technology on differential systems driven by fBm, but
requires a huge amount of technical elaboration. Indeed, to start with, equation (1) has to
be defined thanks to rough paths techniques whenever H < 1/2, and we refer to [9] for a
complete account on rough differential equations driven by Gaussian processes in general
and fractional Brownian motion in particular. More importantly, as it will be observed in
the next sections, our main result heavily relies on some thorough estimates performed on
the discretized version (6) of equation (1). When H > 1/2 this discretization procedure is
based on an Euler type scheme, but the case H < 1/2 involves the introduction of some
Levy area correction terms of Milstein type (see [6]) or products of increments of B if
one desires to deal with an implementable numerical scheme (cf. [7]). This new setting
has tremendous effects on the proof of Propositions 3 and 4. For sake of conciseness, we
have thus decided to stick to the case H > 1/2, and defer the rough case to a subsequent
publication.

The sequel of the paper is built as follows. The three next sections are devoted to
the proof of Theorem 1. In Section 3, we prove some preliminary results for the long-
time stability of (P(™")(w,da)),, when v > 0. It is important to note that the controls
established in this section are independent of v in order to obtain in the sequel a long-
time control that does not explode when v — 0. Then, in Section 4, we obtain some
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tightness properties for (P(™7)(w,da)) (in n and ) and, in Section 5, we prove that the
weak limits of this sequence are adapted stationary solutions. Eventually, in Section 6,
we test numerically our algorithm for the approximation of the invariant distribution of a
particular fractional SDE.

Note that in the proofs below, every non-explicit constant is denoted by C' and may change
from line to line.

3 Evolution control of (X/) in a finite horizon

The main aim of this part is to obtain a finite-time control of V(X7) in terms of V(X{)
which is somewhat contracting and which is independent of . This is the purpose of the
first part of Proposition 3 below. In order to obtain some functional convergence results,
we state in the second part a result about the finite-time control of the Hélder semi-norm
of X7.

PROPOSITION 3. Let T > 0. Assume (C). Then,

(i) For every p > 1, there exist vo > 0, p € (0,1) and a polynomial function Pp,g:R — R
such that for every v € (0, 7o),

VP(X7) < pVP () + Bpo(IB" lo.r) + CQE(BY",0 <t < T), (10)
where Q- is defined for every (w(t))ejo,r by

=l

Qy(w®))reor) = Y lw(ky) — w((k — 1)7)[*. (11)
k=1

=25

FPurthermore,

S[UP} V(X)) <C(VP(x) + Py B [lo.r) + Q4(BI,0 <t <T)). (12)
tel0,T
(ii) For every 0 € (3, H), T > 0, and vy € (0, ]

sup  ———5— < Cr(V(z) + Py([[B" |lo,r) + Q+(B;,0 <t <T))
o<s<t<T (t—3)

where P is another real valued polynomial function.

The proof of this result is achieved in Subsection 3.2. Before, we focus in Subsection 3.1
on the control of increments of some discretized equations with non-bounded coefficients
driven by BH.

3.1 Technical Lemmas

Let us recall that, for every ¢t > 0, ¢, = ymax{k € N,vk < t}. In the sequel, we will
usually write ¢ instead of ¢,.

In the following lemmas, we will use the following notation: for any element (x(t))¢>0
of CRy,RY) and T > 0, 6 > 0, v > 0, we define

’x(y'y) - x(@'y)‘

s,t
x = sup
H HG,'y s<u<v<t (ny - ny)e ’
where we set by convention % = 0.



LEMMA 1. Assume that b is a sublinear function, i.e. that there exists C' > 0 such that
for every x € RY, |b(z)| < C(1+|z|). Then, for every T > 0, there exists a constant C' > 0
such that for every s,t € [0,T] with s <t, for every v > 0, for every 6 € (0, H)

%71 < (IX71+ Ct— ) + 12754 = )°) exp(C(L - 9)))

where .
ﬂz/deﬁ
0 s

Proof. First, from the very definition of (X} )¢>0, we have for every s,t € [0,7] with s < ¢:

t

X} =X+ W+ 2] - 23 (13)

S

The function b being sublinear, we deduce that
t 0 t
_ _ s, _
X7 = X2+ 1270 -0+ € [+ 1K)
s
Setting gs(v) = | X544/, it follows that for every v € [0,t — 3],

v
gs(v) <a+ C/ gs(u)du
0
with a = | X7 |+ HZ'YHZ";(E —5)? 4+ C(t — s). The result follows from Gronwall’s lemma. O

The control of B -integrals is usually based on the so-called sewing Lemma (see e.g.
[4, 8]) which leads to a comparison of fst f(z,)dBE with f(z;)(BY — BH). The following
lemma can be viewed as a discretized version of such results:

LEMMA 2. Let v9 > 0 and (fy)ye0,40] be a family of functions from Ry x R? to Mg 4
such that there exists v > 0 such that for every T > 0, there exists Cr > 0 such that

\v/ry € (OaWO]a
(s, ), (t,y) € [0, TIxRY,  |1f(t,y)— fr(s,2) || < Or(L+|z|"+lyl")(|t—s|+]y—z[). (14)

Let (H, )i>0 be defined by
_ t —
vt >0, HZZ/ fy(s, X7)aB.
; s

Then, for every 0 € (%,H), for every T > 0, there exists Cp > 0 such that for every
v € (0,7], for every for every 0 < s <t <T,

[H = H] — (s, X2)(B{' = BI)| < Cr(t = 9)* (L + X3 + (127055 DIB  [lo.r-

0,y
Proof. Let s,t € [0,T] with s = ~i and t = yj with i < j. We build the sequences (Tl(k))lzio
by: TO(O) =s, 7'1(0) =t and for every k > 1, for every [ € {0,... ,2’“}:
TE"“‘” if [ is even
R (15)

T =
: vy \\%(Tl(_il) + Tl(_l:_ll))J if [ is odd.
2 2



When [ is odd, Tl(k) is in fact a discretization point which is located in the interval
k—1) _(k—1)
[ (

T,"y ,Tiy |- More precisely, it can also be defined as the largest discretization point on

2 2
the left of the middle of this interval. It is important to remark that for k large enough,

every discretization point between s and t is covered by one of the Tl(k)7S, 1ef{o,...,2%}.
Then, we set

K = Ky ::inf{k:GN,{ym,igmgj} C {le,0§l§2k}}.

Before going further, let us check that there exists a constant C' > 0 (C' = 2 is a suitable
choice) such that for every v > 0, for every s,t € [0, T

Vke{0,K}, Vie{l,...,2¢}), 7P _®<c (16)

If K =0, this point is clearly satisfied. Assume now that K > 1. Denoting by %) the

1i+1
number of discretization points (strictly) between Tl(k) and 7% we can check by induction

I+1>
that
ke {0,..., K}, max{ay,,,0<1<2¥ 1} —min{afy,,,0<1<2¥ 1} <1.

In other words,

Vk € {0,..., K}, rnaux{Tl(f)1 —Tl(k),O <l<2k— 1} —Inim{Tl(f)1 —Tl(k),O <l<2k— 1} <+~.
Using that 21221 Tl(k) — Tl(f)l =t — s, we first deduce that
(k) (k) L=
o (1 - n) <5

(

Owing to the definition of K, the second consequence is that (7, K_l))l is (strictly) increas-

ing and thus that minlSlSQK—l(Tl(K_l) - Tl(f(l_l)) > ~. This implies that

and (16) follows.

Now, let us return to the proof of the lemma. Using that at step K, the discretization

(K)>

steps are covered by the 7,7 ’’s, we obtain:

2K
" H
H] - H] = Z f(n <K>)(BTl(f1) = Bluo)-

Thanks to (15), we have for every k € {0,...,K —1} and [ € {0,...,2" —1}:

B 75 B (k) - (B (k+1) ™ B (k+1)) (B (k+1) ™ B (k+1))

l+1 2l+2 2l+1 2l+1
Thus, setting
2k —1

K
Zf( XW(k))(B<k> Bgm)a

=0



we deduce that for every k € {0,...,2F 1},

2k_1
I, = Il + Z E’y(k,l)
=0

with

E+1) o (k+1)
€ ( ) <f’y( ( X’y(kal)) fv(721+1 ?X’y(k+1))> <B§k+1) B (k+1)>
ot Tol41 20+2 Tor41

Furthermore, Iy = f (s, XJ)(Bff — BY) and Ix = H; — H{. We then deduce that for
every v > 0,

H] —H] = f,(s,X2)(Bf! - BI) - > ey (k). (17)

0

Let us focus on the second part of the right-hand member of (17). Owing to the assump-
tions on f,, we have

k1 k1) -
ey (B, D)| < Copy ((72(1:1) — )+ |X7k+1) X’y(k+1)|> ‘BHHM B
ot

Tal+1 o142 Tol41

with ¢ =1+ |Xﬂ{(k+1) " + |X7 k+1)| Then,

Tal+1

(k+1 k+1) > k+1 (k+1
’ffv(k l)‘ < C¢kl <(7'21+1) - ( )+ ‘Xv (k+1) — X (k+1)’> ( 2(l+2) 7'2l+1 )) HBHH 0,1
2041 2041
(18)

for every 6 € (1, H). Let us now focus on the control of ¢, and of X "y — X (k+1)|
2041 2l+1

= t and it follows that in this case,

First, note that if 7'2(?:11) = { then, 7'2(?:21) 2(?:11)

ey(k,l) = 0. In the sequel, we set A; := {(k,1), 7'2(?:11) < t}. By Lemma 1, for every
(kj, l) S At,
v|" 7Y (1St
[ral < Cr (141327 + (12715577
Second, using the notation n. (k, I) for the discretization index related to Tl(k) (i.e. ny(k,1) =

—1,.(k)

Y1), we can write

Ny (2041, k+1)—1
v v _ Y Y Y 7Y
X o1 XT(Ic-H) = § ’Vb(Xv )+Z o1 ZT(k+1)'
21 21

Tal+1 v=n- (20, k+1) Tal+1

Then, using that b is a sublinear function, we deduce from Lemma 1 that there exists
Cr > 0 that does not depend on ~,[ and k such that

Ny (2041, k+1)—1 (k1)
S,T. - k+1 k+1
3 w<n<&@+WWWM|W )@H)é’>
v=n~(21,k+1)

s k+1 k41
< or (1+1R2+12757) () - D).

Likewise, we have for every (k,l) € A,

- t—y, _(k+1 k+1)\0
1 Z ey — (k+1)| < ||ZVH;,v ’ 2(l+1) 7'2(1 )) .

Tol+1

10



Plugging the previous controls into (18) and using that 20 < 1+ 6, we obtain the existence
of a constant Cp > 0 such that for every v, [ and k,

S (k k
e (ks DI < Cron(X2, 127055 ) (0 + XD = oy )

Jt— k+1 k+1)\20
2 ) =) 1B o

where
op(z,r) =14 |z|" + |2

Then, using (16) and the fact that

2k 1 2k 1

(k+1) (k+1) _ (k) (k) _
Z Tor+2 — Ty = Z 41— T =t—s,
1=0 =0

it follows that
2’6 1 0 20—1
BN —s\’ e (t—s .
gor(XZ 1255 < Or(t—s) | 1 +]X7)) 2k+1 2755 " | St 1B [lo,7-

Summing over k and using that >, -, 2~ (k+1)0 and Y k>0 2~ (k+1)(20-1) are convergent, we
deduce that

K—12F—1

Z Z ey (k,1)| < Cren(X7, HZ’YH%%‘V)
k=0 =0 »

x (1 +1XIDE =9 + 1221557~ 9%) 1B lo.r.

A expansion of the right-hand side combined with elementary inequalities and the fact
that 20 < 1+ 6 yields for every 0 < s <t < T,

K—12F—1 - L
S Ikl < Cate = 9% (1415274 4 (1270557) ) 187 o
k=0 =0
and the result follows from (17). O
In the following lemma, we make use of Lemma 2 when f,(t,z) = o(z). In this

particular case, we show below that we can deduce a control of the increments of Z7 on
an interval with random but explicit length n(w) (which does not depend on 7).

LEMMA 3. Let vg be a positive number. Assume that o is a bounded Lipschitz continuous
function. Then, for every 6 € (%, H), for every T > 0, there exists Cp > 0, there exists a
positive random variable

1 H -1 ¢
n(w) = | SI(CrlB7 (W)llo,r) ™" A 1] (20)
such that a.s for every 0 < s <t <T witht —s <mn, for every v € (0,70)
127 = 22 < (t= 9" (ollow + Cr(1 + X2 ) 1B llo.r

where [|0|oo = supgera [lo(2)]-
11



Proof. For every l > 0, set t; = s+~l and N; = ||Z7Hs ! Owing to the definition of ||||§’i/l,

we have
7Y
-z,

7

1z
Nipp < NV sup

i<l (i1 — )0
By Lemma 2 applied with s = ¢;, t = ¢;4; and f,(s,2) = o(x) (and r = 0),
‘ 77 _ 77
ti41 ti
(tip1 — ti)°

< (lolloo + Crltiv = t)° (14 1X71+ 127152) ) 1B o 1

By Lemma 1 and the fact that t — HZ'YHzt7 is nonincreasing, it follows that

7Y _ _'Y
tiy1

< (Il + €1 (14 K201 = 8) + 127058 (s = ) ) 1B o

sup———
i<t (tigr —t3)?

Let p be a positive number. If ¢;11 — s < p, we obtain that
Nl+1 <NV (Ocp + ,Ble)
with

oy = (llolloe + Cr((1 +1X2D6") B lor and, By = Cro’| B o,z

Let us now set p = n(w) where n(w) is defined by (20). For this choice of p, we have
By < % Then, the interval [0, o, /(1 — 3,)] being stable by the function z — a,) + 5z, we
deduce that for every | € N such that t;1; — s < n(w),

.

2

The result follows. O

N, <

3.2 Proof of Proposition 3

(i) We first prove (10) for p = 1. Set A, = B — Bf(nil). Owing to the Taylor formula,

V(X(nt1)y )=V(Xm)+’Y(VV( Xny), 0(Xny)) + (VV (X ), 0(Xny) A1)

Z V(&n+1)( (n+1) Xn“f)i(X(nH)’Y - an)j-

where §(,,41) € [Xm, X(nJrl)V]. Using Assumption (C) and the boundedness of D2V and
o, we obtain

V(X(n—f—l)v) < V(Xn“/) + (8 — OCV(XnV)) +Ai(n+1)+ C('YZV(XW/) + ‘An+1‘2)- (21)

where

Ai(n+1) = <VV(X7W)= U(an)An+1>-

Set v = %. For every v € (0, o], for every n > 0, we have

_ — o
V(X(nJrl)'y) < V(Xn’y)(l - 57) + Al(n + 1) + (/87 + C|An+1|2)'
12



Then, iterating the previous inequality yields for every s,t such that s <,

fles

V) SV(EIOL-F9) 7 + > - SN (k) + By + CIARP)

Using that log(1 + z) < x for every x > —1, we deduce that

2l

V(X)) <e "7 (VX + [H) —HIN+ Y (87 +ClAg), (22)
k=2+1

where

17 = [ 0@V E).oE)B) = 3 [0, (VYKo (KB

with g,(s) = (1 — 0‘2—7)_% For every (i,j) € {1,...,d} x {1,...,q}, set f29(s,2) =
9+(8)(VV)i(z)o; j(x). Using that supeio 11,ye(0,90] 195 (8)] < +00, we check that (gy(-))ye(0,40]
is a family of Lipschitz continuous functions such that supye(om][gy]mp < +4o00. Further-
more, (VV'); and o5 ; being respectively Lipschitz continuous and bounded Lipschitz con-
tinuous functions, we deduce that (f%” )ve(0,40] Satisfies (14) with » = 1. Applying Lemma
2, we obtain that for every 6 € (3, H),

|H] — H{|
(t—s)?

Now, if t — s < n(w) defined by (20),

<Cr [(1 + XN+ Crlt =) A+ 1XIP + 1127055 )| 1B o,z

1270557 < (ol + Cr(1 + 1D ) 1B lor
but owing to the definition of 7, we have a.s.
|BY (w)llo,rn’ < Cr
where C7 is a deterministic positive number so that
12705572 < Cr(IB™ 5.7 + 1+ 1X,[?).
Thus,
A - B < Or [(1+1X2DE =) + (L= 9%+ |1XIP + 1B 132)| 1B lo,r.

Using that |ab| < 27'(|a|? + |b|?) and that 1 + |z| < CV/V(z), we have
(L+ X0 = 9°1B" llor < CV(XD)(E — £)* + [ B[ 7)-
It follows that there exists C7 > 0 such that for every ¢ > 0

Cr(t—5)* ' (1 +[|1B" o)
9

H) — Y| < <(t-5)V(XD) ( )+CT<HBHH§,T+@—§>”HBHHz,T>-

Now, we choose 7. € (0,7)

Cr (i)~ (1 + 1 B™ llo.r)

<1
€
13



1

More precisely, we set 7. = [(Cr(1+ || B |g1)~ a]ﬁ An. Thus, we obtain that for every

0 <s<t<Tsuch that t —s <7,
|H] — H)| < e(t — )V(X2) + Cr (BB + (t — 92| B |3 ). (23)
Then, we can set g > 0 in order that there exists d > 0 such that
Va € [0,1], e*%m(l +eox) < 1—dz.

Thus, setting 7 := 7, and plugging the two previous controls in(22), it follows that for
every k € {1,. LnsJ}

| ﬂ

=|Z

V(Xpi) < V(X eong) (1 = 00) + Cr(L+ BTG+ Y (Bv+CIAP).

(k—1)7
el

= +1

An iteration yields for every k € {1,...,|

ISHL

J}:

k
V(Xpp) < V(@)1= o)k + Crl| BR 303 (1 — o)k~
m=1

mi
k B2
+ Y (=) > (By+ClA).
m=1 _ (m=1)7f

vy +1

Now, on the one hand, Zf 1(1 —67)*! < 7! and owing to the definition of 7j (and of n),

we have 7771 < C(1+]| B 57 T ). Tt follows that there exists a function Py with polynomial

growth such that
k

Crll B I 32 (1= 80)* ™ < P(IB  |l.7).
m=1
In the sequel of the proofs the index 6 in Py, which recall the dependance of the polynom
in 6 is dropped. On the other hand, since (1 — 67))*™™ < 1, we also have

i ki ki
. ”a |22 L5
D= Y (By+CIAP) < Y (By+ ClAL) < BRI+ C Y AL
m=1 = (mfl)ﬁ_’_1 u=1 u=1
v
We deduce that for every k € {1,..., L%J}
V(Xig) < V(@)1= 60)" + P(I1B" [lor) + CQ(Bi,0 < t <), (24)

where P is a function with polynomial growth and @), is defined in the lemma. Applying
this inequality with k = L%J, we obtain
_ T
V(Xp) < V(@)1 =)' + P(|BH o) + CQy(BF 0 <t <T). (25)

Finally, we want to control V(Xr) — V(Xr). The function VV being sublinear and D*V
being bounded, we deduce from the Taylor formula that for every z,y € R,

V(y) <V(x)+ Clz|.ly — x| + ly — z?).
14



Applying this inequality with = X7 and y = X7 and taking advantage of the assump-
tions on b, we have

V(Xr) S V(Xr) +C [y(1+ [Xz*) + (L +|X2)IBf — B[+ By — B ’]  (26)

< V(Xp)(L+Cy) +C1+ | BYF 1), (27)

where in the second line, we again used the elementary inequality |ab| < 271(|a|? + |b|?)

and the fact that |z|> < CV(z). Combined with (25), the previous inequality yields the
previous inequality yields:

Sl

V(Xr) < V(2)1 - o)l (1 + Cy) + P(|B |lor) + CQy (B0 <t < T),

=~

where P again denotes a function with polynomial growth. Finally, since (1 — 5ﬁ)LnJ <

e~ 9T there exists 79 > 0 and p € (0,1) such that for every v € (0,7),

Sl

1-oplila+cy) <p

Inequality (10) follows.

Case p > 1 :For every u,v € R, [u+v[P = |u|P +plu+rv|P~Lsgn(u-+kv)v with & € [0,1].
Since |u+rv[P~t < 2771 (|u[P~L 4 |v[P~1), we deduce that [u+v|P < [ulP+c,([v].JulP~t+]v|P)
for every u,v € R and p > 1. Then, by the Young inequality, it follows that for every
e > 0, there exists ¢. , > 0 such that |u+v[P < (14 ¢)|ulP’ + c. p|v|P for every u,v € R and
p > 1. Applying this inequality, we deduce from the case p = 1 that

V(X)) < pP(L+e)VP(z) + C (P(|B" 1) + CQ(B,0 <t < 1))".

Since p < 1, we can choose € > 0 such that p = pP(1+¢) < 1. Using again the elementary
inequality |u + v|P < 2P~1(Ju|P + |v|P), we obtain

VP(X]) < pVP(x) + Ppo(|| B [lo1) + CQE(BT,0 <t < 1)

where P, ¢ is a polynomial function.

Now, let us focus on (12). We only give the main ideas of the proof when p = 1 (the
extension to p > 1 again follows from the inequality |u + v|P < 2P~!(|u|? + |v[P)). By
(24), the announced inequality holds taking the supremum of the left-hand side of (12)
for every kn with k € {1,,[%” Then, for every t € [(k —1)7, k7], it remains to
control (uniformly in k) V/(X;) in terms of V(X (;_1)5). By (21) and (23), we obtain such
a control for every discretization time between (k —1)7 and k7). Then, it is enough to
control uniformly V(X;) in terms of V(X;). This can be done similarly as in inequality
(26).

(ii) Let s,t € [0,T] with 0 < s <t <T. We have

t
X7 - X7 = / b(XY)du + Z) — Z3.
First, since |b(z)| < CVV (),
|/ (X])du| < (t —s) sup VV(Xy).
u€[0,T)

15



Second, we focus on the increment of Z7. By Lemma 3, for every u,v € [0,T] such that
v —u < n (where 7 is given by (20)),

2} - Z}) < (v —w)’ (IIfflloo +Cr(1+ sup |X§|)779> 1B o,z

s€[0,T

0

Using the concavity of = +— z” on R, we have for every s1,s2 € [0,7] being such that

‘82 - 81‘ = ” 7 7 1-6 0 H
122, 23] << 2Nz — 52 1B o

and we derive that for every u,v € [0,T] with |u — v| <,

|2} = Z]| < Or(v — )’ (IIfflloo +(1+ sup |X§|)776> 1B lo,7-

s€[0,T

Now, by the very definition of 7, we have n’||B¥||pr < 1. Then, since |z| < CV(z), we
deduce from the first part of this proposition that for every w,v € [0,7] with |u —v| < n:

|2} = Z]| < Cr(v —w)’ (V(z) + P(IB"lo;r) + CQ(Bf,0 <t < T)). (28)

where P is a polynomial function and @ is defined in Lemma 3.

We want now to make use of the preceding inequality to control Z; — ZJ for every 0 <
s <t <T. We divide [s,t] in intervals of length lower than 7. More precisely, setting
sk = s+ k|n|, we have

|2
ZQ—Z;Y:ZQ—Z;YN;SJ + Z Z] - 7]
m i=1

Sk—1"

Then, we deduce from (28) that

t—s
n
<Cr((t=9)"+ = 9n"™") (V@) + PUB" o) + CQy(Bf,0 <t < T)).

127~ 231 < Cr (6= syse )+ L2200 ) (V) + PBY o) + CQy (B0 < 7))

Thus, using (28) if ¢t — s < 7 or the fact that (t —s)n?~! < (t —s)? if t — s > 1, we deduce
that there exists Cr > 0 such that for every 0 < s <t < T,

|2} = 22| < Op(t — 5)°(V(2) + P(IB" o) + CQ(Bf,0 < t < T)).

The result follows.

4 Tightness properties

In the following proposition, we obtain some a.s. tightness results for the sequence (P (w, da))p>1.
Using that the controls established in Proposition 3 are uniform in «, we also show that
tightness properties also hold for the set of its limiting measures (U(*7)(w,#))., defined
by

U (w,0) = {1 € C' Ry, R, 3 (@)kz1, PO (w, da) 2525 i}

16



PRroOPOSITION 4. Assume (C). Then, there exists vy > 0 such that,
(i) For every v € (0,70] and p > 1, a.s.,

lim sup — ZV Tieny) < GEIP(IB™ [lg.1)| + Q4(Bf,0 < t < 1)] < +00.

n—+oo M

where C' does not depend on vy and P, is a polynomial function and Q- is defined by (11).
(ii) For every 6 € (1/2,H), for every v € (0,74], (P™"(w,da)),>1 is almost surely tight
on CO(Ry,RY).

(iii) For every 6 € (1/2,H), (U™ (w, 0))ye(0,40] is a-s. tight in C?(Ry,RY).

Proof. (i) Case p =1 : We first focus on the sequence (% ZQ!OI V(X]))n>1. We set

Vk >0, (5B")=B{ - B.

By Proposition 3 applied with T'= 1, we have for every k£ > 1
V(X)) <pV(X]_ )+ P(H5(k71)BHH9,1) + CQ’Y(((S(kfl)BH)hO <t<1)
with p € (0,1). An iteration yields for every k£ > 1

k—1
V(X)) <o V(@)+ )0 P16 B o) + CQ4((6:B)e, 0 < t < 1).
=0

Setting U; = P(||6;B® ||p1) + CQ~((6BH);,0 < ¢ < 1) and summing over k, we obtain

N— 1k—
Z ) < 2/1(_) % Z 11y,

MZ

= k=0 =0
N-2 N N—2
V(z) 1 V(x)
<+ U p + U
N{—p) " N &~ k¥1 N1 —=p) NA-p) =

Let us remark that since B is a C?([0, 1], R?) valued Gaussian random variable, the
norm || B[4 1 has finite moments of every order, which is classical consequence of Fernique

Lemma. Moreover
E[Q’Y(BtH,O <t<1|] < C~2H-1,

Hence
h(y) = E[|P(|B"]lg1) + CQy(B{',0 < t < 1)[] < +c0. (29)
Since (6; BY) is ergodic and that h(y) < 400, We have
N-2
= Z Uy "5 EIP(IBY lo0) + CQy (B, 0< t < 1)) aus. (30)

and it follows that
N—1 1

1
lim sup — Z V(X)) < ——E[P(|B"|lg1) + CQ,(BF,0<t <1)] as. (31)
N—+oo N 1—-p

. . . 1 —1 >
We want now to use this result to control the a.s. asymptotic behavior of (3 > 7'~ V(Xj/k))nzl.
By the second point of Proposition 3(i), for every k > 0,

sup V(X)) < C (VXD + P16 B  o1) + CQ,((6:B"),0 < t < 1)).
k k+1
lellE )+, B )
17



As a consequence, setting N = [y(n — 1)] + 1, we have

= N1 No1 L*]
Y VED S-SV -+ Y VXD
1=0 k=0 LgJH

N-1
<COr+ %)(% +1) (% > (VED + PI8B" [lo1) + CQ, (5:B™), 0 < t < 1))) .
k=0

Using (30) and (31), the result follows when p = 1.

The proof when p > 1 is very similar to the case p = 1 and is left to the reader.

(ii) By (i), (Pénﬁ) (w,dz)) is tight on R? (since V is coercive). Owing to some classical
tightness results in Holder spaces (see e.g. [27], Theorem 1.4), we deduce that we have
only to prove that for every T' > 0, for every 6 € (1/2, H), for every ¢ > 0,

hr?jélp l,lgfif n Z {wor (X _yyy92e) = 05
where we recall that
1) —
VT >0, WG,T(f, 5) = sup M

0<s<t<T0<lt—s|<s |t — s
By Proposition 3 (ii) with 6" € (6, H),

X7 — X7 ., -

sup B2l < ot — 00V (@) + PUIB™ o) + Qu (B0 < t < T)
o<s<t<T (t =)

so that for every s,t € [0,T] such that s <t and t — s < ¢,

Xy — XJ|
sup ———

< Opd” 0 (V(z) + P(|IB™lo.r) + Q(BF,0 <t <T).
o<s<t<T (t—s8)0

As in (4), this property can be extended to the shifted process: we have for every k > 0

| s| v D
sup st ;’“ < Crd” (V(X2) + P(16xB" lo.r) + Q4 ((5:B"),,0 <t < T)
0<s<t<T (t—s)

By (i) and the ergodic properties of the increments of B (see (30) for similar arguments),
we deduce that

0'—0
lim sup — Z wo.r (X 1) 0) <08 (32)

n—+oo T

The result follows.

(i7i) Let 6 € (1/2,H) and denote by () an element of 24/(>7)(w,#) and by ,um i
marginals. By (29) and (31),

1
vy € (0,7], u (V) < ——h(y)

18



where p does not depend on 7. Since H > 1/2, SUP~e(0,40] (1) < +oc. It follows that

L{éooﬁ) (w, 0) is a.s. tight in R? (where Uéooﬁ)(w, 0) stands for the set of initial distributions

us).

Now, since C' does not depend on + in (32), we also have for every T'> 0, § > 0 and € > 0
for every 6’ > 6:
V’}/ € (0,70]5 M(V)(l{wg’T(,75)25}) < C(Sg _0.

and the announced result follows again from Theorem 1.4 of [27]. O

5 Identification of the weak limits

5.1 Weak limits of (P (w, da)),>1

We have the following result:

PROPOSITION 5. Assume (C) and let P (w, da) denote a weak limit of ((P™7) (w, da))n>1.
Then, P (w, da) is a.s. an adapted stationary solution of (6).

REMARK 4. In the following proof, we will prove some properties “for every function f, for
almost every w” and conclude that “for almost every w, for every function f” the property
is true. For the sake of completeness, we recall here that such inversions are rigourous
since we work on Polish spaces (in which the distributions and the weak convergence are
characterized by some countable family of bounded continuous functions).

Proof. In the proof, we denote by (75(”) (w,da, df))n>1, the sequence of probability mea-
sures on CY(Ry,RY) x CY(R,RY) with 3 < 6 < H defined by

. 1 <&
(nyy) - = _
Pr(w, da, df) = Z5(X::(k71)+'(w),B(Hkil)w'(w)fBH
k=1

o (wy(des dB))

where (Bf!)icr is the fractional Brownian motion used to build the Euler scheme (9).
First, let us recall that by Proposition 4 (ii), (P (w, da))p>1 is a.s. tight. Thus, we can
consider a weak limit (> (w, da). Second, one checks that (P (w,da,df)),>1 is also
almost surely tight since each of its margins have this property. Indeed, for the first margin,
it is again (7i) of Proposition 4. For the second margin, we use that (B/?);cr is ergodic
under the transformation 7, : C?(R,R?) — C?(R,R?) defined by (T (w)); = w(y+1t) —w(7)
(see e.g. [22]). In particular,

1 n
E ; 6B(Hk*1)w+< _B(kal)w (dﬁ) (33)

is converging almost surely to the distribution of (Bf)ier (on CY(R,RY)). Hence, the
sequence (P™ (w, da, df))n>1 is almost surely tight (and thus relatively compact). Then,
if P(>°7)(w, da) is the limit of a subsequence of (P™) (w, da)),>1, maybe with the help of
a second extraction, it follows that a.s., there exists a subsequence (ng(w))g>o such that
P (W, da) koo, ploo) (w,da) and P (w, da,df) D00, po0) (w,da,dp)

) (34)
where the first margin of P(*")(w, da, dB) is obviously P> (w, dar) and the second one
is a.s. the distribution of (B}?);cr (thanks to (33)). Let us also denote by (Xt(oo”Y),B{{)
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the coordinate process on C?(Ry,R?) x C?(R,R?) endowed with the probability P(°7).
For (o, B) € C*(R,RY) x C%R,,R?) we consider the following function

¥ B = a0+ [ W@ (@A) + [ (@ (0.9), ). (35)

Please remark that ®7 is slightly different from ®7 in the way it handles the initial con-
dition but

®(a, B) = ©(a, B)

for every such t?at ap = a. For t, K > 0 let us denote by Fi i the function defined
on C/(Ry,RY) x CY(R,RY) by F; g (e, 8) = supp<s<s s — @7 (e, B4)s| A K where 8y =
(B(t))i>0. The function Fy i is bounded continuous on CY(R,RY) x C?(R,RY).

Then,

ny

1 _
) pHYY 3 " H
E(Fpe (X7, B1) = o n Frxe (X 1y Bemiyrr. — Ble—1))-
pst

By definition of the Euler scheme (even though it is shifted), we have for every k > 1,

Ft,K(XZk_l B{Z,l)wﬁ - B{Zfl)v) = 0 almost surely, and

v+
X7 = §7(x 0 i)

almost surely, which ensures that the pair (X (%) BH) is a solution of (6).
The stationarity of X () follows from the construction. Actually, using the convergence
of (P (w,da)), we have for every bounded continuous functional F : C?(R,,R%) — R,

1 " = S n—-4oo 0, o
S Py )~ F(X ) S5 BRG]~ E[F(X )
k=1

and owing to a change of variable, it is obvious that for every ¢ € VN,
lf:F(XV ) F(XY, ) mEEe g
o A (k—1)+t+. y(k—1)+.
k=1

It follows that for every t € vN, for every F,
E[F(X(27)) = EIF (X)),

This property implies that X (°*7) is stationary.

We now focus on the adaptation of X (7). In this step, we need to introduce, for a
subset D of R that contains 0, the Polish space Wy 5(D) that denotes the completion of
C§°(D,R?) (space of C*-functions f : D — R? with compact support and f(0) = 0) for

the norm O — (s
— f(s
= Su .
171 arep [t —slP(L+ [t + [s[?)

This space is convenient to obtain some Feller properties for the conditional distribution
of the fractional Brownian motion given its past. More precisely, by Lemmas 4.1 to 4.3 of
[14], the paths of BY belong a.s. to Wy s(R) when 6 € (1/2, H) and 6 + 6 € (H,1) and, in
this case, for every T > 0,

Prw,.) = LUBI )0l (B )i<o = (wi)i<o)
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is a Feller transition on Wy s(R™) where BH T = BﬁT BH . Let us now prove that X (007)

is adapted. It is enough to show that for every 0 <t < T, for every bounded continuous

functionals f: CY([0,#],RY) — R, g: Wy 5((—00,T]) — R and h: Wy s(R_) — R
E[f (X7, s € [0,i])g(B,s < T)h(Bl,,s < 0))

= E[f (X7, 5 € 0,])y? (Bl s < 0)h(Bl,, s < 0)] 0

where 9((ws)s<t) = E[g(BH,s < T)|(Bf)s<; = (ws)s<o]- Owing to the Feller property
on Pr(w,.), we easily obtain that ¢ is continuous on Wy s(R_).

Then, using the ergodicity of the increments of B¥ | we can show as in the beginning of
the proof that (P (w)),>1 is tight on C?(Ry,RY) x Wy s(R). Thus, there exists a.s. a
sequence (ny) such that

E[f(X s < t)g(B s > T)W(BI s <)) = lim ZHk 1

k—+o0 ’I’Lk

1
E[f(X0 s <ty (BY s <t)W(BF s <t)] = JJm - o~ ZHk 1 E [Tk |y (k1) 44

with 73 = o(B,s < t), Hy = f(X'j/kJrs,s < t)h(Bﬂ/(kleert - V(kfl),s < 0), and
Jp = Q(Bﬁk—l) Bh{k 1S < T'). This implies that it is now enough to prove that

_ZHkl . — E[J| Fy g 1+t])m>0 a.s.
=1

This point follows from a decomposition of the above sum in martingale increments and
from classical martingale arguments (see proof of Proposition 6 of [3] for a similar proof).
O

5.2 Identification of limits when v — 0"

In this part we fix a H-fractional Brownian motion B¥ on C?(R,R?) and we consider a pair
(X7, BH) on C/(R,,R?) x C?(R,RY) such that for each v > 0 the joint distribution
is given by Proposition 5.

PROPOSITION 6. Let () be a sequence converging to 0 such that the distributions of
(X%, BHY are converging weakly on C%(R,4,R?) x C%(R,RY) to (X°°, B"). Then the
pair (X°°, BT is a stationary adapted solution to (1) in the sense of Definition 1.

Proof. Let us first introduce

Ba ) = an+ [ WBlaB)ds + [ o(Bla,s))an,
0 0
and remark that ®(a, ) = ®(a, ), if ag = a. We want to show that
X>® = d(x>, BH) (37)

almost surely so that (X°°, BH) is a solution to (1). Let us rewrite the equation with the
help of two continuous operators on C?(R,R%) x C%(R,,RY) :

t t
(o, )y = /O b(o)ds + /O o (as)dBs,
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and
Ala)y = o — ap.

Then equation (37) is equivalent to
A(X®) = ¥(X> BH). (38)
Let us also consider the discretization of ¥
U (a, B); = /Ot b(as )ds + /Ota(asy)dﬂs.
Obviously (6) can be rewritten
A(X>7) = U7 (X7 BH), (39)

LEMMA 4. Let (x)k>1 be a sequence converging to 0 such that (X" BH); < converges
weakly on C%(R,R?) x C9(R,RY) to (X, BH). Then W (X% BH) converges weakly
on CP(R,,RY) to (X, BH).

Proof. Let (o, B) € C%(R,,R%) x C?(R,RY). A classical result concerning the discretiza-
tion of Young integrals shows that

U (ar, B)e — U7 (v, B)e| < llexllo,ellBllo,er™ "t

See for instance [4], Proposition 31 or [30]. Hence for T' > 0,

1% (a. 8) =¥ (e, B)lo,r < lellorlBllory™ T (40)
Let F be any bounded K-Lipschitz functional on C?(R,, [0,77]),
[E(F(W (X%, B)) - E(F(¥(X™,B"))[ =0 (41)

as k — oo. Then

[E(F (U (X7, BH)) — E(F(U(X>%, BT))| < KE(IX™|lg.2| BT [lo,r) T,

(42)

and using Proposition 3(ii) the left hand side of (42) is converging to 0 as k — oo.

Combining (41) and this last fact, we get the desired convergence in distribution. U
Let us start with

A(X) = WY (X%, BH), (43)

and let k — co. By Lemma 4, the right hand side of (43) converges to ¥(X>°, Bf) and
the left hand side to A(X®°), which, in turn, has the same distribution as ¥(X°°, BH).

Now, let us prove that X is stationary. It is enough to show that E[F(X*)] =
E[F(X¥ )] for every t > 0 and for every functional F' defined by F(a) = [[;1; fi(ay,)
where f1,..., fm denote Lispchitz continuous functions on R? and t1,...,t, belong to
R,. By Proposition 5, the distribution of X°*7 is invariant by the time-shift (6y,) for
every k € N so that E[F'(X*)] = E[F(X;¥)]. The result follows easily by checking that
for every T' > 0, )

E[ sup | X007 — X307 229 0.
u,v€[0,T),|lu—v|<y
Finally, it remains to show that (X, B) is adapted. Since (X°7) converges in dis-
tribution to X*° on C?(R;,R%) and since BY belongs to Wy (with 6 € (1/2, H) and
0+6 e (H,1)), (X%, B¥) converges to (X>°, B7) for 7, & subsequence of ;. Then, we
can let v go to 0 in equality (36) and the result follows. O
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6 Simulations

In this section, we give an illustration of the application of our procedure for a one-
dimensional toy equation:

dX; = —X,dt + (4 4 cos(X;))dB}.

We propose to compute an estimation of the density of the (marginal) invariant distri-
bution in this case. We denote it by I/OH . By Theorem 1, for every bounded continuous
function f :R? — R,

lim lim P (w, f) = v (f).

y—)On—)—I—ooPO ( 7f) O(f)
The first step is to simulate the sequence (Bf{i — Bﬁk—l))zzl' We use the method of
Wood-Chan (see [29]) which is based on the embedding of the covariance matrix of the
fractional increments in a symmetric circulant matrix (whose eigenvalues can be computed

using the Fast Fourier Transform).

Then, we compute Kj * 730(”’7) where K} is the Gaussian convolution kernel defined by

Kp(z) = ﬁexp(—%). Note that Kj, * Pén’y)(xo) = én’y)(Kh(xo —.)), where, for a
measure u, and a p-measurable function f, we set u(f) = [ fdu. In Figure 1 is depicted
the approximate density with the following choices of parameters

3

n=10", v=0.05 h=0.2, H==.

We choose to compare it with the density of the invariant distribution when H = 1/2.

Note that in this case, the invariant distribution is (semi)-explicit (as for every ergodic
one-dimensional diffusion) and is given by

1 M (dx) 1 v 2u
2 — wh M - - _ .~ )
vg (d) M(R) ere (dr) (4 + cos z)? P < /0 (4 + cos u)? du> da

We observe that the distribution when H = 3/4 has heavier tails than in the diffusion case.
Finally, in order to have a rough idea of the rate of convergence, we depict in Figure 2 the

0.16
0.14 I M

0121

1
Figure 1: Approximate density of I/éq (continuous line) compared with that of 1§ (dotted
line)

approximate densities for different values of n keeping the other parameters unchanged.
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0.16
0.141 1,0
0.12} AN p

01 4

0.08 1

0.06F I N

Figure 2: Approximate density of ! for n = 10° (dotted line), n = 10° (dash-dotted
line), n = 107 (continuous line)

REMARK 5. As mentioned before, this section is only an illustration. In fact, there are
(many) numerical open questions. For the estimation of the error, it would be necessary for

a function f to get some rate of convergence results for Pénﬁ) (f)—vu(f) (long-time error)
and for l/é{ T(f) — vE (f) (discretization error) where l/é{ "7 denotes the initial distribution
of the stationary Euler scheme with step . Note that in the diffusion case, the long time
error is managed by a CLT with rate (’yn)fé whereas the discretization error is O(7)
(see [28]). Finally, even if the Wood and Chan simulation method is fast and exact, it
requires a lot of memory because of the Fast Fourier Transform. On Matlab, for instance,
this implies that we can not take n greater than 2.107. Thus, it could be interesting to
study some discretization schemes based on some approximations of the fBm-increments
simulated, which consumes less memory.

7 Appendix
Proof of Proposition 1 Let us show that (X,z) is a skew-product in the sense of [13]
as follows. For a fractional Brownian BY motion on R, set for every n € Z A}, =

B(Ifb 1)y —Bgy. Setting W := (R?)%- | we then introduce the regular conditional probability

P7 W — M (R?) defined by':
PV (w) = LIAT[(A)k<o = w)

and denote by P7 the Feller transition on W defined for every measurable function f :
W = R by P7 f(w) = [ga f(wU@)PY(w,dd) where for w € (RY)%- and @ € RY, w U@ =
(..., w,,w,,wo, ). Setting &V (z,@) =z +b(z) + o(x)@ and P}, := L((An)n<o), we have
defined a skew-product (W,P},, P, R? &) with the transition operator Q” on R% x W
defined by

Qf () = [ £8P (w0, ),
which describes the dynamics of the Euler scheme.

Then, thanks to Theorem 1.4.17 of [13], uniqueness of the adapted and stationary discrete
Euler scheme (X,;) (in distribution) holds, if the skew-product (W, P} , PV, RE®Y) s

'Note that since (A} )nez is a stationary sequence, L(A]|(A))r<o = w) = LIA) 1[(A), ) k<o = w) for
every n € Z.
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strong Feller and topologically irreducible (in the sense of Definition 1.4.6 and 1.4.7 of
13]).

First, write @ = (&1,...,@7) and ® = (®],...,®)}). Denote by M?®(z,&) the (discrete)
Malliavin covariance matrix of ® defined by

d
V(z,@) € RT xR and(i,j) € {1,...,d}>, MP(2,0) = 0P} (2,8)0:4®) (z,&).
k=1

Thus, M®(z,0) = (00*)(x) and since ¢! is bounded (and continuous), it follows that
x — (det(M®)~!(x,w) is bounded continuous. Second, the functions D,®, D, D,® and
D2 ® are clearly bounded continuous. Finally, the sequence ((A7)!) has a spectral density
f that satisfies [™ (f(z)) 'dz < +oo (see e.g. [2] for an explicit expression of f). Thus,
it follows from Theorem 1.5.9 of [13] that the skew-product is strong Feller.

For the topogical irreducibility, it is enough to show that for every (z,w) € R% x W), for
every (y,e) € R? x R*, Q(z,w,B(y,e) x W) > 0 . Since o is invertible, the map ® is
controllable in the following sense: ®(z,®,) = y has a (unique) solution @ € R?, for every
z,y € R? Furthermore, b and o being continuous, for every € > 0, there exists 7. such
that for every @ € B(Wg,7¢), ®(z,0) € B(y,e). Thus,

Q(z,w, B(y,e) x W) > P(w, B(QGg,7:)) >0

since P(w,.) is Gaussian with positive variance. This concludes the proof.
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