N

N

Large-time asymptotics for an uncorrelated stochastic
volatility model
Martin Forde

» To cite this version:

Martin Forde. Large-time asymptotics for an uncorrelated stochastic volatility model. Statistics and
Probability Letters, 2011, 81 (8), pp.1230. 10.1016/j.spl.2011.03.021 . hal-00753944

HAL Id: hal-00753944
https://hal.science/hal-00753944

Submitted on 20 Nov 2012

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00753944
https://hal.archives-ouvertes.fr

Accepted Manuscript

STATISTICS &
PROBABILITY

Large-time asymptotics for an uncorrelated stochastic volatility model

Martin Forde
PII: S0167-7152(11)00104-0
DOI: 10.1016/j.spl.2011.03.021

Reference: STAPRO 5956
To appear in:  Statistics and Probability Letters

Received date: 23 December 2010
Revised date: 8 March 2011
Accepted date: 9 March 2011

Please cite this article as: Forde, M., Large-time asymptotics for an uncorrelated stochastic
volatility model. Statistics and Probability Letters (2011), doi:10.1016/j.spl.2011.03.021

This is a PDF file of an unedited manuscript that has been accepted for publication. As a
service to our customers we are providing this early version of the manuscript. The manuscript
will undergo copyediting, typesetting, and review of the resulting proof before it is published in
its final form. Please note that during the production process errors may be discovered which
could affect the content, and all legal disclaimers that apply to the journal pertain.


http://dx.doi.org/10.1016/j.spl.2011.03.021

Large-time asymptotics for an uncorrelated stochastic
volatility model

Martin Forde

Department of Mathematical Sciences, Dublin City University, Glasnevin, Dublin 9,
Ireland 1. 2

Abstract

We derive a large-time large deviation principle for the log stock price un-
der an uncorrelated stochastic volatility model. For this we use a Donsker-
Varadhan-type large deviation principle for the occupation measure of the
Ornstein-Uhlenbeck process, combined with a simple application of the con-
traction principle and exponential tightness.

Key words: Stochastic volatility, Donsker-Varadhan large deviations for
occupation measures, Large time implied volatility asymptotics.

1. The uncorrelated Ornstein-Uhlenbeck model with o bounded

We work on a model (2, F,P) with a filtration (F;);>0 supporting two
Brownian motions which satisfies the usual conditions.

Set f(y) = o*(y), and assume that 0 < fum < f < fuoax < 00. We
consider an uncorrelated stochastic volatility model for a log stock price
process X; = log S; defined by the following stochastic differential equations

dX; = —10%(Y)2dt + o (Yy)dW}, (1)
dY, = —aY,dt + dW{,

for a > 0, Xy = x9, Yy = yo, where Wy, W5 are two independent standard
Brownian motions and Y is an Ornstein-Uhlenbeck process. We set Sy = 1
(i.e. ko = 0) without loss of generality, because X; — xg is independent of xg
as the SDEs have no dependence on x .
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1.1. Large deviations for the occupation measure of the OU process
For each t > 0 and A € B(R), let

t

) = 7 [ 14 2)
denote the proportion of time up to t that the sample path of Y spends
in A. For each t > 0 and w, p(w,.) is a probability measure on R. Let
P(R) denote the space of probability measures on R. Then p;(A) satisfies
a large-time large deviation principle in the topology of weak convergence,
with convex, lower semicontinuous rate function given by

a0 =5 [ 10| 20 ) (3

for p € P(R), where pio0(y) = (%)% e~*" is the unique stationary distribution
for Y, i.e. N(0,1/2a) (see Donsker and Varadhan (1975a, 1975b, 1975c,
1976), Stroock (1984) and pages 367-8 in Feng and Kurtz (2006)). If u is not
absolutely continuous with respect to fi, then Ig(u) = oo.

Remark 1.1. Clearly Ip(p) attains it minimum value of zero at p = pis.
Moreover, any measure which makes the rate function zero is a stationary
distribution, and Y has a unique stationary distribution, so j is the unique
minimizer of Ip(u).

We note that F': P(R) — [fiin, fmax] given by

F(u)=(fin) = /_OO f(y)u(dy) (4)

is a bounded, continuous functional.

1.2. The Prokhorov metric

Given two measures p and v in P(R), the Prokhorov metric is defined by
d(p,v) =1inf{6 > 0: u(C) < v(C%) + 6, v(C) < u(C°) + 4 for all closed C' C
R}. P(R) then becomes a compact metric space (note that d(u,v) < 1), so
the rate function Ig(u) is good. Convergence of measures in the Prokhorov
metric is equivalent to weak convergence of measures.



1.3. Contraction principle
By the contraction principle, the quantity

A= [ 10aas= [ st

also satisfies the LDP, with good lower semicontinuous rate function given
by
I/(a) = inf I ;@€ | fmin, fmax] - 5
@=L nf  Ia(n) o @€ Ui fond )

Remark 1.2. [5(.) is non-negative and Ip(i) = 0, S0
I;(e*) =0,

where

7= () = [ " (s (y)dy (©)

o0

Moreover, /i, is the unique minimizer of Iz, so &% is the unique minimizer
of 1 f-

2. A joint large deviation principle for (X./t, A;)

Recall the definition of A; = % fot f(Ys)ds. The following proposition
estbalishes a joint LDP for X/t and A; in the large-time limit.

Proposition 2.1. (X;/t, A;) satisfies a joint LDP as t — oo with good rate
12
function I(x,a) = (QEJ;—Z) + I¢(a).
Proof. See Appendix. ]
From this we obtain the following proposition:

Proposition 2.2. (X,/t) satisfies the LDP ast — oo with a good rate func-
tion given by

' (z + 30)* (x4 152)2
Hz)= [+ < TR
(@) a€Ufomims ] [ 5q Tl (a)] < =
and I attains its minimum value of zero at x = _%52.



Proof. The LDP with a good rate function just follows from the contraction
principle. Setting a = o2 defined in 6 and using that I;(5?) = 0, we see that
I(—1%) =0. ]

2

Remark 2.1 For non-zero correlation and/or unbounded o, the approach
outlined here will not work. However, we can transform the problem to a
small-noise, fast mean-reverting regime, which is the same scaling used in the
recent paper by Feng et al. (2010), aside from the fact that the drift of the
log Stock price process is not small in this case. This problem then falls into
the class of homogenization and averaging problems for nonlinear HJB type
equations, where the fast volatility variable lives on a non-compact space.
The Feng et al. argument based on viscosity solutions can be easily adapted
to the large-time regime, using Bryc’s lemma combined with exponential
tightness to prove a large deviation principle. The leading order term is the
unique viscosity solution to a HJB equation where the Hamiltonian is given
in terms of the limiting log mgf for the integrated variance; this will be dealt
with in a sequel article. For the well known SABR model with § = 1, we
can derive large-time asymptotics for the correlated case using the Willard
mixing formula, see Forde (2010).
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A. Proof of Proposition 2.1

Let Z, = X;/t. We first note that (Z;, A;) i (Wia, — %At,At). We first
assume r + %a > (0. Now choose d so that 0 < d <z + %a. Then

J

P2 —z[ < — f |Ap —al < ﬁ) < P([(Z, Ar) = (z,0)[| <9)
< ]P’(|Zt—x| <5,|At—a| <9).
From the Gartner-Ellis theorem, we can verify that Yet—2% gatisfies the LDP
(etza)?

. Then Ve > 0, condltlonmg on A; and using the
, we see that there exists a t = t*(¢,0) such that

as t — oo with rate
LDPs for A; and W‘“t_i

. (y+ 3 (a—5))2 .
P(|Z—x| < 8, |Ay—a| < §) < e 'Tetinhens@ lars | gmtlctinfayepa) 1@l

Then

1 o (y+ia—9))?
limsup — logP(|Z;—x| < 0, |As—a| < 0 — inf 2 — inf I((a
tﬂoop g (l t | | t ’ ) yEB; () 2<a+5) a1€B4(6) f( 1)



and by the lower semicontinuity of I;(a) we have lims_q lim sup,_, ., 1 log P(|Z,—

x| < §,|Ar —al <) < [(z+ 29 | I¢(a)]. Using a similar argument for
the lower bound, we replace the limsup here by a genuine limit, so (Z;, A;)
satisfies the weak LDP with rate function 2% + 2 4 It(a). If(a) is good,
so (A:) is exponentially tight; hence for all R > 0,a > 0, there exists a
compact K, C R such that limsup, ., logP((Z;, A;) € [-R,R] x KZ) <
limsup,_, 1 logP(A; € Kf) < —a, so (Z;, 4;) is exponentially tight, hence
(Zy, Ar) satisﬁes the full LDP and the rate function is good. We proceed
similarly for x + %a <0.



