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Existence of global strong solution for the compressible
Navier-Stokes system and the Korteweg system in
two-dimension

Boris Haspot *

Abstract

This paper is dedicated to the study of viscous compressible barotropic fluids in
dimension N = 2. We address the question of the global existence of strong solutions
with large initial data for compressible Navier-Stokes system and Korteweg system.
In the first case we are interested by slightly extending a famous result due to V.
A. Vaigant and A. V. Kazhikhov in [32] concerning the existence of global strong
solution in dimension two for a suitable choice of viscosity coefficient (u(p) = p >0
and A(p) = \p? with B > 3) in the torus. We are going to weaken the condition
on (3 by assuming only 8 > 2 essentially by taking profit of commutator estimates
introduced by Coifman et al in [6] and using a notion of effective velocity as in [32].
In the second case we study the existence of global strong solution with large initial
data in the sense of the scaling of the equations for Korteweg system with degenerate
viscosity coeflicient and with friction term.

1 Introduction

The motion of a general barotropic compressible fluid with capillary tensor is described
by the following system, which can be derived from a Cahn-Hilliard free energy (see the
pioneering work by J.- E. Dunn and J. Serrin in [8] and also in [2, 5, 11]):

{ Op + div(pu) = 0,
O (pu) + div(pu ® u) — div(2u(p) Du) — V (A(p)divu) + VP(p) + apu = divK,
(1.1)

where divK is the capillary tensor which reads as follows:

. 1 / .
divK =V (pr(p)Ap + 5 (5(p) + pri (p))[Vpl*) = div(k(p)Vp® Vp).  (1.2)
The term divK allows to describe the variation of density at the interfaces between two
phases, generally a mixture liquid-vapor. P is a general increasing pressure term that we
assume in the sequel under the form P(p) = bp” with b > 0 and v > 1, apu is a friction
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term with a > 0 (see [25]). D(u) = $[Vu +' Vu] being the stress tensor, 1 and A are the
two Lamé viscosity coefficients depending on the density p and satisfying:

w>0 and 24+ NA > 0.

In the present paper, we are interested in dealing with two different situations:

e The case of the compressible Navier-Stokes system where we assume no capillarity,
x(p) = 0 and where p(p) = 1 is a constant and A\(p) = A\p? with 8 > 2.

e The case of Korteweg system with the viscosity coefficients and the capillarity
coefficient such that:

w(p) =pp Ap) =0 and k(p) = % with £ >0, u > 0.

In the first case we would like to extend the famous result of global strong solution
in two dimension in the torus discovered by V. A. Vaigant and A. V. Kazhikhov in
[32]. Indeed in [32], the authors assume that A(p) = Ap” with 3 > 3 and A > 0 and
u(p) = 1. Let us emphasize that a such choice on the viscosity coefficients allows to
exhibits two different phenomena; the first one concerns the notion of effective velocity
introduced by Lions in [24] which is crucial in this context for getting a priori estimates
on the divergence and the rotational of the velocity; the second reason to choose such
coefficient concerns the possibility to obtain L (LP(T?)) estimates for any p > 1 on the
density and any T' > 0. Indeed the viscosity coefficient A(p) offers enough weight in order
to derivate such estimates on the density (see the pl1115 ”Second a priori estimate for
the density” in [32]). In the first part of this paper we wish to improve this result by
assuming only A(p) = A\p” with 8 > 2 and A > 0. The key point will consist in using
commutator estimates for dealing with term of the form [R;;, u;](pu;) (we refer to [6] for
such estimates but also to 7?7 where Lions prove global existence of weak solution for
compressible Navier-Stokes equations by introducing this kind of ingredient).

In the second case we are interested in proving global existence of strong solution for the
Korteweg system with friction term when the physical coefficients verify:

k(p) = %7 k=p? and b= ap, (1.3)
with © > 0. This system without friction has been widely studied this last year in
particular concerning the existence of global weak solution and global strong solution with
small initial data. We refer in particular to the following works [4, 7, 15, 16, 17, 18, 19, 20].
Let us start with explaining a other notion of effective velocity used in particular in [15]
which allows us to simplify the system (1.6). Indeed by computation (see [15]), we obtain
the simplified system:

Op + div(pv) — pAp =0, (1.4)
pov + pu - Vo — div(up Vv) +apv =0, '

with v = v + puVInp the effective velocity. For more details on the computation, we
refer to [16]. When we write the system (1.4) in function of the momentum m = pv, the



system reads as follows:

Op + divimm — pAp =0,

8,5m+div(E ®@m) — pAm+rm =0, (1.5)
p

In particular we observe that (p, —uV In p) when:
Op — pAp =0,
is a particular global solution of the system (1.6).

Remark 1 Let us mention that we can choose initial density which admits vacuum that
we wish. In general it is not always possible to obtain global strong solution with initial
density close from the vacuum.

In the sequel we will be interested in working around this global particular solution (see
remark 1) in order to prove the existence of global strong solution with large initial
data on the irrotational part.More precisely we shall wish obtain global strong solution
in critical space for the scaling of the equations. Let us briefly recall the notion of
invariance by scaling of the equation and by what we mean by supercritical smallness
on the data. By critical, we mean that we want to solve the system (1.6) in functional
spaces with invariant norm by the natural changes of scales which leave (1.6) invariant.
More precisely in our case, the following transformation:

(p(t,z),u(t,x)) — (p(I%t,1x), lu(l’t,lz)), 1R, (1.6)

verify this property, provided that the pressure term has been changed accordingly. In
- N « N

particular we can observe that H2 x H=2 ! is a space invariant for the scaling of the

equation, more generally such Besov spaces:

N N

FAR =1
(PO - ﬁ) € Bp1:17 (%] S B;il )

with (p,p1) € [1,+oo[ are also available.

1.1 Results

Let us state the two main result of this paper. The first one is an improvement of the
results of Vaigant and Kazhikhov [32].

Theorem 1.1 Let us assume the following hypothesis on the viscosity coefficients:
w(p) =1 and Ap) = \p® with > 2.
Let ug € H?(T?), po € WH4(T?) with ¢ > 2 and:
0 <c<polz) <m < +oo Vo € T?
then it exists a unique global strong solution to (1.6) such that:
we Wy (Qr) and p e Wik (Qr) VYT >0,
with Q7 = (0,T) x T2



Remark 2 As mentioned above, the main point compared with the result of [32] concerns
the fact that we can improve the range of B by assuming only 6 > 2. It would be possible
also to improve the reqularity condition on the initial data by working in Besov space
invariant for the scaling of the system, but it is not the object of this paper.

We are going to give your second result on Korteweg system with supercritical smallness
condition on the initial data; before let us give the following definition:

Definition 1.1 We set q=p—1, m = pu and p = h.

In the following we are dealing with the euclidian space RY with N > 2. Let us give
our main result on the Korteweg system where we prove the existence of global strong
solution with large initial data on the irrotational part.

N
s N
Theorem 1.2 Suppose that we are under the conditions (1.3). Assume that mg € By’
N
and qo € B2271 with hg > ¢ > 0. Then there exists a constant €y depending on hio such

that if:

HmoﬂBﬁfl < €0,
then there exists a unique global solution (q,m) for system (1.5) with h bounded away
from zero and,

St e 1+ pat2 St pa L 1 51 S+l
he CRY,BA)NLYRT, B ") and meCRY; B2 ) NL (R+,B7, NB7 ).

Let us give the plane of this paper, we shall remind in section 2 some auxiliary results of
Gagliardo-Nirenberg’s inequality and in section 3 the Litllewood-Paley theory. In section
4 and section 5, we will prove different a priori estimates on the density and the velocity
which show the theorem 1.1. We will conclude in section 6 by the proof of theorem 1.2.

Notation

In all the paper, C will stand for a harmless constant, and we will sometimes use the
notation A < B equivalently to A < CB.

2 Auxiliary Assertions

We are going to recall some lemma which are also present in [32] and that we prefer to
state for the sake of the completnes.

Lemma 1 Let Q € RY be an arbitrary bounded domain satisfying the cone condition.
Then the following inequality is valid for every function u € WH™(Q), fQ udr =0

1—
lull gy < CrlIVulln oyl . (2.7)
1_1
where o = %_’%i%, moreover if m < n then q € [r, 2] for r < L and q € [V 7]
forr > T [f m > n then q € [r, 4000 is arbitrary; moreover if m > n then equality

(2.7) is also valid for g = 4o0.



Inequality (2.7) is a particular case of the more general inequalities proven in [9, 21, 10].
Let us mention that an inequality of the form (2.7) is valid for the function of class
Whm(Q) when M = ﬁ fQ udx is not null. It suffices to consider v = u — M and apply
inequality (2.7) to the function v. We obtain then the inequality

lull Loy < CollVaullEm oy lull oy + lull 1)), (2.8)

Lemma 2 Let Q € R? be an arbitrary bounded domain satisfying the cone condition.
Then every function u € W™ (Q) with Jo udz = 0 satisfies the inequality

where C3 is a constant independent of m and the function u.

< C3(2 = m) 3|Vl pmgy, 1<m <2, (2.9)

L2 m

For a proof of this inequality see [33, 30]. The exact constant in inequality (2.9) is
obtained in the article [30].

Lemma 3 Let Q € R? be an arbitrary bounded domain satisfying the cone condition.
2m

Then for an arbitrary number €, 1 > 2e > 0, every function h € Whmts (Q), m > 2,

1> 6 >0, satisfies the inequality

17l 2m 0y < Cal[Pll1 (0 +m2||Vh| EE )||h||SL2(1—s)(Q))7 (2.10)
where s = (1 — 5)#1675) and Cy is a positive constant independent of m,e,0 and the
function h.

3 Littlewood-Paley theory and Besov spaces

Throughout the paper, C' stands for a constant whose exact meaning depends on the
context. The notation A < B means that A < CB. For all Banach space X, we
denote by C([0,7],X) the set of continuous functions on [0,7] with values in X. For

€ [1, +o0], the notation LP(0, T, X) or L.(X) stands for the set of measurable functions
on (0,T) with values in X such that ¢ — || f(¢)||x belongs to LP(0,T"). Littlewood-Paley
decomposition corresponds to a dyadic decomposition of the space in Fourier variables.
We can use for instance any ¢ € C*°(RY), supported in C = {¢ € RV /3 < |¢| < 8} such
that:

D el =1 if €0,

leZ
Denoting h = F 1y, we then define the dyadic blocks by:

A= (27 D)u = 2lN/ h(2'y)u(z — y)dy and Sju = Z Agu.
RN k<l—1

Formally, one can write that:

kEZ

This decomposition is called homogeneous Littlewood-Paley decomposition. Let us ob-
serve that the above formal equality does not hold in &' (RY) for two reasons:



1. The right hand-side does not necessarily converge in &' (RV).

2. Even if it does, the equality is not always true in S'(RY) (consider the case of the
polynomials).

3.1 Homogeneous Besov spaces and first properties

Definition 3.2 For s € R, p € [1,+00], ¢ € [1,+00], and u € S' (RN we set:

1
lullsy, = Q%1 Awl|ze) )7

leZ

The Besov space B, , is the set of temperate distribution u such that HuHng < +0o0.

Remark 3 The above definition is a natural generalization of the nonhomogeneous Sobolev
and Holder spaces: one can show that BS, ., is the nonhomogeneous Holder space C* and
that B3 5 is the nonhomogeneous space H?.

Proposition 3.1 The following properties holds:

1. there exists a constant universal C such that:
CHulls;, < [Vullgs-1 < Cllullsg,-

s—N(1/p1—1/p2)

2. If p1 <p2 and r1 <ry then By . — By, r, .

1,71

3. BS < B

. / . /
1 or f s >sorifs=s andr <.

Let now recall a few product laws in Besov spaces coming directly from the paradiffer-
ential calculus of J-M. Bony (see [?]) and rewrite on a generalized form in [?].

Proposition 3.2 We have the following laws of product:

e Forall s €R, (p,r) € [1,+00]? we have:

luvllsg, < Cllullze=lvliz;, + lvllzelluls;,) - (3.11)

b,

e Let (p,p1,p2,7, A1, A2) € [1,+00]? such that:}% < p% + p%, p1 < A2, p2 < Ag, ]% <
1 1 1_ 1
;DT + v and 5 S pj

if51+52+Ninf(0,1—p%—pi2)>0, 31—1—%<pﬂ1 a71d.92+/]\\7—1<pﬂ2 then:

+ )\—12 We have then the following inequalities:

htl] syieyowiton -3y S lllgey Moz (3.12)
p,T

when s1+ % = pﬂl (resp so + )\ﬂl = p%) we replace HUHBZ},THUHBZ%,OO (resp HU”Bzg,oo)

by HUHBEJHUHB%T (resp HUHB;:;OOOLOO), if s1+ % = % and sg + % = p% we take
r=1.
If s1+895=0, 81 € (/\ﬂl—%,pﬂl—%] cmdp%—i—pi2 <1 then:

ool s S Il ol (3.13)



If |s| < % forp>2 and —g <s< % else, we have:

luvlg, < Cllullsg llvll ~ . (3.14)
BPooNL>
Remark 4 In the sequel p will be either p1 or pa and in this case % = p% — p% if p1 < po,

11 1 .
TeSP X = po T pr if p2 < p1.

Corollary 1 Letr € [1,400], 1 <p <p; < 400 and s such that:

N Ny .l , 1
‘36(—,T1>p*1) if 5+, <L

N 1 1 Ny ¢l 1
° SE(_E+N(5+E_1)’E) Zf5+]71>1,

N

then we have if u € By, and v € BEOO NL>:

luvllpy, < Cllulls;, vl x
pl,oom

The study of non stationary PDE’s requires space of type LP(0,T,X) for appropriate
Banach spaces X. In our case, we expect X to be a Besov space, so that it is natural to
localize the equation through Littlewood-Payley decomposition. But, in doing so, we ob-
tain bounds in spaces which are not type L?(0,7T, X) (except if r = p). We are now going
to define the spaces of Chemin-Lerner in which we will work, which are a refinement of the
spaces L.(Bj ).

Definition 3.3 Let p € [1,400], T € [1,+00] and s; € R. We set:
1
lullze gesy = (D227 1A I 0(1r)
lEZ

We then define the space EPT(B;}T) as the set of temperate distribution u over (0,T) x RY
such that ||ul|5, (B < 0.
T p,T

We set 6T(§;lr) = E%O(Eglr) N C([0,7], ByL). Let us emphasize that, according to
Minkowski inequality, we have:

lll o ggeny < Nllzg sy 3 72 o lullzs gy > lullpg oy i 7 <

Remark 5 It is easy to generalize proposition 3.2, to E%(B;}T) spaces. The indices si,
p, T behave just as in the stationary case whereas the time exponent p behaves according
to Holder inequality.

In the sequel we will need of composition lemma in E%(B;T) spaces.
Lemma 4 Let s >0, (p,7) € [1,400] and u € Ef}(Bfm) N LF(L>).

1. Let F € VVl[SHZ’OO(]RN) such that F'(0) = 0. Then F(u) € zg(B;ﬂ,). More precisely

oc

there exists a function C' depending only on s, p, r, N and F such that:

HF(U)HZ;(B;,T) < C(H“HL%"(LOO))HUHZ;(BZJ)-



2. Ifv,u € ZpT(B;T) NLFP(L>®) and G € Wl[(;sl+3’oo(RN) then G(u) — G(v) belongs to
EpT(B;) and there exists a constant C depending only of s,p, N and G such that:
1G() = G0z sy < Cllullzr oy, Iolpeem) (o = wllzp g (1 + Nulzgpzos

ol qemy) + o = ull ey (lallze gy + 00z g5 )
Now we give some result on the behavior of the Besov spaces via some pseudodifferential
operator (see [?]).

Definition 3.4 Let m € R. A smooth function function f: RN — R is said to be a S™
multiplier if for all muti-index o, there exists a constant C, such that:

VEERN, [9°£(€)| < Call + €)™ 1o,

Proposition 3.3 Let m € R and f be a 8™ multiplier. Then for all s € R and 1 <
p,7 < 400 the operator f(D) is continuous from B, . to B, ™.

Let us now give some estimates for the heat equation:

Proposition 3.4 Let s € R, (p,7) € [1,+<]? and 1 < ps < p1 < +oo. Assume that
ug € By, and f € Lf? (B;;ZH/’)Q). Let u be a solution of:

{Otu—uAu:f

Ut=0 = UQ -

Then there exists C' > 0 depending only on N, u, p1 and p2 such that:
|
HUHE;I(E;J;?/Pl) < C(”UOHB;T + pr2 ”fHZﬂTz(Bz;ZH/pz)) .

If in addition r is finite then u belongs to C([0,T], B, ).

4 Proof of theorem 1.1

In the sequel we shall work on the torus = T?. Let us start with recalling the energy
estimate, when we multiply the momentum equation we get:

(ol (t,2) + 7o)t o)+ [ [ (ul(s, x)dsda
/ iy

" /0 /Q (1+ M(p) (s, 2)) (diva)2(s, z)dsde < /Q (p0() 0 () + TT(po) (x))dx

with 7 defined as follows:

1
v—1

m(p) = a( (P =p)—p+1) fory>1



Let us recall that P'(p) = pr (p) what implies by convexity that 7(p) > 0. Finally as
we assume that:

€1 = [ Gool@)lun@)f +w(m)(@) + po(o)da

is finite, we obtain at least formally (if p and u are enough regular for performing inte-
gration by parts) by energy estimate (4.15) and via the transport equation that:

/Q(p\u|2(t,x)+7r(p)(t,x)+p(t,x))da:+/0 /QIVUIQ(Sw”C)dem (4.16)

¢ .
+/0 /Q(l+)\(p)(s,m))(d1vu) (s, 2)dsdz < Cy

Let us now explain how to get L?((0,7) x Q) estimates on u, we are going to follow Lions
in [24] p4. Indeed by the momentum equation we have:

|| putt.opdsl =1 [ pouate)dz] < ool o

Next we use the Poincaré-Wirtinger inequality and we have:

!/Qp(t,w)[U(W)—/QU(t,y)dy]dﬂf\ < Cllp(t, e [IVullz2@)-

Hence for all ¢ > 0:

1
|/ u(t, z)de| < ————=([lpouollLr (@) + Cllo(t, )l [[Vull L2@))-
0 (Jo podz) v b
We conclude by Poincaré-Wirtinger inequality which implies that | [, u(t, z)dz|+||Vu| r2(q)
is an equivalent norm to the usual one in H'(). O

Now we are just going to explain where in the proof we can slightly improve the range
of the coefficient 5 in [32]. One of the main point of the proof in [32] consists in get-
ting a priori estimates on the density in L>(LP(T?)) for any p > 1. This is possible
due to the viscosity coefficient A(p) = p® which provide such estimate at least if 3 is
large enough. Let us follow the arguments of the proof of [32] and explain where by
commutators estimates we can weaken the hypothesis 5 > 3.

5 A priori estimates on the density and the velocity

First as in [32], we are going to recall some estimates for solutions to the following two
Neumann problems:

Al = diV(PU)7 /Qfdx =0, 8z1§|x1:0,x1:1 = 8x2§|x2:0,x2:1 =0. (5‘17)

AT, = le(le(p'LL & 'U,)), / ndx = 07 ) 8ﬂ)1n|x1:0,x1:1 = 87:27]‘1‘2:0,1‘2:1 =0. (518)
Q

9



Therefore by [23] we have solution to the problems (5.17) and (5.18), whereas the esti-
mates for singular integrals in [28] provide the following inequalities:

I9(A) div(pu) | e S mlloul oy 1< m < +o00,
I9(A)div(pu) | - S lpullgar, 1320 >0,
[1Rij(pustj)|| Lom < mllpu @ ullpzm, 1 <m < +oo,

Here we have roughly written & = (A)~!div(pu) and n = R; ;(pusu;) (with the summation

notation).
By Holder’s inequalities we obtain:

IV(A) = div(pu)l| 2 S mllpll g [l g2,

~

1
IV(A) " div(pu) || o S llpll 2=r [1V/pull 72, (5.19)

T

1Ra s (i) 2m S mllpll gomt 12l e

where k> 1, m>1landr>1,1>2r > 0.
From the estimate of lemma 1-3, we obtain:

lull o S M|Vl 2, m > 2,

SN (5.20)
1(A) div(pu)llen S m? V() div(pu) | 2, m >2,

We set now:
o(t) = /Q (curlu?(t, 2) + (2 + A(p))divu®(t, 7)) dz,

we obtain then by using (5.20), (5.19) with r = miﬂ and the energy inequality (4.16):

1
1(A) div(pu) || om < mE (o] Fm, m > 2, (5.21)
Similarly we have:

IV () div(pu) [ om S m2k2 (2(0)7 ol g, m>2, k> 1,
- (5.22)
1R (puis)llzn S m*ke@)llpll gme, m > 2, k> 1.

5.1 Gain of integrability for the density

Following [32] the plan of the proof of [32], we are interested in getting a gain of inte-
grability on the density. We follow here the method of Lions in [24] to get a gain of
integrability on the pressure and the argument developed in [32]. Apply the operator
(A)~1div to the momentum equation, we obtain:

0

57 (A div(pu) + [Rij, w](pus) = (2 4+ Alp) divu
(5.23)

+ P(p) — |é| /Q (P(p)(t, &) — (2 + A(p))divu)da = 0.

10



We will set in the sequel:
B = (2+ X(p))divu — P(p). (5.24)

Next if we renormalize the mass equation we have:
8:0(p) + u - VO(p) + pb (p)divu = 0.

where we have set:
P11 1 3
0(p) = ;(2+)\(s))ds:2lnp+ B(,O —1).
1

Finally we get the following transport equation:

0 1(a)div(pu) + 0(p)] + - V[(A) div(pu) + 0(p)] + [Rij, us) o)

o . (5.25)
P(p) ] / — (2+ A(p))divu]dz = 0,

Denote by f the function:
f(t,z) = max(0, (A) " 'div(pu) + 0(p))

and multiply the equation (5.25) by the function pf?™~! with m € N and m > 4 and
integrate over {2 , we obtain:

1 d
gt [ mda [ PP o+ [ Ry (pu)p e -
2m—1 _
—l—/Qde/pr dr =20
As in [32] we set:
2= ( [ pfm(t.o)™ (5.27)

Using Holder’s inequality (27;7;1 + ﬁ =1, ngﬂ + 2m(2rtﬁ+1) = ﬁ), we begin with
estimating the term | [,[Rij, u;](pus)pf*™ tda in (5.26) as follows:

2m—

‘/ Rl],uj (puz)prm 1d1“ </ ’ Rz]7uj] puz ’pgmp 2m f2m 1dx

1 —
< ![Rz‘j,uj](/)uz')!p% 2m () 22 (1) (5.28)

< ”p||L2mB+1 )H[RZ]’UJ](pu’)”L2M+%(Q) 2m71(t)

Next we recall a result of R. Coifman, P.-L. Lions, Y. Meyer and S. Semmes in [6], which
says that the following map:

W (TN)N % L2(TV)N — whrs(TV)N
(a,b) = lag, Ri;]bi

11



1 _ 1 1 :
7o = 7, + ;.. Hence we obtain that [R;j, u;](pu;)

. 1p 1_1 1 k-1 : —9__ 2
belongs in W (wherep—2+2(m+%)k+2(m+ﬁ)kW1thk>1andp—2 m+1+%<2)

is continuous for any N > 2 as soon as

with the following inequality:

IRy o) oy < UVl Nl s e 1P sy
L=t @ (5.29)
< CHVU||L2(Q)||UHL2(m+ﬁ)k(Q)||PHL2mﬂ+1(Q),

2(m+ 5 )k
where we have choose k such that On,:rfﬁﬁ) =2mp+1, let k = % We verifies
B
that % = % — % = —L . Next by using lemma 2 and (5.29) we get:

2m—+ 3

IR:j, wsl(pua) (8 )| 2y (t, )l L2ms+1(0)

1
by S IV ()

(Q)Ilp
T /Q [Ruj, i) (pus) (t, ) ).

We can easily bound the last term on the right hand side by using the continuity of the
Riez transform in LP(w) with 1 < p < +o0:

\/Q[Rz‘j,ug'](wi)(tw)dw\ S ot e llults )i ) -
By (5.20) and the previous inequalites we obtain finally:
1B ) o) . sy o < Ol Tl gyl osss ) + M enllalt, ) s

(5.30)
We have then from (5.28) and (5.30):

m— I g m—
\/Q[Rz'j,uj](pui)pr 1dw\S(melleiZ;l(Q)w(t)+Hp(t,-)Ilm(mHU(t,')Ilin(g))ZQ L),

Next as in [32] we get:
| /Qde/prQm—ldx\ S 22N ) |pll 2 /Q ((2 + \)|divu| + P)dz
S 201+ (o) | 2+ Mpdo)?)
< 27O+ @)} + 10l Zamsr oy 0(DF):

Collecting all the above inequalities, we obtain:

t t 4L
200 S1+ / ol () lul2 g () + / (1)l 25 g (7T
0 0 (5.31)

t 1 B
+ [ e 0l s oy (P
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As we have seen that u belongs in L2((0,t), H'(Q)) we have:

/ Il () s gy () S 1.
We obtain then:
t B8
1+ 1 8
) S 1+/ m(T HpHLQWZLErL‘FI(Q( )dT+/() (P(T)2HPHz2mﬁ+1(Q)(7)dT' (5.32)

Next following [32] we introduce the measurable sets:
Q) ={zcQ/p>2m'} and Q(t) = {z € N (t)/0(p) + (A)"'div(pu) > 0}.

We then have: ,
”10||§2m5+1(9) S (/Q ()p2mﬁ+1d£ﬂ) AT 4], (5‘33)
1

Moreover by the definition of the function 6(p), we have:

_B _B
([ pmosaymsin < ([ papyran) =i (530
Qi (t) (1)

Using the fact that on Q(t) \ Qa(t) we have 0 < 0(p) < |(A)~tdiv(pu)|, we derive the
following estimate:

/ pB(p)?mdr = / p(0(p) + () Ldiv(pu) — (A)'div(pu))?™dz
Qq(¢)

Qa(t)
+ / p0(p)*"dx
Q1 ()\Q2(t)

<2 ([ pf(pmdn e [ pa) div(pw)fda)
Qa(t) Qa(t)
4 / pl(A)div(pu) " da
Q1 (1)\Q2(t)
< 22m(Z2m (1) + / pI(A) " div(pu) )
Q

From estimates (5.33) and (5.34) we deduce:

’ 2mp o . m B
1001 amses iy < C((m)? + Z(8) 2557 (1) + ( /Q pl() " div(pu) ) 75T

In view of estimate (5.21), (5.22), we have:
o) i < ol oA i
)2m

SHP||L277LB+1( (( Qﬁ) ||p||2m+1(9)

< ™ pl T

13



Finaly:
B(m+1)

2mp 1 -
1m0y S (2O (8) 4+ mE ] i ) (5.35)
By Young’s inequality (with ¢ = 2:;1&—‘1_1 and p = 252%1 + W), we obtain:

1 L_A'_%
10l amssn(ay S (Z(8) + ZmF T FCTD 4 o] P )
By bootstrap, we get:
8
16117 2pr S Z (1) +mFT. (5.36)

Therefore (5.31) and (5.36)give the following inequality:

B t 1455 t 8
ol amsssay S 3+ [ a2 oy (D + [ o) 0l Famas (7))

Next by Young’s inequality, we have:

B t 1+ -1 t
||pH§2mﬁ+l(Q) S (1 +m?2-t +/0 m‘P(T)HpHLGQL%nH(Q)(T)dT +/0 ||P\|§zmﬁ+1(9)(7)d7)

Using the fact that (t) € L1(0,T) and applying Grénwall’s inequality, wehave that:

_B t 14+
ol amsssqy < CO+m 4 [ mo(ool 235, g (7))

where C depends on t. Denote:
1
y(t) =m #-1 ||pHL2mﬁ+1(Q), tc [0, T]. (5.37)

Then:
1

8 B a1 1
yP(t)ymF1 < C(14 m?»—1 + (1 2m) o1 /0 @(T)yl+ﬁ(7)d7)

and we have:

1 1 B 1
mm Tz 5=1 = -1 T I

We have then:

—p? 1

t
P(0) < C(1+mTTD 4wzt [y (r)ar)
0

2
Wherewi_l—%zm<0.
Recalling that 8 > 1 and ¢(t) € LY(0,T) we find that for m big enough:

yﬂ<t>f;c7(ca+-jf ()P (r)dr)
0

whence by Gronwall inequality:



where C depends on t. We thus have:
1
IpllL2ms+r < CmB-T, te[0,T].
Hence the inequality:
_1
ol ey (t) < CkF=T, t €[0,T]. (5.38)

is valid for every k > 1, with C a positive constant independent of k£ > 1 but depending
of the time. O

Remark 6 Let us point out that the estimate (5.38) is the key point in order to improve
the range on B. Indeed this last one is a refinement of the corresponding one in [32]. In
particular we will be able to obtain the energy estimates (5.66) only with assuming 3 > 2.

5.2 Second a priori estimate for the velocity

In this section, we are going to furnish estimates on the velocity by using the gain of
integrability on the density proved in the previous section. We are going essentially to
follow the proof of [32] and to emphasize on the key point where we will only need the
hypothesis 5 > 2. We begin with recalling some equation on the effective pressure defined
in [24] and the rotational curl. We set:

A=curlu and B = (2+ A(p))divu — P(p),
1 1
L= ;(@JA +90,B) and H = ;(—axA + 0yB).

We now want to obtain some estimates on the unknowns A and B, let us start with
rewriting the momentum equation under the following eulerian form:

1 1 P
Ou+u-Vu——-Au—=V((u+ A(p))divu) + V(ﬂ) =0 (5.39)
p p P
Next if we apply the operator curl, we get:
O4A+u-VA+ Adivu = 0yL — 0, H. (5.40)

Next we apply the operator div to the momentum equation (5.39):

Odivu + u - Vu — 1Au — 1V((u + A(p))divu) + V(@) =0, (5.41)

P P P

and via the mass equation we have:

L)/Jr(i
2+ A 2+ A
+ (24 N(UZ 420, Vz + V) = (2+ A)(Le + Hy).

8B +U-VB—p(2+ \)(B( ) )divu

(5.42)

As in [32] multiplying the equation(5.40) by A and integrate over {2 we obtain:

1d 1
/ 5%[A%x +5 / divu A%dx + / (LOyA — H9,A)dx = 0. (5.43)
Q Q Q

15



Similarly multiplying the equation(5.42) by QJ%\B and integrate over {2 we have:

1 d., 1 1 B2 1 1
—~ Z(IB:dr - = i = .V (——)B?
Q2+Adt(2 )z Q/QdWUQjLAdx 2/9“ (2+,\) dx

. 1. P , )
_ 5.44
/Qdelvu(B(Q—F)\) —|—(2+>\))daz—}—/QB(Um+2Uny+Vy)dx (5.44)

+ / (L8, B + HO,B)dz = 0.
Q

We recall now that:

1
24 A

/ 1
) pdivu + V(=——) -u = 0.

O 2+ A

1
RCF
By combining the previous equality and (5.44) we get:

1 d 1 1 1 1
S Y Bdr - - [ divuB? - d
Q/th(2+)\ Jdz Q/Q vuB (5 — gy )de

—/Qdeivu(B(Zi)\)/+(2_]:)\)/)dx+/QB(divu)2dx (5.45)

42 / B(9,U0,V — 0,U0,V)da + / (L&, B + HO,B)dz — 0.
Q Q

Summing (5.43) and (5.45) we have:

1d B? 1 (Ay + B2)? 4+ (— Ay + By)?
——[(A? d —divuA?d / vz e (
/det[( +2+)\)]$+/Q21vu T+ A P x

| 1 .
_ 2/QB leU(2+)\ —p(m) )d:ﬁ+2/QB(Uny—UxVy)da:

1 P
—/Qdeivu(B(2+)\) +(2+>\) )d:c—l—/QBdivu2da::0.

As:
+ i)
24X 24N\

divu? = divu(

we deduce:

1d B? 1 (Ay + By)? + (— Ay + By)?
~ (A% 4+ d+/d‘ A2d+/ y_ T Y g
P

1 5. 1 1 . P /

- — — 5.46
+/Q 2B d1vu(2+)\ p(2+)\) )d:c+/QBd1vu(2+)\) p(2+)\)) )dx (5.46)
1 )/+( P
24+ A 2+

)/)dw =0.

+2/ B(U,Vy — U, Vy)dx — / pBdivu(B(
Q Q

Let us set: )

2 = ( [ (42 + 525)do)’

aft) = (/Q (A, + By)? —|—p(—Ax + By)2dq;) Ctep)

(5.47)

N
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Next we have:
/Q ((Ay + By)?* + (— Ay + By)?*)dx = /Q(Ai + A2+ B} + B})da.

Let us observe that for every r, 1 > 4r > 0, from the result on elliptic system and by
Holder inequalities we get as in [32]:

A, + B2+ (=A, + B,)? .1
IV Al ey + VBl ooy < O [ St B ) 4y)3
(/plrrdx)Q(lr—’“)
Q
From (5.38), we have:
1.1
(IV Al p20-n 0y + VBl p20-m(q)) < C(;)w*”a(t) (5.48)

Remark 7 Let us point out that the estimate (5.48) is better than the corresponding one
in [32] due to the better estimate (5.38).

Moreover via (5.38) we also obtain the following inequality:
(IVull 2y + Al 2y + V2 F Adivallpz@) < CO+ Z(1), te[0.7).  (5.49)

Now, are interested in providing other estimates for the non positive terms of the equality
(5.46).

Estimates for the terms of (5.46)

Following [32], using (?7), the lemma 1 (with o = 2(1:35)) and Young’s inequality (with
p= 2(1:?&), q= 2(11—_32;) and p; = (1—2151(82—%5)’ g = (11122~z)£22:‘2€)) the , we obtain:

1 1
E / diva 42| <2 diva(t)]| 2 | A()|2a
2 Jo 2
) 1 1-3c 1 e
< Clldivall Gl All2) ZE G IV A p200) 55
—3e 1 1—e
< C(L+ Z(H)Z() 75 ()T a(t) 5

2(1—2¢)

< 6a%(t) + C(8)(1+ Z(t) 13 Z(1)2(

< 6a?(t) 4+ C(6)(1+ Z(1)?) 15 (

1.1
Z)B—1,
-)

We now are interested in estimating the term in (5.46) corresponding to:

_ 1 2 9. 1 - ]. /
Il—|2/QBdlvu(2+)\ p(2+>\))dac‘
P 1 1

1 (., B
_‘2/9 G tan G e

)/)d:):|

17



Fasily there exist a positive constant C' > 0 such that:

1
5o ) | s
2+A G

for all p € [0, 4+00). We deduce that:
/ BJ? |B|?
I <C(m)? |7d / ——|Pldx).
1< O )(Q2+A“”'92+A"@
By Young’s inequality we have:

P P P P
L/Bmw‘ Py el = ‘/‘ 2+A+2+AM2+A Plan) )dal

<C(l+ 2‘+’)\dm)

Now, the last term in (5.46) can be treated as follows:
p/m%m—mmmg/ﬁwﬁ+@+ﬁ+ﬁm:
Q Q
Via the previous estimate, the notations (5.47), and using the equality (5.46), we get:
2
=

1B / 2 2 2 2
1 B :
+U(ﬁé%%wH-JK%+%+%+%W$

S(Z2(0)) +a*(1) < Sa2(t) + CO)(1 + Z(H)

™ | =

(5.50)

It remains to estimate the two last terms on the right hand side of (5.50). In this goal,
from (2.10) we have:

1 _
1Bl L2m(0) < CUIBllL1(o) W”HVBH;%%QJUﬂEuhamQ (5.51)

(1-¢)

where: s = (=2 and C > 0 is a positive constant independent of m > 2.

Now in inequalities (5.50) and (5.51) we fix € = 27 with m > 2. Using estimate (5.38)
for the density, we derive the inequalities:

1Bl = [ 181 = [ GBI+ X e < 12+ i 10, 2(0)

< CZ(t).

s 1
HBHLZU*E)(Q) = (/(2+>\)1 €|B‘21 € (2+>\)1 sdx)z(l B)

s

Bs
Zay R+ M < CQITE 2N < 022 1),

< CZ5(t).

18



From inequalities (5.48) and (5.51) we finally obtain:

1Bl oy < CZ(E) +m? (‘)T (a(t)) 2 2°(2)),
(5.52)

Now dealing with the integral with |B|3, we have:

B3 B> w1 1 1
/ o :/ BE (L e
Q2+ A Q(2+)\)1—m 2+ A

|B‘2_ﬁ _m_ 1 o
< [P s < 20 7 B
Q(2+)\) 2(m—1)

BP it [ o .
S ( dx) 2(m—1) ( |B‘ dx) 2(m—1) S 2(m—1) Z(t) m— 1 ”BH m—
Q

o 2 + )\ L2m
m m m(1—s) m(l—s) ms
< CZPTR(1)(Z(0)7 T +m D ()00 (aft) T 2T (1)),
g
m m(l—s) m(l—s) ms—
< C(Z(0) +mT (D) T (a(e) W 22 (1),

3

where C' > 0 is a positive constant 1nde endent of m > 2 and € = 27", Finally applying

applying Young’s inequality with p = and ¢ = 2(m—1)

m we have:

1 s)

) ms

|B|3 3 1m,_ 1 __ m-s) 9 ms=1
dx < Z°(t —)2B-D g m=T (£)Z°" m=T (¢t
| amde < 0230 + mt (00 (0255 ),

(5.53)
< 6a2(t) + C(8)(Z3(t) + mmtin= () Grntntrs Z a2 ()
€
From (5.51), we verify that:
— )2 — —
| —ms—1— m(l —e) :am(2 £)+e¢ 1’ (5.54)
m—e(l—e¢) m—e(l—e¢)
and then:
. miq _ _
lim (2" (1 ms) =2
hence via (5.53) and (5.54) we get:
B 2(4))2 m 20\ 2t s
2+)\da:<(5a t)+CO)((1+ Z%(t)) +m(€) T(14 Z%(t))" " =G+0=2).  (5.55)

Now, consider the last term in (5.50):

2 2 2 2 2\ 52 1— L
I = / BI(U2 + U2 4V, +V2) < | Bl samey / (IVUP + [VV ) 521 dr) 3
Q Q

Recalling the relation 3 > 2 e > 2,m > 2, from the properties of elliptic system [?] we
derive the inequality:

).

( / (IVUP + [VV )55 d2) 5 < O(|divul? aw -+ AP
Q LQm—l (Q) LQm—l (Q)
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Thus the previous inequality furnish the estimate:

). (5.56)

Iy < OBl ooy (vl g+ 1A g

Next we have as A vanishes on the boundary of the domain €2, we applythe Gagliardo-
Niremberg inequality:

—&

1A < C||A||L2 ot QE)IIVAHZJ(II Sy

) , 1 1 (5.57)
1—¢ - —e —&
< CZ* mi= )(t)((,)Q(Bfl)a(t)) =20 < CZ* w2 (¢)(a(t)) ™12 .
£
Since B = (2 4+ \)divu — P, estimate (5.38) provides:
P
d 2 . _ 2 ’
||wm|%ﬁﬂz 555 * 35 ek -
2
+1).
< Cllg 75ty ) + D)

We can now deal with the right-hand side of (5.58) as follows:

m(2m—23)
B P, I
N Bl m-1)2m-1) 2m7
”2+/\+2+)\HL2 / 2+ A | B x)
’B‘Q 2m— ‘B’2 om—3
< 1B e | BP _aE <y ABE g
ol Q(2+A)% " e, @™

< HBHLzm (Z(t))2 - —HBHLQm (Z(t))2*ﬁ_

Thus,

dival? < OO+ (2O TN ) (5.59)

Using estimates (5.57) and (5.59), from (5.56) we have:

[

Iy < OBl ey (1 + 2277055 (1) a(t) 75 + 22755 (0] Bl| Tk )

Using estimate (5.52) for || B||12m(q), we finally get:

2 < C((Z()* 705 ((e) T+ Z(1) + Z()
+ma?VWDZ“SMIM@xa»P”W%% (5.60)
+ m%(?)uam%(yi) 0 72t (t)(a(t))% + m%(%)ﬁZs(t)(a(t))l_s).
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Using Young’s inequality, we treat the summand in (5.60) as follows:

C(Z(1))* 71 (a(t)) 7 < 6a2(1) + C(1+ Z3(1))?,
C(Z(t) + Z2%(1) < C(1+ Z*(1))*,

Cm (2307 72495 (1) (aft)) o <
g
1 _A=ms+(@2ms—1)e
Sa2(t) + Cm( )71 (1 + Z2(t))* Tromt-2o-12
€

Cm (Y550 25 (1) (a(t)'—* < 6a2(t) + Cm(2) 571 (1 + Z23(1)),
e E
m2 (?) SEEID 22T (#) (a(t)) T <

Sa2(t) + Cm(= : VT (1 4 Z2(1)) > T

Here § is a small positive constant to be mentioned below. From inequality (5.60) we
derive that:

1—ms+(2ms—1)e

I, < 5@2(1‘) -+ C( (m) -1 (1 + Zz( ))2+(1+s>m(1—2s)—1+s
€
m

m. 1 N (5.61)
(14 Z20) 4+ m(T) T (L4 Z2(0) + m(D) T (1 + 23()
From (5.55) and (5.61), and inequality (5.50) we have:
5 (220 + @2(1)) < 6a2(1) + CO)(1 + 22(1)* 755 (D)7
+C(1+6a2(t)) + CC)(1 + Z%(t))2 + CC(5) (m (m> (14 Z2(1)> et .
5.62

+46a2(t) + C((1+ Z2(1)% + m(2) 71 (1 + Z2(t))* Tromt—20-1+¢

m 1—ms+(2ms—1)e
3
1

+m(Z)FT (1 + Z2(8) 4+ m

—ms

)T (1 + Z3(t)) D 2).

Choose 6 > 0 such that:

1
55 + 6C' = —.
+ 2
Sj _ _(1=¢)? —9—m .
1nce3—mand€—2 , m > 2, we have:
lg%’ 1—ms+ (2ms —1)e <4e and € < fe.
m(s+1)—2 (I+sm(l—2e)—1+¢ 1—-3¢

Then by (5.62) and the fact that Z2(t) € L'(0,7T), we obtain the inequality with 0 <
T <
1d

S

SPTACR Z%(1) + a*(t) < m(— . )P (1+ Z2(1) (5.63)
From (5.63) we have for 0 <t < T
1 1 m
220" a2 o 7T 20
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Remark 8 Let us point out that the last inequality is better than in [32] and allows us
to assume only B > 2.
Now, take N > 2 such that:

N L 1 9N

1 — ONe(—)51 (14 Z*(0))* > 5 €=

3

Here the fact that § > 2 allows to conclude and by this fact improve the results of [32].
We get finally that for 0 <t < T

72t < 22" (14 Z2(0) — 1, teo,T]. (5.64)

Now, from inequality (5.63) we get moreover that:

T
/ a?(t)dt < C. (5.65)
0

Now by estimate (5.38) for the density, there exists a positive constant C' depending
continuously on the data of the problem and such that:

2, 1 ivu — 2 x)dz
sup /Q<(curlu) + 2+>\(p)((2+)\(p))d P(p)) )(t, )dz < C,

0<t<T

sup / ((curlu)® + (2 + A(p))(divu)?) (¢, z)dz < C, (5.66)
0<t<T JQ

/T/ (Ay+BZ)2+(_AI+By)2dxdy<C.
0o Ja P B

The rest of the proof follows exactly the same lines than in [32] and then we refer to [32].

6 Proof of theorem 1.2

The existence part of the theorem is proved by an iterative method. We define a sequence
(¢", m™) such that:

9:q° — pAg® + divm® =0,

oym°® — uAm® +rm° =0,

(¢°,m") = (g0, mo).
Assuming that (¢", m") is in Er with:

N N
F) PR

=~ 1/ a2 ~ N1 1 N_o1\N
Erp = (Cr(B2)) N Ly(B2 7)) x (CT(Bm )N Lp(Byy N By )"

we define then ¢"™! = ¢ 4+ @1, m™*! = m® + m"*! such that (Gni1,Mny1) be the
solution of the following system:

g™ — pAGT + divin™ T = 0,

opm™ T — AT 4™t = g7,

(@ m™ ) g = (0,0),
with: "

G" =— div(% ®@m')

We also set: h"™ = ¢ + 1.
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1) First step, uniform bounds:

Let € be a small parameter and by proposition 3.4, we have for any 7' > 0:

%+2 S CHQOHB% )

N
?1)01’%"(32,1 ) 2,1

1)
LF (5, (6.67)
OH 71}—1 1 71}—1 71}-;-1
L¥(Byy )NLyp(Byy NByy )

Im < Climoll .

2,1

We are going to show by induction that for € > 0 small enough:

(Pn) I(G" m™) |y < e

As (Go, mp) = (0,0) the result is true for n = 0. We suppose now (P,,) true and we are
going to show (Pp41).
To begin with we are going to show that 1+ ¢" is positive. Indeed we have: h® = h{ + hY

such that:
ohY — pARY =0,

(h(l))/t:(] = ho.

and:
Othy — ALY = —divm?,

(h(l))/t:O = ho.
By proposition (3.4) and (6.67) we have for any 7' > 0:

0
IIthL%O o4, < Clmoll y . (6.68)

(By%) 2,1

By maximum principle, we have for any t > 0:

hY(t,z) > min ho(x) > ¢ > 0.
z€RN

We deduce that for n = ||mg| y
B

21

, (at least inferior to ;% with the C' of (6.68)) small

enough and any t > 0:
3
K(t2)/geq s > 0.

and 3
(ta) = 5 1.

and by definition of ¢" and the assumption NP,, that:

3
q"(t,z) > Zc—l—s.

In particular for e small enough at least ¢ < 7, we deduce that:

W' =1+4¢"> = >0. (6.69)

N O
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In order to bound (¢, m™) in Ep, we shall use proposition 3.4 and in particular estimating
N_
G" in L%F(Bfl 1). By using proposition 3.2, (6.69) and lemma4, we obtain:

n

m
div(— @m" ® )
B L
1
< Cfm"|? | -1y +1),
L%(Bz%)( I+4g7 L$(By?) ) (6.70)
<O(Im°I? x +lm™ oy ) (1+C(H Sl ld™l oy +1),
12(8,) 1382 ( L (B2 )
< O(||m°|? +lm"l y (el oyl x4 1),
L%(ijvj) (B ( LF(By) LF (B2 )
Therefore by using (6.70), the proposition 3.4 and (P,) we obtain for any 7" > 0:
1@ m™ e < C(Im°1? x +e)? e+ x +1),
Li(Bg L (By%) 6.71)
<Cl+e@+°l ‘
( L?(Bz?l))
By choosing n = ¢ and ¢ < 50T Oﬁ TR this implies (P)n4+1. We have shown by
L (B

21)

induction that (¢", m™) is uniformly bounded in Fr for any 7' > 0.

Second Step: Convergence of the sequence

We shall prove that (¢, m™) is a Cauchy sequence in the Banach space Fp, hence con-
verges to some (q,m) € Fr.

Let:

8¢" = ¢"! —¢" and dm" = m™ —m".

The system verified by (d¢", dm™) reads:
0:0q¢" — pAdq"™ + divem” = 0,
oom"™ — pAIm™ + rom"™ = G" — Gn — 1,
5¢"(0) =0, ou"(0) =0.

Applying propositions 3.4 and using (P,,), we get for any T > 0:

1(6¢", om™)||pp < CfIG™ = anlllu (BN/2-1);

1 1

om
< C( o hn—l)”LlT(Bg{?))'

TL
"HL B +H @m" |, N/2)+Hm"®m"—1(
2,1
By using proposition 3.2 and lemma 4, we get:
1(3q", 6m™)||py < Cell(3g" ", 0m" ™) | .

So by taking ¢ enough small we have proved that (¢, m™) is a Cauchy sequence in Fp
which is a Banach space. It implies that (¢, m™) converge to a limit (¢,m) in Fp. It is
easy to verify that (¢, m) is a solution of the system (1.5).
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3)Uniqueness of the solution:

The proof is similar to the proof of contraction, indeed we need the same type of estimates.
Let us consider two solutions in Ep: (q1,m1) and (g2, ma) of the system (1.5) with the
same initial data. With no loss of generality, one can assume that (g;,m1) is the solution
found in the previous section. We thus have:

() altz) = 3.

We note:
0q = q2 — q1, Om = my —my,

which verifies the system:
0,6q — pAdq + divém = 0,
..My . ,Mm1
o dm — pAdm + rém = —dlv(h— ®mq) + dlv(h— ®myq)
1 1

By using proposition 3.2, 3.4 and lemma 4 on [0, 73] with 0 < T we have:

1(6g, 0m) || &, < A(T)|[(9g, dm)l| &7,

such that for 7" small enough A(T) < % We thus obtain: dg =0, ém =0 on [0,T]. And
we repeat the argument in order to prove that: d¢ = 0, dm = 0 on RT. This conclude
the proof of theorem 1.1. O
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