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Abstract

The presented work focuses on a methodology to characterise strain rate

dependent strength and elastic properties of textile reinforced composites

in laminate through-thickness direction. Here, for the characterisation L-

shaped beam specimens are used. The investigated composite is a fabric

reinforced thermoplast made of hybrid E-glass/polypropylene yarns. The

analytical solution for the determination of the through-thickness tensile

strength as proposed by Lekhnitskii and Shivakumar is verified by means
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of an optical deformation analysis and is extended for thew determination of

the through-thickness elastic modulus. Finally, the possibility of the strain

rate dependent characterisation is investigated and a Johnson-Cook based

modelling approach is used to represent the apparent strain rate dependency

of the through-thickness failure onset. The methodology is successfully used

to capture the material strain rate effects with the according strength values

and model parameters over a strain rate range of 10−4s−1 to 10 s−1 as well

as the elastic modulus.

Key words: A. Through-Thickness Testing, B. Mechanical Properties, C.

Textile composites, D. Delamination, E. Strain Rate Dependency

Nomenclature

Latin Characters

AR material constant for strain rate dependency of strength

B specimen width

d longitudinal distance of force application

E Young’s modulus

F force

G shear modulus

gM , gF dimensionless constants

L transversal distance of force application

l specimen arm length

M momentum

R strength

Ra, Ri, Rm specimen outer radius, inner radius, radius of midplane
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t time, specimen thickness

v loading velocity

Greek Characters

β dimensionless constant

γ shear strain

ε normal strain

ε̇ normal strain rate

ζ, η dimensionless constants

Λrn term to determine Er at rn

ν Poisson’s ratio

ω specimen fixation angle

Superscripts and Subscripts

+ tension

1, 2, 3 fibre, fibre and through thickness (TT) direction (bidi-

rectional reinforced textile composites in Cartesian co-

ordinates)

ϕ, z, r fibre, fibre and through thickness (TT) direction (spec-

imen coordinate system, bidirectional reinforced textile

composites in cylindrical coordinates)

(ana) analytically determined

fail failure

max maximal

n position over specimen thickness

norm normalised

(opt) optically determined
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(ref) value at reference strain rate

1. Introduction

The excellent specific mechanical properties qualify textile-reinforced com-

posites for the development and design of material and energy efficient light-

weight structures e.g. in vehicle industries and mechanical engineering [1].

With their high energy absorption capacity, thermoplastic matrix based ma-

terials are considered to be predestinated for the use in the field of impact

resistant design [2]. Recent investigations of this material class mainly deal

with the in-plane properties [3, 4, 5]. For the reliable structural design how-

ever there is a lack of well-founded knowledge of the through-thickness (TT)

behaviour of composites, describing the associated TT failure mode delami-

nation especially under highly dynamic loading conditions [6].

The objectives of the presented investigations are therefore to utilise mod-

erately complex and therefore easy to manufacture specimens for the deter-

mination of both the tensile strength and elastic properties in TT direction

of textile reinforced thermoplastic composites under highly dynamic loading

conditions. For the characterisation of the TT properties only sparse investi-

gations exist. A comprehensive overview of possible specimen shapes and the

associated testing methods for TT tensile loading is given in [7]. This has also

been discussed with the focus on four point curved beam specimen geometry

in [8]. Recent work has been published on the quasi-static TT behaviour of

epoxy matrix based materials using comparatively small specimens [9, 10].

Other investigations deal for instance with the probabilistic investigation of

the quasi-static TT performance with waisted short block specimens [11] and
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the Arcan test device [12].

However, besides waisted coupons and short block specimens, for which

the design of the load introduction is always difficult, various testing methods

based on Lekhnitskii’s solution for the stress distribution in cylindrically

othotropic curved beam sections [13] have been investigated [14] and even

standardised [15]. Considering the strain rate dependency of the material

less effort has been undertaken to investigate the TT material behaviour.

Some experimental work in this field has been done using a Split-Hopkinson-

Bar device (see for example [19]) with very small specimens. In [20] the

strain rate dependent TT shear behaviour has been studied. Here, due to the

coarse textile architecture of the investigated material, the adopted L-beam

specimen test setup and procedure with a high speed camera system was

used at elevated testing velocities for the determination of the TT strength

R+
r (ε̇) at different strain rate levels.

With the scope of highly dynamic loading tests, an adequate testing rig

was designed and is presented [16], which is based on the determination

of interlaminar stresses in L-beam shaped specimens as proposed by Shiv-

akumar [17]. By using optical deformation analysis, this approach can be

extended to the determination of the TT elastic modulus in addition to the

tensile strength.

The proposed modus operandi for curved L-beam specimen loaded under

uniaxial tension is explained. Firstly, a detailed description of the experi-

mental setup is presented. Based on elastic TT and in-plane parameters, an

evaluation of the TT tensile strength R+
3 (= R+

r ) is performed. For this, the

stresses are calculated based on the TT strain field measurements within the
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experiments. In contrast, the TT stresses can also be determined based on

Lekhnitskii solution for cylindrically othotropic materials and the force re-

sponse under consideration of the experimental and geometric configuration.

Additionally, a procedure to determine the TT elastic modulus E3(= Er)

is proposed. A Johnson-Cook based [18] modelling approach is used to

represent the apparent strain rate dependency of the TT strength.

2. Material Specification and Specimen Manufacture

The investigated composite material is based on a woven fabric: Twin-

tex TPP 60 745 supplied by Saint Gobain-Vetrotex. It is a 2/2-twill

weave made of hybrid yarns (E-glass/polypropylene). The hot pressing tech-

nology was applied to manufacture the L-beam specimen panels in an auto-

clave. After stacking the unconsolidated fabric between the lower and the

upper mould, a moulding fleece and a vacuum bag have been added. Subse-

quently, the material has been processed with 6 bar at 200 ◦C. No significant

spring back effects were recorded within the demoulding process. The panel

was cut into sections of B = 25 mm representing the final specimen width

(Fig. 1).

Figure 1: a) Specimen manufacturing with 24 plies and a forming tool consisting of upper

and lower part (prior to consolidation); b) final specimen geometry
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The in plane stiffness Eϕ was determined before by in-plane tension ex-

periments [4]. The small influence of differing elastic properties in warp and

weft direction has been diminished by varying the warp and weft dominated

direction in the stacking sequence providing an equally distributed share.

The thickness of a single consolidated textile layer equals 0.5 mm result-

ing in 24 textile layers over specimen thickness t = 12 mm ([0/90]24). It has

been assured, that one of the respective main textile reinforcement directions

(warp/weft or 0◦/90◦) equals the tangential direction in the curved section

(index ϕ, Fig. 2) to assure orthotropy in all directions. TT shear properties

have been evaluated using Iosipescu testing approach [20]. The material

properties and specimen geometry used throughout this study are:

Eϕ = 13700 MPa Gϕr = 1800 MPa νϕr = 0.15

Ri = 5 mm Ra = 17 mm Rm = 11 mm

t = 12 mm B = 25 mm l = 90 mm .

3. Experimental Procedure

3.1. Experimental Setup

Test Rig

The quasi-static experiments have been performed on a universal testing

machine ZWICK Z250 using a 10 kN load cell with a measuring accuracy

of ± 0.2 %. A servohydraulic high velocity test system INSTRON VHS

160/20 has been utilised for the experiments at higher loading velocities to

investigate the material behaviour’s strain rate dependency. This rig enables

tests at high deformation speeds of up to 20 m/s with a load cell accuracy
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of ± 0.5 % . The loading fixture (Fig. 2) has been designed to be applicable

for both testing machines.

Figure 2: a) Loading fixture setup with specimen, b) detail with parameters used for the

analysis, c) test assembly for experiments with specimen and gray scale pattern (without

fixation clamping)

A temporary fixation clamping was integrated to guarantee a non-stressed

specimen during the test preparation and an exact specimen angle of 90◦. It

is removed at the start of the experiments. The specimens are clamped with

a torque level of 25 Nm. According to Fig. 2 a), the setup parameters are as

follows:

ω = 45◦ d = 28mm L = 72.5mm .

Optical Deformation Measurement

A high-speed camera system and a quasi-static camera in combination

with a system for non-contact optical 3D deformation analysis (ARAMIS)

was used. With the stochastic gray scale pattern applied on the specimens

surface, the gained information on dislocation and distortion fields over spec-
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imen thickness are used to calculate the corresponding strain field. Due to

the differing camera resolutions (quasi-static: 5 Megapixel; 0.1 and 1 m/s:

54000 pixel) and the facet size of 15x15 pixel with a facet distance of 13 pixel

(quasi-static) and 5 pixel (0.1 and 1 m/s), the strain measurement points

over specimen thickness differ between 42 (quasi-static) and 10 (0.1 and 1

m/s). Therefore, the strains are averaged in TT direction over 0.29 mm

(quasi-static) and 1.2 mm (0.1 and 1 m/s). In Fig 3 a)-c) typical strain fields

(εr, εϕ, γrϕ) in the specimen curvature region are shown for a quasi-static

test at subcritical loading conditions. The coarse textile architecture of the

reinforcement material causes slightly inhomogeneous distributions. Addi-

tionally, the principal deformation plot indicates a TT dominated state of

strain in the symmetry plane (Fig 3 d).

Figure 3: Via gray scale correlation determined strain field distributions at a non failure

relevant load of F = 100 N: a) εr, b) εϕ, c) γrϕ and d) principal deformations
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The strain rate

ε̇ =
dε

dt
(1)

associated with the stress σr(ε̇) is determined by the the optical measure-

ments at the region of interest and the measurement time step ∆t.

3.2. Theoretical Background

The relevant mechanical characteristics of the textile reinforced laminate

are the in-plane engineering stiffness Eϕ = E1 = E2 and in TT direction

Er = E3, as well as the strength in laminate TT direction R+
r . The cal-

culations are based on plane stress states: σz = τrz = τϕz = 0, where the

z-direction represents the specimen width-direction. Also, linear elastic ma-

terial behaviour is assumed until first failure.

Stress Distribution based on Strain Measurements

The following procedure is proposed to calculate stress components based

on the corresponding strain information (εr, εϕ, γrϕ) which are gained via

optical measurements in the symmetry plane ϕ = 90◦ and dependent on the

thickness coordinate r.

With given strain information from the experiment, the constitutive equa-

tion for rotational orthotropy (Er 6= Eϕ) under plane state of stress results

in 
εr

εϕ

γrϕ

 =


1

Er
−νrϕ

Er
0

−νϕr

Eϕ

1
Eϕ

0

0 0 1
Grϕ




σr

σϕ

τrϕ

 (2)

and thus the TT stress components can be calculated, taking the relation of
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Maxwell-Betti νrϕ = Er

Eϕ
νϕr into account:

σr =
Er

1− νrϕνϕr

εr +
Eϕνrϕ

1− νrϕνϕr

εϕ ,

σϕ =
Eϕ

1− νrϕνϕr

εϕ +
Erνϕr

1− νrϕνϕr

εr ,

τrϕ = Grϕγrϕ .

(3)

Stress Distribution based on Analytical Solution

Shivakumar [17] proposed a method for an analytical calculation of

the radial, tangential and shear stress distributions σr(r), σϕ(r) and τrϕ(r)

respectively in the curved area of the L-beam specimen (Fig. 4) based on

Lekhnitskii’s equations [13] for the stress distribution in cylindrically oth-

otropic homogeneous curved beams subjected to bending moment M and a

tensile load F .

Figure 4: Mechanical conventions and dimensions of the specimen a) lever and b) curved

region

In the specimen curvature symmetry plane ϕ = π
2
− ω a uniaxial state of

strain is assumed:

εϕ = γrϕ = 0 . (4)
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Two main aspects have to be considered for the calculation of the stress

state with respect to the used test setup. Firstly, an adapted load situation

due to the presence of a lever arm loading (length L, Fig. 4) with F has to be

comprised. The solution for the L-beam with the tensile load F is split into

the solution for a semicircular beam subjected to the load F and the moment

M , which can subsequently be treated with Lekhnitskii’s solutions. The

calculation of the moment accounts for the excentricity of the load initiation

at the levers d · sin ω and the levers itself L · sin ω (Fig. 2):

M = F (L cos ω − d sin ω) . (5)

Second, a superposition principle is applied, where the contributions of

the bending loading (due to the moment M) and tension loading (due to the

force F ) at the ends of a semicircular beam are taken into account separately:

σr = σM
r + σF

r , σϕ = σM
ϕ + σF

ϕ , τrϕ = τM
rϕ + τF

rϕ. (6)

With that, the stress distributions in the curvature at the symmetry plane

ϕ = π
2
− ω are given by

σr(r) =
M

R2
aBgM

[
1− 1− ζη+1

1− ζ2η

(
r

Ra

)η−1

− 1− ζη−1

1− ζ2η
ζη+1

(
Ra

r

)η+1
]

+
F

rBgF

[(
r

Ra

)β

+ ζβ

(
Ra

r

)β

− 1− ζβ

]

σϕ(r) =
M

R2
aBgM

[
1− 1− ζη+1

1− ζ2η
η

(
r

Ra

)η−1

+
1− ζη−1

1− ζ2η
ηζη+1

(
Ra

r

)η+1
]

+
F

rBgF

[
(1 + β)

(
r

Ra

)β

+ (1− β) ζβ

(
Ra

r

)β

− 1− ζβ

]
τrϕ(r) = 0

(7)
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with ζ = Ri

Ra
, η =

√
Eϕ

Er
, β =

√
1 + Eϕ

Er
(1− 2νrϕ) + Eϕ

Grϕ
,

gM = 1−ζ2

2
− (1−ζη+1)2

(η+1)(1−ζ2η)
− ζ2(1−ζη−1)2

(η−1)(1−ζ2η)
and

gF = 2
β
(1− ζβ) + (1 + ζβ) ln ζ .

In Fig. 5 the biaxial stress distribution in the symmetry plane section of

the L-beam curvature is displayed for F = 100 N versus the normalised spec-

imen thickness tnorm = r−Ri

t
, ranging from the inner specimen side (tangen-

tially loaded in tension) tnorm = 0 to the outer side (loaded in compression)

tnorm = 1. Additionally, these results are compared with numerical inves-

tigations for this configuration in Fig. 5. The studies have been performed

using ANSYS Classic 11 with 20 orthotropic 2D-disc elements (PLANE182)

over the specimen thickness (r-direction) and symmetry boundary condi-

tions at the symmetry plane ϕ = π
2
− ω. For the maximal radial stress

σr max, only small deviations of the absolute value (≤ 1%) and the position

of occurance (≈ 2.4 %) can be identified. With the focus on the relevant

area 0.1 ≤ tnorm ≤ 0.9, the deviation of the tangential stresses σϕ can be ne-

glected (root deviation 3.5 %). The difference at the free edges (tnorm = 0,

tnorm = 1) does not exceed 12.1 %.

Determination of the TT Tensile Modulus

In contrast to the method proposed in [17], Er can also experimentally

be determined, because strain information are available via the optical in-

spection. From Eq. 2

Erεr = σr − νrϕσϕ (8)

and Eq. 7 a relation for ϕ = π
2
− ω is derived, which depends on the ex-

perimental values εϕ(r) at loading stage F (and M , Eq. 5 respectively), the
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Figure 5: Comparison of analytically and numerically obtained radial and tangential stress

distribution versus the specimen thickness tnorm in the specimens symmetry plane ϕ =
π
2 − ω at F = 100

input constants Ri, Ra, Eϕ and the required TT tensile modulus Er only.

The simplified expression reads as follows:

0 =Λ =
M

gM

(1− νrϕ)− (1− ηνrϕ)
(1− ζη+1)

(1− ζ2η)

(
r

Ra

)η−1

−(1 + ηνrϕ)
ζη+1(1− ζη−1)

(1− ζ2η)

(
Ra

r

)η+1


−
FRa

gF

(
r

Ra

)−1
[
(1− νrϕ)(1 + ζβ)− [1− (β + 1)νrϕ]

(
r

Ra

)β

− [1 + (β − 1)νrϕ] ζβ

(
Ra

r

)β
]
−R2

aErεrB .

(9)

This equation cannot be solved for Er explicitly. A solution has to be found

numerically based on the strain measurements of εr in the experiments for a

specific r and loading state F .
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4. Results and Discussion

The proposed approaches for the calculation of the TT stress distribution

σr as well as the determination of the TT tensile modulus Er and strength

R+
r are experimentally verified and discussed in the following.

4.1. Optical and Analytical Lekhnitskii Based Stress Distribution

Eq. 2 is used to calculate the stress distribution σr(r) based on the ex-

perimentally gained strain values εr(r) via gray scale analysis. In contrast

to the analytical solution, where uniaxial strain is assumed for an ideal ma-

terial (Eq. 4), small amounts of tangential strains εϕ have been measured in

the experiments, contributing to the TT stress state by Eq. 3. A compar-

ison of these two approaches with the average values of three specimens is

exemplarily given in Fig. 6 for F = 400 N.

Figure 6: Comparison of the experimental and analytically determined results at loading

state F = 400 N

The experimental results, approximated with a polynomial function of 4th

grade, show a satisfying agreement with the analytical Lekhnitskii solution.
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The maximum stress is well represented and offers therefore a sufficient ba-

sis for TT stress evaluation. The present scatter can be explained by the

high material inhomogeneity and reflects the coarse textile architecture with

1870 tex rovings. However, a direct correlation of the alternating stress val-

ues with the textile layers or architecture could not be identified. The stress

peak at tnorm = 0.3 is caused by a fibre layup imperfection. The inability of

the gray scale correlation technique to identify a representative strain state

at free edges causes significant deviations to the analytical solution at the

inner and outer radius (tnorm = 0, tnorm = 1) of the specimen.

4.2. Quasi-Static TT Tensile Modulus

Three specimen at quasi-static loading conditions have been investigated

to determine the TT Modulus Er, following the proposed modus operandi

in Sec. 3.2. A value can be identified at any position rn over the specimen

thickness if Λrn = 0 (Eq. 9). For this, 43 strain values εr(rn) have been

analysed (n = 1 . . . 43) at a distinct state of loading F . An example is given

in Fig. 7, where the root of Λr34 represents Er at the radius r34 = 14.3 mm

with F = 500 N.

The average value of n = 43 solutions represents Ēn=1...43
r for the given

loading state. Finally, this can be analysed for m loading states, where an

interval of ∆F = 100 N and m = 5 has been chosen here (Tab. 1).

Table 1: Results for Er at different loading states F

Fm[N] 100 200 300 400 500 Ēr =

Er[MPa] 2274 2313 2249 2290 2254 2276
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Figure 7: Determination of Er by Λ != 0 (Λr34 with r34 = 14, 3 mm and F = 500 N)

The determined mean value of

Er = 2276 MPa (S = 1 %) (10)

with the standard deviation S correlates well with accompanying studies on

tension and compressive specimen in TT direction and is used as input value

for the quasi-static calculations in Sec. 4.1. The assumption of a linear elastic

material behaviour in the TT direction is verified by almout constant values

for different five loading states.

4.3. Strength Properties at Elevated Loading Velocities

Experiments at different loading velocities (v = 3.3 ·10−5,0.1,1 m/s) have

been executed. The resulting different strain rates over specimen thickness

have been determined via the gray scale analysis. A drop in the load history

indicates the failure of the material (Ffail). Failure always occurs perpendic-

ular to the r-direction as delaminations and are subsequently referred to the

tensile strength in TT direction R+
r with respect to the the curved region
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Fig. 8. Two ways of the determination are proposed. On the one hand,

the strength R
+(opt)
r can be experimentally determined by Eq. 3, using the

optically measured strain information from the gray scale analysis. R
+(ana)
r

on the other hand is a purely analytical result based on the force response

and Eq. 7 only. Tab. 2 summaries the conducted experiments and the rel-

evant experimental results. The local strain rate at failure ε̇fail has been

determined in the area of failure just before its occurrence.

Figure 8: Failed specimen with indicated first failure location and subsequent delamina-

tions due to continued loading

The tendency of increasing strengths with a rising strain rate can be

clearly identified with both methods. The considerable scatter in the opti-

cal measurements is caused by the coarse textile architecture with the re-

sulting non-homogeneous strain distribution and the low high speed camera

resolution. It is likely that matrix or fiber dominated areas with strain con-

centrations are captured. The slight mismatch in the quasi-static results

(ε̇fail = 10−4 s−1) can be explained by the measurement of the present bi-

axial strain state within the optical analysis. In this case tangential strain

contributions are taken also into account, whereas these are neglected in the

analytical solution. However, in contrast to the the quasi-static investiga-
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Table 2: Results of the experiments at different loading velocities

Exp. v Ffail ε̇fail R
+(opt)
r R

+(ana)
r[

m
s

]
[N]

[
1
s

]
[MPa] [MPa]

1 577 0.00015 11.6 8.9

2 3.3 · 10−5 600 0.00010 12.4 9.3

3 614 0.00006 13.9 9.4

avg. 597 0.0001 12.6 9.2

4 1484 0.81 48.5 22.7

5 0.1 1135 1.40 36.5 17.4

6 1164 1.01 17.3 17.8

avg. 1261 1.07 34.1 19.3

8 1489 6.16 36.0 23.0

7 1.0 1914 7.08 39.5 29.3

9 1339 4.02 39.7 20.7

avg. 1581 5.75 38.4 24.3

tions, ultimate stress state predictions of the analytical solution differ signif-

icantly from the optical results. This effect increases with rising strain rates.

An explanation for that can be found in the fact that the analytical solution

does not account for the strain rate effects regarding the in-plane properties

due to the the complexity of the mathematical expression. Additionally, the
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deviations at higher strain rates might indicate a rising dependency on strain

biaxiality at higher strain rates.

The effects of strain rate on the material strength R+
r (ε̇) within the consid-

ered strain rate range was found to be accurately described by the following

Johnson-Cook based equation

R+
r (ε̇r) = R+(ref)

r

(
1 + AR

r ln
ε̇r

ε̇
(ref)
r

)
, (11)

with AR
r denoting a material constant which controls the linear slope of the

model predictions over the strain rate. It can be determined by the best fit

approach (Fig 8). R
+(ref)
r is the reference strength at reference strain rate

ε̇
(ref)
r . The following parameters (Tab. 3) have been identified to describe the

rising strength based on the analytical and the optically measured results.

Table 3: Model parameters for strain rate dependent TT strength properties

AR
r R

+(ref)
r ε̇

(ref)
r

analytical 0.14 9.2 1·10−4

optical 0.19 12.6 1 · 10−4

With the identified parameters for Eq. 11 an adequate estimation for the

investigated strain rate range can be achieved (Fig. 9). A comparison of the

analytically and optically determined strength values at different strain rates

R
+(ana)
r (ε̇) and R

+(opt)
r (ε̇) with the model predictions is presented in Fig 9.

It is worth emphasizing that this type of natural logarithm-formulations can

result in unreasonable negative values for R+
r when values lower than the

reference values are requested.
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Figure 9: Comparison of the analytically and optically determined strength values and

the model predictions dependent on the strain rate

5. Conclusions

A procedure for the determination of through-thickness properties of tex-

tile reinforced composite material with L-beam specimens was investigated,

which was only used for the identification of the TT strengths in the past.

In addition to the well known analytical solution for the stress distribution

in such cylindrically othotropic curved beams based on Lekhnitskii, an op-

tical strain field measurement over the specimen thickness has been applied

simultaneously. This enables the experimental verification of the analytically

predicted stress distribution. A satisfying agreement has been achieved un-

der quasi-static loading conditions. Based on these results, a method for the

determination of the elastic TT modulus, has been developed and presented.

The measurements on different stress levels indicate a linear-elastic TT mate-

rial response. Additionally, an apparent strain rate dependency of the failure
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stresses was identified and accurately described by a Johnson-Cook based

strain rate model. Further investigation on alternative methods for the de-

termination of strain rate dependent TT properties are planned to evaluate

the discrepancy of the proposed analytical and optical evaluation methods.

The reduction of the scatter in the results is left open for refinement studies

with finer and more homogeneous textile structures.
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