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QML ESTIMATION OF THE CONTINUOUSLY INVERTIBLE EGARCH(1,1)
MODEL

OLIVIER WINTENBERGER

ABSTRACT. We introduce the notion of continuous invertibility on a compact set for volatility
models driven by a Stochastic Recurrence Equation (SRE) introduced by Straumann in [30].
We prove the strong consistency of the Quasi Maximum Likelihood Estimator (QMLE) for such
continuously invertible models. This approach gives for the first time the strong consistency of
the QMLE used by Nelson in [27] for the EGARCH(1,1) model. We also give sufficient conditions
for the asymptotic normality of the QMLE for this model. We propose a new estimator IQMLE
with the same asymptotic properties than QMLE but for which the volatility forecasting is stable.
AMS 2000 subject classifications: Primary 62F12; Secondary 60H25, 62F10, 62M20, 62M10,
91B&4.
Keywords and phrases: Invertibility, volatility models, parametric estimation, strong consistency,
asymptotic normality, asymmetric GARCH, exponential GARCH, stochastic recurrence equation,
stationarity

1. INTRODUCTION

Since the seminal papers [14, 7], the General Autoregressive Conditional Heteroskedasticity
(GARCH) type models have been successfully applied to financial time series modeling. One of
the stylized facts observed on the data is the asymmetry with respect to (wrt) shocks [11]: a nega-
tive past observation impacts the present volatility more importantly than a positive one. Nelson is
the first to introduce in [27] a model that reproduce this asymmetry with the Exponential-GARCH
(EGARCH) model. Not surprisingly, theoretical investigations of EGARCH has attracted lot of
attention since then, see for example [20, 25]. However, the properties of the Quasi Maximum
Likelihood Estimator (QMLE) used empirically in [27] was not proved except in some degenerate
case, see [31]. We give in this paper some sufficient conditions for the strong consistency and the
asymptotic normality of the QMLE in the EGARCH(1,1) model. We give sufficient conditions for
the estimator to be strongly consistent and asymptotically normal. Our approach is based on the
natural notion of continuous invertibility that we introduce in the general setting of volatility model
solutions of a Stochastic Recurrent Equation (SRE) as studied in [30, 31].

Consider a real valued volatility model of the form X; = 0;Z; where o; is the volatility and
where the innovations Z; are normalized, centered independent identical distributed (iid) random
vectors. It is assumed that a transformation of the volatility satisfies some parametric SRE (also
called Iterated Random Function), i.e. there exist a function i and some 1, measurable wrt Z; such
that the following relations

(1) ho?y) = vi(h(0?).60),  VEeEZ
1
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hold. Classical examples are the GARCH(1,1) and EGARCH(1,1) models:
(2) GARCH(L1): o7y = ag + foo; +70X7,
(3) EGARCH(1,1): log(07,1) = a0 + Bolog(o7) + (Yo Zt + G0l Zi).-

To assert the existence of a stationary solution of both models, we rewrite (2) as an SRE in term
of the innovations: o7, = ag + (8o + 0Z})0o?, ie. Y(x,0) = a+ (8 +~vZE)z. This SRE yields
the Lyapunov condition E[log(8o +7023)] < 0, necessary and sufficient for the stationarity, see [26].
Such a SRE is said to be convergent when its solution is unique, non anticipative (i.e. the function
of the innovations h(c?) are function of the past innovations Z;_1, Z;_o, Z;_3, ... at any time ¢) and
its law is the asymptotic law of the solution of the SRE

(4) hit1 = (b, 6o) vVt >0

for any initial value hy. This last property is also called the stability of the SRE and is related with
the ergodicity for Markov chains. Sufficient conditions for the existence of a stationary solution is
the negativity of the top Lyapunov coefficient [13]. If so, the SRE is stable [8]. If the innovations
were observed, the stability of the SRE ensures that the volatility can be efficiently forecast by using
recursively the relation (4) from an arbitrary initial value hyg.

In practice, the innovations Z; are not observed. Writing Z; = X;/o; in the expression of ¢, wrt
Z;, we invert the model, i.e we consider a new SRE driven by a function ¢; of the observation X,

(5) h(ot,1) = ¢e(h(07), bo).

For instance, we obtain from (2) that ¢;(x,0) = o + Sz +~vX? for the GARCH(1,1) model. For the
EGARCH(1,1) model, we obtain from (3) that

(6) ¢1(x,0) = a+ Bx + (v X + 6| X¢]) exp(—x/2).

In accordance with the notions of invertibility given previously in [18, 33, 30, 31], we will say that
the model is invertible if the SRE (5) is stable. Then, as the functions ¢; are observed, the volatility
is efficiently forecast by using recursively the relation

(7) hit1 = ¢¢(hye,6o)

from an arbitrary initial value hg. As previously, sufficient conditions for the convergence of this SRE
are the negativity of a Lyapunov coefficient and the existence of logarithmic moments, see [8]. So
the GARCH(1,1) model is invertible as soon as 0 < 8y < 1. The invertibility of the EGARCH(1,1)
model is more complicated to assert due to the exponential function in (6). The recursive relation
on h;11 can explode to —oo for small negative values of h; and negative values of v X; + 0o|X¢|-
However, assuming that 6y > ||, the relation v X; + do|X¢| > 0 holds and conditions for invert-
ibility of the EGARCH(1,1), denoted hereafter INV (), are obtained in [30]. On the contrary, note
that Sorokin introduces sufficient conditions of non-invertibility for the EGARCH(1,1) model in
[29]. Then the SRE (6) is completely chaotic for any possible choice of the initial value hg and the
volatility forecasting procedure based on the model (5) is not reliable.

If financial datas are observed, the parameter 6y = (ao, 50,70, o) of the EGARCH(1,1) model is
unknown. Nelson proposed in [27] to estimate 6y with the Quasi Maximum Likelihood Estimator
(QMLE). Let us recall the definition of this classical estimator that estimates efficiently many
GARCH models, see [5] for the GARCH case and [17] for the ARMA-GARCH case. To construct
the QMLE one approximates the volatility using the observed SRE (7) at any 6. Assume that the
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SREs driven by ¢;(-,0) are stable for any 6. Let us consider the functions §;(0) defined for any 6 as
the recursive solutions of the SRE

(8) Gi+1(0) = 0¢(3:(0),0)

for some arbitrary initial value go(f). Assume that h is a bijective function of inverse £ > 0. Then
£(9:(0p)) has a limiting law that coincides with the one of ¢Z. The Quasi Likelihood (QL) criteria

is defined as

L, (0) =Y 1(0) =D X7/0(5:(0)) + log(£(g:(0)).

t=1

The correspondinf M-estimator is the QMLE 6,, defined as
0, = argmingco L, ()

for some compact set ©. This estimator has been used since the seminal paper of Nelson [27] for
estimating the EGARCH model, see [10]. However, the consistency and the asymptotic normality
are not proved except in the degenerate case Sy = 0 in [30]. On the contrary with other GARCH
models, the QML estimation procedure is not always reliable for the EGARCH model, see the dis-
cussion in [19]. Thus, other estimation procedure has been investigated such as the bayesian, bias
correction and the Whittle procedure in [35, 12, 36] respectively. Another approach is to introduce
models that behave as the EGARCH model but in which the QMLE could be more reliable, see
[19, 32].

We prove the strong consistency of the QMLE for the general model (1). We give sufficient
conditions called the continuous invertibility of the model such that the QMLE is strongly consis-
tent. More precisely we assume that the SRE (8) produces continuous functions §; of 8 on ©. The
continuous invertibility holds when the limiting law of §; corresponds to the law of some continu-
ous function g; on © that does not depend on the initial function gg. The continuous invertibility
ensures the stability of the estimation procedure regardless the initial function gy chosen arbitrarily
in practice. Under few other assumptions, we prove that the QMLE is strongly consistent for con-
tinuously invertible models on the compact set ©. The continuous invertiblity should be checked
systematically on models before using QMLE. One example of such continuously invertible models
with properties similar than the EGARCH model is the Log-GARCH model studied in [15].

Our approach differs from the one of [30] by new sufficient conditions for continuous invertibility.
These conditions are collected in assumption (CI) defined below. These conditions ensure the in-
vertibility of the model at any point 6 of the compact set © and some regularity of the model with
respect to the parameter 6. As the EGARCH(1,1) model is regular with respect to 6, it satisfies
(CI) on any O such that the invertibility condition INV(6) is satisfied for any § € ©. Thus we
prove the strong consistency of the QMLE for the invertible EGARCH(1,1) model when 6y € © in
cases where By # 0. It is a serious advantage of the sufficient condition (CI) compared with the
one of [30] that is more restrictive when applied to the EGARCH(1,1) model. Moreover, we prove
the strong consistency of the volatility forecasting 62 = (g, (6,)) of o2 41 under (CI). Continuous
invertibility seems to be well suited to assert volatility forecasting because 62 expresses as functions
Gn evaluated at points 0, # 6. To infer the EGARCH(1,1) model, we propose to constrain the
QMLE on some compact set satisfying the empirical counterpart of the condition INV(6y). This
new estimator éfz called Invertible QMLE (IQMLE) produces only reliable volatility forecasting, i.e.
such as 62 does not depend asymptotically on the arbitrary choice of the initial value 63 = ¢(go).
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The asymptotic normality of the QMLE in the EGARCH(1,1) model is proved under the addi-
tional assumption (MM). The moment conditions in (MM) are sufficient for the existence of the
asymptotic covariance matrix. No uniform moment condition on the score vector is assumed. The
proof is based on functional SREs as (12) and their perturbations. As for the strong consistency, we
need to refine arguments from [31]. As we do not apply any uniform Strong Law of Large Number, we
develop in the proof new arguments based on SREs satisfied by differences such as | Ly, (6,,) — Ly, (60)].
We consider conditions of moments (MM) only at the point 6§, where the expression of the score vec-
tor simplifies. In the EGARCH(1,1) model, the conditions (MM) take the simple form E[Z}] < oo
and E[(Bo — 27 (v0Z0 + 60 | Z0])?] < 1 and can be checked in practice by estimating the innovations.
We believe that this new approach gives sharp conditions for asymptotic normality for other models.

The paper is organized as follows. In Section 2, we discuss the standard notions of invertibility
and introduce the continuous invertibility and its sufficient condition (CI). We prove the strong
consistency of the QMLE for general continuously invertible models in Section 3. The consistency
of the volatility forecasting is also proved under the sufficient condition (CI). We apply this results in
the EGARCH(1,1) model in Section 4. For this model, we propose a new method called IQMLE that
produces only reliable volatility forecasting. The asymptotic normality of 6, in the EGARCH(1,1)
model is given in Section 5. The proofs of the Technical Lemmas are collected in Section 6.

2. PRELIMINARIES

2.1. The general volatility model. In this paper, the innovations Z; € R are iid random variables
(r.v.) such that Z; is centered and normalized such as E[Z2] = 1. Consider the general volatility
model X = 0,7, satisfying h(c?, ;) = ¥y (h(0?),60) for all ¢ € Z. The function h is a bijection from
some subset R* to some subset of R of inverse £ called the link function.

A first question regarding such general SRE is the existence of the model, i.e. wether or not
a stationary solution exists. The classical stability assumption is mainly the negativity of the top
Lyapunov exponent, see [9, 8]. Hereafter, we work under the general assumption

(ST): The SRE (1) admits a unique stationary solution denoted (¢7) that is non anticipative,
i.e. o? is independent of (Zy, Z4y1,Zi12,...) for all t € Z, and has finite log-moments:
Elog® o2 < oo.

The GARCH(1,1) model (2) satisfies the condition (ST) if and only if (iff) E[log(80 +7022)] < 0,
see [26] for the existence of the stationary solution and [5] for the existence of log moments. The
EGARCH(1,1) model (3) satisfies the condition (ST) iff |5y| < 1, see [27]. In this case, the model
has nice ergodic properties: any process recursively defined by the SRE from an arbitrary initial
value approximates exponentially fast a.s. the original process (¢7). In the sequel, we say that
the sequence of non negative r.v. (W;) converges exponentially almost surely to 0, W; =225 0 as
t — 00, if Wy = o(e=?) a.s. for some r.v. C' > 0. We will also use the notation x* for the positive
part of z, i.e. 7 =z V0 for any = € R.

2.2. Invertible models. Under (ST) the process (X;) is stationary, non anticipative and thus
ergodic as a Bernoulli shift of an ergodic sequence (Z;), see [23]. Let us now investigate the question
of invertibility of the general model (1). The classical notions of invertibility are related with
convergences of SRE and thus are implied by Lyapunov conditions of Theorem 3.1 in [8]. Following
[33], we say that a volatility model is invertible if the volatility can be expressed as a function of
the past observed values:

Definition 1. Under (ST), the model is invertible if the sequence of the volatilities (0?) is adapted
to the filtration generated by (Xi—1, X¢—a, ).
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Using the relation Z, = X;/¢(h(0;)) in the expression of ¢ yields the new SRE (5): h(o7,,) =
o¢(h(c?),00). Now the random functions ¢;(-,6p) depends only on X;. As (X;) is an ergodic
and stationary process, it is also the case of the sequence of parametrized maps (¢:(+,60)). Using
Theorem 3.1 in [8], the invertibility of the model follows if the ¢ (-, 6p) are Lipschitz maps such that
it exists r > 0 satisfying

(9)
E[log™ |¢o(z,00)|] < 0o for some z € E, Eflog™ A(do(-,00))] < co and E[log A(¢o(-,00)™)] < 0.

Here A(f) denotes the Lipschitz coefficient of any function f defined by the relation (in the case
where f is real valued)

flx) = fly
M) — sup F@) = W)
Tz#Yy |$ - y‘
The conditions (9) are called the conditions of invertibility in [31] and is proved there that

Proposition 1. Under (ST) and (9), the general model (5) is invertible.
The GARCH(1,1) model (2) is invertible as soon as 0 < fy < 1.

The invertibility of the EGARCH(1,1) model is more difficult to assert due to the exponantial
function in the SRE (6). Let us describe the sufficient condition of invertibility of the EGARCH(1,1)
given in [30, 31]. It expresses as a constraint on the coefficients 6y = («o, o, Y0, 0):

INV(@()) 60 > "')/0| and
(10) E[log(max{Bo, 2 (70 X0 + do| Xo|) exp(—2" o /(1 — Bo)) — Bo})] < 0

This invertible region does not depend on «p when the process (X;) is itself the stationary solution
of the EGARCH(1,1) model for 6. Indeed, (logo7) admits a MA(co) representation

log o7 = ag(1 — o)~ +Zﬁo (Y0Zt—1, + S0l Zer))-
Plugging in this MA(co) representation into (10), we obtain the equivalent sufficient condition
(11) E[log (max {507 27 lexp (2*1 Zﬁg(fon_k_l + 6o |Z_k_1\))(fono + 0 | Zo|) — ﬁo})} <0
k=0

Using the Monte Carlo algorithm and assuming that Zy is A(0, 1)-distributed, we report in Figure
1 the largest values of 3y that satisfies the condition (10) on a grid of values of vy and dy.
3. STRONG CONSISTENCY OF THE QMLE FOR CONTINUOUSLY INVERTIBLE MODELS

3.1. Continuously invertible models. Assume that the observations follow the model ( ) for an
unknown value 6. Consider the inference of the QMLE 6,, defined as 0, = argmmgeOL (9) for
some compact set © and where L, is the QL criteria

2nL,(0) =) 0:(0) = log(£(ge(0)) + X7 /€(3:(6))-

is based on the functional (observable) SRE of the form
gt+1(9) = ¢t(gt(0)30)a vt > ]_’VQ €0
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FIGURE 1. Perspective and contour plots of the domain for invertibility.

starting at an arbitrary initial value §o(), for any § € ©. If the conditions of invertibility (9) are
satisfied for (¢(-,0)) for any 0 € © then the unique stationary solution (g;) exists and is defined by
the relation

(12) gr+1(0) = ¢¢(9:(0),0), Vte Z, V0 € O.

Assume from now that the random functions (z,0) — ¢¢(x, 8) restricted on K x © take values in K
where K is some subset of R. Consider that the initial values go(f) is a continuous function on © that
takes its values in K. Denote |- ||o the uniform norm and Cg the space of continuous functions from
O to K. By arecursive argument, it is obvious that the random functions g; belong to Cg for all £ > 0.

We are now ready to define the notion of continuous invertibility:
Definition 2. The model is continuously invertible on © iff ||G+(0) — g+(0)|le — 0 a.s. when t — oco.

This continuous invertibility notion is crucial for the strong consistency of the QMLE.

3.2. Strong consistency of the QMLE. Let us do another assumption of regularity and bound-
edness from below on the link function ¢:

(LB): The maps z — 1/4(x) and log(¢(z)) are Lipschitz functions on K and there exists m > 0
such that ¢(x) > m for all x € K.

Classically, we also assume the identifiability of the model
(ID): 4(go(0)) = o} a.s. for some 6 € O iff § = 6.
The consistency of the QMLE follows from the continuous invertibility notion:

Theorem 1. Assume that (ST), (LB) and (ID) for a volatility model that is continuously invertible
on the compact set ©. Then the QMLE is strongly consistent, 0, — 6y a.s., when 6y € ©.

Proof. First, note that from the continuous invertibility of the model the SRE (12) admits a sta-
tionary solution in £ = Cg that is a separable complete metric space equipped with the metric
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d(z,y) = ||z — y|le. Let us denote ®; the mapping acting on Ce and satisfying

gr+1 = Pi(gr) it gi11(0) = ¢e(9:(0),0), VO € O.

We will apply the principle of Letac [24] extended to the stationary sequences as in [31]: the existence
of a unique stationary solution which is non anticipative is ensured by the convergence a.s. of the
backward equation for any initial value g € Co:

Zi(g) = PpoP_10---0P_4(g9) 21000 £

where Z does not depend on g. By stationarity, Z;(g) is distributed as ¢ when gy = g. Thus, we
have

B(lim [ Z:(9) ~ golle = 0) = B(Jim |3 — gele = 0)
where go(0) is well defined for each 6 € © as the solution of the SRE (12). Thus under continuous
invertibility, an application of Letac’s principle leads to the existence of a unique stationary solution

distributed denoted also (g;) that coincides with g;(6) at any point § € ©. In particular, go belongs
to Ce thus is a continuous function on ©.

Let us turn to the proof of the strong consistency based on standard arguments, see for example
the book of Francq and Zakoian [16]. As the model satisfies the identifiability condition (ID), the
strong consistency follows the intermediate results

() lim,, o0 SUPgee |Ln(0) — Ln(8)] = 0 aus.
(b) ]E|€0(90)\ < 0o and if 0 75 0y then EVQ(@)] > Ewo(eo)]
(¢) Any 6 # 6y has a neighborhood V() such that
lim inf inf L.(6%) > El,(6
lmnlgoo O*ér\l/(a) ( ) o t( 0) -3
Let us prove that (a) is satisfied when the model is continuously invertible and (LB) condition

holds. As 1/¢ and log(¢) are Lipschitz continuous functions there exists some constant C' > 0 such
that

(13) L0(6) ~ En(6)] < O 3" 130(6) ~ 91(0)]

The desired convergence to 0 of the upper bound that is a Cesaro mean follows from the definition
of the continuous invertibility.

The first assertion of (b) follows from the identity
lo(6o) = log(a3) + Z3.-

Thus, as 09 = £(g0(fp)) > m from (LB) and Elog™ 02 < co under (ST), we have that log(o2) is in-
tegrable. Moreover, by assumption EZ2 = 1 and the assertion E|fy(6p)| < oo is proved. To prove the
second assertion, note that § — E[¢y(6)] has a unique minimum iff E[o2/¢(go(0)) — log(cad/¢(go(0))]
has a unique minimum. Under the identifiability condition, as x — log(z) > 1 for all z > 0 with
equality iff z = 1, we deduce that for any 6 # 6y we have E[¢y(0)] > E[£y(6p)]-

Finally, let us prove (c¢) under continuous invertibility, (LB) and (ID). First, under continuous
invertibility, we have
lim inf L,(0*) = lim inf inf L,(0*)+lim inf inf L, (6*) — L,(6%)
0*—0 n—00 0*cV (0) n—00 9*cV (0)

= lim inf inf L,(6%)
n—00 f*cV(0)
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by using the convergence to 0 of the Cesaro mean (13). Second, by ergodicity of the stationary
solution (g¢) we have the ergodicity of the sequence (infg-cy (g) £:(0*)). Moreover, under condition
(LB), we have that infg.cy ) £:(0*) > log(m) > —oo a.s. Then, for any K < 0, the sequence
infg«cy 9y £¢(6*) V K is integrable. We use the classical SLLN and obtain

lim inf Lo(0")VK = E[ inf  (o(6%) v K} 2.5,
n—00 *cV(0) 0V (9)
Letting K — —oo we obtain that
lim inf L, (6%) = E[ inf eo(e*)} € RU {400}
n—00 0*cV (0) 0+€V(0)

Finally, remark that by continuity of § — ¢;(0) the functions L,, are continuous. Thus, for any
g > 0 we can find a neighborhood V' (6) such that

E[e*ier‘l/fw) eo(e*)} > E[lo(6)] + <.

From the second assertion of (b) e > 0 can be chosen such that E[{y(6)] + & > E[ly(0y)] and (c) is
proved. The end of the proof of the strong consistency is based on a classical compact argument
and thus is omitted. O

3.3. Sufficient conditions for continuous invertibility. The definition of continuous invertibil-
ity does not give any explicit condition. In order to apply Theorem 3.1 in [8], one classically assume
some uniform Lipschitz conditions on the SRE (12).

Consider some generic function f : I x © — K. Assume that there exists a continuous function
Ay on O such that for each z, y € ' we have

|f(2,0) — f(y,0)] < Ap(0)]x —y].

The approach followed by Straumann and Mikosch in [31] is to consider the SRE (8) in the complete
metric space of continuous functions Cg on © with values in K equipped with d(z,y) = ||z — y|le-
Sufficient conditions are the following ones

(14) Elog™(|l¢o(y,-)|le) < oo for some y € K, Elog™ (||Ag,[le) < oo and Elog (||A¢[(f)||@) < 0.

The EGARCH(1,1) model satisfy this condition under restrictive assumptions on O, for example
when Sy = 0 see [30].

We introduce sufficient conditions for continuous invertibility collected in the assumption (CI)
(CI): Elog™(||¢o(y,")|le) < oo for some y € K, Elog™ (|[Ag,[le) < oo and Elog (A, (0)) <0
for any 0 € ©.

o5

The difference with the conditions (14) is that the condition on the top Lyapunov exponent holds
now for any 6 € ©. Of course it is implied by the uniform Lyapunov condition (14). When applied
to models such as EGARCH(1,1), this new sufficient condition of continuous invertibility (CI) is
satisfied as soon as the model is invertible on ©.

Theorem 2. If (ST) and (CI) hold then the model is continuously invertible.
Proof. For any p > 0, let us write A 0,p) = sup{A((;;)(@*), 0* € B(6,p)N O}, where B(6, p) stands

for the closed ball centered at 8 with radius p. Note that for any K > 0 we have E[supg | log A((;O) 0)v
K|] < oo because E[supg log™ A((;O (9)] < oo under (CI). Applying the dominated convergence
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theorem we obtain lim, o E[log A (6, p) vV K] = E[lim,_,0log A (8, p) v K]. By continuity we
have lim,_,o log Ay)(ﬁ, p) = log Ago) (0) and for sufficiently small K < 0

lim Eflog A" (0, p) v K] = E[log A} () v K] < 0.
p—0 0
Thus, there exists an ¢ > 0 such that
Eflog A" (8, ¢)] < E[log A" (8,¢) v K] < 0.
Denote V(6) the compact neighborhood B(f,¢) N O of #. Let us now work on Cy(p), the complete

metric space of continuous functions from V(6) to K equipped with the supremum norm || - ||y ).
In this setting (g;) satisfy a functional SRE §;41 = ®(g;) with Lipschitz coefficients satisfying

q)(T) _(I)(T)
A@D) < sup @7 (s1) — @; " (52)[lve)

s1,52€C(V(9)) [[s1 = s2llvee)
B supy-cv(o) 91 (51(6%).6°) — 8" (2(6%).6°)]
< sup
s1,526C(V(B)) 51— s2llvee)
< supy- cvo) A3y (07))l|s1(0%) — s2(67)]
< sup
51,52€C(V(0)) H51 - 52||V(9)

D TG O L ()
T s1,52€C(V(6)) 51 — s2llv o)
As Eflog™ ([ ®0(y)llv(e))] < Ellog™ ([l¢o(y,0)]le)] < oo, Elog™ (A(Po))] < Eflog™ (|[Ag,(0)]le)] < oo

under (CI) and E(log A(®{")) < 0 we can apply Theorem 3.1 of [8]. The unique stationary solution
(9¢) exists and satisfies

< A0, 6).

(15) G — gellvey === 0.

Now, let us remark that © = UpceV(0). As © is a compact set, there exists a finite number N such
that © = UN_, V(6},) and we obtain

19¢ — gellvo,) ——>0 V1<k<N.

The desired result follows as || - [[e = Vi_{ | - [[v(ay)- O

3.4. Volatility forecasting. Based on the QMLE 6,, we deduce a natural forecasting 62 = £(j;(0,,))
of the volatility 6,,. It is strongly consistent:

Theorem 3. Assume that (ST), (LB), (ID) and (CI) hold for 6y € ©. Then |62 — 02| 225 0 as
n— 00.

Proof. Theorems 1 and 2 assert the strong consistency of 6,, under the assumption of Theorem 3.
By continuity of ¢ and by uniform integrability, [£(g:(0n)) — €(g:(0,))] <= 0. Thus, by a similar
continuity argument on ¢, the result is proved if |gt(én) — g:(6p)] £ 0. Keeping the notation
used in the proofs of Theorems 1 and 2, we have 0, € V(6y) for n sufficiently large. The Lyapunov
condition E[log A(@f{))] < 0 is satisfied for the functional SRE (®;) restricted on V(6y). For any
0 € V(by), t € Z we have

196410 (0) = g1 (00)] < A@()]g0(0) = ge(00)| + wi(6)
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where wy(0) = |p¢(g:(00),0) — de(g:(00),00)|. Thus |g:(8) — g:(6p)| is bounded by a linear SRE. An
application of the Borel-Cantelli Lemma as in [5, 31], the convergence of the series

lger = 9 (00)lvo0) < D A@E) - MA@ I wie—iyellveey) < o0
i=0
follows from the fact that A(@g:)) e A(@E:LH)T) 2225 0 when i — oo and Elog™ [Jwi—[[vg,) < o0
Thus the difference |g,.(0) — g¢(60)] is bounding by an a.s. normally convergent function on Cy(g,)
that we denote a(6). Moreover, as limg_,g, w:(f) = 0 for any ¢ € Z a.s., we also have limg_,g, a:(0) =

0 a.s. from the normal convergence. Finally, using the strong consistency of én, we obtain that

(16) 19¢(0n) — g:(00)] < a(b,) 2250 Vn >t when t— oo.

4. STRONG CONSISTENCY AND IQMLE For THE EGARCH(1,1) MODEL

4.1. Strong consistency of the QMLE. Recall that (Z;) be an iid sequence of r.v. such that
E(Zy) = 0 and E(Z3) = 1. The EGARCH(1,1) model introduced by [27] is an AR(1) model for
log o7,
X, =0,Z;, with logo? =ag+ Bologa? | + 02 + 00| Zy|.

The volatilities process (07) exists, is stationary and ergodic as soon as |3y| < 1 with no other
constraint on the coefficients. and (ST) holds. However, it does not necessarily have finite moment
of any order. The model is identifiable as soon as the distribution of Zj is not concentrated on two
points, see [31]. Let us assume in the rest of the paper these classical conditions satisfied such that
(ST), (LB) and (ID) automatically hold.

The invertibility of the stationary solution of the EGARCH(1, 1) model does not hold in general.
Let us recall how the sufficient condition for invertibility is found in [30], see also [31]. Invertign the
model, we obtain the SRE

Gi(x,0) = a + B+ (vX; + 6| Xy|) exp(—x/2).

Under the constraint § > |y| it is clear that vX; + §|X;| > 0. By a straightforward monotonicity
argument, we can consider the restriction of the SRE on the set K x © where K = [a/(1 — ), 00)
and 0 > |v| for any 6 € ©. By regularity of ¢;, the Lipschitz coefficients are computed using the
first derivatives:

A(¢e(-,0)) < max{B, 27" (vX; + 8| Xy|) exp(—27 /(1 = ) — B}
This Lipschitz coefficient is continuous in € and thus coincides with Ay, (6). The assumption (CI)
is satisfied if INV(0) is satisfied for any 6 € © as the condition of log moments are automatically
satisfied by continuity and because Eflog™ X¢] < co.

Remark that the domain of invertibility represented in Figure 1 does not coincide with the domain
of continuous invertibility, i.e. the set of §# € R* satisfying INV(#) when (X;) is the stationary
solution of the EGARCH(1,1) model for a fixed 6, € R*. This situation is more complicated to
represent as the domain INV(0) depends on the fixed value 6y and on the parameter o when 6 # 6.
However, for any 6y in the invertibility domain represented in Figure 1 there exists some compact
neighborhood © of continuous invertibility. For the QMLE computed on such compact set O, an
application of Theorems 1, 2 and 3 gives directly

Theorem 4. If INV(8) is satisfied for any 6 € © and 6y € © then 0,, — 0y and 62 — 02 — 0 a.s.
as n — oo with 62 = exp(gn(0,)) for any initial value 53.
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Remark we extend the result of [30, 31] under the sufficient condition (14) that expresses in the
EGARCH(1,1) model as

Elsuplog(max{8,2 ™ (X1 +8|Xi1]) exp(~2 1/ (1 = §)) — B})] <.

This more restrictive condition is less explicit because of the supremum and thus difficult to check
when S # 0.

4.2. The Invertible QMLE (IQMLE). Notice that the procedure is valid only if the invertibil-
ity condition INV(0) is satisfies for any § € ©. We propose to optimize the QL criteria under the
empirical constraint

INV(0): 6 > || and 377, log(B, 271 (vXs + 0| Xe[) exp(—2~" /(1 = B)) — B) < 0.
Definition 3. The IQMLE is the M -estimator
0c = argmingcge Z 21 (th exp(—§:(0)/2) + §:(0))
t=1

—

where ©°¢ = {0 € © satisfying INV(0)} for any compact set ©.

The following theorem gives the strong consistency of the IQMLE for the EGARCH(1,1) model
under continuous invertibility on © and 6y € ©. It also shows that the volatility forecasting using
the IQMLE does not depend on the arbitrary choice of the initial value even when INV(6p) is not

satisfied. Thus the IQMLE is more reliable than the QMLE for which chaotic behavior of the
volatility forecasting described in [29] can occur if INV(6p) is not satisfied.

a.s.

Theorem 5. If INV(9) is satisfied for any 6 € © then 05 == 6. If INV(6y) is not satisfied, the
asymptotic law of 62 = exp(§:(0S)) still does not depend on the initial value 63.

Proof. Denote A, (0) = max{3,271(vX,, + 6|X,|) exp(—27 /(1 — B)) — B}. We will prove that
[n~'log An(f) — Elog Ag(8)]|e =5 0 as n — oo. Then, if INV(f) is satisfied for any 6 € ©, ©°
coincides a.s. with © asymptotically. An application of Theorem 4 yields the strong consistency
of the IQMLE. The second assertion follows from the fact that asymptotically INV(éfl) is satisfied
even if 0y ¢ O°.

Let us prove that |[n~'log A, (8) — Elog Ag(f)||e <2 0 when 3 # 0 only. Notice that log A, ()
is a random element in the Banach space C(©). The desired result is a consequence of the ergodic
theorem if E|| log Aglle < oo. Since

[log Aolle < max{]|log |]lle. || log [27" (vXo + 6| Xo) exp(~27 /(1 — B)) — Bllle}

and © is a compact set, the desired result follows by continuity and the dominated convergence
theorem as Elog|Xo| = Elog oo + Elog | Zp| < 0. O

The advantage of the IQMLE éfl is that the corresponding volatility forecasting is stable with
respect to the choice of the initial value, and that it is strongly consistent when the QMLE is strongly
consistent.

5. THE ASYMPTOTIC NORMALITY OF THE (I)QMLE IN THE EGARCH(1,1) MODEL

In this section we extend the result of Theorem 5.7.9 of [30] to non-degenerate cases when Sy # 0.
We obtain the asymptotic normality of the QMLE and IQMLE without assuming uniform moment
on the compact set © for the likelihood and its derivatives. However, we assume additionally that
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(MX): (02) is geometrically ergodic.

It is the case if Zj is nonsingular w.r.t. the Lebesgue measure on R, see [1]. Let us assume the finite
moments assumption

(MM): E[Z]] < oo and E[(Bo — 27 (7020 + 0o | Z0|))?] < 1.

Theorem 6. Assume that assumptions of Theorem 4 are satisfied, that 0 6(2) and that (MX) and
(MM) hold. Then /n(6,, — 6y) 4 N(0,%) and /n(05 — 6) 4 N(0,X) where X is an invertible

matrix.

Proof. As the IQMLE is asymptotically equivalent to the QMLE under the assumptions of Theorem
4 we will prove the result only for this last estimator. We first prove that Assumption (MM) yields
the existence of the asymptotic variance

»=J113!

with J = E[Hl(6p)] and I = E[V{o(0p)Vlo(0)T], where Hly(0o) and VI () are the Hessian
matrix and the gradient vector of £y at the point 6 ECS).

Lemma 1. Under condition (MM) the moments X exist and form an invertible matriz.

The proof of this lemma is given in Section 6. Then we prove that the functions g; and g; are
two times continuously differentiable refining the arguments developed in [31]
Lemma 2. Under the assumptions of Theorem 4 the functions §g; and g, are two times contin-
wously differentiable on a compact neighborhood V() of 0y 6(2) and |[Vg: — Vaillv,) + HG: —
Hglly () == 0.

The proof of this lemma is given in Section 6. The asymptotic normality follows from the Taylor

development used in Section 5 of Bardet and Wintenberger [2] on the partial derivatives V; of the
real valued function L,,:

ViLy(0,) — ViLn(00) = HL, (0p.3)(0,, — 09) forall 1 <i<d.

Then the asymptotic normality follows from the following sufficient conditions:
(a) n=Y2VL,(6y) — N(0,T),
(b) |[n~YHL,(6,) - J| 50 for any sequence (f,) converging a.s. to 6y and J is invertible,
(¢) n~Y2||V Ly, (0,) — VLyn(8,)| converges a.s. to 0.

Note that

n
an(GO) = 24*1Vgt(90)(1 — Zf)
i=t
is a martingale as Vg;(6p) is independent of Z; for all ¢ > 1 and E[1 — Z?)] = 0 by assumption.
Under (MM), this martingale has finite moments of order 2 due to Lemma 1. An application of
the CLT for differences of martingales of [6] yields (a).

The following Lemma is used to prove (b) without uniform moment assumption on the compact
set O for the likelihood and its derivatives

Lemma 3. Under the assumptions of Theorem 6 we have |[HL,(8,) — HL,(8o)|| <2 0 for any

sequence (0,,) converging a.s. to 0y when n — oo.
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The proof of this lemma is given in Section 6. To prove that |[n = HL,(6,) — J|| <=5 0, us-
ing hte result of Lemma 3 it is sufficient to prove that |[n~'HL,(fy) — J|| <> 0. An appli-
cation of the ergodic Theorem on the process (Hl;(6y)) that is integrable under (MM) yields
|~ HL,(6,) — J|| == 0. Thus the first assertion of (b) is proved. The fact that J is an invertible
matrix is already known, see Lemma 1.

Finally (c) is obtained by using the exponential decrease of the approximation given in (15) and
(??) uniformly on some compact neighborhood V of 6y and the identity

VL, = 24_1Vgt(1 — X7 exp(—gy)).

i=t
Note that we use again the fact that exp(—z) is a Lipschitz function on [¢, 00). O
6. PROOFS OF THE TECHNICAL LEMMAS

6.1. Proof of Lemma 1. Let us denote U; = (1,log 07, Z4, |Z;|) and V; = By — 27 (0 Z¢ + 0o | Z4|).
Then (Vg.(0o)) is the solution of the linear SRE

Vgiy1(60) = U + ViV (6o), vVt € Z.
Let us consider the process Y; = (Vg:(6p),log(c?)) € R®. It satisfies the relation

Vi 0 0 0 O 1
o V. 0 O 1 0
Yoo2=10 0 V, 0 0 |Y:+ Zy =:1vY; + Ry, Vt € Z.
0 0 0 V, 0 A
0 0 0 0 B a0 + 70 % + 8ol Zi|

Thus (Y;) is a random coefficients autoregressive model satisfying the assumptions of Theorem 4 (a)
of [34] iff EV;? < 1. By a direct application of the Theorem 4 (a) of [34] we obtain that the process
(Y;) is second order stationary and thus the existence of the matrix B = E[Vg;(00)(Vg:(60))7].

Let us prove that B is invertible. By classical arguments, it is sufficient to prove that the com-
ponents of the vector Vgo(6y) are linearly independent. It is the case in the AGARCH(1,1) model
as soon as the density of Z; is not concentrated on two points, se Lemma 8.2 of [31]. Thus B is an
invertible matrix.

Finally, we have the identity I = 27'B as
I=2""E[(Vg:(00)(Vg:(60))" Z5 + Hyg:(60)(1 — Z3)] = 27 'E[Vg:(60)(Vg:(60))"] = 27'B.
We also have the identity J = 47}(EZ§ — 1)B because
J=E[47'E [Vgi(00)(Vge(60)" (1 = Z7)*] | Fi1]
= 47'E[(1 - Z§)*JE[V:(00)(Vg:(60)) "] = 47 (EZ5 — 1)B.
Thus by definition ¥ = (EZ; — 1)B~! exists and is an invertible matrix. The lemma is proved.

6.2. Proof of Lemma 2. The proof of the existence of the derivatives of the process (g;) requires
a refinement of Theorem 3.1 of [8]. We give this new result in full generality when the SRE is on a
Polish space (E,d). Amap f: E'— E is a Lipschitz map if A(f) = sup(, ,yep2 d(f(2), f(y))/d(z,y)
is finite. Note that the proof of the existence of the stationary solution is due to Elton [13]. That
the approximation scheme is e.a.s. convergent is due to Bougerol [8]. Both results hold under the
assumption that the Lipschitz coefficients have a finite log-moment of order 1. Here we assume
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additionally a finite log-moment of order p > 2 and a strongly mixing condition with geometric
rate to assert some regularity on the solution of the SRE. The regularity property we study is the
following one: let (Y;):>0 be a sequence of non negative r.v.

(EAS): For any non negative sequence W; <> 0 the series (W;Y;) converges a.s.
Remark that (EAS) is implied for stationary sequences by a condition of log-moment of order 1
as in [8] by an application of the Borel Cantelli Lemma as in [5, 31]. More generally, the same
reasoning yields that (EAS) is satisfied for any sequence (Y;) such as the series (P(Y; > p')) =
(P(log™Y; > te)) is convergent for any 0 < p < 1 and € > 0. Tt is also satisfied for any solution of
a convergent SRE:

Theorem 7. Let (¥;) be a stationary ergodic sequence of Lipschitz maps from E to E that is also
strongly mizing with geometric rate. Assume that (d(V¢(z),z)) satisfies (EAS) for some x € E,
E[(log™ A(¥))?] < 0o for some p > 2 and

(17) Ellog A(\IJ(T))] Ellog A(¥go---0W_,41)] <0 for some r > 1.

Then the SRE Yii1 = U(Y:) for all t € Z is convergent: it admits a unique stationary solution
(Yy)iez which is ergodic and for any y € E

Y= lim Yy0---0U;_,.(y), t€EZ.

m—r o0

The Y, are measurable with respect to the o(¥y_k, k > 0) and

e.a.s

d(Yt,Yt)—>O t — 0o

for (f/t) satisfying Yi41 = \Ilt(l?t) for allt >0 and Yy =y for any y € E. Moreover d(Yy,y) satisfies
(EAS) for anyy € E.

Proof. A careful look at the proof of Theorem 3.1 of [8] shows that the condition E[logt d(¥(z), z)] <
oo is only used to assert (EAS) on (d(¥¢(x),z)). Thus we only prove the last assertion as the other
ones follows from the proof of Theorem 3.1 of [8].

€e.a.s.

First notice that (d(Y;,Y;)) satisfies (EAS) because d(Yy, Y;) <225 0. Let us show that d(Y;, )
satisfies (EAS) when Yy = y. Fix K < 0 such that E[log A(\IIE)T )V K] <loga for some 0 < a < 1.
Then

t t G=1),,—j/r
- sup; <<, AV, )a™?
d(Vi,y) Z (Y5, Z AT (). y) < S5 d(¥1(y), ).

Let us prove that suplSjStA(\I/;ﬁl))a_j/’” satisfies (EAS). It is implied by the Borel-Cantelli
Lemma from the convergence of the series

(IP’( 1it;gtlog A(\Il;j_l)) — jlog(a'/™) > ts)).

By subadditivity, assuming that ¢/r € N for convenience, we have

t/r
P( sup logA(qlgj_l)) — jlog(a'/") > te) < IP’( sup Zlog A(\I/(T ) — zlog(a) > ts).
r

1<5<t 1<j<t/r 52

This series is convergent by an application of Theorem 1 in [28] as log(A(P;)) has a finite moment
of order p > 2 and is strongly mixing with geometric rate. Finally, for any non negative sequence
W, <% 0 we have that the series (W; SUp; <<y A(\II(J_l))a_<7/T) is convergent and the desired

J
result follows. O
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We are now ready to state the following refinement of the theorem 2.10 of [31] used to prove that
the functions g, and g; are two times continuously differentiable in a neighborhood of 6y:

Theorem 8. Let B be a separable Banach space and (V) be a stationary ergodic sequence of
Lipschitz maps from B into B that is strongly mixing with geometric rate. Assume that

S: (|4(0)])) satisfies (EAS), E[(log" A(¥())?] < oo for some p > 2 and E[logA(\I!((f))] <0

for some r > 1.

Let (\ift)teN be a sequence of Lipschitz maps such that

S%: || W,(0) — Wy (0)] <225 0 and ATy — Ty) =255 0 as t — oo,
Then the unique stationary solution Y; of the SRE Y11 = U(Y:) for allt € Z exists, (||Yz||) satisfies
(EAS) and for every solution (Y:)ten of the perturbed SRE Yii1 = W(Y:) for all t > 1, one has

€.a.s.

that |Y; — V3| <22 0.

Proof of Theorem 8. We assume the same conditions than in the theorem 2.10 of [31] except
that the conditions E[log™ |[¥((0)||] < oo and E[log™ [|Yo]|] < oo do not hold. A careful look at
the proof of Theorem 2.10 in [31] shows that these conditions are assumed such that the series
(W[ (0)|]) and (Wy||Y:||) are convergent. The first series is convergent by assumption, the second
one is convergent as (||Y;||) satisfies (EAS) from the last assertion of Theorem 7. O

Let us come back to the proof of Lemma 2. First note that as (07) is strongly mixing with

geometric rate it is also the case of the process

(¢e(,0)) = (a+ Bz + (vX¢ + 6] Xy|) exp(—z/2)).
Deriving the SRE (3), we obtain new linear SREs satisfied by the first derivates of g;:
(18) Vies1(0) = ¢1(3:(0),0)V3e(0) + Vo (3:(0),0) V¢t >0
where

¢y (2,0) = B — 27 (v X + 8|X) exp(—2/2),

Vooi(z,0) = (1,2, Xy exp(—x/2), | X;| exp(—x/2))’.
Note that both functions ¢}(z,0) and Vgei(z,0) are continuous in (z,6). Under (CI), we assert
from an application of Theorem 2 that there exists a compact neighborhood V() C(g) of Ay such
that E[log ||A( ST))HV(QO)] < 0 for some r > 1. The SRE (18) can be written as a linear perturbed

SRE Vi1 = ®,(Vi:) on the Banach space of continuous functions on V(). The sequence (®}) is
not stationary but it is well approximated by the stationary sequences (®}) defined as, for all ¢ > 0:

©i(h) := Gi(ge, )b+ Vodi(gr, ).

We will apply Theorem 8 on the SREs driven by (&) and (®]) to assert the existence of
the firs derivatives (Vg;). Let us first check the conditions S of Theorem 8 on ®;. The series
(124(0) [[v00)) = (IVodr(gt, ) llv(oy)) satisfies (EAS) from Elog™ | X;| < oo and because ([|g¢|lv(s,))
satisfies (EAS) by an application of Theorem 7 on (g¢). By definition of V(6y), as ¢} (z, ) < A(do, 9),
the last two conditions of S are implied by the continuous invertibility of the model and by the fact
that E(log™ X)? < oo for p = 8 as EZ§ < oo.

Let us check Assumption S’ of the theorem 8 on i)g — ®). As ¢, is two times continuously
differentiable, we have

19}(0) = B4(0)] = [Vo01(a1.7) = Voou - veoy < || 50 Vost]| - law = dnllv
r>c 0
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where Vg¢i(z,0) = (0,1, X;/2exp(—x/2), | X¢|/2exp(—2/2))" and ¢ := miny4,) /(1 — §). Remark
that Eflog™ || sup,>. Vod;|lv(ey)] < 00 because E[log™ | X;|] < co. Thus

>
t=0

for any p > 1 and then [|®}(0) — ®;(0)|| <% 0 by an application of the Borel-Cantelli Lemma
because ||g: — ¢llv(a,) 250,

sup Vooy

r>c

> _t) < 00
V(6o) P

To check the second condition of S’, we remark that as ¢; is two times continuously differentiable,
we also have

A(®, — @) < 16,9, ) — B4(ges )lvioy) < | sup &¢ Voo llge — 9¢llv o)

€.a.s.

where ¢/ (x,0) = 4~ (vX; + 6| X;|) exp(—x/2). That ||®}(0) — &}(0)|| <5 0 follows again by an
application of the Borel-Cantelli Lemma as [|g: — g¢llv(9,) —— 0 and 3.2 P(|| sup,>. ¢} [lvoy) >

p~") < oo because Eflog™ || sup,~. 8/ [lv(s,)] < 0o due to Eflog™ |X;]] < co. An application of The-
orem 8 yields to the existence of the stationary solution (Vg;) of the SRE driven by (®}) such that
(IVgellvay)) satisfies (EAS).

Deriving a second time and keeping the same notation than above we obtain another linear SRE
satisfied by (Hgs+1(0)) for any 1 <4, <d
(19) Hger1(0) = ¢(9:(0), 0)HG(0) + ¢¢ (9:(6), 0) Ve (0) V3 (6)"
+ Vodi(3:(0),0)V5:(0)" + Vge(0)Vod}(3:(6), )" + Hodr(:(6), 0).
For the EGARCH(1,1) model Hy¢(x,0) is identically null. Thus we consider the perturbed SRE
® (h) := ¢ (3, )1 + &7 (Ge: VGV gL+ Vod (G, )V + V3eVod, (3n,)"-
We can apply Theorem 8 on this perturbed SRE and the corresponding stationary SRE
oY (h) := ¢ (9, ) + 0 (96, )V 9V g, + Vo (96,)Vei + VgV (ge,-)" -

The details of the proof are omitted as they are similar than those use above for the first derivative.
Note that (|[Vgellv(s,)) satisfies (EAS) is required to apply Theorems 7 and 8 in order that the first
condition in S is satisfied for ®}(0) as it is a function of Vg, for any ¢ > 1.

6.3. Proof of Lemma 3. Let us fix V() as in the proof of Lemma 2 such that g; is two times
continuously invertible on V(6y) and such that the uniform log moments on the derivatives exist.
Because ||0; — p| =25 0 there exists some random integer M > 1 such that 6, € V(6y) for any
t > M. Consider the SRE

Vgii1(0) = ¢1(9:(0),0)Vg:(0) + Vo (9:(0),0) VteZ
where
¢y(x,0) = B — 271 (vZ; + 0 Zi|) exp(—(z — 9:(60))/2),
Vogi(x,0) = (1,2, Zyexp(—(z — g:(00))/2), | Zi| exp(—(z — g:(60))/2))"-

As x — exp(—z/2) is a Lipschitz continuous function for # > ¢, as V(6p) is a compact set there
exists some C' > 0 such that for all z € I, all 8 € V(6y) we have

|61(2,0) — ¢1(9:(00), 00)| + [ Vode(w,0) — Vodi(ge(00), 00) || < C1Z:|(110 — Ool| + | — g¢(60)])-
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Thus, for any n >t > M, denoting v(0,,) = [|Vgi+1(0,) — Vgi1(6o)|| we obtain
Ve1(0n) <104(9:(00): 00)10e(0)] + [ V.9¢(0n) 16, (9:(60): 00) — $4(3¢(0n), 0)]
+ [ Vo6:(9:(6n), 6n) — Vosi(g:(60), 60) |
<[64(9¢(00), 00)|0:(0n) + (Y gellw(a0) + 1)CIZe| (10 — boll + 19:(6n) — g¢(60)])-

By a recursive argument, we obtain for alln >t > M

t—1 t—1
vi(0n) < > T 166(9i(00): 00) 1V gellvia) + 1YCIZel ([16n — boll + 19¢(6n) — 9:(60)1)
J=Mi=j+1
t—1
+ H |9 (9:(60), 00)|vns-
i=M
That Hf;;H |6 (9:(00), 00)| =22 0 follows from the assumption (MM) E¢’(g;(6),600)? < 1 and

by using the subadditive ergodic theorem of [22] on the logarithms. Thus the last term of the sum
converges e.a.s to 0 and the corresponding Cesaro mean ¢, = n~ !> 1, H:;le | (9:(00), 00)|var
also converges e.a.s. to 0.

Let us treat the term
t—1 t—1

Z H |93 (9i(60), 00)

=M i=j+1

(IVgellva) + DCI Zel10n — boll.

It is a.s. smaller than

e’} t—1

16, — 0oll = T 164(9:(80), 00) (I Vgillviae) + 1)C| 2.
J=M i=j+1
Indeed, this series is a.s. convergent because (||Vg¢|ly(g,)) satisfies (EAS) from Theorem 8. Thus

we obtain that there exist some random variable a > 0 such that
n t—1 t—1

nt Y > T 196(9i(60). 80) [ (IV gellvian) + D)CIZ 160 — ol < allfn — b0l

t=M j=M i=j+1

Finally, the reminding term of the upper bound is
t—1 t—1

ST IT 1#4(9:(60), 60)

J=M i=j+1

(IVgellvoy) + DCI Ze|1ge(0n) — g¢(60)]-

We treat it as in the proof of Theorem 3. Indeed, its uniform norm converges a.s. by an application
of similar arguments than above. Thus there exists a random continuous function b satisfying
b(6p) = 0 and
n t—1 t—1 ~
nt Y0 Y T 1969080, 00)I 1V gellvo) + D)C1Zil1ge(8) — g:(6o)]
t=M j=M i=j+1
0o t—1 ~
<> T 1656i(00), 00) 11V gt llvia0) + 1C1Zel19:(0n) — g1(60)]
=M i=j+1

< b(6y,).
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Finally we obtain that n=' 31" v:(0,) < al|f, — 6o + b(0,,) + ¢,. Using this bound and the
SRE satisfied by the differences Hg;(6,,) — Hg:(6p) we obtain following similar reasoning that

1 & _ . _
- > |Hg: (6n) — Hae (00)]| < a'|10 — ol + V' (6) + .,
t=M

where a’ is a positive r.v., b’ is a random continuous function satisfying v'(6y) = 0 and ¢/, <> 0.
We then conclude that for any possible value of M we have that

(20) nt Y [ Hge(6n) — Hge(60)]| = 0.
t=M

Let us fix 6 > 0. It remains to estimate

M oo k
P(Jim > [Hgu(Ba) — Hou(60)]| = 0) = S B( Jim 3™ [Eiga(G) — Hou(Bo)| = 0)B(M = k).
k=1 t=1

By continuity of the second derivative Hg, we have that Hg.(6,) — Hg:(6o) a.s. We deduce that
for any k£ > 1 we have
k
.1 5
p( lim = > Ei: () — H(60)] = 0) = 1.
The desired result follows easily.

Acknowledgments. 1 would like to thank C. Francq and J.-M. Zakoian for helpful discussions and
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