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An extension of the MAC scheme to locally refined meshes :
convergence analysis for the full tensor time—dependent
Navier-Stokes equations

Eric Chénier? Robert Eymard! Thierry Gallouét* and Raphaéle Herbin®

November 13, 2012

Abstract

A variational formulation of the standard MAC scheme for the approximation of the Navier-Stokes
problem yields an extension of the scheme to general 2D and 3D domains and more general meshes. An
original discretization of the trilinear form of the nonlinear convection term is proposed; it is designed so
as to vanish for discrete divergence free functions. This property allows us to give a mathematical proof
of the convergence of the resulting approximate solutions, for the nonlinear Navier-Stokes equations in
both steady—state and time—dependent regimes, without any small data condition. Numerical examples
(analytical steady and time—dependent ones, inclined driven cavity) confirm the robustness and the accuracy
of this method.

Keywords: MAC scheme, incompressible steady and time—dependent Navier-Stokes equations, non
conforming grids.

MSC2010: 65N08,76D05

1 Introduction

The Marker-And-Cell (MAC) scheme, introduced in [13] is one of the most popular methods [19, 24] for
the approximation of the Navier-Stokes equations in the engineering framework, because of its simplicity
and of its remarkable mathematical properties. The discrete unknowns are the components of the velocity
and the pressure on staggered grids; the mass conservation equation and momentum conservation equations
are discretized in such a way that the kinetic energy remains controlled. The first error analysis seems to be
that of [20] in the case of the time—dependent Stokes equations on uniform square grids. The mathematical
analysis of the scheme was also performed for the Stokes equations in [16] for uniform rectangular meshes,
and generalized to non uniform rectangular meshes and irregular source terms in [1]. Error estimates may
be obtained by viewing the MAC scheme as a mixed finite element method of the vorticity formulation [11],
or by a mixed method in primitive variables, with the pressures approximated by Q' finite elements [12].
Along the same lines, it is proven in [14] that a divergence conforming DG scheme based on the lowest
order Raviart-Thomas space on rectangular meshes is algebraically equivalent to the MAC scheme. Error
estimates for rectangular meshes were also obtained for the related covolume method, see [4] and references
therein.

Mathematical studies of the MAC scheme for the non linear Navier-Stokes equations are scarcer. To our
knowledge, the only convergence study is that of [17] for the steady—state Navier-Stokes equations and for
uniform rectangular grids.

Extensions of the MAC scheme on general unstructured grids are not easy to derive, and most of the
mathematical analyses that we described are restricted to rectangular cells. The covolume approach [18]
may be seen as one way to generalize the MAC scheme on unstructured grids. MAC schemes on triangular
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meshes are proposed and tested in [23]. A variational MAC scheme based on acute triangles is proposed in
[6], and the convergence anaysis is completed.

The aim of this paper is to provide the complete mathematical analysis of an extension of the MAC
scheme on possibly non conforming meshes, allowing local refinement. This extended MAC scheme is
a slight modification of a MAC-like scheme which was presented in [3]. The modification concerns the
discretization of the momentum equation, which was performed on dual Voronoi cells in [3], while it is
performed by a linear finite element method on a Delaunay triangulation built from the centers of the set
of edges (in 2D), or faces (in 3D) where each component of the velocity is defined. This modification
was found necessary in the mathematical analysis of the scheme for the steady—state and time—dependent
nonlinear Navier-Stokes equations, in order to prove the convergence of the scheme. It also allows to easily
handle the case of the full tensor viscosity. The convergence of a collocated finite volume scheme was
proven in [8] for the steady state and time—dependent Navier—Stokes equations, and we shall use some of
the tools therein in the present analysis.

The outline of the paper is the following. In Section 2, we give the weak form of the steady—state
and time—dependent Navier—Stokes equations. In Section 3 we first write a discrete variational formulation
of the standard MAC scheme on the linear Stokes problem, and use this variational formulation to extend
the MAC scheme to more complex geometries. The extension to the steady—state Navier—Stokes equation
is presented in Section 4 where we also prove the convergence of the approximate solutions to a weak
solution. The proof of convergence relies on a proper choice of the convection term, which takes the mass
conservation into account. We then consider the case of the time—dependent problem in Section 5, and again
prove the convergence of the method in this case, thanks to a discrete Aubin—Simon type result. In Section
6, the efficiency of the extended scheme is illustrated by numerical examples on a non—-rectangular domain,
using a local refinement along the boundary of the domain. The first example is a steady—state problem
on a circular domain, for which the exact solution is known so that we may assess the numerical order of
convergence. We then consider the inclined driven cavity problem, which implies the discretization of a non
rectangular domain. The comparison with the literature shows a very good accuracy. We finally consider
the time—dependent Green—Taylor vortex problem, that we approximate on a circular domain.

2 Weak formulation of the Navier-Stokes equations

Let © be an open bounded set of R, where d denotes the space dimension. In the remainder of this paper,
we assume the domain €2 to be polygonal (d = 2) or polyhedral (d = 3), in the sense that 02 is a finite
union of subsets of hyperplanes of R%. Let 3 € [0, +-00) denote the Reynolds number.

We first consider the steady state case with a time-independent forcing term f € L2(2) in the mo-
mentum equation. Then, a weak solution to the steady—state Navier-Stokes equations with homogeneous
Dirichlet boundary conditions is a vector function u with components (u(i))izlwqd, such that

u € E(Q), p e L*(Q) with / p(x)dx =0,
. Q
[ stwv@ia 5 [ @) Vu) - v@)ia M
- / p(@)divo(z)ds = / F(@) - v(@)dz, Yo € H(Q)"
Q Q

where E(Q) = {v = (v);=1 4 € H}(Q)?% dive = 0 ae. in Q}. We consider two cases for the stress
tensor S(u, v), namely:

- the usual simplified form for the incompressible Stokes or Navier-Stokes problem, which reads
d .
S(u,v)(x) = Vu(x) : Vo(x) = ZVu(l) (z) - Vo) (@), forae. x € Q, Yu,v € HI ()%, ()
i=1

- the full stress tensor
S(u,v)(x) = Mivu(x)divo(z) + 2pe(u)(x) : €(v)(x), forae. x € Q, Yu,v € HL(Q)?, (3)

where p > 0 and 3\ + 2u > 0 (these values could depend on the space variable through a coupled
variable, such as the temperature) and €(u); j(z) = 1 (0;u) (z) + 9;u? (z)), fori,j = 1,...,d.



The coefficient j is strictly positive in the general (nonlinear) case and is set to O to obtain the linear Stokes
problem.

We then consider the time—dependent case, for which we consider a finite time 7 of study of the flow,
a time-dependent forcing term f € L2(Q x (0,7))? in the momentum equation, and an initial condition
win; € L?(Q)%. Then, a weak solution to the time—dependent Navier-Stokes equations with homogeneous
Dirichlet boundary conditions is a vector function « with components (u(i))izl,_“’d, such that

w e L2(0,T; E(Q)) N L®(0,T; L2(Q)%),

/ / (xz,t) - Opp(, t)dacdt—/ulm( ) - (x,0)de

/ /S (x,t)dx dt —I—ﬁ/ / u(z,t) - V)u(x,t) - p(x, t)de dt

/ /f x,t) - p(x,t)dedt, Yo € L2(0,T; E(Q)) N C°(Q x (—o0, T))%.

“4)

Remark 2.1 It may be proved that any weak solution u of (4) satisfies dyu € L*%(0,T; E(Q)') in the
following classical sense

T T
©(t)(Orul(t),v) gy, Bydt = —/ Lp’(t)/ u(zx, t)v(z)dxdt,
0 0 Q

Vv € E(Q), Vo € CL((0,T)).

3 A variational MAC scheme

Our extension of the MAC scheme to non conforming meshes is based on a discrete variational formulation.
Hence in this section, we begin by considering a variational formulation of the standard MAC scheme for
the approximation of the Stokes problem, that is (1) with 5 = 0. We then extend this variational scheme to
non conforming meshes.

3.1 The standard MAC scheme for conforming meshes

For the sake of simplicity, let us first consider a two dimensional square domain @ =]z, Z[x]y, y[. The do-
main €2 is discretized in the MAC way, that is with a staggered arrangement of the rectangular dlscretlzatlon
cells for the pressure and each of the velocity components, as depicted in Figure 1. Let N and M be two
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Figure 1: Notations for the standard MAC scheme

positive integers, and let M be the set of pressure grid cells (with the notations given in Figure 1:

./\/l:{]xi_%,xﬂ_%[x]yj_%,yﬂ_%[, 1<i<N, 1§]§M}



The above notations may easily be extended to the case d = 3. For the space dimension d equal to 2 or
3, we denote by £ = UL | & (1) the set of the edges or faces of the mesh, where £(*) is the set of edges
associated to the i-th component of the velocity. In order to define the normal velocity flux from one cell to
a neighbouring one, we introduce, for any pair 0,0’ € £*), k = 1 or 2, the transmissivity 7

.o Detween
cell Vg(k) and cell V[,(,k ):

w v noavh)
T d(Ty, Te)

5)
where \8Va(k) N BVU(,]C )| denotes the length of the line segment which is the intersection of 8Vg(k) and GVU(,k ) ,
and d(x,, x, ) denotes the distance between the points x, and /. For instance, for a vertical edge o =
{zip 13 X]y;1, 9501 (€ W, one has:
Yivs “Y%i-3 .
o' ={z s Xy 1 uals
O ) T3 Tyl T2 RN (6)

o0’ T .
’ i+1 Ty . ’
—_ ifo! ={w, 1 }X|yip1,y;03]
+1 +3:Y5+32
Yi+1 — Y5 2 M IRCAE

M

For any K € M, we denote by Ex the subset of &, containing all edges (or faces) of K which are
internal, and by S;f) = ExNE®) . For an internal edge o € &y separating two cells K and L, we shall write
o € K|L = L|K (at this stage, we could write o = K|L but in the generalized MAC scheme, interfaces will
be allowed to contain more than one edge or face). We denote by (e(k))kzlw__d the canonical orthonormal
basis of R? and, for o € K|L, with K, L € M and by n . the unit normal vector to o outward to K. We
then write o € ITL) in the case where 0 € K|L C £%) for some k = 1,...,d and nk, - e*) = 1. We
finally represent by D = (M, &) the collection of all the space discretization data.

Let us consider here the simplest case of the Stokes equations, i.e. 8 = 0, with the stress tensor given
by (2). The standard MAC scheme may then be written:

Find (us)oce C R, (p)kem CR; Y |K|pk =0,

KeM
d
Z Z |a|uae(k) ‘ni, =0, VK € M, (7a)
k=1 e
S~ ua) ol ~pie) = [ 7@, (7b)
oreg® vt

— (k)
Vk=1,...,d, Vo € £ and K,L € M such thato € K|L.

Let us define Ha4(£2) as the set of piecewise functions constant in K € M (pressure unknown), and
H ék) (Q) as the set of piecewise functions which are constant in V,,, for ¢ € £*) (kth component of the
velocity unknown). Let He(Q) = {v = (0" 450®) € Hék)(Q)} The piecewise constant discrete
divergence of v € H¢ () is the function divpv € H () defined by:

d
1
divpv(z) = divgo = T Z Z lolvk,s, forae. x e K, VK € M, Yv € Hg(Q), (8)
| | k=1oc€lk
where vg » = Vo o - e(®), The discrete mass conservation equation (7a) can then be simply written as:

divpu(x) =0, forae. x € Q. 9)

We now introduce a variational formulation of the discrete momentum equation (7b) by recalling (see
e.g. [7, Chapter 3] that if the points x,, are the nodes of a Delaunay triangulation, then

Té}g/ = /Vfgl)(w) . Vftg)(m)da},

where the functions (gé”)ae s are the P! finite element basis functions defined on the Delaunay triangu-
lation, such as the one depicted in Figure 2 (in which the nodes are the points @, for all ¢ € £(1)). The



Figure 2: Triangular mesh for the P! finite element approximation a® of .

functions (51(72))0e () are defined in a similar way, and we may then define a(*) € H} () such that

i) = 3" uet vk =1,....d. (10)
oe&k)

We then define an inner product (-, -)¢ on Hg () (this holds for both cases (2) and (3)) by
(u,v)g = / S(u,v)(x)dx, Vu,v € Hg(Q), (11)
Q

which we expect to approximate the inner product fQ S(u,v)(x)dx of the continuous problem. We then
obtain, multiplying (7) by v, and summingon k = 1,2 and o € £,

(u,v)e — / p(x)divav(x)de = / f(x) -v(x)de, Yv € Hg(Q), (12)
Q Q
A discrete variational formulation of the standard MAC scheme (7) is therefore:

Findu € He(Q) and p € Hp(Q)s.t. Y |K|pxc = 0and (9) and (12) hold. (13)
KeM

3.2 The extended MAC scheme for non conforming meshes

Let us now turn to an extension of the above depicted standard MAC scheme to more general meshes
(including local refinement as in Figure 6; note that these local refinements may be used to follow the
contours of a general non rectangular domain, as in Figures 3 and 4.

We consider 2D or 3D meshes of {2, which are such that all internal edges (2D) or faces (3D) (from now
on, we only use the word “face”, in 2D or 3D) have their normal vector parallel to one of the basis vector
e®) of the space RY, for some k = 1,...,d. In other words, all internal edges must be aligned with one
of the reference axes. Note that on the other hand, the external faces, that is the faces of the mesh lying
on the boundary 052 need not be aligned with the axes: they are only assumed to be planar. In fact a tilted
cavity such as the one depicted in Figure 3 is easily meshed with such a grid. Curved boundaries may also
be meshed with such grids, by using local refinement close to the boundaries, such as in Figure 5.

We denote by M the set of pressure cells. Examples of resulting pressure grids are depicted in the left
part of Figures 3 and 5. For all K € M, we again denote by Ex the set of all internal faces of K (therefore,
the faces of K which are on OS2 are not elements of £ ), and we define the set £ as the union over K € M
of all the sets £k . It is assumed that a given o € &y is entirely included in an interface between two cells,
say K and L; we shall write o € K|L. Note that an interface K |L is allowed to contain several faces of the
mesh; this may for instance happen in adaptive mesh refinement (and de-refinement) procedures. We then
introduce the set £(*) as the subset of £ which contains all the internal faces whose normal is parallel to the
basis vector e(®). For any o € &, x,, denotes the center of gravity of 0.



In order to get a discrete variational MAC-like scheme, we consider, for any £ = 1,...,d, the set of
internal points Vi(nkt) = (®,),ece and a given family of external points v,ff@ containing at least all the
vertices of 2.

The only additional difficulty on the non conforming grid is the discretization of the diffusion term,

which we simply discretize by a linear finite element approximation. To this purpose, we introduce a Delau-

nay triangulation 7®) of 2 whose vertices are Vi(ft) U ngt) Such a triangulation of €2 is a set of simplices:

triangles in 2D, tetrahedra in 3D. Each simplex has d + 1 vertices which belong to i(ft) u ngt) The trian-
gulation is assumed to satisfy the Delaunay property, which means that the interior of the circumcircle (in
2D) or of the circumsphere (in 3D) of any simplex 7' € 7*) does not contain any element of Vi(:t) U véf@
Examples of Delaunay triangulations constructed from the edge mid-points are illustrated in Figures 3 and
5 (middle and right parts).

We then denote, for any o € £ (%) the function 5,(7k), which is continuous, piecewise Plon any T € TH),
and whose value is 1 at the point 2, and 0 at points x, for any o’ € £\ {5}.

Let { viM g€ (k)} be the Voronoi mesh associated to the family (2, ), ¢¢ ) , defining the Voronoi cells
as follows:

VIF =z e dx, x,) < d(x, z.),0 € EP\{o}}, Vo e EF).

See Figures 4 and 6 for examples of the superposition of the Delaunay triangulations and the Voronoi mesh
construction. We finally denote by D the collection of all the space discretization data.

Remark 3.1 Note that in the case of a uniform rectangular mesh, the Voronoi cells thus defined are equal
to the velocity cells defined in the previous section. However, this is no longer true if a non uniform mesh is
used, even in the conforming case; indeed, in this latter case, the Voronoi cells Vg(k) are again rectangles,
but they are not equal to the (rectangular) velocity cells of the classical MAC scheme. In the case of hanging
nodes, they are no longer rectangular, as can be seen in Figure 6, where we depict the Delaunay grid and
the Voronoi cells for the horizontal and vertical velocities.
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Figure 3: The pressure (left) and velocity grids (middle: horizontal velocity, right: vertical velocity).

Figure 4: The Delaunay triangulation and the Voronoi cells (left: horizontal velocity, right: vertical velocity).

We may again define H 4 (2) as the set of piecewise functions constant on the pressure cells K € M,

the set H, gf) (Q) of piecewise constant functions on the dual grid cells V,,, for o € £*); this discrete set is
the space of functions meant to approximate the k-th component of the velocity. We then denote by H¢(2)

.....

o = 3w e HY(Q), (14)
oc&k)

we denote by v = (6(k))k:1,_“7d, and we define the norm
[vlle = [Vl p2()axa, Vv € He (). (15)

The extended MAC scheme for the Stokes equations (5 = 0) is again (8)-(13), applying Definition (11)
for (-, )e.
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Figure 6: The Delaunay triangulation and the Voronof cells (left: horizontal velocity, right: vertical velocity).

4 The extended MAC scheme for the steady Navier-Stokes equations

4.1 Discretization of the nonlinear convection term

In order to write this generalized scheme for the Navier-Stokes equations, we only need to give a discretiza-
tion of the nonlinear term [, (u () V)u(x)-v(a)dz. To this purpose, we introduce a discrete trilinear form

be which aims at discretizing the trilinear form b defined over (H3(Q2))? by b(u, v, w) = / (u-Vv)w de.
Q

We begin by defining some interpolation operators between Hg(€2) and (Haq(£2))%.

Definition 4.1 (From H¢ () to H(Q2)...and back) Ler D be a possibly non conforming mesh as de-
picted in Section 4. For v € Hg(Q), we define T v by its components (T1 cv)*)

1
(Mgv)*) = S ool > olvek=1,....d, (16)
o€EK O'E(E‘}(k)

and ipv € Hpq(Q) = (Haq())? as the piecewise constant function equal to (TLiv) on cell K. We
then define IIcv € H¢ () as the following piecewise constant function on the Voronoi cells:

1
Iegw = Z §(HKU) + I w)ly,,
o€t
oc€K|L
where 1y, denotes the characteristic function of V,, that is 1y (x) = 1 if & € V,, and 0 otherwise,

Definition 4.2 (Discrete gradient and convection term ) For v € H()), we define its discrete gradient
Vev € Hg(Q) by:

Vev = (aél)vv BEE) éd)v)t ) with 8?)7} = Z 950 1v,
oe&()
{(UL_UK) ol ifo e & aem
and 801) _ ‘le, int» )
O7 l‘fa S é‘exta

a7



—
where o € K|L means that o € K|L C £®) for some k = 1,...,d and ng , - e¥) = 1. We then define
the following trilinear form bg on (Hg(Q))? by:

be(u,v,w) = / (u- VeI - Tgw de, for u,v,w € Hg () (18)
Q

where, for any v € H (),

(u-Ve)v ZZugﬁvlv x).

i=1 ge&(®)

It is well-known that the continuous trilinear form satisfies b(u,v,v) = —3 [, [v[*divu da for all
u,v € H}(Q)?, and therefore, b(u,v,v) = 0 if diva. = 0. Similarly, we have the following result for the
discrete trilinear form.

Lemma 4.1 (Properties of the trilinear form) Let u, v, w € Hg(2) and let bg be defined by (18). Then:

—II
be (u, v, w) E E |0‘|qu KY T gw, Vu,v,w € Heg(Q), (19)
KeM ek
—
c€K|L

where UKo = UK 5 * ek, Moreover,
1
be(u,v,v) = _5/ ITI v |*div v, (20)
Q

where the discrete divergence operator div o4 is defined by (8); therefore, if divpu = 0, be (u, v,v) = 0.

Proof. From (18) we get that

1
be(u,v,w) = Z ug (v — Mkv) \U|§(HKU) + L w).

a'gé_>
oc€K|L
1 1
=5 Z e (v — Il v) |J|HKw—|—§ Z Ue(Igv — M pw) oI gw.
oef o€é
=— ==
o€K|L o€LK

Reordering the summation over the edges of each cell K yields (19). Taking w = v in (19) then yields that

be (u,v,v) Z Z lojug,o (v - Mgv — [gvf?),
KEM ocefk
oc€K|L
which yields (20) by conservativity. (|

The extended MAC scheme for the Navier-Stokes equation then reads:

Findu € Hg(2) and p € Hpq(Q) s. t.

> |Klpk =0, (21a)
KeM
divpu(z) =0, forae. x € Q. (21b)
(w,o)e — [ plaptivuole)de + 6 be(uuv) = [ flo) vl@)ia o e He(@). Q1o
Q Q

Remark 4.1 (Link with the classical MAC scheme) In the case of the Stokes problem on a conforming
rectangular grid, the scheme presented here is equivalent to the classical MAC scheme. In the case of the
nonlinear Navier Stokes equations, the scheme is not quite the same, since the centred MAC scheme has a
3 point stencil in each direction whereas the scheme presented here has a 5 point stencil. This is due to the
fact that we chose to take Ilgw rather than w in the expression of the trilinear form (18), in order to obtain
the property (20), which is quite useful to obtain the estimates on u.



4.2 Mathematical analysis

Let D be a possibly non conforming mesh, such as introduced in Section 3.2. We define hp as the maximum

value of the diameters of all 7 € 7) and all Va(k), oce&® k= 1,...,d.
The regularity 6p of D is defined as the minimum value of:

1. all ratios diam(7") /diam(7"), for all neighbouring simplices 7,7’ € T, k= 1,...,d,

2. all ratios |T'| /diam(T)%, T € T®), k=1,...,d,

3. all ratios | V¥ /|7, |T|/[V™), diam(VA™) /diam(T'), diam(T") /diam(V,¥)), for any T € T*) with
vertex :ng .

4. all ratios |o| diam(K)/|Vs|, 0 € &, K € M.

Let us then introduce the following interpolation operators.

Definition 4.3 (Interpolation operators) For v = (v1),... v(®) € H}(Q)4, let Psv € He(Q) be de-
fined by the components (Pg’l))(k) of its piecewise constant values on the dual cells Vg(k), fork=1,...,d.

1
(P,v)®) = ol / v®ds(x), Yo e EP. (22)
o g

For ¢ € Hy (), let Prmp € Haq(SY) be defined by its piecewise constant values on the cells K € M.:
(PM()O)KZQO(SCK), VK € M. 23)

Following the ideas of [21] applied to the piecewise P! interpolation ]557; of v, one may check that the
interpolation operator P satisfies the following property.

Lemma 4.2 Under the assumptions of Definition 4.3, there exists C1, only depending on 0 and $, such that
[Pevle < Crllvllm o) (24)

Lemma 4.3 (Properties of the discrete divergence) Let v € (H(Q))?, let Pg be the interpolation oper-
ator defined by (22).and let p € H pq. Then

/p(a;)divMng(w)da::/p(a;)divv(w)da:. (25)
Q Q

Moreover, for any w € Hg, and for any ¢ € Ha(Q)), one has:

/ q(x)divpude = f/ Veq(x) - u(x)de. (26)
Q Q

Proof. The first result is an obvious consequence of the relation 8 defining the discrete divergence operator
and of the fact that p is piecewise constant on the cells K € M. The second result follows from the fact that

d
/q(w)diVMudw: Z qKZ Z louge® ng ,
Q

KeM  k=1,¢ce(k)

> (ax — av)lolu,

I
|
<
3]
=
B
£
8
o
8

O

The following lemma gives some estimates on the trilinear form which are used to obtain some estimates

on the solutions of the schemes, for both the steady—state treated in this section and the time—dependent case
in Section 5.



Lemma 4.4 (Estimates on the trilinear form) Ler D be a discretization in the sense given in Section 4.1
and let bg be the trilinear form defined by (19). Then there exist Cy and Cs, only depending on any 6 < 0p
and on QQ, such that

|be (u, v, w)| < Co|ul|(Layallvle|wlpsye < Csllullellvle|lwlle, Yu,v,w € He ().  (27)
Moreover, there exists Cy, only depending on ) and 0, such that

b (1, w, )| < Cullul| gy [ul *|lvlle, Ve € He () divagu =0, Yo € He().  (28)

Proof. From the definition (18) of the trilinear form bg denoting by @) (resp. wl )) the j-th component of

ITp v (resp. IIcw), we get thanks to the Cauchy—Schwarz inequality, we get that:

d

k
|be (u, v, w) ZZ 1u® | L@y 185D || 2 109 || a ey
k=1 :

d?(|ull(ra(0))e I Ve MMar0) || (p2(0y)axa | ew]| £a ()

Let us then remark that the components of Hf‘“’i;n“" are barycentric combinations of neighbouring terms
w,; hence there exists Cf, only depending on €2 and 6, such that

[Tew]|(Laa)ye < Csllwll(pa(a))e

In order to bound the term ||V (ITpq) || (12 (q2))ax <, e first define the functions %y and Hf)v by

—
H(_k)v(a:) =Tgv, Yo € E® | forae. x € V¥, and K, L such that o € KL,

and .
MM v(x) =T, Vo € €W, forae. @ € VM, and K, L such that o € K| L.

We finally define §*) () = |V‘ ‘ U forall VAF) We then get that

108 o 120 /5 ;[ (@) - 10(e)| da

2
Z/ s (MO @) -0 @) da.

In order to apply Lemma 7.1, we first remark that, thanks to the regularity hypotheses of the mesh, there

exists some Cg > 0, only depending on 6, such that 6(k)(w) > Cgd(x), with §(x) defined in Lemma 7.1.

Since the functions TT*)»(¥) (x) only depend on the discrete unknowns v/,

wk £ such that

we may introduce the functions

oce&®)

which are the piecewise constant functions defined by:

k) wi
Vo € £, with K, L such that o € K|L,

|07'\H if o/ € £0)\ &k, forae. z € ViR,
=i 21
i o
0 ifo’ € £0\ & orif:n%Va(k)

The functions ¢ satlsfy the hypothesis (49) of Lemma 7.1; furthermore, thanks to the regularity of the
mesh, the mesh dependent bound Csg defined by (50) remains bounded by a function of §. We may thus
apply Lemma 7.1, which yields (51). This implies

k) Y4 ~(£ 2 Cag ~(£) |12
/ 5(1@) ( )( ) ’U( )(w)) de < (C6)2 ||VU( )HLQ(Q)"'
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Similarly, we have the same inequality with Hf)v(l) instead of H(_k)v(g), which shows the existence of
C~ > 0, only depending on 6, such that

Ve (TImv)l| (L2 (q)yixe < C7l|VU| L2 (qyaxa,

thus concluding the left inequality of (27).
Now, thanks to the equivalence of the norms proved in Lemma 7.2 in the appendix (inequality (55)),
there exists Cs € R, only depending on any 6 < p, such that

[u™] L1y < Cs[a™ | L1y,

Applying the standard Sobolev inequality ||Z*) || 11 (q) < Csop||[Va™ | £2(0)¢> where Cyop, only depends on
Q and d, we conclude that there exists Cg, only depending on 2 and on any 6 < 6p, such that

[u®| Loy < Col| V| L2(0axa-

Therefore, we conclude the right inequality of (27).
Let us then prove (28); since divau = 0, we have

bD(U, u, ’U) = _bD<u’ v, U’)’

which proves, using (27), that
|bp (w, w, v)| < Collu|[Za g 0]l

Using the Cauchy—Schwarz inequality, we have:

1/2 3/2
lullF sy < el o lulloia),

We again apply Lemma 7.2: there exists C1¢p € R, only depending on 6 and €2, such that

llullLs o) < Crollu|Ls)-

Applying the standard Sobolev inequality, we get that ||| 16 () < Ciob || Vt|| 2 (q)axa, where Csol, € Ry
depends only on €2 and d; therefore, by the definition (15) of the norm || - ||, we get:

1/2 3/2
b (w, u, )| < Cllul o [ulZ 2 [v]le.

which concludes the proof of Lemma 4.4.
|

Lemma 4.5 (Estimates on the velocity and the pressure for the Navier-Stokes problem) Let D be a dis-
cretization in the sense given in Section 4.1 and let 6 < 0p. Let (u,p) € Hg(Q2) x Ha(Q) be a solution
to (21). Then there exists C1, only depending on ) (and on \ and p in the case (3), this dependency is no
longer mentioned in this paper), such that u satisfies the following estimates:

ulle < Crallfllz2)e- (29)
Moreover, there exists Co only depending on (3, 6 and ) such that
Pl z2@) < Crall fll(z2())e- (30)

As a direct consequence, there exists one and only one solution (if B = 0) and at least one solution (if § > 0)
to the scheme (21).

Proof. We let v = w in (21). Let us first remark that we have [, p()divy u(z)dz = 0 and that by the
definition (19) of be, we have

d
1
be(w,u,u) = — Y 5|11Ku|2z > Joluce™ - ng, =0,

KeM k=1 eg(®)
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since divpqu(x) = 0. Hence we obtain

Cusllual2 < 18w 1) = / F(x) - u(e)da,

where we denote by C13 > 0 the constant involved in the Korn inequality, which holds for both cases (2)
and (3). We then have, thanks to the Cauchy—Schwarz inequality,

lwllz < 1Fllp2@)allwllpe)
Let u be defined by (10). Applying Lemma 7.2, we get that there exists C14, only depending on 6, such that
ullz2 @y < Crallul p2(qya-
Thanks to the Poincaré inequality, we may write
lu]l 2 (0)e < diam(Q)[|ue. (31)

Therefore we get (29).

Let us now turn to the proof of (30). We use the following property, first due to Necas [15], see also [2]:
there exists v € H{ (€2)? such that p(z) = divo(z) for a.e. € Q and there exists C5, only depending on
Q, such that

[Vl 1) < Cisllpllre(o)- (32)

Let P¢ be the interpolation operator defined by (22). By Lemma 4.3, we have:

/Q p(@)div p Prv () de — /

Qp(ac)divv(a:)dw:/p(g:)zdgg.

Q

We then get, using Psv € Hg () as test function in Scheme (21),

(u, Pev)e — /Qp(:c)de + B be(u,u, Pev) = /Qf(a:) - Pev(x)de. (33)

Thanks to the Cauchy—Schwarz inequality, we get that there exists C1¢ (only depending on A and y in the
case (3), this dependency is no longer recalled), such that

(u, Pev)e < Ciglulle[Pevlle-
Using Inequality (24), we get that there exists C7, only depending on 6 and 2, such that
(u, Pev)e < Cirllullel|v]| g1 )e < CreCullfll(z2(0))¢Cisllpll2 (o)

We may also write, thanks to the Poincaré inequality and to (32),

- [ £(@)- Pevta)ia < diam(@)Crsl f e 9]0
Therefore, using (29) and (27), we get the existence of Cg such that

P22y < C1s (I Fllez@e + 112520y ) 1Pl 22(0).

which concludes the proof of (30).

In the case where 8 = 0, the inequalities (29) and (30) suffice to prove that the square linear system
issued from Scheme (21) (replacing one equation of (9) by fQ p(x)dx = 0) is invertible. If 8 > 0, using the
topological degree argument as done in [8], we conclude to the existence of at least one solution to Scheme
(21). |

The next lemma shows a property of weak convergence of the discrete gradient which is used in the
passage to the limit in the scheme.

12



Lemma 4.6 (Weak convergence of the gradient) Let F be a family of discretizations in the sense given in
Section 4.1. For any D € F, let vp € H (), such that:

the family (V ¢vp)per is bounded in (L*(2))4, (34)
the family (vp)per converges weakly in L*(Q) to v € L*(Q) as hp — 0. (35)

Then v € Hi(Q), and the family (Vgvp)pe r converges to Vv weakly in L*(Q) as hp tends to 0.

Proof. Let vy = (¢1,...,14) € (C(R%))?; then
/ Vevn (@) - (@) da / Vevp(x) - Pep(z)ds(z) + Re
Q Q

where P is the interpolation operator defined by (22), and |Rg| < Cyhp||Vevpl|(z2(Q))> — 0as hp — 0,
thanks to Assumption (34). Now, by (26) and (25) of Lemma 4.3,

/ Vevp(x) - Pep(x)ds(x) = —/ vp(x)divep(x)de.
Q Q

Therefore, by Assumption (35),
/ Vevp(x) - Pep(x)ds(x) — 7/ v(x)divy(x)de,
Q Q

which shows that Vgup tends to Vo in the distribution sense. Since the sequence (V¢)per is bounded
in L?(Q), we have that Vv € L?(f), and prolonging vp by 0 outside of €2, we get that v = 0 in R% \ Q.
Therefore, Vgvp tends to Vo € Hg () weakly in (L2(£2))%. O

Theorem 4.1 (Convergence of the scheme) Ler F be a family of discretizations in the sense given in Sec-
tion 4.1, such that there exists 0 > 0 with 0 < Op for all D € F. Forany D = (M,E) € F, let
(ug,pm) € He(Q)s x Hp(Q2) denote a solution to Scheme (21). Then there exists a weak solution (u,p)
of (1) such that, up to a subsequence, ug converges in L?(2)? to w and prq converges in L*(Q)% to p as
hp — 0. Moreover, if B = 0, the whole family converges to the unique weak solution of (1) as hp — 0.

Proof. Let (D®),cy be a sequence of elements of F, such that hp ) tends to 0 as £ — oo and such
that there exists 6 > 0 with ) > 0, for all m € N. Let (ug), paqe)) denote a solution of (21) for the
discretization D, = (My, &, ). From estimate (29), using Rellich’s theorem, we deduce that there exists
w € H}(Q)% (withw = (u®)x=1 . 4) and a subsequence of (D), cn, again denoted by (D¥)) ey, such
that 775@2(@) € H{(Q) weakly converges in H{ (Q)¢ (therefore strongly in L?(02)%) to u(®) as £ — oo for
k=1,...,d. Using Lemma 7.1 and the estimate (29), we get that ug) also converges in L2(Q)d to u as
¢ — co. Thanks to the estimate (30) on the pressure, we may then consider a subsequence of (D)) ,cy,
again denoted by (D)),cy, such that p ) weakly converges in L?(Q2) to some function p € L?(Q) as
¢ — oo, with [, p(x)dx = 0.

We now have to prove that (u, p) is a weak solution of (1), which we do by passing to the limit on the
weak form of the scheme.

Let us first show that u € E(Q), i.e. divu(x) = 0 for a.e. © € Q. Let ¢ € C°(Q); multipying (21b)
by Py and integrating over (2 yields, thanks to Lemma 4.3:

/ Prp(z) - divapue (x)de = / VePump(z) - ug(x)de = 0.
Q Q

Thanks to the regularity of the mesh, there exists C9 depending only on  and # such that

Ve Prmgll(r2(a)ys < Chro. Therefore, by Lemma 4.6, Ve Prqe tends to Vo weakly in (L*(Q))4 as hp
tends to 0. Hence, passing to the limit in the above equation, we get that [, Vo (z) - u(z)dz = 0 for any
€ C°(£),which shows that divu(xz) = 0 for a.e. z € Q.

Let ¢ € C°(Q)9. Let us now show (1) with v = ¢. We take (again omitting some indices (¢), thus
denoting D = D(f)) vg = Pep € Hg(S), as defined by (22), as test function in Scheme (21). We get that

(up, Pep)e — Apb(m)diVMpgw(w)dm + B be(up, up, Pep) = /Q f(z) - Pep(x)de.



Using Lemma 4.3 and the fact that pp) weakly converges in L?(Q2) to p € L?(2), we obtain that

lim pD(e)(EE)diVD(z)Pg(z)(p(iL')diB:/p(w)diVQO(CL')dQJ.
{— 00 Q O

Thanks to the weak and strong convergence properties of the different sequences, we get that

lim <uD(z),Pg(z)4p>g(z) = lim /S(’ap(z),Pg(z)(p)(w)diL'Z/S(’u,, gO)(iL‘)dSC.
l— 00 L—00 Q Q

We also have, thanks to the definition (22) of Pc¢p,

lim / F(@) - Peo pl@)da = /Q F(@) - p(a)da.

{— 00 Q

Let us now turn to the study of the limit of bg () (wpee), Upw, Peey ). By the definition (19) of be, again
dropping some indices (¢), we have:

be (up, up, Peep) = /2 (wp () - Ve) Mpie) () - Tp(Pep())da

Thanks to the regularity of the mesh, the family V¢ (IIpug) is bounded in (L?(2))?. Moreover, using
Lemma 7.1 and the estimate (29), we get that there exists Cy, only depending on 6, such that

[MIpup — up|lr2()e < hpColluplle,

which proves that TI ) up ) converges to w in L2(Q)?. Therefore, thanks to Lemma 4.6, that V g0 up s
converges weakly in (L2(£2))? to Vu. Since we have that IT) ¢ converges in (L°°(£2))? to ¢, we obtain
the convergence of bg() (Up (o), Up), Pew @) to [ (u(x) - V)u(z) - p(x)de as £ — co, which completes
the proof that (1) holds for all v € H} ()¢ by density. O

S The extended MAC scheme for the time-dependent Navier-Stokes
equations

5.1 Definition of the scheme

Let D be the collection of all the space discretization data as given in Section 4.1. The discrete approximation
of the time—dependent Navier—Stokes equations (4) is then given by the following relations. The initial
condition is approximated by u(®) € Hg¢(Q) defined by

u® = ij) /;w u™ (x)dw, Vo € £F (36)
and, for a given time step & > 0, let us denote by t(™) = né for n. > 0. The scheme is defined by
5%?; )u(:c) (HH)(:C)&_ u(”)(a:)’ forae. x € Q, 37
diVMu(”+%)(a:) =0, forae. x € €, (38)
and, for a given a € [3,1],

foralln € N, (w™D) p("+2)) e He(Q) x Hp (),

/ P (z)de =0, w7 = (1 — a)u™ + autD),
Q
(39)
/ 50 u(@) - v(a)de + <u<”+l> v)e — / p" ) (@)div po(z)de
Q

((nt1)

1B bp(ut2) wt3) 4) /f x,t) - v(x)dedt, Yo € He(Q).
£(n)
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‘We then denote
- _ =(nt+d) — u(nt3) = p(nt2)
uD,&(xv t) =u (:13), U'D,&‘(wa t) =u (CC), and pD,ét($a t) =D (:13),
forae. (x,t) € Qx (t™, ")) vn e N, (40)
and we define the discrete time derivative
opau(z,t) = 57(;;;%)u(:c) forae. (x,t) € Qx (¢, t"+D) vn eN.

Remark 5.1 (Time discretization) We consider a constant time step only for the sake of clarity of nota-
tions. The mathematical analysis is still valid with a variable time step.

Note that the above scheme corresponds to a Crank—Nicolson-like scheme for o =
scheme for oo = 1.

1

3 and to an implicit

5.2 Mathematical analysis

Lemma 5.1 (Estimates on the velocity and the pressure) Let & = T/Nr with Ny € N* let D be a
discretization as defined in Section 4.1. Let the initial condition u'®) be defined by (36), and, for a given
a € [3,1] ler (utD) u2) p(nt2)) € He(Q) x He(Q) x Hpq(Q) such that (38)-(39) holds for
n =1,..., Np. Then there exists Co1, only depending on f, wn;, T and Q, such that the following discrete
L2(H"Y) and L*>(L?) estimates hold:

Nr—1
1
N afu 2 < Oy, @)
n=0
and ||u(")HL2(Q)d < Cgl,nzo,...,NT. 42)

Moreover we have the following L*(L?) estimate on the pressure:
lpp.6t| 10,1502 () < Co2,n=0,..., N, 43)

where Cao only depends on D, B, &, f, uin; and Q. Therefore there exists at least one solution to (38)-(39)
if B > 0 and exactly one solution if 5 = 0.

Proof. Let us first remark that (42), for n = 0, is due to the Cauchy—Schwarz inequality applied to (36).

1y . . . . . . .
We let uw = u(*t32) in (39). The nonlinear term again vanishes, which leads, using the Young, Poincaré and
Korn inequalities, to:

Lutrt02, oy~ bl g0 + (0= 5) ) — a2

n diam( ntl

+ &C13||u +3 ||2 . ( r H-f||(L2(Q>< t(n) g(n+1)Y)d +3 ||u( +2)H%‘
Summing for n = 0,..., N — 1 lead to both (41) and (42). Following the same ideas as in the proof of
Lemma 4.5, we get the existence of Cs3, only depending on 6, 5 and €2 such that

M 20y < Cag( #uCD e + a2+
||U("+1) - U(")HLz(Q)d + \/gllfH(LZ(Qx(t(’")t(”+1>)d)'

Summing the above inequality on n = 0, ..., Ny — 1, using the Cauchy Schwarz inequality for the terms
Np—1 Np—1 Np—1
a Z [("+2)]| ¢ and V& Z Il Fll(£2(@x (¢ nt1)))a, inequality (41) for the term & Z (s |2
n=0
NT 1
and inequality (42) for the term Z (D) — (™) l| £2()« lead to (43).
n=0
The existence of at least one solution to the scheme is then again deduced from the use of the topological
degree results, as in [8], as well as the uniqueness of the solution if 5 = 0. |

Since our aim is to apply Theorem 7.1, we define a second norm on H¢(£2) in the next definition.
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Definition 5.1 (Dual norm) Let us define the following dual norm on Hg(2):

Ywe Hg(Q),

we =sup{ [ow(x) v(x)dz,v € He(Q),||v||le = 1 and divpv = 0} . 4

Let us denote by Ye the space Hg () equipped with the norm || - ||+.c. We define a continuous embedding
of Ye in E(Q) (recall that E(Q) = {v € (H(2))?; divv = 0}) by the relation

<w7v>E(Q)/7E(Q) = /Qw(ar:) - Pev(x)de, Yw € Hg(Q), Yv € E(Q). 45)

where Pgv is defined by (22) in Lemma. ??. Note that, thanks to (24) we get that
lwl[p@y < Cillwle, Vw € He (), (46)
where C only depends on 6 and S).
In view of applying Theorem 7.1, let us study the dual norm of the discrete time derivative.

Lemma 5.2 (Estimate on the dual norm of the discrete time derivative) Let & = T/Np with Ny € N*,
let D be a discretization as defined in Section 4.1 and let 0 < 0p. Let (u(o)) be defined by (36), and, for a
given o € [+, 1], let (u(™+D), w™t2) p(t3)) € He(Q) x He(Q) X Hpq(Q) such that (38)-(39) holds for
n=1,..., Np. Then there exists Co4, only depending on f, win;, T, 2, 8 and 6, such that

16D,&ullLa/s0,7.ve) < Coa- 47)
(Note that, thanks to (46), a similar inequality holds on ||6p sl L4/3(0 1, 5(0))-)

Proof. Let us take v € Hg (), with divyqv = 0, as test function in Scheme (39). Using (45) leads to

/ 0t u(@) - v(@)de + (w ) v + 8 bp(uTE ) v) =
¢(n+1)
/ / [z, 1) x)dxdt.
(n)
Since u("*+3) satisfies (38) we get thanks to the estimate (28) of Lemma 4.4 and to the estimate (42) that:
b (w2, u D), v)| < Cosl|ul™ 2| Z o],

where Css, only depends on f, win;, 7', 2 and 6. We then get that there exists C'y6, only depending on f,
Wini, T, B, £ and 6, such that

¢(n+1)

1
& /t(") f('vt)dt

i n
160 8w (®)lle.e < Cag | ™ F2)lg + [lul™*2)|[F? +

Lz(ﬂ)d
1y, 4 1
Remarking that [|u(™+2)||2 <1+ ||[u(™*2)||% and that

4
£(n+1) 3

1
& /t(") f('at)dt

¢(n+1)

1
<1+ */
<& t(n)

¢(n+1)

1
<1+ )72 (e dt
<tz [ IOt

we get that there exists Co7, only depending on f, wini, T, 5, 2 and 6, such that

2
£, t)||L2(Q)ddt>

L2 (Q)d

t("+1)

60 au(t)]L ¢ < Cor (1 + [l 22 + &/ ||f(-,t)||iz<mddt> '

Integrating for ¢t € (0,7T) and using the discrete L2(H') estimate on the velocity (41), we get that there
exists Clay, only depending on f, win;, T, €2, 5 and 6, such that (47) holds, which concludes the proof. [J
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Theorem 5.1 (Convergence of the scheme) Ler F be a family of time space discretizations (D, &), where
D is a discretization in the sense given in Section 4.1 and there exists Ny € N* such that &t = T /Np. We
assume that there exists 0 > 0 with @ < 0p for all D € F (see Section 4.1). For any D = (M, E, &) € F,
let (Ug 5t Pmesh,a) denote a solution to Scheme (36)-(9)-(39) for a given o € [%7 1]. Then there exists a
weak solution w of (4) such that, up to a subsequence, ug s converges in L? (€ x (0, T))d touashp — 0
and & — 0, which shows that

[0vul|Lass0,r:p(0)) < Cou- (48)

Moreover, if B = 0, the whole family converges to the unique weak solution of (4) as hp — 0 and
& — 0.

Proof. Let Dy = (My, &, &)een be a sequence of elements of F, such that hp, and d&, tend to 0 as
¢ — oo. From thereon, we denote u 4,5, by u, for short.

Step 1 Proof that hypotheses (h1-h4) of Theorem 7.1 hold, and consequences.

In our setting, the space B of Theorem 7.1 is L?(Q2)¢. We take B, = {w € Hg,;divp,w = 0}. The
norm || - || x, is the norm || - ||¢,, and the norm || - ||y, is defined in Definition 5.1.

Let (wy)een be a sequence of functions of By such that ||wy||g, < C for some C' € Ry. Then by
definition of the norm ||wy||¢, and thanks to Rellich’s theorem, the sequence ()¢, converges in L2(£2)4
to some w € L?(Q)9; therefore, by the inequality (52) of 7.1 given in the Appendix, the sequence (wy)e,
also converges to w in L?(€)?. Thus, assumption (h1) of Theorem 7.1 is satisfied.

Let us then show that assumption (h2) is also satisfied. Let (wy)sen be a sequence of functions of
L?(9)? such that wy, € By and |Jwylle, < C for some C' € R, and such that there exists w € B with
wy — w in B and ||wgl|+,e, — 0 as £ — co. By definition of the norm || - ||, ¢,, we have

[ wi@) wil@)de < e fwdls, - 0as€ - .
Q

which shows that w = 0.

From estimates (41) and (47), we get that hypotheses (h3) and (h4) of Theorem 7.1 are satisfied. There-
fore, we deduce that there exists w € L'(0,T; L?(£2)?) and a subsequence of (D, &,)scn, again denoted
by (D, &¢)sen, such that uy converges in L1 (0, T; L?(2)?) to u as £ — oco.

Step 2 Proof that w is a weak solution of (4).

As in [8], we easily get that u € L?(0,T; H}(2)9) and we prove the convergence in L?(2 x (0,7))¢
to u of uy. Lemma 7.1 implies the same convergence property for uy,. We get that divu(x,t) = 0 in the
same manner as in the steady case. The proof that w satisfies (4) follows the same steps as the Navier-
Stokes steady case, using a divergence free test function. The convergence of the additional time term to the
corresponding continuous limit is then classical.

Step 3 Proof that (48) holds.

Thanks to (47), extracting a subsequence such that ép, &, u weakly converges in the Sobolev space
LA3(0,T; E(Q)"), we may pass to the limit in (45). We thus get

T T
[ et tim do, s w060} oy st = = [ &) [ ula. oy,
0 o0 0 Q
Vv € E(Q), Yo € CL((0,T)).
The preceding relation allows to conclude that

Oru = lim dp, &, we(t),
L— o0 o

and therefore that (48) holds.
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6 Numerical examples

6.1 An analytical steady problem

We consider a problem where the continuous solution of the Navier—Stokes equations (1) in the case (2)
with 5 = 1 is given by:

Uy (x1,0) = 2mwsin®(mxy) cos(mas) sin(mry)
to(x1,m2) = —2mwcos(mxy)sin(may) sin? (rasa)
p(x1,22) = sin?(mzy)sin? (7))

in a circle with centre (0.5,0.5) and radius 0.45. We consider four meshes for the mass conservation M,
7 =0,...,3, defined in the following way:

1. astructured square 10 x 10 is given on the square [0, 1] x [0, 1],

2. fori=0,...,3, letus split in 4 control volumes each grid block whose centre (z1, x2) satisfies

V(1 —0.5)2 + (22 — 0.5)2 > 0.45 — 0.25/2°,

3. getrid of all the control volumes K with centre (z1,x2) such that

V(1 —0.5)2 + (22 — 0.5)2 > 0.45.

Let us denote card(M) the number of control volumes of the mesh M ;. We get that card(M) = 1604,
card(M;) = 6416, card(Ms) = 25592 and card(M3) = 102324. The L? errors of unknowns u1, ua, p,
respectively denoted by es(uq ), e2(u2), ea(p), are respectively computed in the Voronoi grids associated to
the velocity components and in M.

Left part of Figure (7) shows the errors log;,(e2(u1)) and log,(e2(p)) with respect to log;,(1/+/card(M;))
for j = 0,...,3. On right part of Figure 7 are plotted the stream lines for the finest mesh. The velocity
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Figure 7: Left: The L? error with respect to the number of control volumes. Right: Stream lines.

components and the pressure are shown in Figure (8) for two meshes. Although the velocity fields are ac-
curately computed on the coarsest mesh, the pressure fields show oscillations where neighbouring control
volumes have contrasted sizes. However, these oscillations are decreasing while refining the mesh.

6.2 An inclined driven cavity

We consider a 30° inclined driven cavity, which corresponds to non homogeneous Dirichlet boundary con-
ditions for the velocity on the horizontal upper boundary of a parallelogram (see Figure 9) in the case (2).
We consider the case where the Reynolds number is equal to 1000, and we discretize the domain using
refinement strategies. We thus show the flexibility of this extended MAC scheme in this case. We obtain the
result shown in Figure 10. The results are compared to the literature [5] in Table 1. The results show the
expected precision.
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Figure 8: Horizontal component of the velocity (left), vertical component of the velocity (middle), pressure
(right) for 7 = 0 (top) and j = 2 (bottom).

Figure 9: An example of mesh, and the two media axes &; and &s.

<

r

Figure 10: Velocity components, D5* u) (left) u@ (right)

Generalized MAC scheme

[5]

#M 924 3698 14796 59190 102400 (= 320?)
min (v (&)) | —1.860 10T —1.987-10~1 —1.994-10"1 -1.984-10"' | —1.9772-107!
& 7.500-107%  7.826-10"'  7.875-107!  7.8125-107! 7.8185- 107!

min (u®(&)) | —2.143 1072 —2.251-10~2 —2.065-10—2 —2.010-10"2 | —1.9979 - 102
& 3.423-107! 3.238-10"1  3.146-10'  3.192-10°! 3.1751-1071
max (u®(¢)) | 1.361-1072  1.361-1072  1.254-1072  1.216-1072 | 1.2123-1072
& 7.853-1071  8.038-107!  8269-107!  8.246-107! 8.2656 - 10!

Table 1: Maximum and minimum of the velocity components along the centerlines &; and &s.

6.3 A time-dependent case

We consider the Green-Taylor case with 8 = 10, in the same domain {2 as the one considered in Section
6.1, which is a circle, with center (0.5,0.5) and radius 0.45, on the time domain [0, 0.1]. Nonhomogeneous
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Dirichlet boundary conditions are imposed. The solution is given, in the case (2), by

uM (21, z9,t) = — cos(mzy) sin(mzy) exp(—2mt),
u® (21, z9,t) = sin(rz1) cos(mas) exp(—272t),
cos(2mxy) l—cos(27rx2) exp(—dr?t).

p(ﬂ?hl’g,t) = 76

We plot in Figure 11 the L? errors evaluated at time ¢ = 0.1 as a function of the space step (—0.5 x
log,o(#M)). For each computation, the time step is set such that the temporal error is negligible with
respect to the spatial one. The sequence of time and space steps are given in Tab. 2: the ratio of two
successive time steps is 4 whereas it is only 2 for the space step. We observe that the approximate pressure
does not seem to converge in the case where «« = 1/2, which does not occur in the case v = 1. If we plot
the values = (p(” 3) 4 p("+ )) instead of p(”+ ), we observe that this post-processed pressure numerically
converges. All the converging curves show an order 2. In order to check the behaviour of the pressure in the
case o = 1/2, we show, in Figures 12 and 13, the pressures fields, for two meshes, the left and right figures
showing two consecutive times steps, and the middle one showing the average value between these ones.
This shows that, although the scheme obtained in the case o = 1/2 may lead to oscillations in pressures, it
is simple to get back converging pressures.

& 16251073 | 1.5625 1073 | 3.90625 10~% | 9.765625 10>
#M 1604 6416 25592 102324

Table 2: Time and space steps used for spatial order of convergence
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Figure 11: L? errors (+: velocity x: pressure) as a function of the size of the mesh.

SO N

Figure 12: An example of pressure solution at two consecutive time steps. p(™ —2) (left) ( (n=3) 4 p(”+%))
(middle) and p("*+3) with #M = 1604 and & = 6.25 10~3

In order to check the convergence order with respect to the time step, we have chosen the sequence
described by Table 3. The errors are plotted in Figure 14 (for the case & = 1/2, we have compared the
exact pressure with the average pressure 5 Lptn= 3) 4 p(”+ )) instead of p("+%)). This shows an order 2 for
a=1/2,and 1 fora = 1.
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Figure 13: An example of pressure solution at two consecutive time steps. p("fé) (left) %(p(”fé) + p
(middle) and p™*+3) with #M = 25592 and & = 3.90625 10~

& 0.05

0.025

0.0125

0.00635

0.003125

#M

1604

6416

25592

102324

409156

Table 3: Time and space steps used for time order of convergence
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Figure 14: L? errors (+: velocity x: pressure) as a function of the time step.

7 Conclusion

The extension of the MAC scheme presented here seems to show interesting properties for practical compu-
tations. The grids are easy to construct, and complex domains may easily be dicretized with the possibility
of local refinement. This could lead to the use of this scheme in industrial and large scale problems. Work
is in progress to design a discrete nonlinear convection term which would resume to the classical MAC
scheme in the case of a uniform rectangular grid, while retaining the same properties in order to obtain the
mathematical convergence of the discrete solutions.

Appendix

Interpolation results

The first lemma that we give is a technical result which allows to bound, under adequate geometrical condi-
tions, the difference between various interpolates by the gradient of a P1 reconstruction.

Lemma 7.1 (Comparison between interpolates) Let Q C R? with d € N* be an open polygonal con-
nected open set, such that there exists a H' conforming simplicial mesh T over Q. We denote by T the
elements of M, by V the set of all vertices, and by Vr the set of all vertices of T and by Tr C T the set
of the simplices sharing a face with T. For s € V, we denote by &5 the P finite element basis function
associated to the node xs. We assume that are given some non-negative functions g, for all s € V, such
that

D da(@) =1, forae x Q. (49)

seV
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We denote by W the set of all pairs of vertices (s, s') € V? such that [, e (2)€s(x)da > 0, and we assume
that a set T (s,8’) C T is defined such that it contains all the elements T € T with s € Vr, it contains at
least one T € T such that ' € Vr and for any pair (T, T") € T (s, 8'), there exists a sequence of simplices
Ty,...,Th suchthat Ty q € T fori=1,.... M -1, T =Ty and T' = T);.

Let Cog > 1 be defined by

dlam(T )
am(T)’

For (us)sey € RY, let us denote U = Y .\, usls and u = Y\, usts, and, for any T € T and
x € T, let us denote §(x) = diam(T). Then there exists Ca9 > 0 only depending on Csg, such that

diam(7)¢

7] TeT, T €Tr} U{#T(s,8),(s,8)eW}. (50)

028 = max{

TGT}U{

1 N ~
||5(U —u)|[z2()e < Coo|| V| L2(q)as (51)

so that in particular,
||u - a”Lz(Q)d < 029 1%1637)_( dlam(T) ||Va||L2(Q)d (52)

Proof. By definition of % and u, thanks to the fact that 3 __,, {s(x) = > ), ¥s() = 1, and applying the
Cauchy—Schwarz inequality, we get:

ORI / e Zusss = Y ugtbe (2))?dz

s'eV
- [ 5 3 e = ur (@i (a) P
sGVs 2%
< sar X n-wrt@)is
’)EWJ

We remark that the closure of 7 (s, s’) contains s, s’ and an interior connected path from s to s’, whose
intersection with any 7' € 7T (s, s’) is either a nonzero vector w(7T, s,s’) € R¢ or empty (then we set
w(T, s,s’) = 0, and therefore satisfies

Z w(T,s,s') =8 —s.

TeT (s,s)

We may then write, since @ is affine on each T € T,

Ug — Uy = Z Vruw(T,s,s'),
TeT (s,s)

denoting by Vru =3 ), usVEs(x), forall x € T, the constant gradient of % in the simplex 7". We get

(’U,s _us/)Q S Z |'lU(T,S7S/)‘2 Z |vTa|27
TeT (s,s") TeT (s,8")
which provides, denoting by (L(s,8'))* = Y rc (s o) diam(T)?,
(us —ue)® < (L(s,8")* Y |Vruf,
TeT (s,8)
and therefore

DB < | Z S [VraPes(@) by (@)de

(s,8’ TeT (s,8")

) L , \\2
—Z|VTu| / 3 wes(m)wy(m)am

TET (s,8")EWT

22



denoting by Wr the subset of all (s, s’) € W such that T' € T (s, s’). Let us show that there exists Ca9 > 0
only depending on Cag, such that, for any 7" € T,

/ > M&( Y5 (x)daw < Cio|T]. (53)

Q (s,8")EWr 6(:1:)

We choose a point x € T. Let (s, 8") € Wr, let & € Q be such that {s(x)¢s () > 0. Since &s(x) > 0,
there exists 73 € T such that ® € T and s € Vp,. Let us observe that, for any 7" € T (s, s’), then
diam(T") < (Cag)™diam(T}), which implies that

(L(s,8"))? < Cag(Cog)*Mdiam(T1)? = (Cog)*MT15(x)2. (54)
Since 71 € T (s, ), there exists a family of neighbouring simplices 71, ..., Ty, with M < Cag (us-
ing (50)), such that T' = Ty;. Therefore, diam(Ty;—1) < Csgdiam(7'), and, by induction, diam(7}) <

(Cag)M~1diam(T). This leads to the inequality |z —x 7| < Csodiam(T'), denoting by C3g = (Cag)M /(Cas—
1). Therefore, we get, using >, oy, &s(@) Vs (x) < 1, that

| X a@@ia < |Bar. Cudiam(1)|.

(s,8")EWT

Denoting by C; the real, only depending on the space dimension (2 or 3), such that | B(xp, diam(T))| =
Csidiam(T)9, we may write

|B(x1, Csodiam(T))| = Csydiam(T)?CYy < C31CogC|T.
Using (54), this concludes the proof of (53).

Thanks to Y~ rcr |T]|V7u? = || 3 ,cp us Vs H%Z(Q)d, we then conclude (51).
(]

Lemma 7.2 (Comparison between L? norms) Let 2 C R<, with d € N* be an open connected set, such
that there exists a H' conforming simplicial mesh T over Q). We denote by T the elements of M, by V the
set of all vertices. For s € V, we denote by &5 the P finite element basis function associated to the node s.
Then, for any p € [1,+00), there exists C(d,p) > 0, such that

1/p
[ ZUS€S||LP(Q)d < (Z |u8‘p/ Es(z ) <C(d,p)| ZusgsnLP(Q)da V(us)sev € RY. (55)

sey EISY sey

Proof. The left inequality of (55) is an immediate consequence of the convexity of the function = — |z|?,

which provides
P
Zusgs(w) < Z ‘us|p gs($)

seV seV

Let us turn to the proof of the right inequality of (55). Let T € T and (a1, ..., aqs1) € RT! be given, and
let, forany ¢ € T, &1 (), . . ., a+1(x) be the d + 1 barycentric coordinates of & with respect to the vertices
(recall that the P! basis functions are defined by such coordinates in each simplex). We then denote, for a
given € € (0,1/2), which will be chosen later, by

(e)={xeT(x)>1—c¢}.
Since, on T;, we have, for j # 1, §j(ac) <e<1l—eg,wegetthatallthe T;,7 =1,...,d + 1, are disjoint.

‘We then have
d+1

/T i=1

Z a;&i(x)

We may write, for € Ty11(¢),

d+1

dm>Z/

d+1

Z a;&(x

i=

d+1

Zal@
) + EZ ‘a’i|7
i=1

lag41/(1 —¢) < lagyi€atr(z)] <

d
+ Z lai&i(x)]
d+1 =t

<D aki=
i=1
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and therefore, thanks to the Young inequality

d+1 p

> aiti(x

i=1

laa[P(1—e)? < (d+1)7" (

o)

Let us remark that the measure of T} (¢) is equal to £?|T'|. We then get

d+1 d+1
e d > dT |al| P p
Sastw] ezend (LEOC o5 ),
T |i=1 VE

which provides
d+1

/ > oo

We then choose ¢ such that

d
dx > T 7( _deP = p
ez CERTE >l

1 1
37 (3d(d + 1)p—1)1/r

).

€ = min(

We then have
(1—¢)P 2P 2

>
d+ 1)1 = 30(d+ 1)p1 = 3(d+1)p 1

and therefore (1 o )
—€
— g >
d+1p1 % =3+ et

Denoting C(d, p) > 0 the quantity defined by

Cld,p)’ [ . . d 1
= <mm(3, Bd(d+ l)pl)l/p)> 3(d+1)p—1’

J

we have then proved that

d+1

Z azgz

d+1
> p
dz > O(d d+1Z| ail?,

which implies (55).

Discrete Aubin-Simon result

As we mentioned earlier, the compactness result that we use in our proof of convergence of the scheme is
an adaptation of a previous result [10]. The differences between the theorem given below and [10, Theorem
3.4] are the following;

1. Theorem 7.1 is a compactness result in LI(O, T; B) where B is some Banach space, while [10, The-
orem 3.4] is a compactness result in L?(0,T; B) for p € [1, +00). We chose to restrict to L' for two
reasons:

e The proof is much simpler in the L' case, especially in the case of variable time steps.

o In our framework,we can easily get the result in L? by using compactness in L! and the discrete
estimates (41) and (42), using the “LP — L9 compactness” property and Sobolev inequalities, see
[9, Lemma 3.1].

2. The assumption (h2) that we require here is weaker than the assumption (h2) of [10, Theorem 3.4],
which does not require that (||w,, || x, )rcn be bounded. A quick look at the proofs of [10, Lemma 3.1
and Theorem 3.4] shows that in fact they only require our hypothesis (h2) (which is easier to verify in
our framework).

3. We give here a version with variable time steps.
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4. The definition (56) of u,(-, t) corresponds to an a—scheme whereas that of [10, Theorem 3.4] corre-
sponds to an implicit scheme, i.e. « is equal to 1.

Theorem 7.1 (Discrete Aubin-Simon lemma) Let T' > 0 and let B be a Banach space. Let (By)gen be
a sequence of finite dimensional subspaces of B. For any £ € N, let N, € N¥*, téo) =0< tgl) <

. < téN'Z) =T and &ﬁn) = ten) — tgn_l), n=1,...,Np Let {ugn),n =0,...,Ny} C By and let
ug € LY(0,T; By) be defined, for a given real family (aén))n:17.,_,Nz, by

ug(-,t) = Eén) =(1- ag"))uénfl) + agn)uén) € By,

56
forae. te (tén_l),té”)), andn € {1,... N} (6)
Let dguy be the “discrete time derivative”, defined by:
n 1 n n— n— n
deue(-,t) = 5§ Vg = 5 (ug ) ug 1))fora.e. te (té 1),75; )),n e{1,...,Ng}.
¢
Let| - ||x, and || - ||y, be two norms on By. We denote by X the space By endowed with the norm || - || x,
and by Yy the space By endowed with the norm || - ||y,. We assume that

(hl) For any sequence (wg)en such that wy € By and (||we||x,)een is bounded, then, up to a subsequence,
there exists w € B such that wy — w in B as £ — +o00.

(h2) For any sequence (wy)gen such that wy € By, (||wellx,)een is bounded, there exists w € B such that
we — w in B and ||wel|y, — 0 as £ — 400, then w = 0.

(h3) The family (aén))nzl,wNMeN and the sequence (||us|| 11 (0,1;x,))een are bounded.

(h4) The sequence (|[6ous|| L1 (0,1;v,))een is bounded.

Then there exists u € L'(0, T; B) such that, up to a subsequence, uy, — win L*(0,T; B) as £ — +o0.
Proof. The proof is mainly inspired by that of [10, Theorem 3.4]. The first step is to apply [10, Lemma
3.2], which states that, under Hypothesis (h1), there exists C'x > 0 such that, for all / € N, for all u € By,
lullg < ||ul|x,. We then remark that, thanks to (h1) and (h2), for all £ > 0, there exists C'(g) > 0, such

that,
V¢ e N, Yu € By, ||lullp < ellullx, + C(e)||lully,, (57)

following the proof of [10, Lemma 3.1]. We then remark that, using (h4), there exists C; > 0 such that

Ny
vee N, & (16 uelly, < Cr.

n=1

Therefore we get from (h3) that the sequence (||u¢|| v (0,7:v,))¢en is bounded; indeed we can write

Ne—1 Ne—1

~(n+1 ~(n n+1 n+1 n n n n
S E TPl < 3 (ol R 18 Dy, + (14 o)A 6wy, )
n=1 n=1

< (1+42C,)C4,
denoting by C,, a bound of the family (aén))n:l _____ N,.¢eN- We then prolong u, by symmetry on (=T, 2T),
setting ue(-, —t) = ug(-,t) and we(-, T + t) = wp(-,T — t) for ae. t € (0,7). We then get that u, €

BV (=T,2T;Yy), with |lue|| v (—7,27;v,) < 3(1 + 2C,)C;. We also get, using (h3), that the sequence
(llwellr (=7,27;x,) ) een is bounded as well, which leads that there exists Cyy independent on £ such that

2T
/ lue(-, 8)] x,dt < Co.
-T

We have, thanks to (57), forany 7 € (0,7) and a.e. t € (—=T,2T — 1),

Jue( b +7) —we( D)l B < eflues t +7) —ue )l x, + C@)lfuel t +7) — el 1)y,



which provides

2T —1
/ lue(t+7) — ug(-, )| pdt < £2Cy + 7O (€)3(1 + 2Ca)Ch
-T

This proves that f_2§77 llwe(-yt + 7) — ue(-, t)|| pdt tends to O with 7, uniformly with respect to ¢ € N.
Thanks to the multiplication of uy by a function ¢ € C°(—T,2T'), equal to 1 on (0,T'), we may ap-

ply the compactness theorem [10, Theorem 2.1] to obtain that the family (u¢)¢en is relatively compact in
LY(0,T; B).

O

Remark 7.1 (The original Aubin-Simon theorem) Note that in fact, our weaker assumption (h2) has a
continuous equivalent, and indeed, we may weaken one of the hypotheses of the classical Aubin-Simon
theorem [22]; indeed, the hypothesis “B continuously embedded in'Y ” , which is equivalent to the following
hypothesis: If w, — w in B and |w,||y — 0, then w = 0, may be replaced by the weaker assumption “if
(wn)nen is bounded in X, converge in B to w and ||wy, ||y — 0, then w = 0"
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