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Abstract

Gradient schemes are nonconforming methods written in discrete variational formulation and
based on independent approximations of functions and gradients, using the same degrees of freedom.
Previous works showed that several well-known methods fall in the framework of gradient schemes.
Four properties, namely coercivity, consistency, limit-conformity and compactness, are shown in this
paper to be sufficient to prove the convergence of gradient schemes for linear and nonlinear elliptic and
parabolic problems, including the case of nonlocal operators arising for example in image processing.
We also show that the Hybrid Mimetic Mixed family, which includes in particular the Mimetic Finite
Difference schemes, may be seen as gradient schemes meeting these four properties, and therefore
converges for the class of above mentioned problems.

1 Introduction
We consider general elliptic equations of the form

—div a(x,u,Vu) = f in Q,
w =0 on 09, (1.1)

where () is an open bounded connected subset of RY, for d € N* with a boundary denoted by 90 = Q\ Q.
The solution @ is sought in the space Wo1 P(Q) for some p € (1, +00). Particular choices of a include general
anisotropic heterogeneous linear operators a(x,u,&) = A(x)€, Leray-Lions operators such as the p-
Laplacian a(z, u, &) = |€|P~2¢, and some nonlinear and nonlocal diffusion operators a(x, u, &) = A(u, )€
for u in a given functional space.

We shall also consider the evolution problem associated to problem (1.1), which is the following nonlinear
parabolic problem (where T' € (0, +00)):

ou — div a(x,w, Vu) = f in Q x (0,7,
u(x,0) = uipi(x) in Q, (1.2)
=0 on 9N x (0,7).

Such evolution equations, involving non local operators, arise in particular in image processing, in the
spirit of [10, 14, 29] and references therein. The linear anisotropic heterogeneous case is involved in most
models used in underground engineering (oil recovery, nuclear waste disposals, etc.). In these models,
computations have to be performed on meshes adapted to the geological layers, and including complex
geometrical features such as faults, vanishing layers, inclined wells, highly heterogeneous permeability
fields, local nonconforming refinement. Since standard finite element methods are not well adapted to
such constraints, a large number of schemes have been developed for the numerical approximation of
(1.1) and (1.2) in this case. Although we cannot give here an exhaustive list, let us mention a few of
them:

e the Multi-Point Flux Approximation (MPFA) schemes [1],

1School of Mathematical Sciences, Monash University, Victoria 3800, Australia. email: jerome.droniou@monash.edu

2Université Paris-Est, Laboratoire d’Analyse et de Mathématiques Appliquées, UMR 8050, 5 boulevard Descartes,
Champs-sur-Marne, 77454 Marne-la-Vallée Cedex 2, France. email:Robert.Eymard@univ-mlv.fr

3L.A.T.P., UMR 6632, Université de Provence, gallouet@cmi.univ-mrs.fr

4L.A.T.P., UMR 6632, Université de Provence, herbin@cmi.univ-mrs.fr



e the Hybrid Mimetic Mixed family which includes the Mimetic Finite Difference schemes, the SUSHI
scheme and the Mixed Finite Volume scheme, see [18] and references therein,

e the Discrete Duality Finite Volume (DDFV) schemes [25, 13, 5].

A construction and proof of convergence in the case of nonlinear Leray-Lions operators is already known
for some of these methods, namely the Mixed Finite Volume method [15], the DDFV scheme [2], the
SUSHI scheme in its cell centred version [19] (see also [6] for a Discontinuous Galerkin scheme for the
p-Laplacian).

Although the analytical tools used to study these methods are often similar, they are usually considered as
different schemes whose study requires new work each time. However, as noticed in [21, 23, 22], many of
these methods can be included in the unified theoretical framework of (possibly) nonconforming gradient
schemes. In particular, the following methods are gradient schemes:

e some MPFA and DDFV schemes in 2D or 3D,

e the Galerkin methods, including the Conforming Finite Element methods,
e the nonconforming P1 Finite Element discretisation,

e the Mixed Finite Element discretisations.

The aim of this paper is to show that gradient schemes, which can be characterised by a small number
of discrete elements, have the two following interesting properties:

1. They provide a generic framework in which only a small number of discrete assumptions is required
to establish error estimates for linear stationary equations and convergence proofs for both nonlinear
stationary and transient equations.

2. They encompass the entire Hybrid Mimetic Mixed family, and thus in particular the Mimetic Finite
Difference methods. Given the success of these methods for linear problems, see e.g. [8, 9, 3, 4], we
find quite exciting and remarkable to extend them to fully nonlinear problems and to prove their
convergence in this setting.

This paper is organised as follows. In Section 2, we present the small number of discrete elements which
are needed to define a gradient scheme. In Section 3, we consider the stationary cases. We provide an
error estimate in the linear case, and a convergence proof for Leray-Lions problems including a nonlocal
dependency of the operator. In Section 4, we give a convergence proof for the time—dependent Leray-
Lions problem, using a generic discrete Aubin-Lions theorem. A particularly remarkable fact is that these
proofs are made under very few and generic discretisation assumptions. Finally, in Section 5, we show
that all schemes derived from the Hybrid Mimetic Mixed family are gradient schemes which satisfy the
properties under which the convergence analysis of Sections 3-4 are performed. This therefore shows
that Hybrid Mimetic Mixed methods are suitable not only for local linear problems but also for nonlocal
nonlinear problems.

2 Gradient discretisations and gradient schemes

2.1 Definitions

We present here properties which are shown in the next sections to be sufficient for the convergence of
gradient schemes, considering homogeneous Dirichlet boundary conditions.

A gradient scheme can be viewed as a general formulation of several discretisations of (1.1) which are
based on a nonconforming approximation of the weak formulation of the problem. The approximation
of the weak formulation of (1.1) is based on some discrete spaces and mappings, the set of which we
call a gradient discretisation. Throughout this paper, € is an open bounded subset of R%, d € N*, and
p € (1,400).



Definition 2.1 (Gradient discretisation) A gradient discretisation D of Problem (1.1) is defined by
D = (Xp,0,1Ip, Vp), where:

1. the set of discrete unknowns Xp g is a finite dimensional vector space on R,
2. the linear mapping Ilp : Xp o — LP(Q) is the reconstruction of the approzimate function,

3. the linear mapping Vp : Xpo — LP(Q)? is the discrete gradient operator. It must be chosen such
that || - |p == IV - [[zr()e s @ norm on Xp .

Remark 2.2 (Boundary conditions.) The definition of || - |p depends on the considered boundary
conditions. For simplicity we only consider here homogeneous Dirichlet boundary conditions, but other
conditions can easily be addressed. For example, in the case of homogeneous Neumann boundary con-
ditions, we would use the notation Xp instead of Xpo for the discrete space, and define || - ||p =

(T - 2y + 1V - 12, ) 7.

The related gradient scheme is merely the discretisation of the weak formulation of (1.1) obtained by
using the discrete space and mappings of the gradient discretisation.

Definition 2.3 (Gradient scheme) If D = (Xp o, IIp, Vp) is a gradient discretisation, then we define
the related gradient scheme for (1.1) by

Find u € Xp o such that, Vv € Xp,
/a(m,HDu,VDu(w))~va(w)dac = / f(x)Ipv(x)de. (2.1)
Q Q

Since Xp o is a finite dimensional space, there exists at least one solution to (2.1) provided that a and f
satisfy the usual assumptions that ensure the existence of a weak solution to (1.1) (see Section 3). For
the solution of this finite dimensional problem to converge to a weak solution of (1.1), some consistency
and stability properties are of course required. As in the framework of Finite Element methods, stability
is obtained thanks to some uniform coercivity of the discrete operator which relies on a discrete Poincaré
inequality.

Definition 2.4 (Coercivity) Let D be a gradient discretisation for Problem (1.1) in the sense of Defi-
nition 2.1, and let Cp be the norm of the linear mapping llp, defined by

I
Cp= max M_ (2.2)
veXpo\{0}  ||v|lp

A sequence (Dp,)men of gradient discretisations is said to be coercive if there exists Cp € Ry such that
Cp,, <Cp for allm e N.

Remark 2.5 (Discrete Poincaré inequality.) Equation (2.2) yields ||Tlpv||pr) < Cpl|Vpul|Le(q)-
Consistency is ensured by a proper choice of the reconstruction operator and the discrete gradient.

Definition 2.6 (Consistency) Let D be a gradient discretisation for Problem (1.1) in the sense of
Definition 2.1, and let Sp : Wy () — [0, +00) be defined by

Vo e WyP(Q), Sp(p) = vénxigo (ITpv — @llr () + VDY = Vol Lo (0)a) - (2.3)

A sequence (Dy,)men of gradient discretisations is said to be consistent if, for all o € Wy (Q), Sp, ()
tends to 0 as m — oo.

Since we are dealing with nonconforming methods, we need to make sure that the dual of the discrete
gradient is “close to” a discrete divergence operator.



Definition 2.7 (Limit-conformity) Let D be a gradient discretisation for Problem (1.1) in the sense
of Definition 2.1. We let p' = JE7, WP (Q) = {p € L (), divp € LP (Q)} and Wp: WP (Q) —
[0,400) be defined by

Yoo € WP (Q), Wp(p) =

ue)gﬁ)i{O} Tulo /Q (Vpu(z) - p(x) + Hpu(x)dive(x)) dx| . (2.4)

A sequence (D )men of gradient discretisations is said to be limit-conforming if, for all o € W2 (Q),
Wp, (@) tends to 0 as m — oo.

Dealing with generic non-linearities often requires compactness properties on the scheme.

Definition 2.8 (Compactness) Let D be a gradient discretisation for Problem (1.1) in the sense of
Definition 2.1, and let Tp : R? — RT be defined by

[Hpv(-+ &) — Hpvl| o (ra)
VEeRY, T = max , 2.5
¢ (€)= max ol 25)

where Ilpv has been extended by 0 outside 2.
A sequence (Dp)men of gradient discretisations is said to be compact if the following uniform limit
holds:

lim sup Tp,, (&) =0.
|€]—=0 meN '

In fact, the consistency and limit-conformity properties of a given gradient scheme only need to be checked
on dense subsets of the test functions spaces. The following lemma, useful in Section 5, is an immediate
consequence of [21, Lemma 2.4].

Lemma 2.9 (Sufficient conditions) Let F be a family of gradient discretisations for Problem (1.1)
in the sense of Definition 2.1. Assume that there exist C,v € (0,00) and, for all D € F, a real value
hp € (0,400) such that:

Cp<C, (2.6a)
Sp(p) < Chp|lellwze (), for all p € CZ(52), (2.6b)
Wp(p) < Chop|l@ll(wr.@aye, for all ¢ € C(RY)?, (2.6¢)
Tp(&) < ClEl”, for all € € R, (2.6d)

where Cp, Sp, Wp and Tp are defined by (2.2)-(2.5).
Then, any sequence (Dy,)men C F such that hp,, — 0 as m — oo is coercive, consistent, limit-conforming
and compact.

Remark 2.10 In several cases, hp stands for the mesh size. This is for instance the case in the analysis
of Hybrid Mimetic Mized schemes in Section 5.

3 Elliptic problems

3.1 Error estimate in the linear case

We recall an error estimate which was obtained in [21] in the linear case. We consider the following
problem, corresponding to (1.1) with p = 2 and a(=z, s, &) = A(x)&:

—div(A(x)Va) = f in Q,

7 =0 on 01, (3.1)



with

A : Q — S4(R) measurable s.t. A(x) has eigenvalues in (A, A) C (0, +o0) for a.e. = € €,
fe (),

(S4(R) is the set of d x d symmetric matrices). Under these hypotheses, the weak solution of (1.1) is the
unique function w satisfying:

(3.2)

ueHO

/ Az  Vo(z)de = / fle)yo(e)de Vo e HY(Q). (3.3)
Problem (3.3) is approximated by Scheme (2.1) with a(x, s,&) = A(x)€. The following lemma, proved in
[21], is in the spirit of the results given in [28].

Lemma 3.1 (Control of the approximation error) Under Hypothesis (3.2), let u € Hg () be the
solution of (3.3) (remark that since f € L*(Q), one has AVu € W4v:2(Q) ).

Let D be a gradient discretisation in the sense of Definition 2.1 with p = 2. Then there exists one and
only one up € Xp o solution to the gradient scheme (2.1). This solution moreover satisfies the following
inequalities:

1 _
IVz — VDUD”Lz(Q)d < 3 [WD(AVE) + A+ A)S"D(ﬂ)] ,
1 B _
||ﬂ - HDU@”LQ(Q) < X [O’DWD(AVﬂ) + (017)\ + A)Sp(ﬂ)} ,

where Cp, Sp and Wp are defined by (2.2)-(2.4).

Remark 3.2 As a consequence, if (up,,)men S a sequence of solutions to (2.1) corresponding to a
coerciwve (Definition 2.4) consistent (Definition 2.6) and limit-conforming (Definition 2.7) sequence of
gradient discretisations (Dp)men, then Up, up, — 4 in L2(Q) and Vp, up, — Va in L*(Q)¢ as
m — 0o.

We notice that, in this linear case, compactness of the sequence of gradient discretisations is not necessary
to obtain these convergences (see also Remark 3.8).

Remark 3.3 Note that, under the assumptions of Lemma 2.9 and reqularity assumptions on the solution
o (3.1), Lemma 3.1 gives an O(hp) convergence rate of gradient schemes for linear problems.

One can in fact prove, for all gradient schemes mentioned in the introduction, that Sp(@) < Chpl|o||m2(q)

Jor all ¢ € H*(Q) N Hg () and Wp(p) < Cholle||m (e for all ¢ € HY(Q)? (where hp measures the
scheme precision and, in many cases, stands for the mesh size). Hence, Lemma 3.1 gives O(hp) error
estimates for these methods as soon as A € WH(Q)4* and u € H?(Q) N HL ().

3.2 Convergence in the nonlinear case

We now study the convergence of gradient schemes for the more general nonlinear framework of Problem
(1.1). The assumptions we consider are:

a : QxLP(Q) x RT - R, with p € (1,+00), is a Caratheodory function, (3.4a)

(i.e. afunction such that, for a.e. © € Q, (u, &) — a(x,u, &) is continuous and, for any (u, &) € LP(2)xR?,
x — a(x,u, &) is measurable)

Ja € (0,400) : alx,u, &) &> alflP, for ae. x € Q, Yu e LP(Q), V& € RY, (3.4b)
(a(x,u, &) —alx,u,x)) - (€ —x) >0, for ae. x €Q, Yue LP(Q), V&, x € RY, (3.4¢)
Ja € L (), 3p € (0,400) :

la(z,u,€)| < a(x) + pléP~, for ae. x €Q, Yuc LP(Q), V& € RY, (3.4d)



and

f € L (Q) where p' = Z% (3.5)
Remark 3.4 Note that the dependence of a on u is assumed to be nonlocal: a(x,u,-) depends on
all the values of u € LP(Q), not only on u(x). These assumptions cover for example the case where
a(xz,u, Vu(z)) = Alu)(x)Vu(z) with A : LP(Q) — L>®(Q; S4(R)) as in [10, 14, 29].
These assumptions (in particular (3.4a)) do not allow to cover usual local dependencies a(x,u(x), Vu(x))
as in the non-monotone operators studied in [26]. However, the adaptation of the following results to the
local dependency case is quite easy and more classical. See e.g. [15] for an adaptation of the original
Leray-Lions method to a numerical scheme (based on the Mized Finite Volume method) for local non-
monotone operators.

If a function a satisfies (3.4), then the mapping u — —diva(:,u, Vu) is called a generalised Leray-Lions
operator. A classical example is the p-Laplacian operator, obtained by setting a(z,u, &) = |€|P~2¢. Note
that the existence of at least one solution to (1.1) is shown in [26] under Hypothesis (3.4) in the case
where a does not depend on u. In our framework, we say that a function @ is a weak solution to (1.1) if:

u e Wy (),

/ a(@, 7, Vi(z)) - Vo(a)de = / f@)p@)da, V5 e WP Q).
Q Q

(3.6)

Remark 3.5 Note that, even if a does not depend on u € LP(Q), the solution to (3.6) is not necessarily
unique. Consider the case where p =2, d =1, Q =] —1,2[, f(x) =0 forx € (=1,0) U (1,2), f(x) =2
forz € (0,1), and

3

€l

Then (3.4b) is satisfied with a = 1, (3.4c) is satisfied since a is non-decreasing w.r.t. & and (3.4d) is
satisfied with a(x) = 0 and u = 1. Then the function u(z) = a(x + 1) for x € (—1,0), a + z(1 — x) for
x € (0,1), a(2 —x) for x € (1,2) is solution to (3.6) for any value o € [1,2].

a(x,u, &) = (min(|€],1) + max(|€] — 2,0)) VE€ € R, Yu € L*(Q).

The hypothesis that a is strictly monotone, which may be expressed as
(a(z,u, &) — a(x,u,x)) - (€ —x) >0, forae. =€, Yuc LP(Q), V& x € R? with & # x, (3.7)
will only be useful to prove the strong convergence of the approximate gradient.

Theorem 3.6 (Convergence of the scheme) Under Assumptions (3.4)-(3.5), let (Dy)men be a se-
quence of gradient discretisations in the sense of Definition 2.1, which is coercive, consistent, limit-
conforming and compact in the sense of Definitions 2.4, 2.6, 2.7 and 2.8.

Then, for any m € N, there exists at least one up,, € Xp,, o solution to the gradient scheme (2.1) and, up
to a subsequence, Ilp,_up, converges strongly in LP(Q)) to a solution w of (3.6) and Vp, up, converges
weakly in LP(Q)4 to Vu as m — co. Moreover, if we assume that the Leray-Lions operator a is strictly
monotone in the sense of (3.7), then Vp, up,, converges strongly in LP(Q)? to Vu as m — oo.

In the case where the solution @ of (3.6) is unique, then the whole sequence converges to @ as m — 00 in
the senses above.

Remark 3.7 As a by-product, this theorem also gives the existence of a solution @ to (3.6). Indeed, under
the assumptions of the theorem, the proof shows that the sequence up,, has a converging subsequence and
that the limit @ of this subsequence is in fact a solution to the continuous problem. Since there exists at
least one gradient scheme which satisfies the assumptions of this theorem (for example, the HMM method
— see Section §), this gives the existence of a solution to (3.6).



Remark 3.8 In the case where a does not depend on uw € LP(QQ), the proof of the weak convergence of
Ip,  up,, to a solution of (3.6) does not require the compactness of the sequence of gradient discretisations.
In this case the strong convergence of lp, up, results from (3.7) (which gives the strong convergence of
the approximate gradient) and from the coercivity and the consistency of the sequence (Dy)men-

Proof
This proof follows the same ideas as in [15, 19].

Step 1: existence of a solution to the scheme

Let D be a gradient discretisation in the sense of Definition 2.1. We endow the finite dimensional space
Xp,o with an inner product ( , ) and we denote by |- | the norm coming from this inner product. We
define F': Xp o — Xp o as the function such that, if u € Xp o, F(u) is the unique element in Xp o which
satisfies
Yo e Xpo, (F(u),v)= / a(x,pu, Vpu(x)) - Vpu(x)de.
Q

Likewise, we denote by w € Xp ¢ the unique element such that
Yo e Xpo, (wv)= / f(2)Ipv(x)de.
Q

The properties of a show that F is continuous and that, for all u € Xp g, (F(u),u) > allu|/}h. By
equivalence of the norms |- | and || - ||p on Xp, we deduce that (F(u),u) > Cilu|P with C; not

(Flww) — 400 and thus that F is surjective (see [26] or [12,

[ul
Theorem 3.3, page 19]). There exists therefore up € Xp ¢ such that F(up) = w, and this up is a solution
to (2.1).

depending on u. This shows that lim,|_,

Step 2: convergence to a solution of the continuous problem

Letting v = up,, in (2.1) with D = D,,, and using (2.2) and Hypothesis (3.4b), we get

—1
0 [V, up,, [ < O, 11l e,

Thanks to the coercivity of the sequence of gradient discretisations, this provides an estimate on Vp_ up,,
in LP(Q)? and on Ilp, up, in LP(Q2). By Hypothesis (3.4d), the sequence of functions Ap, (x) =
a(z,p up, ,Vp, up, () remains bounded in L*' (Q)?. Extending IIp, up, and Vp, up, by 0 out-
side 2, we infer the existence of @ € LP(R%), G € LP(R%)? and A € L? ()% such that, up to a subsequence
again denoted by (D,,)men, Vp,, up, converges weakly to G in LP(R?)? IIp, up, converges weakly to
@ in LP(R%) and Ap,, converges weakly to A in L¥' (Q)%, as m — co.

Thanks to the limit-conformity of the sequence of discretisations, passing to the limit in (2.4) we get that

/Q (é(m) ~p(x) + ﬂ(a:)divga(:c)) de =0, Vp € pdivee’ (Q).

Since G = 0 and @ = 0 outside €2, the above relation may be written for all ¢ € W2 (RY) with
integration on R?, which proves that G = Vu and that the restriction of @ to €, again denoted by T,
belongs to WO1 P(Q). Finally, the compactness of the sequence of gradient discretisations and Kolmogorov’s
theorem give the strong convergence of Ilp, up,, to @ in LP(R?) (this strong convergence is only necessary
for coping with the dependence upon u of a).

Let us now show that 7 is solution to (3.6), using the well-known Minty trick [27]. For a given ¢ € W, (Q)
and for any gradient discretisation D belonging to the sequence (D, )men, we introduce

Ppp = argmin (|[pv — || o) + [[Vov — V| 1o(0)2)
vEXD, 0



as a test function in (2.1). By the consistency of (D,,)men, letting m — co we get
/ A(zx) - Vo(x)de = / f(®)p(x)de, Yo € W, P(). (3.8)

On the other hand, we may let m — oo in (2.1) with up,, as a test function. Using (3.8) with ¢ = 7,
this leads to

lim a(CC,HDmUDm,VDmqu(.’I})) VD qu dm—/f d.’I)—/A VU de. (39)

m—r oo Q

Hypothesis (3.4c) gives, for any G € LP(2)4,
/(a(w,HDmuDWVDmqu (x)) —a(z,llp, up,,,G(x))) - (Vp,,up,, () — G(x))dx > 0.
Q

Developing this inequality and using (3.9) for the one term involving a product of two weak convergences,
we may let m — oo and we get

/Q(A(a:) —a(z,7,G(x))) - (Vu(z) — G(x))dz >0, VG € LP(Q)<.

We then set G = Vi + ag in the preceding inequality, where ¢ € C>°(Q)¢ and o > 0. Dividing by a,
we get

- /Q(A(w) — a(x, 7, Vi(z) + ap(x))) - p(x)de > 0, Yo € C°(Q)?, Ya > 0.

We then let @« — 0 and use the dominated convergence theorem, which leads to
- / (A(x) — a(z, @, Vi(x))) - p(x)de > 0, Ve € C°(Q)%
Q

Changing ¢ into —¢, we deduce that

/(A(:c) —a(x,q, Vi(z))) - e(z)dz = 0, Ve € C(Q)4,
Q
and therefore that
A(z) = a(z,w, Vu(x)), for a.e. € Q. (3.10)

In addition to (3.8), this shows that @ is a solution to (3.6). This concludes the proof of the convergence
of lp,, up,, to win LP(Q) and of Vp, up,, to Vu weakly in LP(Q)¢ as m — oo.

Step 3: Assuming now hypothesis (3.7), strong convergence of the approximate gradient

We follow here the ideas of [26]. Thanks to (3.9) and (3.10), we get

lim [ (a(x,p, up,,,Vp, up, () —a(z,dp, up, ,Vi(x))): (Vp, up,, (x) — Vu(x))dz = 0.

m—r 00 9]
Since (a(x,p,,up,,, Vo, up,,) — a(z,lp, up,,,Vu)) - (Vp, up,, — Vu) > 0 for a.e. € Q, we then
have
(a(Up, up,,, Vo, up,) = a(-1p, up,, Va)) - (Vp, up, — Va) = 0 in L(Q), (3.11)

and therefore a.e. for a sub-sequence. Then, thanks to the strict monotony assumption (3.7), we may use
Lemma 3.9 given below to show that Vp_ up, — Vu a.e. as m — oo, at least for the same sub-sequence.
This shows the a.e. convergence of a(-,Ilp, up,,,Vp, up,, ) Voup to a(-,u, Vu) - Vi. We next recall
that, by (3.9) and (3.10),

lim [ a(x,p, up,,Vp, up,, (x)) Vo, up, (x)de = / a(xz,u, Vu(x)) - Vu(z)de. (3.12)



Since a(-,p, up,, , Vo, up,, ) Vo, up, >0, we can apply Lemma 3.10 to get a(-,IIp, up, ,Vp, up,, ):
Vp, up, — a( u,Vu) - Vi in L'(Q) as m — oo. This L-convergence gives the equi-integrability of

the sequence of functions a(-,Ip, up, ,Vop, up, ) Vp, up, , which gives in turn, thanks to (3.4b), the
equi-integrability of (|Vp, up,,|P)men. The strong convergence of Vp, up,, to Vu in LP(Q)? is then a
consequence of Vitali’s theorem. O

Lemma 3.9 Let B be a metric space, let b be a continuous function from B x R% to R? such that
(b(u,8) —b(u,v)) - (6 =) >0, V§ #v € RY, Vu € B.

Let (tm, Bm)nen be a sequence in BXxR® and (u, 8) € BxR? such that (b(wn,, Bm) —b(tm, 8))-(Bm—8) = 0
and Uy, — u as m — oco. Then B, — B as m — oo.

Proof We begin the proof with a preliminary remark. Let 6 € R?\{0}. We define, for all m € N, the
function hs . : R = R by hsm(s) = (b(um, 8 + $0) — b(tm, 5)) - 6. The hypothesis on b shows that hs

is an increasing function since, for s > s’, one has :
hsm(8) = hem(s") = (b(um, B+ s6) — blup, B+ ') -6 > 0.

We prove now, by contradiction, that lim,, .o 8m = B. If the sequence (B, )men does not converge to
B, there exists € > 0 and a subsequence, still denoted by (8, )men, such that s, := |8, — 8| > € for all
m € N. Setting ¢, = @:::gl we can assume, up to a subsequence, that d,, — § as m — oo, for some

§ € R? with |5] = 1. We then have, since s, > ¢,
Bm — /8

Sm

(b(uma /B’m) - b(u’mvﬁ)) : = hém,’rn(snL) Z hém,m(g) - (b(u’nuﬁ + Eé’m) - b(umvﬁ)) : 57n~

Passing to the limit as m — oo, we obtain

0= lim L(b(um,ﬂm) = b(um, B)) - (Bm — B) = (b(u, B +€6) = b(u, B)) - 6 >0,

m—00 Sy,

which is impossible. [J
The following result is classical (see dro-06-11,eym-09-cel). Its proof is given for the sake of completeness.

Lemma 3.10 Let (Fp,)men be a sequence non—negative functions in L*(Q). Let F € L*(Q) be such that
Fp — F ae. inQ and [, Fy(x)de — [, F(x)dx, as m — oco. Then F,, — F in L'(2) as m — oco.

Proof Applying the Dominated Convergence Theorem to the sequence (F — F,)" leads to [, (F(x) —
F.(x))tdz — 0 as m — oo. Then, since |F — F,,| = 2(F — F},,)™ — (F — F,,,), we conclude that F,,, — F
in LY(Q) as m — co. O

4 Evolution problems

In this section, we consider the evolution problem (1.2) under Hypotheses (3.4) and

€ (0, 400),
Uin; € ;2(9), (41)
feLP(Q2x(0,T)) where p’ = £
The precise notion of solution to (1.2) that we consider is the following:
7 e LP(O T; Wy P()) N CO([0,T]; L2(R)), 0w € LP (0, T; W' (Q)),

ulnl )

/ (O (-, S U)W (@)W LP(Q) dtJr/ / a(z,u(-,t), Vu(x,t)) - Vo(zx, t)dedt (4.2)

/ /f x,t)v(x, t)dedt , Yo € LP(0;T; Wy P ().



Remark 4.1 The derivative 0yt is to be understood in the usual sense of distributions on £ x (0,T).
Since the set T = {X1_, pi(t)vi(x) : ¢ € Nyp; € C(0,T),v; € C=(Q)} of tensorial functions in
C=(Q % (0,T)) is dense in LP(0,T; Wy " (2)), one can ensure that this distribution derivative d;u belongs
to L' (0,T; W19 (Q)) = (LP(0,T; Wy (Q))’ by checking that the linear form

T
e €T = (0, p)p,p = —/ /ﬂ(w,t)@tcp(:c,t)d:cdt
0 Q

is continuous for the norm of LP(0,T; Wy*(Q)).

Definition 4.2 (Space-time gradient discretisation) Let p € (1,+00) let Q be an open subset of
RY, with d € N* and let T > 0 be given. We say that D = (Xp o,1lp, Vp, (t(”))nzow,N) 8 a space-time
gradient discretisation if

o (Xp,o,IIp,Vp) is a gradient discretisation of 2, in the sense of Definition 2.1, which satisfies
IIp(Xp) C Lmax2)(Q),
et =0 <t <tV =T,
We then set &%) =+ () forn = 0,... N — 1, and dp = max,—g, 1 8"

.....

Let D = (Xp,,1Ip, Vp, (t(”))nzoy_”’N) be a space-time gradient discretisation in the sense of Definition
4.2. We define, for a given a € [1,1], the following scheme for the discretisation of Problem (1.2): we
take w0 e Xp,o and consider a sequence (u(”))nzov_wN C Xp, such that, foralln=0,...,N —1,

) )

Setting u("t®) = qu™+t1) + (1 — a)u™ and 5g+%)u = , we have:

s(nt+3)

/ [Hpég’+5>u(m)npv(m) ta (a: pu*e), vpu<"+a>(x)) : vpv(m)} da (43)
Q
¢(n+1)

1
= — ,HII dedt, Vve Xpp.
PO /t() /Qf(w NMpv(z)de v D,0

Note that the choice av > % is required for stability reasons and that the choice a = 1 leads to the implicit
scheme. We use the notations IIp and Vp for the definition of space-time dependent functions and we
define

for a.e. (z,t) € Q x (¢t t D)) ¥n=0,...,N—1:
1
H%’)u(m,t) = pu™*t)(z) (for v = a or 1), Vpu(x,t) = Vpu"t (x), dpu(t) = 5gl+2)u.

Lemma 4.3 (L>(0,T; L*(Q2)) estimate, discrete L”(0,T;W,”(Q)) estimate and existence of a
discrete solution)

Under Hypotheses (3.4) and (4.1), let D be a space-time gradient discretisation in the sense of Definition
4.2. Then there exists at least one solution to Scheme (4.3) and there exists Co > 0, only depending on
p, Cp > Cp, Cini > ||tini — H'DU(O)HL2(Q), Uini, f, @ such that, for any solution u to this scheme,

IS ]| oo (072202 < Coy TS ul| Lo (0,752 () < Co and IVoullzrx 0,y < Ca. (4.4)
Proof Let us first prove the estimates. We let v = &%)+ in (4.3). Since
1 nt+l 1 1
&("+§)HD5§) T2y Mpulnte) = 5((1_[1711(”“))2 — (Tlpu™)?) + <a - 2) (pu™D) — Mpu™)?,

we get, by summingonn =0,...,m—1foragivenm=1,..., N,
1 £(m)
o™ sy +a [ VU et

1
< Ul o e 15 ull o ax 0, + 31Tt 720y

10



This leads, thanks to the Young inequality, to

(m)

1 m !
5 Mo )H%m)“LQ/O [Vout, OlILs g)edt
21/(p=1) P

D P’ a (@), 1p 1 (0) ]2
< W”JIHLPI(QX(WW)) + @HHD UHLP(QX(QHMD + §HHDU 122(0)-

Applying (2.2) proves the estimates on Hg )y and Vpu. The estimate on Hgl )u follows from the inequality
[Tpu™ | 12 (q) < al[Tpu™ V| 12(q) + (1 = a)[[Tpu™)]| 12 ().

The existence for each n =0,..., N — 1 of at least one solution to (4.3) follows the same proof as that of
Theorem 3.6, reasoning on u("*®) rather than u("*1 and using the above estimates. [J

The following semi-norm on Xp ¢ will be useful to apply Theorem 5.13 in the appendix.

Definition 4.4 (Dual semi-norm) Under Hypotheses (3.4), let D = (Xp,lIp,Vp) be a gradient
discretisation of §) in the sense of Definition 2.1. We define the following dual semi-norm on Xp o:

Yw € Xp o, |wlsp =sup {/ pw(x)Ipv(x)de : v € Xpp, ||v||p = 1} . (4.5)
Q

Lemma 4.5 (Estimate on the dual semi-norm of the discrete time derivative)

Under Hypotheses (3.4) and (4.1), let D be a space-time gradient discretisation in the sense of Definition
4.2. Let u be a solution to Scheme (4.3). Then there exists Cs, only depending on p, p, @, a, Cin; >
|[ttini — H’DU(O)||L2(Q)7 Uini, f, T and Cp > Cp, such that

T
/O Spu(t)]? pdt < Cs. (4.6)

Proof Let us take v € Xp o as test function in Scheme (4.3). We have, thanks to Assumption (3.4d)
on a,

/ oo 2 (a) pv(z)de < / @(x) + 1| Vpu™ (z) P~V | Vpo(z)|de
Q Q
((n+1)

1
+ H 5 /ﬂn) /Qf(mat)HD'U(-'B)dicdt,

which leads, thanks to (2.2), to the existence of Cy > 0 only depending on p, p such that

/ sl u(@) oo (@) da
Q

t("+1)

(p—=1)/p
—p’ n+a Cp /
< CV4 (Haip’(ﬂ) + ||VDU( + )HIZ,;D(Q)d + 7/ ||f(7t)||ipl(9)dt> ||VDU||LP(Q)‘1‘

Gt t3) Sy

Taking the supremum on v € Xp o such that ||[Vpv||1r)e = 1 gives an estimate on |6gl+%)u|*7p. The
proof is concluded by raising this estimate to the power p’, multiplying by &("4'%), summing on n and
estimating HVDUHZEP(QX(O,T))d thanks to Lemma 4.3. (0

In order to prove the convergence of the scheme, we shall use the assumptions of coercivity, limit-
conformity and compactness already used for steady state problems. However, in order to pass to the limit
on the time term, we need a modified consistency property for the sequence of gradient discretisations.

11



Definition 4.6 (Space-time consistency) Let D be a space-time gradient discretisation for Problem
(1.2) in the sense of Definition 4.2 and let Sp : WP (2) N L2(Q) — [0, 400) be defined by

Vo € Wol’p(Q)a §D(<P) = min (||HDU - %0||Lmax<zx2>(9) + Vv — V‘P”LP(Q)d) . (4.7)

vEXDpo
A sequence (Dp)men of space-time gradient discretisations is said to be consistent if:
o for all o € WS P(Q) N L2(Y), Sp,, (@) tends to 0 as m — oo,
o &p,, tends to 0 as m — oo.

Theorem 4.7 (Convergence of the scheme) Under assumptions (3.4) and (4.1), let (Dp)men be a
sequence of space-time gradient discretisations in the sense of Definition 4.2, which is consistent (Defi-
nition 4.6) and such that the associated sequence of gradient discretisations is coercive (Definition 2.4),
limit-conforming (Definition 2.7) and compact (Definition 2.8). Let o € [%, 1] be given. For any m € N,

let up,, be a solution to Scheme (4.3) with u(g}n chosen such that ||uin; — lp,, u(D()ZL

m

2(n) — 0 asm — oo.
Then, up to a subsequence, H(gglupm converges strongly in L*(0,T; LP(Q)) and in L*(Q x (0,T)) to a
solution w of (4.2), HST)RUDM converges strongly in L?(Q x (0,T)) to w and Vp, up,, converges weakly
in LP(Q2 x (0,T))? to Vi as m — oo.

Moreover, if we assume that the Leray-Lions operator a is strictly monotone in the sense of (3.7), then
Vp, up, converges strongly in LP(2 x (0,T))?* to Vu and H(Daluz;m converges strongly in LP (2 x (0,T))
tou as m — o0.

In the case where the solution @ of (3.6) is unique, then the whole sequence converges to @ as m — 0o in
the senses above.

Remark 4.8 As for the stationary problem (see Remark 3.7), the existence of a solution to (4.2) is a
by-product of the proof of this theorem.

Proof We shall simply denote by u,, instead of up,_, a solution to Scheme (4.3) using the space-time
gradient discretisation D,,. In this proof, some indices m are omitted in the expressions which are
developed.

Step 1 Proof that hypotheses (h1)-(h2)-(h3)-(h4) of Theorem 5.13 hold with o} = a and v{ =

n
Hpmugn ), and consequences.

In our setting, the space B of Theorem 5.13 is L?(Q2). We take B,,, =IIp, (Xp,, 0). We define the norm

I lx,. by
lvllx,, = nf{||w||p,,, w € Xp,o such that IIp_w = v},

w=wv and |w|p,, =

m m

(note that, for all v € B,,, there exists one and only one w € Xp
lv]|x,,) and the norm || - ||y, is defined from Definition 4.4 by

0 such that IIp

m

lvlly,, = |wlsmp,, for any w € Xp , ¢ such that IIp w=v
= sup {/ v(x)p, z(x)dx, z € Xp, 0, ||2]D,, = 1} .
Q

We remark that || - |
shows that ||v]|y,, > 0).

y,, is indeed a norm (if v # 0, then v = IIp  w with w # 0, and taking z = w/||w||p

m m

Let (v )men be a sequence of functions of B,, such that ||v,||x,, < C for some C' € Ry. Then, taking
Wy, € Xp,, o such that v, = Ip,, (W) and ||vy,||x,, = [[wml|D,,, Wwe get that the norm ||wy,||p,, remains
bounded. Thanks to the coercivity and the compactness of the sequence of discretisations, a subsequence
of (Ilp,, wm)men converges in LP(2) to some v € LP(2). Thus, assumption (hl) of Theorem 5.13 is
satisfied.

12



Let us then show that assumption (h2) is also satisfied. Let (v, )men be a sequence of functions of LP ()
such that vy, € By, ||vm|lx,, < C for some C € R, and such that there exists v € B with v,, — v in B
and ||vm,|ly,, = 0 as m — co. Taking w,, € Xp,, o such that v, = Ip_ (w,) and |vn|x,, = [[wmlD,,,
we have

[ (on@)?de = [ (Wo, wn(@)Pde < [wnlos, [wnlo,, < Clunly,, =0 asm - o,
Q Q

which shows that v = 0.
Estimates (4.4) and (4.6) show that hypotheses (h3) and (h4) of Theorem 5.13 are satisfied as well.
Therefore, we deduce that there exists w € L*(0,T; LP(2)) and a subsequence of (D,,)men, again denoted

by (D) men, such that Hg‘ium converges in L(0,T; LP()) to w as m — oo.
Step 2 Convergence of Hgy)num and Vp, Un,.

Thanks to Lemma 4.3, the convergence of H(g‘ium to @ also holds in L>°(0,T; L?(£2)) weak-*. The same

lemma allows us to assume that H%}n

take ¢ € C°(Q2 x (0,T)), define

u, converges for the weak-x topology of L>(0,T; L*(Q)). Let us
Ppv = arg)r{mn (IMpw — || pmaxv2) () + VoW = V|| 1o (0)2) , Yo € Wy (Q) N L2(Q) (4.8)
wEXD,0

and let Ppy(t) = Pp(p(-,t)). Using the fact that 0 € Xp , o, we get that Sp(p(t) < [le)]
IV (t)|l r(q)e, which leads, thanks to the triangular inequality, to

Lmax(p,2) () +

|p,, Pp,, o(t)|| Lmaxv.2) () + [P, 0 (E)]D,, < 2([[0() || pmaxie.2) () + Vo)l Lo (02))- (4.9)
We then write
) o (, 1) — 1S wpn (2, 1)), Pp,, o, t)dedt

< (1-a)p, / 165, 1(0)x . || P, 0(8) [,
0

and use Lemma 4.5 and Estimate (4.9) to see that the right-hand side of this inequality tends to 0
as m — oo. Thanks to the consistency of the sequence of approximations, for all ¢ € R we have
p, Pp,, ¢(t) — ¢(t) in L*(Q) as m — oco. Hence, the dominated convergence theorem and (4.9) show
that Ip, Pp, ¢ — ¢ in L*(0,T; L?(£2)). Since Hg):um and Hg}num are bounded in L2(0,T; L*(Q)), we
deduce

0= lim / /H(D) U (2, 1) — H(g)um(a:,t))HDmPpmga(w,t)dwdt

meree (4.10)
= lim/ / g) U, (2, 1) — H(g)um(m,t))g@(w,t)dwdt.
m—r oo

This proves that the weak-* limits of Hg)) Uy, and H(a) U in L(0,T; L*(Q)) are identical (equal to ).
By (4.4) and the coercivity of the sequence of gradient discretisations, we also have H( ) o Uy, — U weakly
in LP(0,7T; L?(Q)) and we can assume that Vp, u,, converges weakly to some G in LP(O,T; LP(Q)9) as
m — oco. Extending H( ) . Um, VD, Uy, Uand G by 0 outside €, the consistency of the underlying gradient
discretisation gives, as in the proof of Theorem 3.6, G = V@ and @ € LP(0, T’; I/VO1 P(Q)). Finally, we notice
that, by Assumption (3.4d), the functions Ap, (z,t) = a(zx, H(Dajl Um (-, 1), Vb, Um(x,t)) remain bounded
in L¥' (Q x (0,7))% and converges therefore, up to a subsequence, to some A weakly in L' (Q x (0,7))?
as m — oo.

Step 3 Proof that @ is solution to (4.2).
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Let ¢ € Cl(—o00,T) and v € WEP(Q) N L2(). We introduce &™) o(t)) Ppo as test function in (4.3).
Summing on n we get Tl(m) + TZ(m) = Tém), with

N-1
T =3 p(t)a ) / sy ™ u(@)Tp Ppo(z)da,
n=0 Q
N-1 L
T =3 p(t™)ar ) / a(@, Mpu™, Vpul™t) (@) - Vp Ppo(z)da,
n=0 Q
¢(n+1)

/ f(x, t)Ilp Ppv(x)dadt.
(n) Q

N-1
7 = 3 () [
n=0 t

Using discrete integrate-by-parts formula to transform the terms @ (™) (Ipu("+t1) — Ipu(™) appearing
in Tl(m) into ((t™) — (" tINIpu™*tY) | we have

T
Tl(m) = —/ cp’(t)/ H%)u(w,t)HDva(m)dwdt—<p(0)/ Mpu® (2)Ip Ppv(x)de.
0 Q Q

Letting op(t) = p(t™) for t € (t™) ¢+ we have

T T
T = / en(t) / Ap(z,t) - VpPpo(z)dedt, Ty"™ = / op(t) / (@, t)llp Ppo(z)dadt.
0 Q 0 Q
We may then let m — oo and see that u satisfies
e LP(0,T; Wy P () N L(0,T; LA()),
T
—/ go’(t)/ u(zx, t)v(x)dedt — gp(())/ Uini(z)v(z)de
0 Q

T #
+/O () /Q A(x,t) - Vo(x)dedt = /0 () /Q f(z, t)v(x)dedt,
Yo € Wy P() N L3(Q), Yo € C2°(—o0,T)

(4.11)

Linear combinations of this relation show that it also holds with ¢ (¢)v(x) replaced by a tensorial functions
in C>°(Q x (0,7)) and, by Remark 4.1, allows to prove that &, € L? (0,T; W~ (Q)). Standard
arguments then show that % can be identified with an element of C°([0,7]; L%(f2)), with the property
(-, 0) = uin;. Using the density of tensorial functions in L?(0,T; Wolp(Q)), we then see that u satisfies

T
<8tﬂ('7 t)7ﬁ('v t)>W*1,p/(Q)’W&>F(Q)dt

T T (4.12)
+ / / Az, t) - Vo(a, t)dadt / / Fla, )5, dzdt, Vo € LP(0,T; WP (Q)).
0o Ja o Ja
It remains to prove that
A(z,t) = a(z,u(-,t), Vu(z,t)), for ae. (z,t) € Qx(0,T). (4.13)

We start by writing (4.12) with 7 = ¢(t)w, for a given ¢ € C°(—o0,T) such that ¢'(¢t) <0 for all t > 0
(which implies ¢(t) > 0 for all ¢ > 0). Using

T B 17, B 1 B
/0 <6tu(~,t),<p(t)u(~,t)>W,1,p/(Q),WO1,p(Q)dt: 75/0 ® (t)/Qu(m,t)zdccdtf 5(,0(0)/ u(a},())chc7

Q
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we get

1 r / — 2 1 2
- ZO () /Q (@, t)*dadt — S (0) /Q wimi () 2da "

T
+/ go(t)/ A(z,t) - Vu(e, t)dedt = / @(t)/ f(z, t)u(x, t)dedt.
0 Q 0 Q

We then introduce the test function v = @(t()u(**+*) in (4.3), and we sum on n = 0,..., N — 1. Since
we have

N-1 L V-l

> O (™ —ul)p")Ip (au™ D + (1 = a)ul™) = == 3 (Tpul D)2 (") — p(t™))

n=0 n=0

1

N-1

1

,§(Hpu(0))2¢(0) + <a - 2> Z (HDu(n+1) — HDU("))230(15(")),
n=0

we may write, setting pp(t) = @(t™) for t € (t™),t(n+1),

T
;4 ‘Pl(t)/g(ﬂg)u(m,t)ydmdt* %@(@/(HDU(O)(@)de

Q
)
OT

()
< [ entd [ flwom . naaar.

%(t)La(w,ﬂg"u(~,t),vpu(m,t))  Vpu(, t)dadt (4.15)

1)

Since le um converges to u weakly in L?(Q x (0,7)) and recalling that ¢’(t) < 0, we have

m

T T
lim inf — - / o'(t) / MY, (, 1)) 2dadt > ! / o'(t) / (u(z, t))2dzdt.
2 Jo o " 2 Jo Q

m—r oo

This shows, thanks to (4.14), that

T
Jim sup / op. (1) / (@, T 1 (1), Vi, 1 (2,1)) - Vi, i (2, 1)t
0 Q

m— oo

(4.16)
< / o(t) | Alx.t) - Va(z, 1),
0 Q

It is now possible to apply Minty’s trick. Considering, for G € LP(0,T; LP(2))?,

T
/0 op(t) /Q(a(m, (-, 1), Vou(z, ) — a(e, I u(-, 1), G(x, 1)) - (Vpu(z, t) — G(z, t))dzdt > 0.

Developing this inequality and using (4.16) for the only “weak-weak” term, we may take the limsup as
m — oo to find

T
/o (t) /Q(A(a:,t) —a(z,7(-,t),G(z, 1)) - (Va(z,t) — G(z,t))dx > 0, VG € LP(0,T; LP(Q)%).

By taking ¢ which approximates the characteristic function of (—oo,T), we can remove it from this
equation. Application of Minty’s method then shows that (4.13) holds and concludes the proof that @ is
a weak solution to (4.2).

Step 4 Strong L?(Q x (0, T))-convergence of the approximate solution.
In view of (3.4c¢) and (4.16) we have

T
Jim [ en(®) /Q (a(a, 11§ (-, ), Voup (@, 1)) - a(@, T3 u(, 1), Va(z, 1)) (417)
«(Vpup(z,t) — Vu(x,t)) dedt =0,
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which proves, using (4.13), that

T
lim ¢p, (1) / a(®, 115 u(-, 1), Vo, (2, 1)) - Vo, s (, 1) dedt
mreeJo Q (4.18)
:/ go(t)/ a(z,u(-,t), Vu(e,t)) - Vu(z, t)dedt.
0 Q

As a result, from (4.14), (4.15) and (4.18) and letting ¢(t) — T — ¢, we obtain

1 /T
lim sup = / / D um x,t))?dzdt < f/ /(E(w7t))2dmdt,
m—oo " 2 0 Q

which shows that the weak convergence of Hgium to w in L%(Q x (0,7)) is in fact strong. We then
remark that

T
(Hgium(w,t))dedt—/ /QHgy}rbum(w,t)ﬂgium(w,t)da:dt
0

T
<(-a)n, [ [3p,un(t)
0

p,,dt

m

Do [t (5 1)
T 1/p'

< (1—-a)dp,, (/ |5Dmum(t)f,pm> VD, wmll Lrx (0,1))4-
0

By Lemmas 4.3 and 4.5, the right-hand side tends to 0 as m — oo. Moreover, by strong/weak convergence

we have r r
lim / /Hg) um(w,t)H%“) um(w,t)dwdt:/ /(ﬂ(m,t))dedt.
m=ooJo Jo T 0 Jo

T
lim / / D um x t))Qdazdt:/ /(ﬂ(a:,t))gdwdt
m—r o0 0 )

and the weak convergence of Hgm U to U in L2(Q x (0,T)) is in fact also strong.

Therefore,

Step 5 Assuming now hypothesis (3.7), strong convergence of the approximate gradient.

Using (4.17), the proof is similar to that of Theorem 3.6. O

Remark 4.9 Due to the generic form of a and the very limited number of discrete properties we require
on gradient schemes to prove their convergence, we cannot provide an error estimate similar to the one
in Lemma 3.1. One would expect such an error estimate to be expressed in terms of the L°°(0,T; L2(2))
norm and to give, in particular, convergence in this space.

The following can however be noticed. In the continuous case, the L>=(0,T; L*(Q))) norm of a function
can be estimated using its L2(2) norm at t = 0, its L*(0,T; Wy ?(Q)) norm and the L (0,T; W=7 (Q))
norm of its time derivative. A similar estimate can be written, using the dual semi-norm from Definition
4.4, in the setting of gradient schemes: for all v : [0,T] — Xp o piecewise constant equal to 0™ on
()t D) we have

T 1/;‘7,
vt € (0,7) + [[Mpv(t)|[72(0) < Tpv(0)][Z2(q) + 2 (/ oo p dt) IV oollze@xorye  (4.19)
0

(this is proved by writing (Tlpv(* )2 — (TIpv(™)? = (pv(™+Y) +HDU(”))&("+%)H95$+§)U and summing
on n). Hence, if we assume the existence of an interpolant Qp, @ : [0,T] — Xp,, o of the exact solution,
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which is constant on each (t™, "tV and such that, as m — oo,

Qp,, i — U in L®(0,T; L*()), Vp, Qp, & — Vu in LP(Q x (0,T))% and

T
(/ 0D, @D, u(V)[} p dt) remains bounded,
0

meN

applying (4.19) to v = up,, — Qp,, 4 proves that if a is strictly monotone (and therefore Vp, up, — Vi
strongly) then the convergence of Ilp, up,, to i also holds in L>(0,T; L*(f)).

Under some reqularity assumptions on u, the existence of Qp,, u is clearly true for all gradient schemes
considered in the introduction.

5 The Hybrid Mimetic Mixed family of schemes

We proved in [18] that three families of numerical methods independently developed for the linear problem
(3.1), namely the SUSHI scheme [20], the Mimetic Finite Difference methods [7, 8] and the Mixed Finite
Volume methods [16, 17], can all be gathered under a same generalising framework, the Hybrid Mimetic
Mixed (HMM) methods. Some adaptations of these methods to nonlinear equations and systems have
been proposed in [15, 11, 19], but they involve ad-hoc (and arguably cumbersome) stabilisations and do
not fully take advantage, as in Section 3 and 4 above, of coercive gradients coming from gradient schemes.
It was however proved in [21] that one of the HMM methods, the SUSHI scheme, can be written as a
gradient scheme for linear equations.

We show in this section that, in fact, any scheme of the HMM family can be viewed as a gradient
scheme for the linear problem (3.1), for gradient discretisations which are coercive, consistent, limit-
conforming and compact. The work of Sections 3 and 4 therefore allows for a very natural generalisation
of HMM methods to the nonlocal nonlinear elliptic and parabolic problems (1.1) and (1.2), using in
the formulations (2.1) and (4.3) the gradient discretisations coming from the HMM methods for linear
problems. This is probably the most natural and efficient adaptation of HMM methods to nonlinear
problems, since it involves a natural coercive gradient and does not require the introduction of artificial
stabilisation terms as in previous works.

In this section, we assume € to be an open polygonal bounded and connected subset of R? with Lipschitz-
continuous boundary 0f2.

5.1 Polygonal meshes

Let us first give the definition of the meshes which are used for the HMM family, see Figure 1 for some
notations.

Definition 5.1 (Pointed strictly star-shaped polygonal mesh) A pointed strictly star-shaped po-
lygonal mesh of Q) is given by the triplet (M, E,P), where:

1. M is a finite family of non empty connected open disjoint subsets of 0 (the “control volumes” or
“cells”) such that Q@ = Ugem K. For any K € M, let 0K = K \ K be the boundary of K, |[K| >0
be the measure of K and hy be the diameter of K.

2. & = Einy U Eexy is a finite family of disjoint subsets of Q (the “edges” of the mesh) such that any
o € £ is a non-empty open subset of an hyperplane of R%. We denote by Ene the set of edges
included in Q and by Eexy the set of edges included in 0. The (d — 1)-dimensional measure and
the center of gravity of o € £ are respectively denoted by |o| and T, .

We assume that, for all K € M, there exists a subset Ex of € such that 0K = Uyecg, 0. We then
set M, ={K € M,o € Ex} and we assume that, for all o € £, either M, has exactly one element
and then o € Eexy or My has exactly two elements and then o € Ey. For all K € M and any
o € kg, we denote by ni , the unit vector normal to o outward to K.
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Figure 1: A control volume K of a pointed strictly star-shaped polygonal mesh

3. P=(xx)kem is a family of points of Q indexed by M such that, for all K € M, xx € K. We
then denote by dk » the signed distance between xx and o (see Figure 1), that is:

dxo=(x— k) Nk, T EO. (5.1)
(Note that (x — xk) - Nk, is constant for x € o.)

We further assume that all cells K € M are strictly x-star-shaped, which means that, for all x € K,
the line segment [z, x| is included in K or, equivalently, that dk o > 0 for all o € Ek.

The size of the discretisation is defined by hp = max{hx, K € M}. For all K € M and o € &k, we
denote by D , the cone with vertex ¢k and basis 0: Dk, = {txx + (1 —t)y,t € (0,1), y € o}. We
have 1
Dicol = Sloldic,  and > loldk.o = dK]. (5.2)
o€k
The following lemma, which directly results from the Stokes formula, is classically used in the construction
of consistent approximate gradients.

Lemma 5.2 Let K be a nonempty polyhedral subset of R®. For o € Ex, we denote by T, the barycentre
of 0 and by nk , the unit vector normal to o outward to K. Let Tk be any point of R?. Then:

Z lolnk o (Ty — xzx)" = |K|Id, (5.3)
oc€lK

where (T, — xx)! is the transpose of Ty — T € RY and Id is the d x d identity matriz.

5.2 Hybrid Mimetic Mixed methods

There are several equivalent implementations of HMM methods for linear problems. The one presented
here, which allows to interpret all HMM methods as gradient schemes, uses “pressure” unknowns on the
faces of the mesh (other implementations use flux unknowns on the faces).

Let (M, E,P) be a strictly star-shaped pointed polygonal mesh of €2, in the sense of Definition 5.1. Let

Xp,o={v=(vk)Kkem, (Vs)sece) : vk € R0, ER, v, =0 for all 0 € Eei }, (5.4)

and define, for v € Xp o, K € M and o € &g,

1
Vieo= g 3 lol(ur —vr)nie ond Racae) = g — v~ Vico - (@ - 2x).
oefk
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We also define R (v) = (Rk,6(v))ses, and Ax = value of A on K (A is assumed to be constant in each
cell). With these notations, any Hybrid Mimetic Mixed method for Problem (3.1) can be written

Find u € Xp g such that, for all v € Xp g,
Z |K‘AKVKU~VKU+ Z RK(U)TBKRK(U) = Z UK/ f(sc)da: (55)
K

KeM KeM KeM
with By € RE%*éx symmetric positive definite matrices with suitable properties (see Remark 5.7).

Remark 5.3 (A generalisation with barycentric edge unknowns) We could, as in [20], express
some values v, as barycentric combinations of the values vi, thus obtaining a cell-centred scheme. All
the properties given here can be extended to this case.

5.3 All HMM methods are gradient schemes
5.3.1 Definition of the gradient discretisation
Let IIp : Xp o — L*(Q) be defined by
Yv € Xpyo, VK € M, IIp(v) = vk on K. (5.6)

The right-hand side of (5.5) is therefore equal to fQ fIpv. In order to prove that any HMM method is
a gradient scheme we now have to find, for any choice of (Bx)xenm, a discrete gradient Vp such that,
for all (u,v) € X3,

Z |[K|AkVKu-Vigv+ Z Ri(v)"Bg Ry (u) = / A(x)Vpu(z) - Vpu(z)de. (5.7)
KeM KeM Q
For any v € Xp o, we look for a piecewise constant gradient Vpv defined by:

Vd

K,o

VK € M Vo € Eg N € Dk, : Vpu(x) = Vi v := Viv+ (Ax R (V)oK o, (5.8)

where
o Vg = (UU - UK)UESKa
o Ry :REx — REx s the linear mapping defined by EK(f) = (EK,U<§))0’EEK with
~ 1 , -
Rica(©) =& = | 77 S 1ok | (@ - TK),
o€k
e Ak is an isomorphism, to be defined, of the vector space Im(ﬁ;{) C Réx.

We prove below that, for any symmetric positive definite matrix By € RE%*éx | we can find Ag such
that for all (u,v) € X3,
> Dk oAk Vot Vv = |K|AxViu- Viv + R (0) By Ri (u). (5.9)
o€k

With such Ag’s, the gradient Vp defined by (5.8) satisfies (5.7) and the HMM method (5.5) is exactly
the gradient scheme given by the gradient discretisation D = (Xp o, Ip, Vp).

To find Ak : Im(RK) — Im(RK) we first notice that, by Lemma 5.2, the linear mapping

Gk :neRx Z lo|nenK,s € R? (5.10)
oc€lK
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vanishes on Im(Ry ). Since Ag takes its values in this space, using (5.2) we deduce

f
VEe R, |DK[,| AKRK(g))(,nK,U = f > Jol(Ak Rk (§))omk .o = 0. (5.11)
cefk cefKk
Hence, from the definition (5.8) and since > ¢ |Drk | = |K|, we infer

cEEK
= ‘K|AKVK’LL Viv+ Z ‘DKaldz AK"KJ nKU(AKRK(UK))J(AKﬁK(VK))U
oefk Ko
= |K|AkVgu-Vgv+ (AxRi (Vi) Dy (Ax R (Uk))
where Ux = (s — UK )oee, and D = dlag( AKnKU nk ) is diagonal definite positive. Since

Ry (u) = Ri(Uk) and R (v) = Rk (Vi), (5.9) is satlsﬁed provided that, for all (£,7) € (REx)2
(Ak Ric(€) D (Ax Ric (1)) = Ric(§)"Bi Ric (). (5.12)

We now apply Lemma 5.4 below with £ = Im(ﬁK) Rf% and the inner products (x,y); = yTBxx and
(z,y)2 = y"Dgx. The isomorphism Ag : Im(Ry) — Im(Rg) given by Lemma 5.4 satisfies (5.13) which,
applied with 2 = Rx (n) and y = Rg (€), is precisely (5.12).

Lemma 5.4 Let E be a finite-dimensional vector space endowed with two inner products { , }1 and {, )a.
Then there exists an isomorphism A : E — E such that

for all (z,y) € E?, (z,y)1 = (Az, Ay)s. (5.13)

Proof Let e be an orthonormal basis for { , )3 and M, be the (symmetric definite positive) matrix
of {, )1 in this basis. If X, and Y, are the coordinates of # and y in e then (z,y); = Y M.X.. Let
then A, = /M, and define A as the isomorphism whose matrix relative to the basis e is A.. Since e is
orthonormal for ( , )a, the relation Y M, X, = (A.Y.)T (A.X,) translates into (z,y); = (Ax, Ay)s. O

Remark 5.5 Since (nk.,)oce, spans R, the mapping G defined by (5.10) has rank d, which implies
dim(ker Gx) = Card(Eg) — d. It is easy to see that ker(Rg) = {¢ € REx; 3Z¢ € R such that &, =
Z¢ (T®y — i)} and thus that Z € R — (Z - (To — Tk ))ocex € ker(RK) is an isomorphism (the one to
one property comes from the fact that (Ty — Tk )oce, spans RY). Hence, dim(Im(Rg)) = Card(Ex ) —
dim(ker(Gg))). Since Im(Rg) C ker(Gy), we infer that Im(Ry) = ker(Gg).

Thus, Ak can be indifferently searched as an isomorphism of Im(EK) or as an isomorphism of ker(G ).

5.3.2 Coercivity, consistency, limit-conformity and compactness

We prove here that a gradient discretisation corresponding to an HMM method is, under the usual
assumptions on HMM methods, coercive, consistent, limit-conforming and compact. The proof is based
on the characterisation of these properties given in Lemma 2.9.

Lemma 5.6 (Coercivity) Let p € [1,+00), (M,E,P) be a strictly star-shaped pointed polygonal mesh
of Q in the sense of Definition 5.1 and let (Xpo,IIp,Vp) be given by (5.4), (5.6) and (5.8), for some
(AK)KEM- We take 8 > 0 such that

dK hK
max max 2 max <40 (5.14)
0c€Eint,K,LEM, dL’J KeM,ce€k dK’g
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and

VK € M, V¢ € RE% |

p p

~ ~ P ~
1 Rk, (§) (A Rk (§))o Ri,o(8) (5.15)
=3 Dkl | = <Y Dkl |2 <00 Diol | = :
0 c€EK dK’U oc€EK dK’U A% dK’U
Then there exists Cs > 1 only depending on 2, p and 0 such that:
1
o lullip < IVoullie) < Csllulli, — Vu € Xp, (5.16)
where we have taken
P Us —-UK’p
lellf, = 30 3 Ioldico | "5
KeMoelk Ko
Consequently, there exists Cs > 0 only depending on ), p and 6 such that:
Cp < Cs, (5.17)

where Cp is defined by (2.2).

Remark 5.7 To ensure the convergence of the HMM method, matrices By are assumed to satisfy the
following (see [18]): there exist s, > 0 and S, > 0 independent of the mesh such that, for all K € M
and all £ € REx,

56 ) u (Ri.0(€)” < Ric(§) "B Rk (¢) < Su D u (Rro(€))*.
ez Ao ek Ko

i

If Ak is chosen so that (5.12) holds then, since Dg = diag(mAKnKJ ‘M), there exists C7 only
depending on d, s., S., A and X (see (3.2)) such that

LY D a2 < Y T (AkBr(©)2 <0 Y 175 (Breo(€))

Cy d d
T segr Ko ccex Ko oty Ko

which is precisely (5.15) for p = 2. Hence, in the linear framework (the only one in which generic HMM
methods have been defined up to now), the gradient scheme corresponding to an HMM method satisfies
the assumptions in Lemma 5.6 with 6 not depending on the mesh.

Remark 5.8 An easy way to choose Ax such that (5.15) holds is to take Ax = fBKIdIm(EK) for some
Bk € [$,0]. The corresponding HMM method is then the SUSHI scheme of [20].

Proof

In this proof, the notation A(u) ~ B(u) means that there exists C' only depending on €, p and 6 such
that, for all u € Xp o, C7'A(u) < B(u) < CA(u).

The key ingredient in the proof is to notice that Vg u is a convex combination of (Vg ,u)scg, . Precisely,

(5.11) shows that Vxu =3 ¢ %V}(vgu. By convexity of | - [P on R¢, we infer

Dk .o
ViulP < > | III?I ¥k oup. (5.18)

c€EK

From \/&%nfgg = Vk,cu — Vgu, we also have

K,
(Ax R (U)o |
23" Dol | <P K| [Vl +2070 Y Do Vi oul? (5.19)
eE dK"’ cE
o K g K
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Together with (5.15), Estimates (5.18) and (5.19) show that

~ p
Rk »(Uk)

K| [Vgul” + > |Di.ol dres

oelk

~ Y IDkol Vioul. (5.20)

oefk

Since RK&;(,I;K) = “gt — Vi - EZ;T,K and ‘EZI::Kl < 6 thanks to (5.14), we see that

~ p
Ri (U Uy — ug |P
KVl + S Dol | ZEA U9 + 3 Dy | B2 (5.21)
dkfg dkfa
c€€K ’ o€k ’
Finally, the definition of Vxu and (5.2) show that Vxu=d ) ¢ |I|>}z§|0| %nKJ and thus that
‘l)KfU| U — UK r
YV ul? < dP : 5.22

c€€K

Since HVDuH]Zp(md = D kem 2ocer |PKol IV oulP, Estimate (5.16) follows from (5.20), (5.21) and
(5.22). To deduce (5.17) from (5.16), we notice that, whenever o is a common edge between K and L,

lur —uk| _ Jur —uo| | |us — uk]
dk@a +'dL,a B dL,U dKZU

and we conclude by [20, Lemma 5.4]. O

Lemma 5.9 (Limit-conformity) Letp € [1,+00), (M, E,P) be a strictly star-shaped pointed polygonal
mesh of Q in the sense of Definition 5.1 and let (Xp,o,p, Vp) be given by (5.4), (5.6) and (5.8), for
some (Ar)kem- We take 0 > 0 such that (5.14) and (5.15) hold.

Then there exists Cg only depending on €, p and 0 such that

Wp () < Cshp |||l @y, Ve € (CZ(R?))% (5.23)

Proof Let ¢ € C*(RY)% and u € Xp . Let us define the terms T and T2 by
TP = Vpup(x) - p(x)dz and TP = —/ Mpup(x)dive(z)de.
R Rd

Since ng , = —nr, whenever ¢ is an edge between K and L, and since u, = 0 if 0 € Euxy, letting
Po = ‘71| [, w(x)dy(x) we have

= > Y lol(ue —ur)nk.o - Po-

KeMoelk

y (5.8), we have TP = TP + TP with

Z Z lo|(ue —ur)nK s @r and T4 Z Z

KeMoelk KeMm UEEK

(UK))gnK,g~/ p(x)dz

Dk o

where px = ﬁf}( p(x)dz. Since |px — @o| < hpl|@||(w1.0ray)e Whenever o € Ex, using Holder’s

inequality we get |79 —TP| < hp|l@|| (w10 rayyelull1p(d]Q])P~D/P. By (5.16), we therefore find Cy only
depending on €2, p and 0 such that

T = T < Cohpllllw. ey Voul Lo @ya- (5.24)
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Invoking (5.11), we see that

ZZ

KeM UEgK

(UK))anK,a . / (p(x) — i )de.

Dk, o

Since | [, (¢(x) — pr)dz| < hpllel| (w1~ gay| D ol this leads to

ARy (Uk))s
TP < Vaholglwiemy: Y 3 D) AT
KeMo€elk K,o
/p
(A Ri(U
< VAl < e d<z ST (CECE ) |
KeMoelk

Recalling (5.15) and (5.20) in the proof of Lemma 5.6, we deduce the existence of Cjo only depending on
Q, p and 6 such that

ITP| < Crohp||@ll (wiie ray)a VDUl Lo (ya- (5.25)

Equations (5.24) and (5.25) prove that there exists C;; only depending on 2, p and @ such that |TP —TP| =
TP — TP + TP < Crihp |||l (wr. (ray)al| Voul Lo (o)a and the proof is complete. O

Lemma 5.10 (Consistency) Let p € [1,400), (M,E,P) be a strictly star-shaped pointed polygonal
mesh of Q in the sense of Definition 5.1 and let (Xpo,p,Vp) be given by (5.4), (5.6) and (5.8), for
some (Ax)kem. We take 0 > 0 such that (5.14) and (5.15) hold.

Then there exists Cio only depending on 2, p and 0 such that:

5p(p) < Chollelwz= (), Ve € CZ(9Q). (5.26)

Proof For all ¢ € C°(Q), let v € Xp o such that vy = (k) for all K € M and v, = ¢(Z,) for all
o € €. We clearly have [|[TIpv — ¢|[z(q) < hpl|@||w1.~ (). Regarding the gradients, we first write

N
Vi ov—Vo(rk)| < |Vkv— Vo(rg)| + d (Ak Rk (VK)o (5.27)
Let Zx o = o(®Tp) — (TK) — Vgp(a:K) - (Ty — xg). We have, by Lemma 5.2,
Velzr) = 2 Z o [Vo(zk) - (To — k)| Nk 0
| ‘ oefk
= lol(e(®s) — o(xr))nK.e — 0| ZK oMo
P P
1
= Vigv—— Z 0| ZK oMK o
|}(‘U€5K
Since hg < 0dg o, and |Zg | < b ||l@llwz (), we deduce
IVo(zk) — Viv| < dOhil|ollw2 @) (5.28)

We have Rio(Vic) = vo — vk — Vv (Bg — Tx) = Zko — (Vv — Vo(2k)) - (T — z) and thus
|RK#(XK)| < Cishil|@|[w2.e0(q) with C13 only depending on d, p and §. Using (5.15), we infer

Z ‘DK,U|

c€€K

p

AxRr (Vi))s
O e A T [T )

dk@a

Using this estimate and (5.28) in (5.27) we obtain ||Vpv — V|| 1r) < Crahp||@||lw2.e o) with C14 only
depending on €2, p and 8. The proof is complete. [J
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Remark 5.11 Since we estimated ||[Ilpv — ¢|| () (and not only the LP norm), the same proof shows
that the space-time consistency (Definition 4.6) also holds.

Lemma 5.12 (Compactness) Let p € [1,+00), (M,E,P) be a strictly star-shaped pointed polygonal
mesh of Q in the sense of Definition 5.1 and let (Xpo,p,Vp) be given by (5.4), (5.6) and (5.8), for
some (Ax)kem. We take 8 > 0 such that (5.14) and (5.15) hold.

Then there exists v > 0 and Cy5 only depending on €2, p and 0 such that, for all § € RY, Tp(€) < Cy5/€]V.

Proof
Let v € Xp . Noticing that, if o is an edge between K and L, we have d‘;{”(_vi‘ < |”KK_U"| + ‘UgL_v”‘

[20, Lemma 5.5] and (5.16) show that there exists C6 only depending on Q and 6 such that

)

[Tpv(-+ &) = Hpol|parey < VdlE] > Y |oldk o

KeMoelk

Vg — U
U] < CualelI Vool (5:29)

e

Moreover, by [20, Lemma 5.4] and (5.16) we can find 7 > p and Cy7 only depending on €2, p and 6 such
that

[Hpv|Lrgaey < Cr7[[Vpv|Le(o)e- (5.30)
We now write, thanks to Holder’s inequality, || - || o ey < [/ |71 (ga)l| - | 1L?(”Rd) where v > 0 is such that
vy lr - %, and (5.29) and (5.30) conclude the proof. O
Appendix

The proof of the following theorem is inspired by [24].

Theorem 5.13 (Discrete Aubin-Simon lemma) Let T > 0 and let B be a Banach space. Let

(Bm)men be a sequence of finite dimensional subspaces of B. For any m € N, let N,,, € N*, tﬁg) =0<
n 1 n n n

O <<t Z 1 oand &0 =0 W =0, Ny — 1. Let {0, n=0,..., Ny} C B,

and let vy, € LY(0,T; By,) be defined, for a given real family (aElZ))n:O,_“,Nm_l, by

Um(t) = (1 - 0453))1)7(7?) + 045:)1)7(1711—’_1) € B,

5.31

for a.e. te(tg,?),tggﬂ)) andn € {0,...N,, — 1}. (5.31)

Let 6,,v., be the “discrete time derivative”, defined by:
ntl 1
Smm (t) = (5,(n+2)vm = (D —uy for ace. t €t tY) and n € {0,..., N, — 1}.

a0t
Let || - |x,, and || - |lv,, be two norms on B,,. We denote by X,, the space By, endowed with the norm
I |x,, and by Y., the space By, endowed with the norm || -||y,,. We assume that

(h1) For any sequence (Wpm)men Such that wy, € By, and (||wml x,, )men is bounded, there exists w € B
such that, up to a subsequence, w,, — w in B as m — +oo.

(h2) For any sequence (Wm)men Such that wy, € By, (||wmlx,,)men s bounded, there exists w € B
such that wy, — w in B and ||wpn]|ly,, = 0 as m — +o00, we have w = 0.

(h3) The family (afﬁ))n:o,_”Nm_LmeN and the sequence (||vm||L1(0,7;:x,,))men are bounded.
(h4) The sequence (||6mVmlL1(0,1;v,,))meN is bounded.

Then there exists v € L*(0,T; B) such that, up to a subsequence, v,, — v in L*(0,T; B) as m — +0o0.
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Proof The first step is to apply [24, Lemma 3.2], which states that, under Hypothesis (h1), there exists
Cx > 0 such that, for all m € N, for all v € By, |v|lz < Cx||v|x,,. Following the proof of [24, Lemma
3.1], thanks to (hl) and (h2) we remark that the following variant of Lions’ lemma holds: for all £ > 0
there exists C'() > 0 such that

Vm e N, Yv € B, ||v|]ls < ¢|v]|

x,, +C)|lv

m

Yin (5.32)

. . . Np—1 o(n+3)) c(n+3)
Let us now notice, using (h4), that there exists Cy > 0 such that, Vm € N, Y~ ™" &m 2" ||0m 2 vmly,, <
Ci. We therefore get from (h3) that the sequence (||vm||Bv(0,7;v,,))men is bounded since, denoting by

o) = (1- a%))vfﬁ) + aiP oY the value of U (t) on (£ (D)) we can write

Ny —2 Np—2

3 n+3 ntl ntl
> w0y, <> (el a0 vy, + 11— e 60 v
n=0 n=0

IA

)

where C,, is a bound of the family (ag,?))n:o,wNm,LmeN. We then extend v, by symmetry on (-7, 2T),
setting vy, (—t) = vy (t) and v, (T +1t) = v, (T —1t) for ae. t € (0,T). We get v, € BV (=T, 2T;Y,,) with
lvmll BV (~7,215v,,) < 3(1 +2C,)C. We also see, using (h3), that the sequence (||vy, | r1(—7,27;x,.))men
is bounded, say by Cy. Applying (5.32), we write, for any 7 € (0,T) and ¢t € (—T,2T — 1),

[om (t +7) = vm (D) B < eflom(t+7) = vm(t)]

X + CE)vm(E +7) = vm (D)l

which provides

2T —1
/ [[vm (t + 7) — v (B) || 5t < 2Coe + 3C(e)(1 4 2C,, ) C, 7.
-7

This proves that ff;_T |vm(t + 7) — v (t)|| pdt tends to 0 with 7, uniformly with respect to m € N.
Multiplying vy, by a function ¢ € C°(—T,2T) equal to 1 on (0,T), we may then apply the compactness
theorem [24, Theorem 2.1] to obtain the relative compactness of the family (v, )men in L1(0,T; B). O
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