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Abstract. We study the well-posedness of a model of individual clustering. Given

p > N > 1 and an initial condition in W1P(€2), the local existence and uniqueness of
a strong solution is proved. We next consider two specific reproduction rates and show
global existence if N = 1, as well as, the convergence to steady states for one of these
rates.

Keywords: Elliptic system, local existence, global existence, steady state, compactness
method.

1 Introduction

In [5], a model for the dispersal of individuals with an additional aggregation mecha-~
nism is proposed. More precisely, classical models for the spatial dispersion of biological
populations read

Ou = A(P(u)) + f(u,t, ). (1)

where u(t,z) denotes the population density at location z and time ¢, and f(u,t,z) rep-
resents the population supply, due to births and deaths. The dispersal of individuals is
either due to random motion with ®(u) = u or rests on the assumption that individuals
disperse to avoid crowding and & satisfies

®(0) =0, and ®'(u) >0, for u> 0. (2)

No aggregation mechanism is present in this model though, as discussed in [5], the onset
of clustering of individuals in a low density region might balance the death and birth
rates and guarantee the survival of the colony. To account for such a phenomenon, a
modification of the population balance (1) is proposed in [5] and reads

Ou= -V - (uV(u,t,x))+u E(u,t, ). (3)

where V is the average velocity of individuals, and F is the net rate of reproduction per
individual at location z and time ¢. To complete the model, we must specify how V is
related to w and E. Following [5], we assume that each individual disperses randomly with
probability 6 € (0,1) and disperses deterministically with an average velocity w so as to
increase his expected rate of reproduction with probability 1 — . The former is accounted
for by a usual Fickian diffusion % while the latter should be in the direction of increasing
E(u,t,x), say, of the form A VE(u,t,z) with A > 0. A slightly different choice is made in
[5] and results in the following system

Oru = dAu—(1-9) V- (uw)+u E(u,t,x) (4)
—e Aw+w = AVE(u,t, x).



After a suitable rescaling, and assuming that the environment is homogeneous, (4) becomes
O = dAu—V-(uw)+ruE(u) (5)
—cAw+w = F'(u) Vu,
for x € Q and t > 0, where Q is an open bounded domain of RY, 1 < N < 3. We
supplement (5) with no-flux boundary conditions
n-Vu=n-w=0 x€d,t>0, (6)

as suggested in [5]. However, the previous boundary conditions (6) are not sufficient for
the well-posedness of the elliptic system verified by w in several space dimensions and we
must impose the following additional condition given in [3, 4, 8]:

Opw xn=0, ze€d,t>0. (7)

As usual, v X w is the number v; w; + v wy if N = 2 and the vector field (vy w3 —
v3 wo, —V1 w3 + U3 wi,v1 wy — vy wy) if N = 3. We note that the boundary condition (7)
is useless if N = 1.

Summarizing, given a sufficiently smooth function F, parameters § > 0, € > 0 and
r > 0, our aim in this paper is to look for (u,w) solving the problem

O = dAu—V - (uw)+ruFBEu), xcQt>0

—c Aw+w = VE(u), ret>0

Opu =0 , w-n=0, zedNt>0 (8)
Opw X n = 0, x€e€INt>0

u(0,x) = wup(z), x €.

In the first part of this paper, we show that, for p > N, the system (8) has a maximal solu-
tion u in the sense of Definition 2.1 where u € C' ([0, Tinax), WP(Q2))NC ((0, Tnax), WP(Q2)),
see Theorem 2.2.

In the second part, we turn to the global existence issue and focus on space dimension 1,
and two specific forms of F suggested in [5]: the “bistable case” where E(u) = (1—u)(u—a)
for some a € (0,1), see Theorem 2.3, and the “monostable case” F(u) =1 — u. In both
cases, we prove the global existence of solution. In addition, in the monostable case, i.e
E(u) =1 — u, thanks to the Liapunov functional

1
L(u) :/ (u logu —u+1) dz,
-1

we can study the asymptotic behaviour of solutions for ¢ large, and show that the solution
u converges, when t goes to oo, to a steady state in L2(—1,1), see Theorem 2.4.

In the third part, we investigate the limiting behaviour as € — 0. Heuristically, when
e goes to zero, the velocity w becomes sensitive to extremely local fluctuations in E(u),
and the system (8) reduces to the single equation

du=V-((6—uE'(uv) Vu) +7ru E(u). 9)

Clearly (9) is parabolic only if 6 — u E’(u) > 0 for all w > 0. This is in particular the
case when E(u) = 1 — u, see Theorem 2.6. But this limit is not well-posed in general.
As a result the population distribution may become discontinuous when neighbouring
individuals decide to disperse in opposite direction, that is in particular the case when
E(u)=(1—u)(u—a).



2 Main results

Throughout this paper and unless otherwise stated, we assume that
EecC?*R),§>0, >0, r>0.

We first define the notion of solution to (8) to be used in this paper.

Definition 2.1. Let T > 0, p > N, and an initial condition ug € WHP(Q) . A strong
solution to (8) on [0,T) is a function

ue C([0,T),Wh(Q)) N C ((0,T), W?P(Q)) ,

such that
Oru = 0Au—V - (uvwy)+ruE), ae in[0,T)xQ
u(0,2) = wug(x), a.e. in € (10)
Onu = 0, a.e. on [0,7") x 08,

where, for all t € [0,T), wy(t) is the unique solution in W2P(Q) of

{ —eAwy(t) + wy(t) VE(u(t)) a.e. in Q

11
wy(t) - n=0wy(t)xn = 0 a.e. on 0f) (1)

Our first result gives the existence and uniqueness of a maximal solution of (8) in the
sense of Definition 2.1.

Theorem 2.2. Let p > N and a nonnegative function ug € WHP(Q). Then there is a
unique mazimal solution u € C ([0, Tax), W'P(2)) N C ((0, Tax), W2P(2)) to (8) in the
sense of Definition 2.1, for some Tiax € (0,00]. In addition, u is nonnegative.

Moreover, if for each T > 0, there is C(T') such that

[lu(t)|lwre < C(T), for all t € [0,T] N[0, Timax),
then Tipax = 00.

The proof of the previous theorem relies on a contraction mapping argument.

We now turn to the global existence issue and focus on the one dimensional case, where
E(u) has the structure suggested in [5].
In the following theorem we give the global existence of solution to (8) in the bistable case,
that is when E(u) = (1 —u)(u — a), for some a € (0,1).

Theorem 2.3. Assume that ug is a nonnegative function in Wt2(—1,1),
and E(u) = (1 —u)(u—a) for some a € (0,1). Then (8) has a global nonnegative solution
u in the sense of Definition 2.1.

The proof relies on a suitable cancellation of the coupling terms in the two equations
which gives an estimate for u in L>°(L?) and for w in L? (W?).

Next, we can prove the global existence of a solution to (8) in the monostable case,
that is, when F(u) = 1 —u, and we show that the solution converges as t — oo to a steady
state. More precisely, we have the following theorem



Theorem 2.4. Assume that ug is a nonnegative function in Wt2(—1,1),

and E(u) = 1 —u. There exists a global nonnegative solution u of (8) in the sense of
Definition 2.1 which belongs to L™ ([0, 00); Wh2?(—1,1)).

In addition, if r =0,
1 1
u(t) — —/ ug dz
2,

:07
2

and if 7 > 0 the solution u(t) converges either to 0 or to 1 in L*(—1,1) as t — oo.

In contrast to the bistable case, it does not seem to be possible to begin the global
existence proof with a L>(L?) estimate on u. Nevertheless, there is still a cancellation

between the two equations which actually gives us an L>(Llog L) bound on v and a L?
bound on 0;+/u.

Remark 2.5. We note that when N = 1, there is a relation between our model when
E(u) =1—u and r =0, and the following chemorepulsion model studied in [2]

Oru = §92u+0x(u 0p1p), in (0,00) x (—1,1)
—e Rty = u, in (0,00) x (~1,1) (12)
Ogu(t, £1) = Oy¢(t,£1) =0 on (0, 00).

Indeed, define ¢ = —0,1, and substitute it into (12). Then differentiating the second

equation in (12) we find

Oru = 0 0%2,u—0;(u ), in (0,00)x (=1,1)
—e 0o+ ¢ = —0pu=0,E(u), in (0,00) x (—1,1) (13)
Oru(t,£1) = o(t,+£1)=0 on (0,00).

So that u 1s a solution to our model.

When E(u) = 1 — u, the limit ¢ — 0 is formally justified and (8) takes the qualitative
form of (1) with ®(u) = du + 3 w?. In this example though, since E’ < 0, the individuals
dispersing so as to maximise F/ would seek isolation, and there is clearly no mechanism
capable of producing aggregation of individuals. This observation is actually consistent
with Remark 2.5.

Theorem 2.6. Assume that ug is a nonnegative function in W1’2(—1, 1),
and that E(u) =1 —wu. For e >0 let u. be the global solution to (8) given by
Theorem 2.4. Then, for all T > 0,

T
lim [ ||ue(t) — w(t)|[3 dt =0, (14)
e—0 0
where u is the unique solution to
Oru = 92, (6ut+gut)+ru(l—u), ze(-1,1),t>0,
U(O,i‘) = ’LL()(ZL‘), T e (_1’1)’ (15)
Oyu(t,£1) = 0, t> 0.

Since § +u > 0 for u > 0, the previous equation (15) is uniformly parabolic and has a
unique solution u, see [6] for instance.
The proof of Theorem 2.6 is performed by a compactness method.



3 Preliminaries
We first recall some properties of the following system,

—cAw+w = f, in,
w-n = 0, on 09, (16)
Opw X N = 0, on 01,

where f € (LP(Q))" and Q is a bounded open subset of R, N = 2,3. Let us first consider
weak solutions of (16). For that purpose, we define

Wi ={veHQ)Y:;v.-n=0, and d,v x n =0 on IQ}

and take W as the closure of Wy in (H'(Q))V.
If f € (L?(Q))Y, the weak formulation for (16) is

E/Vw~Vv+/w-v :/f'v, forall ve W
Q 0 Q (17)
weWw

where Vw - Vv =3 Vw;- Vy; and w-v =), w; v;.

We recall some results about the existence, regularity and uniqueness of solution for
(17), see [3, 4].

Theorem 3.1. If f € (L*>(Q))Y, (17) has a unique solution in W and there is C =
C(Q, N) such that
llwllw < C [ f]l2.

We next consider strong solutions of (16), that is, solutions solving (16) a.e. in Q. In
this direction the existence and uniqueness of the strong solution to (16) is proved in [8]:

Theorem 3.2. If f € (LP(Q))N with 1 < p < oo, (16) has a unique solution in (W?2P(Q2))N

and K(p)
b
llwlwze < — I[f1]ps (18)

where K (p) = K(p,Q,N).

In other words, the strong solution has the same regularity as elliptic equations with
classical boundary conditions.

We finally recall some functional inequalities: in several places we shall need the fol-
lowing version of Poincaré’s inequality

lullwrr < C (IVullp + [ully) , u e WHP(Q) (19)

with arbitrary p > 1 and ¢ € [1,p]. Also, we will frequently use the Gagliardo-Nirenberg
inequality

|=

u € WH2(Q) (20)

+ sz

0 0 i
lullp < C llullyyrz2 Jully™, with 6 = 1_q N

q

vz

which holds for all p > 1 satisfying p (N —2) <2 N and ¢ € [1,p).



4 Local well-posedness
Throughout this section, we assume that
E € C*(R), and set E(z) = z E(z) for z € R. (21)
Proof of Theorem 2.2. We fix p > N, R > 0, and define for T € (0,1) the set
Xr(T) = {u e C([0,TEWHP(Q)), sup [[u(t)]|wrr < R},
te[0,7

which is a complete metric space for the distance

dx (u,v) = sup_[[u(t) = v(®)|lwrs, (u,v) € Xp(T) x Xp(T).
te[0,7T

For u € Xg(T), and t € [0,T], the embedding of W1P(Q) in L>°(Q) ensures that
VE(u(t)) € LP(Q) so that (16) with f = VE(u) has a unique solution w,, € (W2’p(Q))N.
We then define A(u) by

Au(t,z) = (et © D) yo)(z) + /0 5 6 ) [—v (w wy) + 7 E(u)} (s,z) ds,  (22)

for (t,z) € [0,T] x Q, where (et © A)) denotes the semigroup generated in LP(Q2) by § A
with homogeneous Neumann boundary conditions. We now aim at showing that A maps
Xpr(T) into itself, and is a strict contraction for 7' small enough. In the following, (C;)i>1
and C' denote positive constants depending only on 2, §, r, ¢, E, p and R.

e Step 1. A maps Xp(7T) into itself.

We first recall that there is C7 > 0 such that
[v]loe < Chllvlwre, (23)
and
1€ ) vl [y < C1 [[ollwrs, and [[Ve! @ &) ofl, <Cy 672 472 |[oll,  (24)

for all v € WHP(Q). Indeed, (23) follows from the continuous embedding of W1P(£2)
in L>*(Q) due to p > N while (24) is a consequence of the regularity properties of
the heat semigroup.

Consider v € Xg(T), and t € [0,T]. It follows from (24) that

t
IAu@)l, < &Hmm+AIWW”WAWu%M$MdS

t ~
T f/Hé“““”EWX@MdS
0

IN

t
anmm+aaﬁ/kvwr%Mwuﬂuw
0

o /0 1B(w)(s)ll, ds.



Thanks to (23), we have
[u(@)lloe < C1 [[u(®)lwrr < R C1 < Ca. (25)

Therefore, using elliptic regularity (see Theorem 3.2) and (25), we obtain

K(p)

[lwuOllw2r < —= IVEu®)llp < C [|1E|L=(-05,05) R C. (26)

Using again (25) along with (26) we find
t 1
IAu@®)l, < Ci ol +C /O (t = s)72[u(s)lloo |lwu(s)llp ds
t
+or /O u(s)llp [[E(u(s))lloo ds

t
_1
< Owwdb+cté&—w)2ds+rTRHEmm@@pw

Cy |luoll, +C t2 +C T
Cy ||uoll, + Cs T2 (27)

VANNVAN

(recall that 7' < 1). On another hand, by (24) we have
VAWl < €Il + [ 9 625 w6l ds
b [ 11 S Y B@) )l ds
< O IVl +57 [ 1Tt w6l b
+ o [IVEE, b
Since u € Xg(T), using (25) we can see that

r IV(E@))llp < 7 [1E'(w) Vully <7 1Bz (—cp,00) [Vullp < Cay

which gives that
t
IVAu(t)|l, < C1 ||Vu0||p+5_é/(t—S)_%kuHoo |[Vull, ds
0
t
+ 5-é/(t—s)-é(||v-wu||,, lulloo) ds + Cy T
0

Since
[lwulloo < C1 [|wullwre < Cs, (28)

by (26) and (23), we use once more (25) and obtain that

IV Au(t)]]

IN

t t
C1 Vo], + C /(t—s)—é ds+ C /(t—s)-é ds+Cy T
0 0

IN

Cy ||Vuollp + Ce T2 (29)



Combining (27) and (29) we get

1
sup |[Au(t)|lwre < C1 [luollwrs + C7 T2,
te[0,7]

ChOOSiIlg R=2 Cl HUOHWLP and T € (07 1) such that
4 [Juo||wiw + Cr T2 < R,
we obtain that

sup |[|[Au(®)|lw1ir < R.
te[0,7]

It follows that A maps Xr(7') into itself.

e Step 2. We next show that A is a strict contraction for T small enough.
Let u and v be two functions in Xg(T'). Using (24) we have

ds

t
|Au(t) — Av(t)]], < / HVe(t_s) 6 2) [~y wy + v w,]
0 p

o [ e g -]

< O 5—2/(15—3)‘% ||[—u wy + v wy|, ds

0
+ rC /OtHE(u)—E(v)Hp ds. (30)

Note that, by (25) and (28), we have

Huwu_vwvup < Huwu—uwv—vwv—i—uwvup
< lulloo llwu = welly + llwloo ll = ol
<

C lwu = wollp + C [fu = vllp, (31)
and it follows from Theorem 3.2 and (25) that

C |[VE(u) = VE(@)||p

C ||E'(u) Vu — E'(u) Vv — E'(v) Vv + E'(u) Vol

C B Lo (—,00) [1Vu = V[

Cl|E'(v) = E'(u)llo [[Voll,

C Vv = Vully + C [|E"|| oo~ 05.05) dx (u,v).

08 dX(u,v). (32)

l|wu — wyllp2p

ININ 4+ IN AN IA

Combining (32) and (31) we obtain

t
/ (t—8)72 || — u wy + v wyl|p ds
0

C T2 Cs dx(u,v) + T2 Cy dx(u,v)
T2 Cho dx(u,v). (33)

ARV



Since u and v are bounded by (25), we have
rlE(w) = E@)ll, < C |lu—vll,.

Then, we get
t ~ ~
[ 1@ = B@ly9) ds < O T dx(uo)
0
Substituting (33) and the above inequality in (30) we conclude that

|Au(t) — Av(t)], < Cra T dx (u,v).

Using again (24), we have

IVAu(t) ~ VAu(D)ll, < /0 [Tt 62 -V (wwn) + V- @ w,)]|| ds

,

p

b [ [[vetr @ @ - B s

< 5ha [t-9 -V @)+ V-, ds

_l’_

0
r C /Ot Hv (E(u) - E@))Hp (s) ds. (34)

Since the mapping

WP(Q) x WHP(Q) — WhP(Q)
u, v — u v

is bilinear and continuous due to p > N, we deduce from (26) and (32) that

Ple | =V -(uwy) +V-(vw)llp < |Juwy—vwllyie
< Clullwrr [lww — wyllwre
+ Clwyllwre [Ju— o[y
< Cdx(u,v) +C |lu—v||pp
< O3 dx(u,v)

Thus,
t
572 Oy / (t—s)"2 || = V- (uwy)+ V- (vwy)ll ds <T2 Ciz dx(u,v).
0

On the other hand, due to (25) and the embedding of W1P(Q) in L°°(£2)

1B (w) Vu — E'(v) Voll,

IV(E(w) — E@))ll,

< C ||1i7/(u)||oo IVu = Voll, + C || (u) - E' (0)|loo [[V2][p,
< CE =000 [IVu = Vollp + C [|E"|| Lo (—cy.00) |[v = ][00
< Clu—vflwrs.
Then 3 3
r C1|[V(E(u) = E())llp < Cua |lu = vl[wre.



Therefore,

IVAu(t) — VAvu(t)||, < T2 Cis dx(u,v) + T Cuy dx (u,v) < T2 Cys dx (u,v).

Finally we get
1
dx (Au(t) — Av(t)) < T2 Cis dx(u,v).

Choosing T € (0,1) such that T3 C16 < 1 we obtain that A is indeed a strict con-
traction in Xz(7") and thus has a unique fixed point u.

Furthermore, since u € C ([0, 7], W?(Q)) and p > N, we have VE(u) € C ([0, T], L?(f2))
and we infer from Theorem 3.2 that w,, € C ([0, 7], W??(€2)). Combining this prop-
erty with the fact that W1P(Q) is an algebra, we realize that both V - (u w,) and

u E(u) belong to C ([0,T7], LP(§2)). Classical regularity properties of the heat equa-
tion then guarantee that u € C ((0,T], W*P(£2)) and is a strong solution to (10).

e Step 3. Thanks to the analysis performed in Steps 1 and 2, the existence and
uniqueness of a maximal solution follows by classical argument, see [1] for instance.

e Step 4. Since 0 clearly solves (10), and ug > 0, the positivity of u follows from the
comparison principle.

O

5 Global existence

From now on we choose N =1, Q = (=1,1), p = 2 and we set ¢ = w, to simplify the
notation.

5.1 The bistable case: E(u) = (1 —u)(u — a).

In this case, the system (8) now reads

Oru = 002 u—0;(up)+ru(u—a)(l—u), x€(~1,1),t>0
2o+ = (—2u+(a+1)) du, re(-L1)E>0 0
Ozu(t,£1) = (t,£1) =0, t>0,

u(0, z) = wug(z), x € (—1,1),

for a some a € (0,1).

Since E € C%(R), Theorem 2.2 ensures that there is a maximal solution
u of (35) in C ([0, Tmax), W'P((—1,1))) N C ((0, Trax), W2P(—1,1)) .

To prove Theorem 2.3 we show that, for all T > 0 and t € [0,7] N[0, Tinax), u(t) is
bounded in W12(—1,1).
We begin the proof by the following lemmas which give some estimates on u and .

Lemma 5.1. Let the same assumptions as that of Theorem 2.3 hold, and u be the non-
negative mazimal solution of (35). Then for all T > 0 there exists C1(T'), such that u and
@ satisfy the following estimates

llu(t)||e < C1(T), forall t € [0,T] N[0, Tiax), (36)

10



t
/ﬁ@mgﬁng)mmuemﬂmmnm% (37)
0

and
t
/ ||g0(t)||12/V1,2 dt < C(T) forall t € [0,T] N[0, Tinax)- (38)
0

Proof. Multiplying the first equation in (35) by u(t) and integrating it over (—1,1), we
obtain

1 1 1 1
% lul? de = —2 5/ |0pul? da + 2 / up Oyudr+2r / u? E(u) de.  (39)
-1 -1 -1 -1

Multiplying now the second equation in (35) by ¢ and integrating it over (—1, 1) we obtain
1 1 1 1

€ / 0, @|? da —i—/ | doz = —2 / u @ Opu dz + (a + 1)/ Ozu ¢ dx. (40)
-1 ~1 ~1 -1

At this point we notice that the cubic terms on the right hand side of (39) and (40) cancel
one with the other, and summing (40) and (39) we obtain

d 1 1
&HM@+EW%M@+HM@+Q5HaﬂM§=2T/¥U2E@0dm+m+¢)/l@ﬂ¢dm (41)

We integrate by parts and use Cauchy-Schwarz inequality to obtain

1 1 2
(a—l—l)/ &cugoda::—(a—l-l)/ u3x¢d$§(a+1)
-1

1 3

€
[lull3 + 5 104115
On the other hand, u? E(u) <0 if u ¢ (a,1) so that

/lUQE(u) dr <2 (1—a)
-1

The previous inequalities give that

ul2+4r (1—a).

(a+1)?
2

d €
Sl + 2 1102018 + 1113 + 2 6 [|8pully < o=

Therefore, for all T' > 0 there exists C1(7") such that (36), (37) and (38) hold. O

Lemma 5.2. Let the same assumptions as that of Theorem 2.3 hold, and u be the non-
negative mazximal strong solution of (35). For all T > 0, there is Coo(T") such that

lu()||os < Cuo(T), for all t € [0,7] N[0, Toa)- (42)

Proof. The estimates (36) and (37) and the Gagliardo-Nirenberg inequality (20) yield that
there exists C2(T") such that

t t 1 3
/ llu Ozull2 ds < C / l|ull5 [|0zul|5 ds < Co(T) for all t € [0,T]N [0, Timax)-
0 0

The second equation in (35) and classical elliptic regularity theory ensure that there exists
C(T) such that

t
/|wmmgdsgcuvfmautemﬂqmmjhmy
0

11



which gives in particular, since W22(—1,1) is embedded in W1>°(—1,1),
t
/ 1006]| ds < C5(T) for all £ € [0,7] 1[0, Tona)- (43)
0
Now, we multiply the first equation in (35) by ¢ u4~! where ¢ > 1 and integrate it over
(—1,1) to obtain

1 _ 1 1
4 lul? de = —4M/ |0,uz|? do+ (¢ — 1) / e Ozul dx
dt J 4 q -1 -1

1
+ rgq /_1 u? (u—a) (1 —u)de

1
< —(g-1) / dwpuldr+rq2(l—a)
-1
Using Holder’s inequality , we obtain
d
gl = (@ = 1) 0welloo [lullg +2 g 7. (44)

Introducing
t
= / [|02¢(8)||oo ds < C5(T) for all t € [0, 7] N [0, Tmax),
0
the bound being a sequence of (43), we integrate (44) and find

t
lu(®)[|2 < [Juol[d €@ #0424 / oa-1) (—0()+6() g
0

< (fuolly +2qr) T e ),
u@®)lly < ((uoll+2q7) T)% e“D) for all t € [0,7] N[0, Tnax)-
Consequently, by letting ¢ tend to oo, we see that there exists C(T") such that
[|w(t)]|oo < Coo(T), for all t € [0,T] N[0, Trnax)-
O

Lemma 5.3. Let the same assumptions as that of Theorem 2.3 hold, and u be the non-
negative maximal strong solution of (35). For all T > 0, there is Cy(T) such that

105u(t)]] < Cu(T) for all t € [0,T] [0, Tynas)- (45)

Proof. We multiply the first equation in (35) by (—92,u) and integrate it over (—1,1) to
obtain

14 M 1 1
T Opu> dz = —6 / |02, ul® dz +/ Dp(u @) O2,u dx
L)1 ~1 -1
1
+ 7’/ (1—u) (u—a) (—02,u) dx
1
= -4 / |02 ul? dx —1—/ (u Dpo + Oy @) 02, u dx
1
+ r/ (—u? + (a + 1)u® — a) 02,u dz.
~1
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Using Cauchy-Schwarz inequality and Lemma 5.2 we obtain,

1d !

1d 2
5 q@ _1|8wu| dx

IA

1 s [l 1
5 [ okl do S [ (0P ot Cllul [ (onel ds
-1 —1 -1
5 [ 2 2 2 ! 2
+t 3 |07pul” dz + C le]|5 |Opul” dx
-1 -1
5 1
+ 3/ |833Eu|2 dx +C ||(u (—u3 + (a+ 1)u2 — a))||go
-1
1 1
< @) [ 1ol derCllel [ 1ol ot C@). 10)
-1 -1
Using (38) and Sobolev embedding theorem we obtain the following estimate
t
/ |2, ds < C(T) for all t € [0,T] N [0, Tmax)- (47)
0

Since (38) and (47) hold, then it follows from (46) after integration that

|0,u(t)]|3 < C4(T), for all t € [0,T] N [0, Thax)-

O
It remains to prove Theorem 2.3.
Proof of Theorem 2.3. For all T > 0, Lemma 5.3 and the estimate (36) ensure that
[|u(t)|lw2 < C(T), forall t €[0,T]N [0, Timax),
which guarantees that u cannot explode in W12(—1,1) in finite time and thus
that Tinax = 00. O
5.2 The monostable case: E(u) =1—u
For this choice of E, system (8) now reads
Opu = 6% u—0(up)+ru(l—u) ze(-1,1),t>0
— 8596904-@ = — Oyu, xe(-1,1), t>0 (48)
Ogu(t,£1) = p(t,£1) = 0 t>0,
’LL(O,$) = UO(x) x € (_171)7

Since E € C?%(R), Theorem 2.2 ensures that there is a maximal solution u of (48) in
C ([0, Trmax), WHP(=1,1)) N C ((0, Trax), W>P(—1,1)).

In contrast to the previous case, it does not seem to be possible to begin the global
existence proof with an L°°(L?) estimate on u. Nevertheless, there is still a cancellation
between the two equations which actually gives us an L>(Llog L) bound on v and a L?
bound on 0;v/u. Integrating (48) over (0,¢) x (—1,1) and using the nonnegativity of u,
we first observe that,

Nu(t)|l1 <|luolli +2 rt, forall t € [0, Timax)- (49)

To prove Theorem 2.4 we need to prove the following lemmas:
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Lemma 5.4. Let the same assumptions as that of Theorem 2.4 hold, and let u be the
mazimal solution of (48). Then for all T > 0, there exists a constant C1(T') such that

t
/W@ﬂ@%g&@%meEMﬂﬂM%m, (50)
0

and .
/ﬂ@@mwngmeMEMHmmmm. (51)
0

Proof. The proof goes as follows. On the one hand, we multiply the first equation in (48)
by (logu + 1) and integrate it over (—1,1). Since v (1 —u) logu <0 and u (1 —u) <1,

1 1 1
— u logu de = —/ (6 Ozgu —u ) (lazu)dx—i-r/ u (1 —u) (logu+1) dzx
dt -1 —1 U -1
1 5 1
< —/ " (0pu)? dx + / @ Oyu dxr+2 . (52)
-1 -1

On the other hand, we multiply the second equation in (48) by ¢ and integrate it over
(—1,1) to obtain

1 1 1
z—:/ 10,0|? dx +/ |l dao = —/ Ozu @ dx. (53)
—1 —1 —1
Adding (53) and (52) yields
d [ 2 2 ! 2
e u logu dx + € ||0z¢]15 + ||pllz < —4 9 |0 vul? do + 2 7. (54)
-1 -1
Finally, (50) and (51) are obtained by a time integration of (54). O

Lemma 5.5. Let the same assumptions as that of Theorem 2.4 hold, and let u be the
mazimal solution of (48). Then for all T > 0, there exists a constant Co(T') such that

llu(t)]|2 < Co(T), forall t €[0,7] N[0, Tiax), (55)
and .
/ 10,ul[2 ds < Co(T), for all £ € [0,T] N [0, Tona). (56)
0
Proof. A simple computation shows that, since u? (1 —u) < 1,

d ! 1 1
T wdr < —26 / |0,ul? dx + 2 / up Ozudr+4r. (57)
-1 -1 -1

Using Cauchy-Schwarz inequality, Gagliardo-Nirenberg inequality (20), Young inequality
and (49) we obtain that for all 7" > 0,

1 1
2/ u @ Oyu dr = —/ u? Opp dx < ||u||Z [102]|2
-1 —1
1 1\ 2
< C (Hul\évm Huuf) 182ell2 < C(T) [18uell2 |fullypc
< 8 |ulPyus + CT) |10sel3
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We substitute the previous inequality in (57) to obtain
d, o 2 2 2
3 /ullz = =2 0 [10zully + 6 [[ullyre + C(T) |0:0l]2 + 4 7 (58)

Integrating (58) in time, and using (51) yield that there exists C3(T") such that (55) and
(56) hold. O

Now we are in a position to show the global existence of solution to (48).

Proof of Theorem 2.4 (global existence).
By elliptic regularity, and the continuous embedding of W2?2(—1,1) in Wh>(—1,1),
we have

10:0(t)lloc < C lle®)llw22 < C ||E'(u) Ozullz < C ||0zull2,
which together with (56), implies that

t t
/ 10z0(s)|[% ds < C / [|0,u(s)||3 ds < C(T), for all t € [0,T] N [0, Tmax)-
0 0

Thanks to this estimate, we now argue as in the proof of Lemma 5.2 and Lemma 5.3 to
get that
[|u(t)||oo + [|0zu(t)|l2 < C(T), forall t € [0,T] N0, Timax)-

Thus, the maximal solution u of (48) cannot explode in finite time. O

To complete the proof of Theorem 2.4, it remains to prove the asymptotic behaviour
of u when t — 0o. We note that we have the following lemma which controls the L*(—1,1)
norm of u. For f € L'(—1,1), we set

1 M
<f>:§/_1f(m)dm

Lemma 5.6. Let the same assumptions as that of Theorem 2.4 hold, and let u be the
nonnegative global solution of (48). For r > 0, there exists a constant Cy > 0 such that

0 << u(t) >< Cy, te(0,00), (59)

and ifr=20
1
<ut) >=<uy >= §\|u0\|1, t € (0,00). (60)

Proof. We note that if r = 0, % < u >=0, so that

<ult) >= 2 lu@)lh = 5 lluoll
If r >0,
d 2
&<u(t)> = r <u(t)>-r <u(t) >
< ro<u(t) > —r <u(t) >
whence < u(t) >< max {1, < ug >}. O

Next we turn to the existence of a Liapunov functional for (48) which is the cornerstone
of our analysis.
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Lemma 5.7. Let the same assumptions as of that Theorem 2.4 hold, and let u be the
nonnegative global solution of (48). There exists a constant Cy such that

[e'e) 1 [e'e)

/ / w (u—1) logu de dt+/ (110av/al2 + & [1uell2 + [l ) dt < Cy, (61)
0 —1 0

and

/0 ol ds < C. (62)

Proof. Let us define the following functional L

1
L(u):/ (u logu —u—+1) dr >0,
-1

and show that it is a Liapunov functional. Indeed

d 1 |8xu|2 1 1
—L(u) =—§ / —— dx +/ @ Opu dx + r/ u logu (1 —u) dz. (63)
dt -1 u —1 —1

Combining (63) and (53) we obtain that

1 1 1 1
%L(u) —40 / 10 v/u|? d — z—:/ 10,0|? dx —/ lo|? dx +r/ u logu (1 —u) dx.
—1 —1 —1 -1

— ~D(u,¢) <0, ®

since u logu (1 —u) < 0. Then for all ¢ >0

L(u(t)) + /0 D(u(s), p(s)) ds < L(uo).

Since up and u are nonnegative , we have
1
L{ug) < / (ud +1) dz < |luol|3 + 2,
-1

and

1
L(u(t)) > —2 - / wp d,

€ -1
so that .
2
/1%@%@@)%31+W@@+;+2<%>,t20 (65)
0

Therefore, (65) yields there exists C; > 0 such that

/memwﬁgq. (66)
0

From (66), we see that (61) holds true. In addition, inequality (61) together with Sobolev’s
embedding theorem give (62). O

In the following lemma we show that {u(t) : ¢ > 0} is bounded in W2(—1,1).

Lemma 5.8. Let the same assumptions as that of Theorem 2.4 hold, and let u be the
nonnegative global solution of (48). Then u belongs to L™ ((0,00); Wh?(—1,1)).
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Proof. First,

iHu—<u>\|2 = iHuHQ—/laudm /luda:
dt 2 a2 L .
d

= a||u||§—4r <u>244r <u><u®>

d
T llull3 +2 7 Co |fulf3- (67)

IA

Multiplying the first equation in (48) by 2 w, integrating it over (—1,1), and using the
Cauchy-Schwarz inequality and the fact that u > 0 we obtain

d 1 1 1
T [ul2 < —2 5/ |0, ul? da:—/ u? Oy da:+27°/ u? (1 —wu) dr
-1 -1 -1

—2 0 ||10pul[3 + [[ullf [|0zpl]2 +2 7. (68)

N

A

Gagliardo-Nirenberg inequality (20) together with the Poincaré inequality (19) and (59)
give

lull3 < C lJullyrz |lulli < C (||8aullz + [ull )
< C(||0zulla +1). (69)
Thus
ull 1102¢ll2 < C ([10zull2 + 1) [|0:¢]]2- (70)

Substituting (70), (69) and (68) into (67), and using Young and Holder inequalities to
obtain

d
= lu=<u>[} < =26 |0l +C (10zullz +1) ||0spll2 +2r
d¢
2 4
+ 2r Co [lullf ||ullf
< —20 [|0pull3 + C [10u0l13 + 8 |0zull3 + C.

Using Poincaré’s inequality we get
d 2 2 2
g )= <u(®) > [z +oflut)- <u) > [l; < C o)z +C,
for some o > 0 independent of ¢. Integrating this differential inequality gives
t
e Hlu(t)= <ut) > |3 < [luo— < uo > |13 +/ ¢ * (C [|0z0(s)|I3 + C) ds
0
t
lu(t) = <u(t) > [} < Ce*'+C / e 70 ([[0z(5)][5 + 1) ds
0
Since e™@ t < 1, and e (s=1) <1 as s <t we obtain

t
1
lu)= <u(t)> 5 < C+C [ oupls) ds+
0

Using (61) we end up with
lu(t)— < u(t) > |[3 < C, (71)
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where C is independent of t. Therefore, u belongs to L>((0,00); L?(—1,1)).

It remains to show that d,u is in L>((0, 00); L?(—1,1)). We multiply the first equation
in (48) by —02,u and integrate it over (—1,1). Since u > 0 we use Cauchy-Schwarz and
Young inequalities and (71) to obtain

1 1
10sull} < —6 [10%ul} + / &2 1t (Dt o+ Do ) — 7 / w (1= u) Pyu d
—1

-1

1d
2dt

IA

1 /! 5
5 02l =5 [ O 0ul? da+ § 102,03

1 1 1
+ C/ [ul? |0,0|* dx — r/ w02 u dr —2r / u |0pul? da
—1 —1 -1
1 4]
< =0 1105ull3 + 5 [10all2 [10zullf + ¢ [10Z,ull3

5
+ Cllulli 1192113 + C + ¢ [10z,ull3. (72)

Since Oyu € VVO1 ’2(—1, 1), using the Gagliardo-Nirenberg inequality (20) and the classical
Poincaré inequality (19), we obtain

1 1
10zulls < C 107,ull3 |0zull? - (73)

Then, we substitute (73) into (72), and by Young inequality, the Sobolev embedding, (59)
and (71), we obtain

1d 39
Slldeull < =22 1020l + C 19usllz 1102,ulls 9pully + C llulZ 10al13 + C
)
< =2 0%l + C 1100l 195ullf + C Ilulfina 10a0]3 +C
)
< =5 0%l + C 110l 1100113 + C (10:0l13 + 1). (74)

Since O,u € W(} ’2(—1, 1), we use once more the classical Poincaré inequality to obtain

d
EH@IUH% + Bl10zull3 < C [10.ull3 1020113 + C (1020113 + 1),
for some 8 > 0 independent of ¢.

Define :
o(t) = /0 19pp(s)|I? ds, >0,

and notice that , since ||9,¢|[3 belongs to L'(0,00) by (61),

0< §(t) < doo = /0 1Be0(s)|[2 ds.
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Integrating the previous differential inequality we find
10:u(®)]3 < ||0wuolf3 €74HF 1

n C/ 1+ ¢/(s)) Pe—D+CHO-Cols) g

t
< [0uuplZ €€ 9 4 C €€ ¢ / 56D 1 ¢/ (5)] ds
0

1
< ||Opug|[3 €€ P> 4 C eC 9o <E +¢oo> .

Therefore, 0,u belongs to L>® ((0, o), L?(—1, 1)), and Lemma 5.8 is proved. O

Lemma 5.9. Let the same assumptions as that of Theorem 2.4 hold, and let u be the
nonnegative global solution of (48). There is Cy such that

/0 ||8sull3 dt < Cs. (75)

Proof. We multiply the first equation in (48) by dyu and integrate it over (—1, 1) to obtain

1 1 1 1
/ Q) de = ¢ / 9% u O dx — / Oz (u ) Opu dx +r / u (1 —wu) dwu dx
_ 1 _

1 1

0 d !

1
= — ||, ul3 — / (Ozu o 4+ u Opp) Opu dx + 1 / (u — u?) Oyu da.
T2 . .

Using Young and Cauchy-Schwarz inequalities we obtain

5 d 1 1 1 1
< 2 Lo / Deul? |pf? da + > ||yl 3 + / ul? Oppf? d + ~10pul 3
o dt . 4 . 4

d [/ W
< L
LT (2 3> “

2
[10cull2

which gives
d ! 1 2 2 2 2 2
T Ha ull3 + g F(u) dz | + 5l10pullz < l|0ullz [l#lls + lullse [10xll2,

2 3
where F(u) =7 (_% + %> > _%'

Next we integrate the above inequality in time, and use (62), (61) and Lemma 5.8 to
obtain

I t
3 | ol ds <0 [ (ol + l0.lB) ds < C
for t > 0 where C' is independent of ¢. We have thus proved (75). O

To end the proof of Theorem 2.4, our aim now is to look at the large time behaviour
of the solution.

Proof of Theorem 2.4, (large time behaviour). In this proof, we follow [7].
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By Lemma 5.8, the family {u(t), ¢t > 0} is bounded in W2(—1,1). Since the embed-
ding of W12(—1,1) in L?(—1,1) is compact then, there are a sequence of positive time
(tn), such that ¢, — oo, and z € L?(—1,1) such that

z = lim u(t,) in L?(~1,1) and a.e. in (—1,1).

n—oo

Consider
Un(s,z) =u(t, +s,2), z€(-1,1), -1<s<1, n>0,

and
O, (s,x) =@(t, +s,2), —1<s<Ll

We first prove that
U, —z asn— o0, inC([-1,1;L*~1,1)). (76)

Indeed for each s € (—1,1)

1 tn+1
/ [u(ty + s,2) — u(tn,z)* de < / / |0yul? dt du.
-1 tn

sup ||Un(s) —u(ty)ll2 < [ / / |8tu|2 dt d:p]
se[-1,1] tn—1

The right hand side goes to zero as n — oo by Lemma 5.9. Letting n — oo in the above
inequality gives (76).

Hence

Next, using the definition of D(u, ) which is given in (64) we obtain that
1
/1 (7 110 108U @ = Dl + 10:3/Tal13 + 103 + ¢ 10, @l 3) ds
tnt1 ) ) )
< [ () g ute) (uts) = Dl + 0./ + 1] +2 10:0(]3) ds

n—1
00

<2 D(u, ) ds. (77)
tn—1
The right-hand side of (77) goes to zero as n — oo by (66), so that
®, — 0 asn — oo, in L?((—1,1); Wh?(-1,1)).

In addition, using Cauchy-Schwarz inequality, (59) and (77) we obtain

4/_11 (/_11 VUL(8) |0:1/Un(s)] da;>2 ds

1
< 4 / Tl /TG ds

oo

< C D(u,p) ds.

- tn—1

1
/ 10U ds

Since the right-hand side goes to zero as n — oo by (66), then we have

9,U, — 0 asn — oo, in L? ((~1,1); LY (~1,1)). (78)
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Since the limit in the sense of distribution is unique, (76) and (78) yield that
0yz = 0. (79)

If r =0, (79) together with (60) and (76) give that z =< uy >. We have thus shown
that < ug > is the only cluster point of {u(t), ¢ > 0}. Since {u(t), t > 0} is relatively
compact in L?(—1,1) thanks to its boundedness in W12(—1,1) (see Lemma 5.8), we con-
clude that u(t) converges to < ug > in L?(—1,1) as t — oo.

If r > 0, by (77) we have

1
/ ||Up, log Uy, (U, —1)||1 ds — 0, as n — oo, (80)
-1
Since (Up) is bounded in L ((—1,1) x (—1,1)) thanks to the boundness of {u(t), t > 0}
in WH2(—1,1) and the embedding of W12(—1,1) in L>(—1,1), we infer from (76), (79),
(80) that z logz (2 —1) =0, that is z = 0 or z = 1. Therefore 0 and 1 are the only two
cluster points of {u(t), ¢ > 0} as t — co. Since the w-limit set of u is a compact connected
subset of L2(—1,1), see [1, Theorem 9.1.8] for instance, we conclude that u(t) converges
either to 0 or to 1 in L?(—1,1) as t — oo.

U

6 Limiting behaviour as ¢ — 0

When E(u) = 1 — u, letting ¢ — 0 in (48) formally leads to (9) which is well-posed
since ' < 0 and 0 > 0. The purpose of this section is to justify rigorously this fact and
prove Theorem 2.6. Let T'> 0, 6 > 0, r > 0, € > 0 and a nonnegative initial condition
ug € W2(—1,1). We discuss the limit as £ — 0 of the unique solution u. of

Oz = 6 0%2u. — 0p(ue o) +7ru. (1 —w:) in (0,T) x (—1,1),
ue (0, x) = wup(x) in (—1,1), (81)
Orpus(t,£1) = 0 on (0,7,

given by Theorem 2.4, where . is the unique solution of

—e Bppe+pe = —Ooue in (0,7) x (—1,1),
@=(t, +1) =0 on (0,7).

6.1 Estimates
Lemma 6.1. There is C1(T") independent of € such that

T
/0 (6 110 v/uiel3 + & [102e[3 + [l pel3) dt < C1(T), (82)

Proof. By (54) see (the proof of Lemma 5.4), we have

1

d 1
a ue logue dx + ¢ Ha:c908|‘%+”908”§ <-4 (5/ |8x\/u5|2 dr+2r,
-1 -1

from which (82) follows by a time integration. O

Using Gagliardo-Nirenberg inequality (20) we obtain the following estimate:
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Lemma 6.2. For 2 < p <6, there exists Cy(T, p) independent of € such that

(i)

T
i ae < car). (53)
0

Proof. For t € (0,T), thanks to (82), we can use Gagliardo-Nirenberg inequality (20) on
V/uz and we obtain for all p € [2,00)

1V ue(0)llp < C W ueOllfpre [V u0llz (84)

where 5
g=L"=
2p
Therefore
p=2 p+2
IWVuOIE < CllVueOllyie [V uet)]lz?
P p=2 p+2
luDllz = ClIVue@)llye [ue @]
Since

lue @Ol < [luolly +2 7 T,

and 1%2 < 2 for 2 < p < 6, the estimate (83) follows from (82) and the previous
inequalities. O

Lemma 6.3. There is C3(T) independent of € such that

T 3
/ 10uucl|? dt < Ca(T). (85)
0 )

Proof. Holder and Young inequalities together with (82) and (83) with p = 6 yield

T 3 s (T 3
/H%%Mﬁ s22/\wam¢@mﬁ
0 2 0 2
3 T 3 3
< 2t [l Yoyl de
0
T
sc/(m%+mm@@ﬁS@@x
0
which gives the result. ]

Lemma 6.4. There is C4(T') independent of € such that

T
| 10l g, e < Cu.

Proof. Consider 1) € WQ’%(—L 1) and t € (0,7, we have

1
/ Opue Y dx
-1

1
- / [a:c (5 OpUle — Uge 908) T U E(UE)] Y dx

-1

1
= / (=0 Optte Opth + ue e Optb +1 ue (1 —u) ) dx

-1
< 0 [|0:9loo |O0ztiells + |02l [[uell2 [l@ellz + 7 [Jue (1 — ue)l1 [[¥]]oo-
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Using the embedding of WQ’%(—L 1) in Wh*°(—1,1), and Young’s inequality, we end up

with
1
‘/ Orue Y dx
1

and a duality argument gives

IN

(6 110wuellr + [uell2 lellz + 7 el + 7 [lucllB) |19l

IA

C (110utielly + Ifueli3 + =l + 1) 119l],0.3-

18t 23, < C (1100tells + Nl + llpel  +1)

w23y =

Integrating the above inequality over (0,7") and using Young’s inequality we obtain

T T 3
| 10l ozt < O@) [ (100l + Nl 1)
0 w=z) 0 2

By Lemma 6.1, Lemma 6.3 and Lemma 6.2 with p = 4 the right-hand side of the above
inequality is bounded independently of € and the proof of Lemma 6.4 is complete. O
6.2 Convergence

In this section we discuss the limit of u. as € — 0. For that purpose, we study the
compactness properties of (ue, p:).

Proof of Theorem 2.6. Thanks to Lemma 6.2 and Lemma 6.3, (u.). is bounded in
L3((0,T);Wh3(—1,1)) while (dyuc)e is bounded in L1((0, T); (W23)/(=1,1))

by Lemma 6.4. Since Wl’%(—l, 1) is compactly embedded in C([—1,1]) and C([-1,1])
is continuously embedded in (Wz’%)’ (—1,1), it follows from [9, Corollary 4] that (u.).
is relatively compact in L2 ((0,7);C(]—1,1])). Therefore, there are a sequence (g;) of
positive real numbers, €; — 0, and u € L> ((O,T); W1%> such that

ue, = u in L3 ((o,T); whe(-1, 1)) : (86)

and
ue, = win L2 ((0,T); C[~1,1]) and a.e. in (0,T) x (—1,1). (87)

Since (uc)- is bounded in L ((0,T); L*(—1,1)) by (59), it follows from (87)
T T 3 3 T 3
[ ey =l < [y =l e =l e < [, =l ae o
when £; — 0. In particular, we have
ue, — u, in L*((0,T) x (=1,1)). (88)
Observe that the nonnegativity of u follows easily from that of (uc;) by (88).

Owing to Lemma 6.1, we may also assume that

@e; — ¢ in L*((0,T) x (—=1,1)) ase; — 0, (89)
gj Oppe, — 0in L*((0,T) x (—1,1)) ase; — 0. (90)
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It remains to identify the equations solved by the limit u of (uc,). Let ¢ € C?([0,T] x
[—1,1]) with ¢(T") = 0. Since

/ / Opue; Y drdt = / / =0 Oplie; + Ue; Pe;) Opt) + 1 ue; Eug,) 1/1) dxdt (91)

an

T 1
6]/ / Oztpe; Ozt d:z:dt—l—/ / Ye; Y drdt = / /_1 Oze; P dxdt. (92)

Owing to (86), (89) and (90), it is straightforward to pass to the limit as ¢; — 0 in (92)

and find —
/ / Y Y dxdt = / / Oyu Y dxdt,
-1

© = —0zu. (93)

which gives that

Next, by (87) and (86) we see that

T 1 T 1 1
/ / Opue; Y dxdt — —/ / u Optp dadt — / uo(z) ¥(0,2) dz, ase; — 0,
o J-1 o J-1 -1

T r1 T r1
/ / Oze; Ot drdt — / / Oyt Optp dxdt as 5 — 0.
0o J-1 0o J-1

From (88), (89) and (93) we see that

and

T /1 T 1
/ / Ug; Pe; 0z dxdt — —/ / u Oyu 0y dxdt, ase;j — 0.
0o J-1 0o J-1

From (88) we get

T /1 T /1
T‘/O /lugj E(ugj)zpda:dt—>r/o /luE(u)wdmdt, ase; — 0.

Thus we conclude that u satisfies

T T 1
/ Oy, ) dit = / / (=5 Byt — u Byu) Dot + 7w Blu) v) da dt,
0 0 —1

for all test functions 1. Therefore, u is a weak solution of (15), and classical regularity
results ensure that u is actually a classical solution of (15). Since it is unique and the only
possible cluster point of (u¢)e in L? ((0,T) x (—1,1)), we conclude that the whole family
(us) converges to u in L? ((0,T) x (—1,1)) as € — 0. O
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