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A short proof of the Gaillard-Matveev theorem based on shape invariance arguments

Y. Grandati
Equipe BioPhyStat, LCP A2MC, ICPMB, IF CNRS 2843,
Université de Lorraine-Site de Metz, 1 Bd Arago, 57078 Metz, Cedex 3, France

We propose a simple alternative proof of the Wronskian representation formula obtained by Gail-
lard and Matveev for the Darboux-Pdschl-Teller (DPT) potentials. It rests on the use of singular
Darboux-Backlund transformations applied to the free particle system combined to the shape in-

variance properties of the DPT.

PACS numbers:

I. INTRODUCTION

In 2002, Gaillard and Matveev established an interesting connection between the Darboux-Crum dressing formula
and the Darboux-Poschl-Teller potentials. More precisely, they proved the following theorem:

Gaillard-Matveev’s theorem: The trigonometric Darboux-Poschl-Teller potential (TDPT) with integer parameters
m > n defined on z € |0, 7/2[ by

m(m + 1) n nn+1)

Vix; = 1
(z5m,n) sin® x cos? x (1)
admits the following Wronskian representation
V(z;m,n) = =2(nW (ug,...,um | )", (2)
where W (uq, ..., upm, | ) denotes the Wronskian of the functions u (), ..., um, () which are given by
ug (z) =sin(lz), f 1 <Ii<m-—n ()
Um—n+tl () =sin((m —n+2l)x), if 1 <1 <n.

Gaillard and Matveev underlined that this result traduces the existence of a chain of Darboux transformations
connecting the constant potential to the TDPT V (x;m,n). If such a construction was already envisaged in Darboux’s
seminal works!, the theorem above precises what is the correct choice of “seeds” eigenfunctions of the free Hamiltonian
to reach this last potential.

The proof given in? and® rests on direct evaluations of the Wronskian W (u1, ..., u, | ) and is quite sophisticated
and technically involved. In this letter, we show that this result can be obtained in a shorter way directly by following
Darboux’s original idea. In a modern formulation the proof makes use of shape invariance and SUSY QM arguments
associated to singular Darboux-Bécklund Transformations (DBT) built from excited eigenstates. If the use of singular
DBT has already been envisaged in several papers® 7, they are generally considered of less interest, although recently
proven to be crucial in the study of some two-dimensional superintegrable systems®.

We also examine the case of the Bessel potentials, which is the first example envisaged by Darboux!. This is a
confluent case which necessitate to employ Matveev’s generalized Wronskian leading then to a Wronskian version of
the Rayleigh formula for Bessel functions.

II. DARBOUX-BACKLUND TRANSFORMATIONS

We begin to briefly recall ther essential features of DBT and shape invariance. If ¥y (z;a) is an eigenstate of the

hamiltonian H(a) = —d?/da? + V(z;a), € I C R, (a € R™ being a multiparameter) associated to the eigenvalue
Ex(a) (Eo(a) = 0)



(@1a) + (Ex(a) = V(x;a)) ¥a(z;a) =0, (4)
then the Riccati-Schrodinger (RS) function wy(z;a) = —¢i(x;a)/¥a(x;a) satisfies the corresponding Riccati-
Schrodinger (RS) equation®

—wh (x5 a) + w3 (2;0) = V(x;a) — Ex(a). (5)

The class of RS equations is preserved by a specific subset of the group G of smooth SL(2,R)-valued curves
Map(R,SL(2,R)) . These transformations, called Darboux-Bécklund Transformations (DBT), are built from any
solution w, (z;a) of the initial RS equation Eq(5) as®*!

A(wy)

wx(z;a) = wg\y)(x;a) = —w,(z;a) + Ex(a) — Ey(a)

wy (x;0) — wx(z;a)

: (6)

where F)(a) # E,(a). wg\y) is then a solution of the RS equation:

0 (@) + (0 (@0)) = VI (@a) — B (o) (7)

with the same energy Fy(a) as in Eq(5) but with a modified potential

VI (;a) = V(s 0) + 2u) (2 0) ®)

called an extension of V. If V(*) is a rational function of an a priori given variable (x, tanx, sinz, coshz...) we call
it a rational extension of V.
This can be schematically summarized as

A(’LUV) (V)

Py 2 )
A(w,)

vV o=V,

The corresponding eigenstate of H®)(a) = —d?/dz? + V) (z;a) can be written

(V) ; = eX — ZL"LU(V) xr,a ~ 1 A w xr,a
Vi) =exp (= [ duf?wi0)) ~ s A tr(ai0), (10)

where A (w,) is a first order operator given by A (w,) = d/dz + w, (z;a). Eq(10) can still be written as

w (1/11/; 1/1/\ | ‘T)
Yu(zia)
where W (y1, ..., Yn | ) is the Wronskian of the functions y1, ..., yn.

From V, the DBT generates a new potential V(*) (quasi) isospectral to the original one and its eigenfunctions are
directly obtained from those of V' via Eq(10). Nevertheless, in general, w, (z;a) and then the transformed potential

(w;a) ~ (11)

V@)(z;a) is singular at the nodes of ¥, (z;a). For instance, if H(a) admits a bound state spectrum (B ¥n)pen

(z;a), V(") is regular only when n = 0, that is when 1,,—o is the ground state of fAI, and we recover the usual SUSY
partnership in quantum mechanics'™!®. Note that A(wy) is a ”state-deleting” DBT, the spectrum of the superpartner

hamiltonian H = H© having for fundamental level and ground state F; and 1/)50) respectively.
V is said to be a translationally shape invariant potential (T'SIP) if its superpartner has the form

V(z;a) = VO (z;a) = V(z;a+ a) + R(a), (12)



where o € R™.

The question of successive iterations of DBT is very natural and is at the center of the construction of the hierarchy
of hamiltonians in the usual SUSY QM scheme'?. Staying at the formal level, it can be simply described by the
following generalization of Eq(9) (NN, denotes the j-uple (v1,,...,v;), with N1 = 11 and Ny, = (Ny—1,vm))

A(wyy) A(wd) A(wNm=1))
wy  — wf\yl) — wg\NZ)... — w(AN’")

w, A(w N wNm—1)
A()_;l) V(Vl) (>_2> ) V(N2) A( u;n_,> ) V(Nm)7

(13)

where wg ™) is a RS function associated to the eigenvalue E) of the potential

V) (230) = i( (0 (w;a)) (14)

The corresponding eigenfunction is given by (cf Eq(10) and Eq(11))

W( (Nm—l)’wg\Nm—l) | x)

Ne) (e ) = A (=1 o Nm=1) (1 ) — o
e (w5 a) = A (w0 ) 6 (50) = T (15)
or
wg\N’")(ac; a) = A (w,(ﬁmfl)) ...g(wul)z/},\(x; a). (16)
By induction, we can prove the Crum formulas!3:1
N,
{00 =W Gt ) W i, an)
VO (2;a) = V(i) = 2 (10g W (¢, W, | )"
A succession of m SUSY QM partnerships gives rise to a hierarchy of regular potentials V(N3 j = 1,...,m,

associated to the m-uple N,,, = (0,,...,m — 1) , that is, to a set of seeds functions (¢, ..., %¥m—1) constituted by the
m first bound states of the initial hamiltonian. In the case where the initial potential is a TSIP, we obtain simply

m—1
V) (250) = V(w;a) — 2 (log W (Yo, ... hm—1 | 2))" = V(zia +ma) + > R(ay), (18)
j=0
with

W (0, oo U1, Yktm | @)
W (Yo, ooy Ym-1 | )

which is the k-th excited state of V(M) with the associated energy Ej.qm.

SN (2;a) =

k>0, (19)

III. FROM THE CONSTANT POTENTIAL TO THE TDPT POTENTIAL

Following Darboux!, our starting point is the constant potential on the real line V(x) = 0, 2 € R. The physical

energy spectrum of the corresponding hamiltonian H is constituted by an open band &, = k? € ]0,+oo[, k > 0,
where the two-dimensional eigenspace associated to & is spanned by the (unnormalized) scattering eigenstates

odd (1) = sin(kz)/k, ¢£U" () = cos(kz)/k. (20)



We then build a chain of extensions of V' where the first DBT we choose is based on a scattering state satisfying
the Dirichlet boundary condition at the origin, namely

o (2) = 5% (&) = sin (2), wo (2) = — cot (x), (21)

where the choice of the value k = 1 is for pure convenience. The first extended potential is then

2

VO(a) = V() + 2uwp(z) = — (22)
sin” x
and the corresponding Schrodinger equation
(~?/da? + VO(2)) U(2) = E(a). (23)

At this step, Darboux! writes
“Pour des valeurs particuliéres de E, cette équation admet les solutions sin® z, sin® x cosz. En les employant et en
poursuivant l'application de la méthode, on parviendra successivement a des équations de la forme

nlntl) | mim+ 1)) b(x) = Ep(z).”

272

( FH = o sin? x

As emphasized by Gaillard and Matveev, the argument needs to be completed and specified in particular to
determine in a systematic way what is the correct choice of the successive seeds functions to reach this equation.

First note that Darboux’s procedure does not consider the spectral properties of the built hamiltonians which can
then become more singular at each step. This is the case of V(®) which is singular at every node & = Im of v (z).
The corresponding singularities are of the centrifugal barrier A/ (z — 51)2 with A > 3/4, that is, strong singularities
for which the transmission probability is zero®!®16. This confines the particle in a single interval &, & 11[. If we take
for instance [ = 0, the existence of the singularities in 0 and 7 can then be considered as equivalent to the addition
of Dirichlet boundary conditions at the origin and at x = .

Y (0Y) =9 () =0. (24)
These lasts act as a filter which select among all the formal eigenfunctions z/;,io) only those which satisfy Eq(24).

The question is now to determine what are the appropriate values of k& which allows to verify this constraint.
From a more general point of view, consider the problem to determine what is the condition to which the solution

Ya(x) of Eq(4) is submitted in order that its image 1/)&") via the DBT A (w,) satifies

Ya(wo) = 0, (25)

where xg € I is a zero of 1,,. In the vinicity of xg we can write
Yu(x) = apo + ap (T — x0) + ap2 (. — 20)° + O ((m - xo)s) . (26)
xo being a simple zero of ¢, we have a, o = 0 and a,; # 0, which gives

—1 a,,72

+ O((x — x9))- (27)

~
’LUV(SC) 1;10 r — X ap,1

Inserting these results in Eq(11), we obtain

(v) ~ —ax,o B Qy,2 o 9
Vo), T = 220,04 0((c - a0) 28)

and the condition (25) is satisfied iff ayo = 0, that is, iff x¢ is also a zero of .



In brief, a DBT A (w,) associated to a seed function v, having nodes on the definition interval generates an
extended hamiltonian which is singular on this interval. The restriction of this extension between two singularities
has a spectrum which consists in a filtered version of the initial hamiltonian spectrum: we only keep the levels F)
for which the initial eigenstates ¥ have nodes at the singular points. This point of view is equivalent to the one of
Marquez et al”.

Applying this analysis to to the system considered above, we obtain that the potential V() restricted to the positive
half line and subjected to the boundary conditions Eq(24) has a discrete non degenerate spectrum given by Ej, [ € N*,
with the corresponding eigenstates

wl(o) (x) = E(wo) Yr(x) ~ (I 4+1)cos((l+1)z) —cotasin((l+1)x), (29)

where we have noted ¢ () = ¢4 (z) and E; = £41. In particular, the fundamental and first excited eigenstates

are ¢§°> (z) = sin? () and 1/150) (z) = sin®z cosz. V() can also be considered as the image via A (wp) of the infinite
square well

- 0, if z €10, 7|
vawio) ={ % B ()
V() being a particular TDPT potential (1) with n = 0, m = 1, we can consider that Vg correspond to the limit
case Vow () = V(2;0,0) = ligo‘/(:c;u, v).
8%

As it is well known?7 1 the TDPT potentials V (x;u,v) are second category translationally shape invariant
potentials (TSIP), the SUSY QM partuer of V(z; u, v) being given by

Vizspv) =V(zsp+1v+1), (31)
for p,v > 0 and

{Y(w;u,()):‘/(w;wrl,o), >0 (32)
V(z;0,v) =V (z;0,v+1), v>0.

Starting from V() (z) = V(z;1,0), we can build a hierarchy of p — 1 extensions of via successive SUSY QM
partnerships, that is, via a chain of p — 1 DBT based on the successive ground states. From Eq(32) and Eq(18), we
deduce that the final potential is V' (a;p,0) and can be seen as the end of a chain of p extensions which starts from
the zero potential V(z) and which is associated to the p-uple N, = (0, ...,p — 1), ie to the set of seeds eigenfunctions

(o () 5.y Yp—1 (z)) = (sin (z), ..., sin (pz)). Using a straightforward recurrence, we deduce that the ground state of
Vo) (z) = V(z;p,0) = p(p+ 1)/ sin’ x at energy E, is

1/)](DN") (z) = sin? ™ 2. (33)

Since is even with respect to 7/2, its eigenfunctions Q/J%N’)) are repectively symmetric (if n—p is even) or antisymmetric
(if n — p is odd) with respect to this point. An immediate consequence is that its first excited eigenstate (at energy
Ept1) w;ﬁ‘{) has only one node on ]0, 7[ which is always located at 2 = 7/2 independently of p. From Eq(33) we
deduce

Ut (@) ~ A% (05) 95 (@) ~ coswsin (34)

Suppose that we continue the chain of extension and build the following DBT from this first excited eigenstate.

The obtained potential is then singular and presents a pole of second order at = 7/2. 1/11()11?)

Yp41(z) = sin((p + 2) ) by the chain associated to N,

being the image of

Ui (@) = A (wf ) A () e (2), (35)



the new chain is associated to the (n + 1)-uple (NVp, p + 1) and the final extension is given by

2 1 2
V(Npap""l) (x) — COS2$ + (p+ )2(p + ) (36)
sm- T

The presence of the additional ”strong” singularity in /2 imposes a Dirichlet boundary condition at this point. In

the spectrum of the restriction of V(Ve:P+1) to 10, 7/2], half of the levels E,(lN”) of the preceding potential V(Ne) are
eliminated. These are all those associated to “even” (with respect to 7w/2) eigenstates, that is to the even values of
the quantum number n — p.

The spectrum of V™»P+1) (1) contains then only the levels E

P
w;ﬁﬁfizl) are the images of the initial eigenstates v, 142(;+1) via the chain of BDT corresponding to the (p + 1)-

uple (Np,p+1) = (0,...,p — 1,p+1). Starting from V(Ne:p+1) we can continue the chain by using standard SUSY

QM partnerships, all the extended potentials thus generated being perfectly regular on ]0,7/2[. But V(Ne?+1) is also
a TDPT

+142(j+1), J = 0, and the associated eigenstates

VWNert) () = V(s p + 1,1). (37)

Consequently the shape invariance property Eq(31) implies that after ¢ steps, we obtain as final extension

Vet () = V(s p + g, 9). (38)

This shows in an explicite way what is exactly the chain of DBT which permit to build the general TDPT potential
of integer parameters as a rational (in sinz) extension of the free particle system.
The Crum formula gives then

V(z;p+4q,q) = =2 (InW (3o, s Up 1, Wpa 1, s Yp_142j55 s YUp_1429 | 95))”7 (39)

or, noting [ = p +q,

Vil = 0+ 10D

= —2(InW (sinz,...,sin((l — q) x),sin (I — ¢+ 2)x) ,...,sin (I — ¢+ 2j)x) ,...,sin (I + ¢) z) | x))” ,(40)

which is precisely the Gaillard-Matveev result.

IV. FROM THE CONSTANT POTENTIAL TO THE BESSEL POTENTIAL AND A WRONSKIAN
RAYLEIGH FORMULA.

To generate the TDPT potentials from the constant one, we start with a DBT built from any (physical) diffusion
state of the constant potential. Nevertheless, we are not limited to this case and on a formal point of view we
can use any eigenfunction, physical or not to build this DBT. In particular, we can choose as seed eigenfunction
Yo (z) =a = %1_}1% Yy, (z) whose associated eigenvalue Ey = 0 is located at the lower boundary of the physical spectrum

of V. The extended potential generated by the DBT A(wy) is

VO (2) = 2/22 = Vg (2,1), (41)

that is, the first Bessel potential of integer parameter, the general form of which being Vg (z;a) = a(a + 1) /2.
The two partner hamiltonians H and H©are strictly isospectral but the levels of are no more degenerated since

the strong singularity of V(%) at the origin imposes to retain in the spectrum of H only the eigenstates which satisfy
the Dirichlet boundary condition at the origin

v (0F) =o0. 42)



The physical spectrum of H© is then

(43)

B = k* €0, 400, k>0
O (2) = gt Awo)n, () = (—sin(ka) + kz cos (kz)) /K,

the unphysical ”fundamental” eigenfunction for k = 0 being 7,/1(()0) (x) =2%~ llin%) z/;,io) (x).
—

We can start to build a chain of isospectral potentials by successive DBT based on the ”fundamental” unphysical
eigenfunctions of zero energy which are recessive at the origin (satisfying the Dirichlet boundary conditions at the
origin). An immediate recurrence gives, for N,,, = (0, ...,0)

——

m times
{ l/JéNm) (m) = gmt! (44)
VNm) (1) = Vi (2;m) = m(m + 1)/22.

All the extensions V (V=) subject to the Dirichlet boundary condition at the origin are then strictly isospectral to
V() with a unique energy band ]0, +00[. These results are naturally well-known and this constitutes the first example
of application that Darboux gave of his method in his first article on the subject?’. They are also one of the key
ingredient given by Duistermaat and Griinbaum?! in the proof that every trivial monodromy potential decaying at
infinity can be considered as a rational extension of the free particle potential.

Nevertheless, the question of the Wronskian representation of the extended potentials Eq(44) and of their eigen-
functions is less trivial. Indeed, we are now in a case of confluency where all the successive DBT are built from
eigenfunctions associated to the same energy. Then we cannot use the Crum formulas to express V (V=) and its eigen-

((JNm)) is an annihilator for 1/1(()Nm)

states z/Jl(cNm) in terms of Wronskians of distinct ”seeds functions” (note that E(w
and that wéNm“) cannot be considered as the image of z/JéN’") by the DBT A(wéNm))). In this case, we can however

use Matveev’s formulas?®23 and express V=) and z/;,iNm) in terms of ”generalized Wronskians”:
Matveev’s formulas: In the confluent case where the repeated DBT are built on eigenfunctions associated to the
same value kg of the spectral parameter k (N,,, = (ko, ..., ko) ), we can write
——

m times

"
2", 'm—1y,
V(Nm,)([L') =V (m) -2 (th (wm ém—lwl PN Wjﬁ ok | .T))
—Rro —Rro

i T 45
N, W<wk0’ aa,le;pln =k ""’aammlffﬁ ﬂ/fk|z> ( )

(1 oy = D e W L M,

i1qp, tm—1y,
W<wk07 aa";bl N:k‘()7m7 aammiﬂl) re:kolz>

where the 2% 7 =0,...,m — 1, are the m first non-zero derivative of 1, with respect to the spectral

i ’
Or'y K:ko

parameter k at the value k = kg. In our case, for kg = 0, we have

0 $2n+1 9
= 1) — (k)™ 46
The sequence of the i; is given by i; = 24, j > 0 with
2; 2541
T (@) Ly T (47)
Ok% K=0 2j+1

and the Matveev formula for the potential gives

Vizsm) =2 (W (z,2°, .., 2> | :c))”. (48)



Darboux’s result is readily recovered by using standard properties of the Wronskians?® which allow us to write

m— m dy m(m-1)/2 m— m(m m(m— it .
W (z,zg,...,zQ o z) =x <£) w (1,y,...,y ! |y)‘yzx2 = gmim+1)/2gm(m=1)/2 ]:[1 il (49)
‘7:
that is, VIVm) (z) = Vg(z;m) = m (m + 1) /22
More interesting is the case of the eigenfunctions. Since w,(cN’") is a solution of
1

o)+ (12 - D) o) = (50)

satisfying the Dirichlet boundary condition at the origin, it can then be written as

2

w]gNm) (z) ~ 1-1/2Jm+1/2(k:c) = \/;xjm(kx), (51)

where J,,, 12 (2) and jy, (z) are the usual Bessel and spherical Bessel functions®42°.

But from the second Matveev’s formula we also have

% (ac, 23, .22 sin(kx) /K | x)

(N'V'VL) J—
k (z) W (x, a3, ..., 22m"1 | x)

(52)

This can be considered as a Wronskian version of the Rayleigh formula for Bessel functions?*. Indeed, the same
handling as before?® applied to the Wronskian at the numerator of Eq(52) gives
w (x,:cg, ™ sin(kx) /K | x) = gm(m+1)/2p(m+1)(m+2)/2y}, (1,y, sy g(y) | y) , (53)
where y = 22 and g(y) = sinc(kz) = sin(kx)/kz. Then
m—1
w (m,x3, oy ?™ Y sin(ka) /K | x) = 2m(m+1)/2 4 (m+1)(m+2)/2 H il g™ () (54)
j=1

and with Eq(49), we finally obtain

(Nom) — el

™+l /1 d
2m

) sinc(kx). (55)
V. CONCLUSION

In this letter we have shown how to recover in a simple way the content of the Gaillard-Matveev theorem which
provides a Wronskian representation for the TDPT potentials. This is directly achieved by combining the Crum
formula and shape invariance arguments applied to specific singular extensions of the constant potential. The same
reasoning can be adapted to obtain Wronskian representations for the eigenfunctions of the Bessel potentials. This
confluent case necessitates to employ Matveev’s generalized Wronskians, obtaining then a Wronskian version of the
Rayleigh formula.

In®, Gaillard and Matveev also consider the case of the discrete Darboux-Péschl-Teller potentials (DDPT), for
which they give Casoratian representation formulas. A treatment of these discrete systems by the preceding approach
will be the object of further investigations.
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