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THE HOMOTOPY THEORY OF BIALGEBRAS OVER PAIRS OF

OPERADS

SINAN YALIN

Abstract. We endow the category of coalgebras over an operad in connec-
tive non-negatively graded chain complexes with a cofibrantly generated model
category structure. Then, we prove our main result : the category of bialge-
bras over a pair of operads (P,Q) in distribution admits a cofibrantly gen-
erated model category structure inherited from those of the P -algebras and
the Q∗-coalgebras. This is the first result of this type for a bialgebras cate-
gory. It allows to do classical homotopical algebra in various categories such
as associative bialgebras, Lie bialgebras or Poisson bialgebras in connective
non-negatively graded chain complexes.

Keywords : operads, bialgebras category, homotopical algebra.
AMS : 18G55 ; 18D50.
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Introduction

Operads and props appeared during the 60’s as universal tools parametrizing
operations of the form X⊗m → X⊗n on an object X of a symmetric monoidal
category. The notion of a prop has been introduced by MacLane in algebra [22]. A
special kind of prop named category of operators in standard form by Boardman and
Vogt arised in the study of iterated loop spaces (see [1] and [2]). Peter May defined
the axioms of operads to deal with such structures [26]. The first striking result
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involving operads was the famous recognition principle, identifying up to homotopy
iterated loop spaces and algebras over the little disks operads. More than two
decades after their appearance in topology, a rebirth of interest for operads led to
fundamental outcomes in many fields of Mathematics. Let us mention for instance
the study of moduli spaces of curves, the Deligne conjecture and the deformation
quantization of Poisson manifolds.

At the end of the 60’s, another major theory emerged in the work of Quillen under
the name homotopical algebra [27]. Quillen developped the framework of model
categories by analogy with the properties of continuous maps in topological spaces:
fibrations, cofibrations and homotopy equivalences. Model categories are aimed
to transpose such properties in a general categorical setting, providing an effective
and explicit localization functor with respect to these homotopies. Model categories
capture the homotopical information of various categories such as differential graded
algebras and spectra for instance. Homotopical algebra insights in the operadic
setting initiated with the work of Ginzburg and Kapranov on Koszul duality of
operads [15], and pursued later in Hinich’s work [16]. Operads form themselves
a model category. Algebras over a suitable operad can also be endowed with a
model category structure. Moreover, the Koszul duality of operads allows to build
a special kind of cofibrant resolution of a given operad, called its minimal model.
It turns out that these minimal models, inspired by techniques from the rational
homotopy theory, are the right objects to encode the notion of (strongly) homotopy
algebras over an operad [24].These devices provided the perfect framework to study
the cohomology theory and the deformation theory of various sorts of algebras.

However, if one wants to deal with bialgebras it becomes necessary to use general
props instead of operads. Structures with products and coproducts started to be
popularized with the work of Drinfeld on quantum groups (see [6] and [7]), in par-
ticular the examples of bialgebras, Hopf algebras and Lie bialgebras. Hopf algebras
play also a crucial role in the construction of quantum knot invariants. Later, such
bialgebraic structures appeared with the birth of string topology (see [3],[4] and
[5]). One may then wonder how to transpose homotopical algebra methods in the
prop setting, as it has been done before for operads. This is the motivating question
of this paper. Props themselves form a model category [13]. However, algebras over
a prop do not have any known model category structure in general. The only result
of this type holds in cartesian categories [18]. It excludes the differential graded
context we are interested in. Another approach to capture and understand the
homotopical information of a bialgebras category has been settled by the author in
[28] via the notion of classifying space of a category.

The main goal of this memoir is to use the framework of model categories,
convenient to develop later deformation theory of various bialgebraic structures.
For this aim, we use the notion of mixed distributive law introduced by Fox and
Markl in [9]. The general idea is that many of the bialgebras encountered in nature
are of the following form. There is an operad encoding the operations (several
inputs and one single output) and another operad encoding the cooperations (one
single input and several outputs). The distributive law then formalizes the interplay
between these operads, i.e the compatibilities between operations and cooperations.
This formalism includes the aforementioned examples.

The existence of a cofibrantly generated model category structure on algebras
over a suitable operad is a classical result, see [16]. When working over a field of
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characteristic zero, such a structure exists for any operad. We start in section 2
with a detailed construction of this model structure for an operad in the category
ChK of chain complexes over a field of characteristic zero. The plan and methods
followed in this section will serve as guidelines for the remaining part of the paper.
Let Ch+

K
be the full subcategory of ChK of connective chain complexes. We denote

by PCh+
K

the category of P -coalgebras in Ch+
K
. The first main result of this paper

is the existence of a model category structure for coalgebras over an operad:

Theorem 0.1. The category of P -coalgebras PCh+
K

inherits a cofibrantly generated

model category structure such that a morphism f of PCh+
K

is

(i) a weak equivalence if U(f) is a weak equivalence in Ch+
K
;

(ii) a cofibration if U(f) is a cofibration in Ch+
K
;

(iii) a fibration if f has the right lifting property with respect to acyclic cofibra-
tions.

We prove this theorem via the following steps. First, we prove two crucial results.
The first is the structure of the cofree coalgebra over an operad. The second one
is based on the construction, for any P -coalgebra A, of its enveloping cooperad. It
expresses the coproduct of a A with a cofree coalgebra in terms of the evaluation
of the associated enveloping cooperad functor. Axioms MC2 and MC3 are obvious.
Axioms MC1 is proved in an analogue way than in the case of algebras. The main
difficulty lies in the proofs of MC4 and MC5. For this aim, we use proofs inspired
from that of [14] and adapted to our operadic setting. In order to produce the
desired factorization axioms, our trick here is to use a slightly modified version
of the usual small object argument. We use smallness with respect to injections
systems.

Our main result is obtained by transfering the previous model category structure.

We denote by Q
PCh+

K
the category of (P,Q-bialgebras in Ch+

K
, where P encodes the

operations and Q the cooperations. We use an adjunction

U :QP Ch+
K
⇄P Ch+

K
: Q∗.

The model category structure on (P,Q)-bialgebras is then given by the following
theorem:

Theorem 0.2. The category of (P,Q)-bialgebras Q
PCh+

K
inherits a cofibrantly gen-

erated model category structure such that a morphism f of Q
PCh+

K
is

(i) a weak equivalence if U(f) is a weak equivalence in QCh+
K

(i.e a weak equiv-

alence in Ch+
K

by definition of the model structure on QCh+
K
);

(ii) a fibration if U(f) is a fibration in QCh+
K
;

(iii) a cofibration if f has the left lifting property with respect to acyclic fibrations.

The main difficulty is the proof of MC5. We use mainly our refined version of
the small object argument combined with a result about cofibrations in algebras
over an operad due to Hinich [16].

1. Preliminary notions

In this section, we first recall some notions and facts about Σ-modules, operads
and algebras over operads. Then we review the interplay between monads and
comonads by means of distributive laws and make the link with operads. It leads us
to the crucial definition of bialgebras over pairs of operads in distribution. Finally,
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we recall a classical tool of homotopical algebra, namely the small object argument,
aimed to produce factorizations in model categories. The material of this section
is taken from [20], [9] and [17].

1.1. Operads and their algebras. For simplicity, definitions of this subsection
are given in the category of vector spaces V ectK, where K is a field of characteristic
zero. They extend readily to the category of non-negatively graded chain complexes
ChK, which will be our base category for the next sections.

1.1.1. Σ-modules, Schur functors and operads. Let us start with Σ-modules and
their associated Schur functors:

Definition 1.1. (1) A Σ-module is a family M = {M(n)}n∈N of right K[Σn]-
modules M(n), where Σn is the symmetric group of permutations of {1, ..., n}. It
is connected if M(0) = 0, simply connected if moreover M(1) = 0. It is finite
dimensional if for every n ∈ N, the vector space M(n) is of finite dimension. For
any element x ∈ M(n), the integer n is the arity of x.

(2) A morphism of Σ-modules f : M → N is a family of Σn-equivariant maps
fn : M(n) → N(n). When all the fn are injective, M is a sub-Σ-module of N .

To each Σ-module corresponds a Schur functor:

Definition 1.2. Let M be a Σ-module, its Schur functor M : V ectK → V ectK is
defined by

M(V ) =
⊕

n∈N

M(n)⊗Σn
V ⊗n

where Σn acts on V ⊗n by permuting variables: for any σ ∈ Σn and (v1, ..., vn) ∈
V ⊗n, σ.(v1, ..., vn) = (vσ−1(1), ..., vσ−1(n)). Then M(n) ⊗Σn

V ⊗n is the space of
coinvariants under the diagonal action of Σn.

Example 1.3. The Schur functor of I = (0,K, 0, ..., 0, ...) is the identity functor.

Now let us give two definitions of an operad. The first is a concise “monoidal”
definition in terms of Schur functor:

Definition 1.4. (1) Consider the category of endofunctors V ectK → V ectK en-
dowed with the functor composition product. An operad is a Σ-module P =
{P (n)}n∈N whose Schur functor forms a monoid for the composition product. It
means that there are two natural transformations, the composition γ : P ◦ P → P
and the unit ι : I → P satisfying the usual monoid axioms:

-associativity:

P ◦ P ◦ P
Pγ //

γP

��

P ◦ P

γ

��
P ◦ P

γ
// P

-unitarity:

I ◦ P

=
$$I

II
II

II
II

I
ιP // P ◦ P

γ

��

P ◦ I
Pγoo

=
zzuu
uu
uu
uu
uu

P



THE HOMOTOPY THEORY OF BIALGEBRAS OVER PAIRS OF OPERADS 5

Such a structure is also called a monad on V ectK.
(2) A morphism of operads f : P → Q is a natural transformation commuting

with the monoid structures.

The second one is the classical definition due to Peter May. One can show that
these two definitions coincide (see [20] for a proof):

Definition 1.5. (1) An operad is a Σ-module P = {P (n)}n∈N endowed with K-
linear applications called the operadic compositions

γ(k1, ..., kn) : P (n)⊗ P (k1)⊗ ...⊗ P (kn) → P (k1 + ...+ kn)

for n ≥ 1 and k1, ..., kn ≥ 0, and a unit application η : K → P (1). These applica-
tions satisfy the following axioms:

associativity. Let n ≥ 1 and m1, ...,mn, k1, ..., km natural integers, where m =
m1 + ...+mn. Let us denote gs = m1 + ... +ms−1 and hs = kgs+1 + ... + kgs+ms

for 1 ≤ s ≤ n. Then the following diagram commutes:

(P (n)⊗
⊗n

s=1 P (ms))⊗
⊗m

r=1 P (kr)
γ(m1,...,mn)⊗id //

permutations

��

P (m)
⊗m

r=1 P (kr)

γ(k1,...,km)

��
P (n)⊗

⊗n
s=1(P (ms)⊗

⊗ms

q=1 P (kgs+q)
γ(h1,...,hn)◦id⊗(

⊗n
s=1 γ(kgs+1,...,kgs+ms))

// P (k1 + ...+ km)

equivariance. Let n ≥ 1, k1, ..., kn be natural integers and σ ∈ Σn, τ1 ∈
Σk1 , ..., τn ∈ Σkn

be permutations. Let us note σ(k1, ..., kn) ∈ Σk1+...+kn
the per-

mutation permuting the blocks (1, ..., k1), ..., (kn−1 + 1, ..., kn) as σ permutes the
elements of {1, ..., n}. Denote also by τ1 ⊕ ... ⊕ τn ∈ Σk1+...+kn

the blockwise sum
of the permutations τi, that is if x ∈ {ki−1 + 1, ..., ki} then (τ1 ⊕ ... ⊕ τn) = τi(x).
Then the following diagrams commute:

P (n)⊗ P (i1)⊗ ...⊗ P (in)
σ⊗σ−1

//

γ(i1,...,in)

��

P (n)⊗ P (iσ(1))⊗ ...⊗ P (iσ(n))

γ(iσ(1),...,iσ(n))

��
P (i1 + ...+ in)

σ(iσ(1) ,...,iσ(n))
// P (iσ(1) + ...+ iσ(n))

P (n)⊗ P (i1)⊗ ...⊗ P (in)
id⊗τ1⊗...⊗τn//

γ(i1,...,in)

��

P (n)⊗ P (iσ(1))⊗ ...⊗ P (iσ(n))

γ(iσ(1),...,iσ(n))

��
P (i1 + ...+ in)

τ1⊕...⊕τn

// P (i1 + ...+ in)

unitarity. For every n ≥ 1 the following diagrams commute :

K⊗ P (n)
∼= //

η⊗id

��

P (n)

P (1)⊗ P (n)

γ(n)

88rrrrrrrrrr
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P (n)⊗K
⊗n

∼= //

id⊗η⊗n

��

P (n)

P (n)⊗ P (1)⊗n

γ(1,...,1)

88qqqqqqqqqqq

(2) A morphism of operads f : P → Q is a family {f(n) : P (n) → Q(n)}n∈N of
Σn-equivariant K-linear maps commuting with operadic compositions and preserv-
ing units.

Remark 1.6. When K is an infinite field, we have a fully faithful embedding of the
category of Σ-modules in the category of endofunctors of V ectK. However, this is
no more true if we suppose K to be finite. We refer the reader to [21] about this
fact. This is a key point to obtain the equivalence between our two definitions of
operads.

We can also define suboperads and operadic ideals:

Definition 1.7. Let P = {P (n)}n≥0 and R = {R(n)}n≥0 be two operads. The
operad R is a suboperad of P if for every n ≥ 0, the space R(n) is a sub-K[Σn]-
module of P (n) and if all operadic compositions of R are restrictions of that of
P .

Definition 1.8. An ideal in the operad P is a collection I = {I(n)}n≥0 of Σn-
invariant subspaces I(n) ⊂ P (n) such that γ(f, g1, ..., gn) ∈ I(k1 + ... + kn) if
f ∈ I(n) or gi ∈ I(ki) for some 1 ≥ i ≥ n.

1.1.2. Algebras over operads. Operads are aimed to parametrize various kind of
algebraic structures: associative, commutative, Poisson or Lie algebras for instance.
This leads us to the general notion of algebra over an operad. The operads we carry
about in this paper are algebraic operads, but the reader should note that the first
examples of operads where topological operads, namely the little disks operads,
introduced in homotopy theory in the 60s in order to understand the structure of
iterated loop spaces. We can formulate two alternative definitions of an algebra
over an operad:

Definition 1.9. (1) Let P be an operad. A P -algebra is a vector space A endowed
with a linear application γA : P (A) → A such that the following diagrams commute

(P ◦ P )(A)
P (γA) //

γ(A)

��

P (A)

γA

��
P (A)

γA

// A

A
ι(A) //

=
!!D

DD
DD

DD
DD

P (A)

γA

��
A

.

(2) A morphism of P -algebras f : A → B is a linear application such that the
following diagram commutes :
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P (B)
γA //

P (f)

��

A

f

��
P (B)

γB

// B

Definition 1.10. Let P be an operad. A P -algebra is a vector space A equiped
with linear applications αn : P (n) ⊗ A⊗n → A for n ∈ N satisfying the following
axioms:

associativity. Let n ≥ 1 and k1, ..., kn be natural integers, then the following
diagram commutes:

(P (n)⊗
⊗n

s=1 P (ks))⊗
⊗n

s=1 A
⊗ks

γ(k1,...,kn)⊗id //

permutation

��

P (A)

αk1+...+kn

��
P (n)⊗

⊗n
s=1(P (ks)⊗A⊗ks)

αn◦(id⊗
⊗n

s=1 αks )
// A

equivariance. For every n ≥ 1 and σ ∈ Σn the following diagram commutes:

P (n)⊗A⊗n σ⊗σ−1

//

αn

%%J
JJ

JJ
JJ

JJ
J

P (n)⊗A⊗n

αn

yytt
tt
tt
tt
tt

A

unitarity. For every n ≥ 1 the following diagram commutes:

K⊗A
∼= //

η⊗id

��

A

P (1)⊗A

α1

;;vvvvvvvvv

.

We will denote PV ectK the category of P -algebras in vector spaces and PChK

the category of P -algebras in non-negatively graded chain complexes. Let us give
some fundamental examples of operads.

Example 1.11. Let As : V ectK → V ectK the functor defined by

As(V ) =
⊕

n≥1

V ⊗n.

As a Σ-module we have As = K[Σn] for n ≥ 1 and As(0) = 0. The composition
product γ of As is given by the composition of non commutative polynomials.
Every non-unitary associative algebra is an algebra over the operad As. If A is an
associative algebra and γA the application of definition 1.9, then the component
γA(2) of γA in arity 2 determines the associative product on A. We can parametrize
unitary associative algebras by slightly modifying As and defining uAs by uAs(0) =
K and uAs(n) = K[Σn] for n ≥ 1. The unit of A is then given by the component
K → A of γA in arity 0.
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Example 1.12. Let Com : V ectK → V ectK be the functor defined by

Com(V ) =
⊕

n≥1

(V ⊗n)Σn

where (V ⊗n)Σn
is the quotient of V ⊗n by the left action of Σn. As a Σ-module,

we have Com(0) = 0 and Com(n) = K for n ≥ 1. The composition product γ of
Com is given by the composition of polynomials. The operad Com parametrizes
non-unitary associative and commutative algebras in the way we explained before
for As.

Example 1.13. The operad Lie is a more involved example. There is a Schur
functor Lie : V ectK → V ectK sending a vector space V to the free Lie algebra
Lie(V ) ⊂ T (V ), where T (V ) = As(V ) is the tensor algebra of V . This is the
subspace generated by V under the commutator [v, w] = vw − wv. One can show
that there is an operad structure on Lie induced by that of As. One can also show
that Lie(V ) is the space of primitive elements in the bialgebra structure of T (V ).
The explicit description of Lie(n) for every n is more complicated than the previous
examples, and we refer to [20] for more details.

Example 1.14. To any vector space V we can associate its endomorphism operad
EndV defined by EndV (n) = HomK(V

⊕n, V ). The right action of Σn on EndV (n)
is induced by its left action on V ⊕n. The operadic compositions γ(k1, ..., kn) are
given by partial compositions of morphisms:

γ(f ; f1, ..., fn)(v1, ...vk1+...+kn
) = f(f1(v1, ..., vk1), ..., fn(vk1+...+kn−1+1, ...vk1+...+kn

))

where f ∈ HomK(V
⊗n, V ) and fi ∈ HomK(V

⊗ki , V ).

The endomorphism operad allows us to give a third definition of algebras over
operads equivalent to definitions 1.9 and 1.10:

Definition 1.15. Let P be an operad. A P -algebra is the data of a vector space
A and an operad morphism P → EndA.

It is well known that the tensor algebra and the symmetric algebra construc-
tions are respectively the free associative algebra functor and the free commutative
algebra functor. There exists a more general notion of free algebra functor in the
operadic setting:

Definition 1.16. Let V be a vector space. In the category of P -algebras, a P -
algebra F(V ) endowed with a linear map i : V → F(V ) is the free P -algebra on
V if it satisfies the following universal property: for every P -algebra A and every
linear application f : V → A, there exists a unique factorization

V
i //

f
""D

DD
DD

DD
DD

F(V )

f

��
A

where f is a morphism of P -algebras. A free algebra is unique up to isomorphism.
The functor F : V ectK →P V ectK is called the free P -algebra functor and is by
definition the left adjoint of the forgetful functor U :P V ectK → V ectK.
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For every vector space V , we can equip P (V ) with a P -algebra structure by
setting γP (V ) = γ(V ) : P (P (V )) → P (V ).

Proposition 1.17. (see [20], proposition 5.2.6) The P -algebra (P (V ), γ(V )) equiped
with the map ι(V ) : I(V ) = V → P (V ) is the free P -algebra on V .

1.1.3. Coalgebras and cooperads. Let us introduce first the coendomorphism operad
:

Definition 1.18. To any vector space V we can associate its coendomorphism
operad coEndV defined by coEndV (n) = HomK(V, V

⊕n). The right action of Σn

on coEndV (n) is induced by its right action on V ⊕n. The operadic compositions
γ(k1, ..., kn) are given by partial compositions of morphisms:

γ(f ; f1, ..., fn) = (f1 ◦ f
1)⊗ ...⊗ (fn ◦ fn) ∈ HomK(V, V

⊗k1+...+kn)

where f ∈ HomK(V, V
⊗n) and fi ∈ HomK(V, V

⊗ki). The map f i is the ith com-
ponent of f in V ⊗n.

Now we can introduce two equivalent definitions of coalgebras over an operad:

Definition 1.19. (1) Let P be an operad. A P -coalgebra is a vector space C
equiped with linear applications ρn : P (n) ⊗ X → X⊗n for every n ≥ 0. These
maps are Σn-equivariant and associative with respect to the operadic compositions,
i.e the following diagram commutes for every n, k1, ..., kn ∈ N:

P (n)⊗
⊗n

s=1 P (ks)⊗ C
γ(k1,...,kn)⊗id //

(id⊗...⊗id⊗ρn)◦permutation

��

P (k1 + ...+ kn)⊗ C

ρk1+...+kn

��
⊗n

s=1 P (ks)⊗ C⊗n

(
⊗n

s=1 ρks )◦permutation

// C⊗(k1+...+kn)

.

If K is a field of characteristic zero and the P (n) are finite dimensional, then it is
equivalent to define applications ρn : X → P (n)∗ ⊗Σn

X⊗n. (2) A P -coalgebra is a
vector space C equiped with an operad morphism P → coEndC .

We can also define the dual notion of operads, namely the cooperads:

Definition 1.20. Let C = {C(n)}n∈K a Σ-module such that C(0) = 0. It is
a cooperad if the associated Schur functor is a comonoid in the endofunctors of
V ectK. It means that there exist two natural transformations, the counit η : C → I
and the decomposition product ∆ : C → C ◦ C satisfying the following axioms:

coassociativity.

C
∆ //

∆
��

C ◦ C

C∆
��

C ◦ C
∆C

// C ◦ C ◦ C

counitarity.

C

=

$$I
II

II
II

II

=

zzuu
uu
uu
uu
u

∆
��

I ◦ C C ◦ C
Cη

//
ηC

oo C ◦ I

.
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Such a structure is called a comonad on V ectK. We also suppose that there exists an
element id ∈ C(1) such that η(id) = 1 ∈ I(1) = K, called the identity cooperation.

There is a notion of coalgebra over a cooperad:

Definition 1.21. Let C be a cooperad. A C-coalgebra is a vector space X equiped
with a linear application ρ : X → C(X) such that the following diagrams commute:

X
ρ //

ρ

��

C(X)

∆ρ

��
C(X)

C(ρ)
// C(C(X))

X
ρ //

=
""E

EE
EE

EE
EE

C(X)

ηρ

��
X

.

We can go from operads to cooperads and vice-versa by dualization. Indeed, if
C is a cooperad, then the Σ-module P defined by P (n) = C(n)∗ = HomK(C(n),K)
form an operad. Conversely, suppose that K is of characteristic zero and P is an
operad such that each P (n) is finite dimensional. Then the P (n)∗ form a cooperad.
The additional hypotheses are needed because you have to use, for finite dimensional
vector spaces V and W , the isomorphism (V ⊗W )∗ ∼= V ∗ ⊗W ∗ to define properly
the decomposition product. Note also that under the same hypotheses, the notion
of coalgebra over the operad P is equivalent to the notion of coalgebra over the
cooperad P ∗.

1.1.4. Props and bialgebras. Props encode operations with multiple inputs and out-
puts and, as operads do for algebras, model the structures of various categories of
bialgebras. These bialgebras, for instance associative-coassociative, Lie, Frobenius
or Poisson bialgebras appear in a wide range of domains of mathematics. The main
problem is that dealing with algebras over props is much more difficult than dealing
with algebras over operads. This gap comes from the “combinatorial explosion” of
props, which make them quite difficult objects to handle. For instance, contrary
to the operadic case, in general there is no free algebra functor. Although props
themselves forms a model category, in general algebras over a prop do not form a
model category (contrary to algebras over a suitable operad). However, in the most
common cases such as associative, Poisson or Lie bialgebras, it turns out that we
can construct a model category structure and therefore have access to the usual
tools of homotopical algebra. The main goal of this paper is to prove it for a broad
class of bialgebras including the aforementioned examples. In the general context,
the author has also developed in [28] a study of the classifying space of the category
of algebras over a cofibrant prop. There is no model category structure on algebras
in this situation. This classifying space is a simplicial set which turns out to be a
well defined homotopy invariant of homotopy bialgebras categories.

1.2. Monads, comonads and distributive laws. In certain cases, bialgebras
can be parametrized by a pair of operads in the following way: one operad encodes
the operations, the other encodes the cooperations, such that the concerned bialge-
bra forms an algebra over the first operad and a coalgebra over the second operad.
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The compatibility relations between operations and cooperations are formalized by
the notion of distributive law between the two operads. The purpose of this sub-
section is to explain these notions, starting in the more general context of monads
and comonads.

Definition 1.22. Let C be a category. (a) A monad T = (T , γ, ι) in C is a functor
T : C → C equiped with two natural transformations γ : T ◦ T → T and ι : I → T
(where I is the identity functor) satisfying the usual monoid axioms:

-associativity:

T ◦ T ◦ T
T γ //

γT

��

T ◦ T

γ

��
T ◦ T

γ
// T

-unitarity:

I ◦ T

=
$$I

II
II

II
II

I
ιT // T ◦ T

γ

��

T ◦ I
T γoo

=
zzuu
uu
uu
uu
uu

T

.

(b) A T -algebra (A,α) is an object A of C equiped with a morphism α : T (A) → A
such that the following diagrams commute:

(T ◦ T )(A)
T (α) //

γ(A)

��

T (A)

α

��
T (A)

α
// A

A
ι(A) //

=
!!D

DD
DD

DD
DD

T (A)

α

��
A

.

(c) A morphism of T -algebras (A,α) → (B, β) is a morphism f : A → B of C such
that the following diagram commute:

(T (A)
α //

T (f)

��

A

f

��
T (B)

β
// B

We denote T −Alg the category of T -algebras.

One immediately sees that it corresponds to definitions 1.4 and 1.9, such that
operads and their algebras are special cases of monads and their algebras. In a dual
way, we can define comonads and coalgebras over comonads:

Definition 1.23. (a) A comonad S = (S, δ, ǫ) in C is a functor S : C → C equiped
with two natural transformations δ : S → S ◦ S and ǫ : S → I satisfying the usual
comonoid axioms:
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-coassociativity:

S
δ //

δ

��

S ◦ S

Sδ

��
S ◦ S

δS
// S ◦ S ◦ S

-counitarity:

S

=

$$I
II

II
II

II

=

zzuu
uu
uu
uu
u

δ

��
I ◦ S S ◦ S

Sǫ
//

ǫS
oo S ◦ I

.

(b) A S-coalgebra (C, c) is an object C of C equiped with a morphism c : C → S(C)
such that the following diagrams commute:

C
c //

c

��

S(C)

δ(c)

��
S(C)

S(c)
// S(S(C))

C
c //

=
!!D

DD
DD

DD
DD

S(C)

ǫ(c)

��
C

.

(c) A morphism of S-coalgebras (C, c) → (D, d) is a morphism f : C → D of C such
that the following diagram commute:

(C
c //

f

��

S(C)

S(f)

��
D

d
// S(D)

We denote S − Coalg the category of S-coalgebras.

Again, we see that cooperads and their coalgebras are special cases of comonads
and their coalgebras.

Now, suppose we have in our category C a monad (T , γ, ι) and a comonad (S, δ, ǫ).
We would like to make T and S compatible, that is to define S-coalgebras in T -
algebras or conversely T -algebras in S-coalgebras. This compatibility is formalized
by the notion of mixed distributive law:

Definition 1.24. A mixed distributive law λ : T S → ST between T and S is a
natural transformation satisfying the following conditions:

(i)Λ ◦ γS = Sγ ◦ Λ
(ii)δT ◦ Λ = Λ ◦ T δ
(iii)λ ◦ ιS = Sι
(iv)ǫT ◦ λ = T ǫ
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where the Λ : T mSn → SnT m, for every natural integers m and n, are the
natural transformations obtained by iterating λ. For instance, for m = 2 and n = 3
we have

T 2S3 T λS2
// T ST S2 λ2S // ST ST S

Sλ2
// S2T ST

S2λT // S3T 2

This conditions allow us to lift T as an endofunctor of S − Coalg and S as an
endofunctor of T −Alg.

Finally we introduce the notion of bialgebra over a pair (monad,comonad) en-
dowed with a mixed distributive law:

Definition 1.25. (a) Given a monad T , a comonad S and a mixed distributive
law λ : T S → ST , a (T ,S)-bialgebra (B, β, b) is an object B of C equiped with
two morphisms β : T (B) → B and b : B → S(B) defining respectively a T -algebra
structure and a S-coalgebra structure. Furthermore, the maps β and b satisfy
a compatibility condition expressed through the commutativity of the following
diagram:

T (S(B))

λ(B)

��

T (B)
T (b)oo

β

��

S(T (B))

S(β)

��
S(B) B

b
oo

(b) A morphism of (T ,S)-bialgebras is a morphism of C which is both a morphism
of T -algebras and a morphism of S-coalgebras.

The category of (T ,S)-bialgebras is denoted (T ,S)−Bialg.

Remark 1.26. The application S(β)◦λ(B) endows S(B) with a T -algebra structure,
and the application λ(B) ◦ T (b) endows T (B) with a S-coalgebra structure. More-
over, given these two structures, the compatibility diagram of definition 1.25 shows
that β is a morphism of S-coalgebras and b a morphism T -algebras. The (T ,S)-
bialgebras can therefore be considered as S-coalgebras in T −Alg or as T -algebras
in S − Coalg.

In the particular case of operads, the mixed distributive laws can be defined by
explicite formulae:

Definition 1.27. Let P and Q be two operads. A mixed distributive law between
P and Q is a family of applications {M(m,n)}m,n≥1 where

M(m,n) : P (m)⊗Q(n) →
⊕

(Q(t1)⊗...⊗Q(tm))⊗Σt1×...×Σtm
K(ΣN )⊗Σs1×...×Σsn

(P (s1)⊗...⊗P (sn))

where the direct sum is indexed by every N ≥ 1 and t1+ ...+tm = s1+ ...+sn = N .
Moreover, these applications have to be compatible with operadic compositions and
symmetric groups actions at the inputs and the outputs. The detailed axioms can
be found in [9].

Suppose that K is of characteristic zero and that every Q(n) is finite dimensional.
Then we know that the notions of Q-coalgebras and Q∗-coalgebras coincide. The
notion of Q∗-coalgebra is exactly the definition of a coalgebra over a comonad.
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We can therefore define a (P,Q)-bialgebra in the sense of definition 1.25, with a
P -algebra structure, a Q-coalgebra structure and compatibilities with respect to
the distributive law. The operadic distributive law as defined in definition 1.26
formalizes the interplay between algebraic operations and coalgebraic cooperations
of the bialgebra.

Theorem 1.28. (cf. [9], theorem 11.10) Let B be a (P,Q)-coalgebra. Then the free
P -algebra P (B) has a natural structure of Q-coalgebra and the cofree Q-coalgebra
Q∗(B) has a natural structure of P -algebra.

1.3. Model categories and the small object argument. Model categories were
introduced in [27] as an effective approach to do localization with respect to a par-
ticular class of morphisms called the weak equivalences. The original motivation
was to transpose ideas related to homotopies, fibrations and cofibrations in topo-
logical spaces in a more general and categorical framework. Model categories are
therefore the natural setting to do homotopical algebra. This means that they en-
code well defined notions of cylinder objects and path objects, homotopy classes,
non-abelian cohomology theories and non abelian functor derivation (Quillen’s de-
rived functors). We will just recall here some basic facts about model categories,
cofibrantly generated model categories and the small object argument. We will not
review the construction of the associated homotopy category and its properties. We
refer the reader to the classical reference [27], but also to [8] for a well-written and
detailed account on basis of model categories and their homotopy theories, as well
as [17] to push the analysis further.

Definition 1.29. A (closed) model category is a category M with the data of

three classes of morphisms: the weak equivalences
∼
→, the cofibrations ֌ and

the fibrations ։. Each of theses classes is stable by composition and contains the
identity morphisms. A morphism which is both a cofibration and a weak equivalence
is called an acyclic cofibration, and a morphism which is both a fibration and a weak
equivalence is called an acyclic fibration. The following axioms hold:

MC1.Small limits and colimits exist in M (completeness axiom).
MC2.Weak equivalences satisfy the "two-out-of-three" property: if f and g

are two composable morphisms such that two among f , g and f ◦ g are weak
equivalences, then so is the third (two-out-of-three axiom).

MC3.If f is a retract of g and g belongs to one of the three aforementioned
classes, then so does f (retract axiom).

MC4.Given a commutative square

A //

i

��

X

f

��
B // Y

a lifting exists in the two following situations :
(i) i is cofibration and p an acyclic fibration. One says that cofibrations have the

left lifting property with respect to acyclic fibrations.
(ii)i is an acyclic cofibration and p a fibration. One says that fibrations have

the right lifting property with respect to acyclic cofibrations. These are the lifting
axioms.

MC5.Every morphism f admits the two following factorizations:
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(i)f = p ◦ i where p is a fibration and i an acyclic cofibration.
(ii)f = p ◦ i where p is an acyclic fibration and i a cofibration.
These are the factorization axioms.

An object is cofibrant if its initial morphism is a cofibration, and fibrant if its final
morphism is a fibration. Cofibrations and fibrations satisfy the following properties:

Proposition 1.30. (cf. [8], proposition 3.13) Let M be a model category.
(i)The cofibrations of M are the morphisms which have the left lifting property

with respect to the acyclic fibrations.
(ii) The acyclic cofibrations of M are the morphisms which have the left lifting

property with respect to the fibrations.
(iii)The fibrations of M are the morphisms which have the right lifting property

with respect to the acyclic cofibrations.
(iv)The acyclic fibrations of M are the morphisms which have the right lifting

property with respect to the cofibrations.

Remark 1.31. According to this proposition, it is sufficient to define the weak equiv-
alences and the cofibrations to get the fibrations, or to define the weak equivalences
and the fibrations to get the cofibrations.

Proposition 1.32. (cf. [8], proposition 3.14) Let M be a model category.
(i)The class of cofibrations is stable by cobase change.
(ii)The class of acyclic cofibrations is stable by cobase change.
(iii)The class of fibrations is stable by base change.
(iv)The class of acyclic fibrations is stable by base change.

In the most common cases, the core of the model category structure consists of
the class of weak equivalences and two sets of generators for the cofibrations and
acyclic cofibrations. Any (acyclic) cofibration is obtained by retracts and pushouts
of these generators, and (acyclic) fibrations are obtained by their right lifting prop-
erty. Such a model category is said to be cofibrantly generated. Moreover, when
one has found the sets of generators, there is a classical construction called the
small object argument which produces the factorization axioms needed to satisfy
axiom MC5. Let us define more precisely these notions. We start with the small
object argument, which is a general and useful way to produce factorizations with
lifting properties with respect to a given class of morphisms. We just sum up the
construction given in [8] without detailing the process. It is important to note that,
although the sequential colimits used here run over the natural integers, the small
object argument works for higher ordinals. We refer the reader to [17] for a detailed
treatment in full generality.

Definition 1.33. An object A of M is sequentially small if for every functor
F : N → M, the canonical map

Remark 1.34. A K-module is sequentially small if and only if it admits a finite
presentation, i.e it is isomorphic to the cokernel of a morphism of finitely generated
free K-modules. A chain complex M is sequentially small if and only if a finite
number of Mn are non trivial and each Mn has a finite presentation.

Let F = {fi : Ai → Bi}i∈I a set of morphisms of M. We consider a morphism
p : X → Y of C for which we want to produce a factorization X → X ′ → Y , such
that X ′ → Y has the right lifting property with respect to the morphisms of F .
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We do not consider the trivial case X ′ = Y . Then there is a recursive construction
providing the following commutative diagram:

X

p

��

i1 // G1(F , p)

p1

��

i2 // ...
ik // Gk(F , p)

pk

��

ik+1 // ...

Y Y ... Y ...

.

In this recursive procedure, each ik is obtained by a pushout of the form
⊕

α Aα

⊕
α fα

��

// Gk−1(F , p)

ik

��
⊕

α Bα
// Gk(F , p)

where the fα are morphisms of F . The category M is supposed to admit small
colimits, so we can consider the infinite composite i∞ : X → G∞(F , p) of the
sequence of maps

X
i1 // G1(F , p)

i2 // ...
ik // Gk(F , p)

ik+1 // ... // G∞(F , p)

where G∞(F , p) is the sequential colimit of this system. The morphism i∞ : X →
G∞(F , p) is called a relative F -cell complex. By universal property of the colimit,
the morphism p has a factorization p = p∞ ◦ i∞ where p∞ : G∞(F , p) → Y .

Proposition 1.35. (cf. [8], proposition 7.17) In the preceding situation, suppose
that for every i ∈ I, the object Ai is sequentially small in M. Then the morphism
p∞ has the right lifting property with respect to the morphisms of F .

Now we can define the notion of cofibrantly generated model category:

Definition 1.36. The model category M is said to be cofibrantly generated if
there exists two sets of morphisms I and J of M such that:

(i) The domains of the morphisms of I are small.
(ii) The domains of the morphisms of J are small.
(iii) The class of fibrations is the class of morphisms having the right lifting

property with respect to the morphisms of J .
(iv) The class of acyclic fibrations is the class of morphisms having the right

lifting property with respect to the morphisms of I.
One says that I is the set of generating cofibrations and J the set of generating

acyclic cofibrations.

A usual way to construct a cofibrantly generated model category is the following:
start by defining these two sets of generators. Then use the small object argument
in order to obtain for any morphism f a factorization f = f∞ ◦ i∞ such that
f∞ has the right lifting property with respect to I (resp. J ). Define the acyclic
fibrations (resp. fibrations) as the morphisms having the right lifting property with
respect to the morphisms of I (resp. J ). The application f∞ forms therefore an
acyclic fibration (resp. a fibration). Afterwards, define cofibrations as relative I-cell
complexes and acyclic cofibrations as relative J -cell complexes. In particular, this
implies that i∞ is a cofibration (resp. acyclic cofibration), and thus the factorization
axioms MC5 hold.
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In the remaining sections of our paper, in order to deal with applications of the
form of i∞ we will need the two following lemmas:

Lemma 1.37. Let us consider a pushout of the form

K
f //

i

��

K ′

j

��
L

g
// L′

in a category C admitting small colimits. Suppose that i has the left lifting property
with respect to a given family F of morphisms of C. Then j has also the left lifting
property with respect to F . Another way to state this result is to say that the left
lifting property with respect to a given family of morphisms is invariant under cobase
change.

Proof. Let p : E → B be a morphism of F . Let us consider a commutative square

K ′ a //

j

��

E

p

��
L′

b
// B

.

We obtain a commutative diagram

K
f //

i

��

K ′ a // E

p

��
L

g
// L′

b
// B

.

in which a lifting h : L → E exists by property of i. We then obtain a commutative
diagram

K
f //

i

��

K ′

j

��
a

��0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

L
g

//

h
((PP

PP
PP

PP
PP

PP
PP

P L′

ϕ

  A
A

A
A

E

and thus a morphism ϕ : L′ → E such that ϕ ◦ j = a and ϕ ◦ g = h by universal
property of the pushout. We have a commutative diagram

K
f //

i

��

K ′

j

��
p◦a

��0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

L
g

//

b◦g
((PP

PP
PP

PP
PP

PP
PP

P L′

b

  A
AA

AA
AA

A

B
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and also

K
f //

i

��

K ′

j

��
a

��0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

L
g

//

h
((PP

PP
PP

PP
PP

PP
PP

P L′

p◦ϕ

  A
AA

AA
AA

A

E

.

The unicity property of morphism factorizations through a pushout implies that
p ◦ ϕ = b, so φ is the desired lifting. �

Lemma 1.38. Let C be a category admitting small colimits. Let us consider a
sequential direct system

G0 i1 // G1 i2 // ...
ik // Gk

ik+1 // ... // colimkG
k = G∞ .

Let us note i∞ : G0 → G∞ the transfinite composite of the ik. If for every k ≥ 0,
the morphism ik has the left lifting property with respect to a given family F of
morphisms of C, then so does i∞.

Proof. Let us consider a commutative square

G0

i1
��

u // X

f∈F

��

G1

i2

��

���
�
�

G∞
v

// Y

.

We obtain a diagram

G0

i1
��

u // X

f

��
G1

i2

// ... // G∞
v

// Y

.

By hypothesis there exists a lifting ω1 : G1 → X in this diagram. We construct the
ωk recursively: let k ≥ 1, suppose the ωi are constructed for 1 ≤ i ≤ k − 1, then in
the commutative square

Gk−1

ik
��

ωk−1 // X

f

��
Gk

ik+1

// ... // G∞
v

// Y

.
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there exists a lifting ωk. We then obtain the diagram

...

((PP
PP

PP
PP

PP
PP

PP
P // Gk

ωk

  B
BB

BB
BB

B

ik+1 // Gk+1

ωk+1

||yy
yy
yy
yy
y

// ...

vvlll
ll
ll
ll
lll

ll
ll
l

X

.

By universal property of the colimit, the ωk factorize via G∞ and thus give rise to
a morphism ω∞ : G∞ → X such that ω∞ ◦ ϕk = ωk, where ϕk is the transfinite
composite of the ωl for l ≥ k. We conclude that ω∞ is the desired lifting. �

It is time now to give a concrete example of model category. Of course, topolog-
ical spaces provide the initial example from which the theory of model categories
arised. However, the example we will use to illustrate these notions is that of chain
complexes. This choice is motivated by two reasons. Firstly, this will be the base
category for the remaining part of our paper. Secondly, the model category struc-
tures of algebras and coalgebras over operads will be transfered from this one via
adjunctions.

Theorem 1.39. (cf. [8], theorem 7.2) The category ChK of chain complexes over
a field K forms a cofibrantly generated model category such that a morphism f of
ChK is

(i) a weak equivalence if for every n ≥ 0, the induced map Hn(f) in homology is
an isomorphism.

(ii) a fibration if for every n > 0, the map fn is surjective.
(iii) a cofibration if for every n ≥ 0, the map fn is injective.

For n ≥ 1, the chain complex Dn is defined by

Dn
k =











0 k 6= n, n− 1

Kbn−1 k = n− 1

Ken k = n

with deg(bn−1 = n − 1, deg(en) = n, and a differential δ satisfying δ(en) = bn−1.
The chain complex Sn is defined by

Sn
k =

{

0 k 6= n

Kbn k = n

with deg(bn) = n. We have for every n ≥ 1 an obvious inclusion jn : Sn−1 → Dn

which is the identity on Kbn−1. The sets of generating cofibrations and generating
acyclic cofibrations are given by the following proposition:

Proposition 1.40. (cf. [8], proposition 7.19) A morphism f of ChK is
(i) a fibration if and only if for every n ≥ 1, it has the right lifting property with

respect to the inclusions in : 0 → Dn.
(ii)an acyclic fibration if and only if for every n ≥ 1, it has the right lifting

property with respect to the inclusions jn : Sn−1 → Dn.

2. The model category of algebras over an operad

The most general statement about model categories of algebras over operads
holds in any cofibrantly generated symmetric monoidal model category: algebras
over a Σ-cofibrant operad (i.e the underlying Σ-module is cofibrant in the model
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category of Σ-modules) form a cofibrantly generated semi-model category, see [12]
theorem 12.3.A. The semi-model structure is a weakened model structure in which
the lifting and factorization axioms can be applied only on morphisms with cofibrant
domains.

We fix an operad P in the category of non-negatively graded chain complexes
ChK over a field K of characteristic zero. In this case we construct a full model
category structure. Moreover, the proof of theorem 3.1 illustrates fundamental
methods for the remaining part of this paper. The central theorem of this section
is the following:

Theorem 2.1. The category of P -algebras PChK inherits a cofibrantly generated
model category structure such that a morphism f of PChK is

(i)a weak equivalence if U(f) is a weak equivalence in ChK, where U is the
forgetful functor;

(ii)a fibration if U(f) is a fibration in ChK;
(iii)a cofibration if it has the left lifting property with respect to acyclic fibrations.
We can also say that cofibrations are relative cell complexes with respect to the

generating cofibrations.

We will make the generating cofibrations and generating acyclic cofibrations
explicit in 2.3. The three classes defined above contain identity and are clearly
stable by composition. Thus it remains to prove the MC axioms. Axioms MC2 and
MC3 are clear and easily proved as in the case of chain complexes (theorem 1.39).
Axiom MC4(i) is obvious by definition of the cofibrations.

Acutally, what we have obtained is a transfer of cofibrantly generated model
category structure via the adjunction P : ChK ⇄P ChK : U . The forgetful functor
creates fibrations and weak equivalences. The free P -algebra functor P preserves
generating (acyclic) cofibrations as we will see in 2.3, by definition of the generating
(acyclic) cofibrations of PChK. Moreover, it preserves colimits as a left adjoint (it
is a general property of adjunctions, see [23] for instance). Thus it preserves all
(acyclic) cofibrations, which are relative cell complexes with respect to the gener-
ating (acyclic) cofibrations. Such a pair of functors is called a Quillen adjunction,
and induces an adjunction at the level of the associated homotopy categories.

2.1. Small limits and colimits.

2.1.1. The small limits. The forgetful functor creates the small limits in PChK.
Indeed, let us consider a diagram {Ai}i∈I of P -algebras. We obtain a diagram
{U(Ai)}i∈I in ChK via the forgetful functor U . The category ChK admits small
limits so limiU(Ai) exists.

The structure of P -algebra on Ai is the data of K-linear maps αi
n : P (n)⊗A⊗n

i →
Ai satisfying the appropriate properties of associativity, equivariance and unitarity.
The limit limiU(Ai) is equiped with projections πi : limiU(Ai) → U(Ai), thus we
get a linear map

P (n)⊗ (limiU(Ai))
⊗n id⊗π⊗n

i→ P (n)⊗ U(Ai)
⊗n αi

n→ U(Ai)
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which factorizes via limiU(Ai) by universal property of the limit, hence a commu-
tative square for every i and n

P (n)⊗ U(Ai)
⊗n

αi
n // U(Ai)

P (n)⊗ (limiU(Ai))
⊗n

id⊗π⊗n
i

OO

α∞
n

// limiU(Ai)

πi

OO
.

The α∞
n endow limiU(Ai) with a structure of P -algebra. The structure morphism

γAi
: P (Ai) → Ai is the sum of the αi

n in each arity n, so the following diagram
commutes for every i:

P (Ai)
γAi // Ai

P (limiU(Ai)) γ∞

//

P (πi)

OO

limiAi

πi

OO

where γ∞ is the sum of the α∞
n in each arity n and constitutes the structure mor-

phism of P -algebra of limiAi. It proves that the πi are morphisms of P -algebras.
We conclude that limiU(Ai) endowed with the P -algebra structure defined by the
α∞
n is the limit of {Ai} in PChK.

2.1.2. The small colimits. First recall the definition of a reflexive coequalizer:

Definition 2.2. Let C be a category and f, g : A → B two arrows C. A coequalizer
of (f, g) is an arrow u : B → E such that

(i) u ◦ f = u ◦ g
(ii) if h : B → C satisfies h ◦ f = h ◦ g, then h admits a unique factorization

h = h′ ◦ u.

Definition 2.3. A pair of morphisms f, g : A → B is reflexive if there exists a
morphism s : B → A such that f ◦ s = g ◦ s = idB. The coequalizer of a reflexive
pair is called a reflexive coequalizer.

The reflexive coequalizers allow us to build all the small colimits. This arises
from the following theorem:

Theorem 2.4. Let C be a category. If C contains the reflexive coequalizers of every
pairs of arrows and all small coproducts, then C contains all small colimits.

Proof. Let {Xi}i∈I be a diagram in C, i.e a functor X : I → C where I is a small
category. We consider the following pair of morphisms:

∨

u:i→j∈Mor(I)

Xi ⇉
− d0−d1

∨

k∈ob(I)

Xk

where

d0 : (Xi, u : i → j) 7→ (Xi, i) →֒
∨

k

Xk

and

d0 : (Xi, u : i → j) 7→ (Xj , j) →֒− u∗
∨

k

Xk.
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We define s0 :
∨

k∈ob(I) Xk →
∨

u:i→j∈Mor(I) Xi by s0(Xk) = (Xk, idk : k → k).

We see clearly that d0 ◦ s0 = d1 ◦ s0 = id∨
k∈ob(I) Xk

. By hypothesis, there exists a

reflexive coequalizer for the reflexive pair (d0, d1):

∨

u:i→j∈Mor(I)

Xi ⇉
− d0−d1

∨

k∈ob(I)

Xk →− πY.

It remains to show that this coequalizer Y satisfies the universal property of a
colimit of {Xi}i∈I . Let {fi : Xi → Y }i∈I a familiy of morphisms of C. The fi
admit a unique factorization via

∨

k∈ob(I) Xk through a map f :
∨

k∈ob(I) Xk → Y .

The fact that f ◦ d0 = f ◦ d1 is equivalent to the fact that the fi commute with the
arrows of the diagram {Xi}i∈I . Indeed, it means that for every u : i → j ∈ Mor(I),
(f ◦d0) |( Xi, u) = (f ◦d1) |( Xi, u), i.e that fi = fj ◦u

∗. In this case, the morphism
f admit a unique factorization via the reflexive coequalizer Y of (d0, d1), so the fi
admits a unique factorization via Y . We conclude that Y = colimIXi. �

Now we verify that PChK contains the reflexive coequalizers of every pairs of
morphisms and all small coproducts, which conclude our proof of the existence of
small colimits and thus our proof of axiom MC1.

Lemma 2.5. Let us consider a reflexive pair (d0, d1 : A ⇉ B, s0 : B → A) in

PChK. Then coker(d0 − d1) has a structure of P -algebra and forms the reflexive
coequalizer of (d0, d1) in PChK.

Proof. We recall briefly that an ideal of the P -algebra B is a sub-chain complex I ⊂
U(B) (where U is the forgetful functor) such that for every µ ∈ P (n), r1, ..., rn−1 ∈
B, x ∈ I, µ(ri, ..., rn−1) ∈ I. Let us show that im(d0 − d1) is an ideal of B. Let
µ ∈ P (n), b1, ..., bn−1 ∈ B, a ∈ A. Then



















µ(b1, ..., bn−1, d0(a)) = µ((d0 ◦ s0)(b1), ..., (d0 ◦ s0)(bn−1), d0(a))

d0(µ(s0(b1), ..., s0(bn−1), a))

(d0 − d1)(µ(s0(b1), ..., s0(bn−1), a)) + d1(µ(s0(b1), ..., s0(bn−1), a))

(d0 − d1)(µ(s0(b1), ..., s0(bn−1), a)) + µ(b1, ..., bn−1, d1(a)).

In this series of equalities, we use that d0 ◦ s0 = d1 ◦ s0 = idB and that these are
morphisms of P -algebras, therefore they commute with the operations. We deduce
that

µ(b1, ..., bn−1, (d0 − d1)(a)) = (d0 − d1)(µ(s0(b1), ..., s0(bn−1), a)) ∈ im(d0 − d1).

Then we can equip coker(d0−d1) = B/im(d0−d1) with the structure of P -algebra
induced by that of B via the projection π : B → B/im(d0 − d1):

P (n)⊗B⊗n
αB

n //

id⊗π⊗n

��

B

π

��
P (n)⊗ coker(d0 − d1)

⊗n

αcoker
n

// coker(d0 − d1)
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where αB
n and αcoker

n denote the P -algebras structures respectively of B and coker(d0−
d1). We deduce the following commutative square:

P (B)

P (π)

��

γB // B

π

��
P (coker(d0 − d1))γcoker

// coker(d0 − d1)

so π is a morphism of P -algebras. Furthermore, the space coker(d0 − d1) is the
reflexive coequalizer of (d0, d1) in ChK. We conclude that it is their coequalizer in

PChK. �

Lemma 2.6. Let {Ri}i∈I be a set of P -algebras. We set

d0 = P (
⊕

γRi
) : P (

⊕

P (Ri)) → P (
⊕

Ri)

and

d1 = γ(
⊕

Ri) ◦ P (+iP (iRi
)) : P (

⊕

P (Ri)) →֒ P (P (
⊕

Ri

)) → P (
⊕

Ri)

where γ is the composition product of the monad (P, γ, ι) and the iRj
: Rj →

⊕

Ri

are inclusions. Then
∨

Ri = coker(d0 − d1) is the coproduct of the Ri in PChK.

Proof. We detail the proof in the case of two P -algebras R and S. The method is
the same in the general case. Let us consider s0 = P (ι(R) ⊕ ι(S)) : P (R ⊕ S) →
P (P (R)⊕ P (S)). Then

d0◦s0 = P (γR⊕γS)◦P (ι(R)⊕ι(S)) = P ((γR◦ι(R))⊕(γS◦ι(S))) = P (idR⊕S) = idP (R⊕S)

by definition of γR, γS and the functoriality of P . We also get

d1 ◦ s0 = γ(R⊕ S) ◦ P (P (iR), P (iS)) ◦ P (ι(R)⊕ ι(S)) = idP (R⊕S)

by unitality of ι. According to the preceding lemma, the space coker(d0, d1) is the
reflexive coequalizer of (d0, d1) in PChK. Now let X be a P -algebra. Two linear
maps u : R → X , v : S → X induce a unique application u+ v : R⊕S → X , which
admits a unique factorization through a morphism of P -algebrasϕ(u,v) : P (R⊕S) →
X by universal property of the free P -algebra. It remains to prove that ϕ(u,v)

factorizes via coker(d0 − d1) if and only if u and v are morphisms of P -algebras.
The map ϕ(u,v) factorizes via coker(d0 − d1) if and only if ϕ(u,v) ◦ d0 = ϕ(u,v) ◦ d1,
or

ϕ(u,v)◦d0
= ϕ(u,v) ◦ d1 ⇔

{

ϕ(u,v)◦d0
|P (R)= ϕ(u,v) ◦ d1 |P (R)

ϕ(u,v)◦d0
|P (S)= ϕ(u,v) ◦ d1 |P (S)

⇔

{

u ◦ γR = γX ◦ P (u)

v ◦ γS = γX ◦ P (v)

which is by definition equivalent to the fact that u and v are morphims of P -
algebras. �
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2.2. Enveloping operad. Let A be a P -algebra. We can associate to it a par-
ticular operad called the enveloping operad of A. First, let us note that for every
natural integers r and n, we have an obvious group injection Σr →֒ Σn+r: every
permutation of Σr can be extended to a permutation of Σn+r by fixing the elements
{r + 1, ..., n+ r}. We then consider the Σ-module P [A] given by

P [A](n) =

∞
⊕

r=1

P (n+ r)⊗Σr
A⊗r.

We need the following lemma:

Lemma 2.7. Let A be a P -algebra. For every chain complex C of ChK, we have
P [A](C) ∼= P (A⊕ C).

Proof. Let us note

Shp,q = {σ ∈ Σp+q | σ(1) < ... < σ(p), σ(p + 1) < ... < σ(p+ q)}

the set of (p, q)-shuffles, then

P (n)⊗Σn
(A⊕C)⊗n =





⊕

Shp,q,p+q=n

P (n)⊗A⊗p ⊗ C⊗q





Σn

=
⊕

p+q=n

P (p+q)⊗Σp×Σq
(A⊗p⊗C⊗q)

hence

P (A⊗ C) =
⊕

n≥0

P (n)⊗Σ (A⊕ C)⊗n

=
⊕

n

⊕

p+q=n

P (p+ q)⊗Σp×Σq
(A⊗p ⊗ C⊗q)

=
⊕

n

⊕

p+q=n

(P (p+ q)⊗Σp
A⊗p)⊗Σq

C⊗q)

=
⊕

q

P [A](q)⊗q C
otimesq

= P [A](C).

�

The P -algebra structure morphism γA : P (A) → A induces a morphism of Σ-
modules d0 : P [P (A)] → P [A] defined by

d0(n) =
∞
⊕

r=1

(id⊗ γ⊗r
A ) :

∞
⊕

r=1

P (n+ r)⊗Σr
P (A)⊗r →

∞
⊕

r=1

P (n+ r)⊗Σr
A⊗r.

The operadic composition product γ : P ◦ P → P induces another morphism of
Σ-modules d1 : P [P (A)] → P [A]: for every chain complex C of ChK, there is a map

P [P (A)](C) ∼= P (P (A)⊕C)
P (P (iA),iC)

→ P (P (A⊕C))
γ(A⊕C)
→ P (A⊕C) ∼= P [A](C)

where iA : A →֒ A⊕ C and iC : C →֒ P (A ⊕ C). We know that we have a faithful
embedding of the category of Σ-modules in the category of endofunctors (the one
which associates to every Σ-module its Schur functor, see remark 1.6). Therefore
the morphism of Schur functors above corresponds to a unique morphism of Σ-
modules d1 : P [P (A)] → P [A].
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The unit ι : I → P induces a morphism of Σ-modules s0 : P [A] → P [P (A)] with
s0(0) = P (ι(A)), obtained by the following morphism of Schur functors: for every
chain complex C, define

P [A](C) ∼= P (A⊕C)
P (ι(A⊕C))

→ P (P (A⊕C))
P (P (prA),π◦P (prC))

→ P (P (A)⊕C) ∼= P [P (A)](C)

where π is the projection on the component of arity 1 and prA : A⊕C → A, prC :
A ◦ C → C the obvious projections. Thus we finally get a reflexive pair (d0, d1) of
morphisms of Σ-modules induced by a reflexive pair of morphisms of Schur functors.
The enveloping operad of A is then the reflexive coequalizer UP (A) = coker(d0−d1)
in the Σ-modules, endowed with the operad structure induced by that of P [A].

Now we want to prove that for every chain complex C, there is an isomorphism
UP (A)(C) ∼= A ∨ P (C) where ∨ is the coproduct in PChK. We need the following
expression of such a coproduct:

Lemma 2.8. Let A be a P -algebra and C be a chain complex of ChK. The following
coequalizer defines the coproduct A ∨ P (C) in the P -algebras:

P (P (A)⊕ C)
d0 //

d1

// P (A⊕ C)

s0
uu

// coker(d0 − d1) = A ∨ P (C)

where d0 |A= γA, d0 |C= idC, d1 |A= γ(A), d1 |C= idC , s0 |A= ι(A), s0 |C= idC .

Proof. We clearly have d0 ◦ s0 = d1 ◦ s0 = id hence a reflexive pair in PChK. The
cokernel coker(d0−d1) is thus the reflexive coequalizer of (d0, d1) in PChK according
to lemma 2.6. Let X be a P -algebra, u : A → X a morphism of P -algebras and
v : C → X a linear map. These two maps induce an application (u, v) : A⊕C → X
hence an application ϕ(u,v) : P (A ⊕ C) → X by universal property of the free P -
algebra. The proof ends by noting that ϕ(u,v) admits a unique factorization through
coker(d0 − d1). �

The reflexive coequalizer defining the enveloping operad induces a reflexive co-
equalizer in P -algebras

P [P (A)](C)
d0 //

d1

// P [A]

s0
vv

// UP (A)(C)

where P [A](C) ∼= P (A⊕C), P [P (A)](C) ∼= P (P (A)⊕C) and d0, d1, s0 turn out to
be the morphisms of the lemma above. By unicity of the colimit, we have proved
the following result:

Proposition 2.9. Let A be a P -algebra and C a chain complex of ChK, then

UP (A)(C) ∼= A ∨ P (C).

2.3. Generating (acyclic) cofibrations, proofs of MC4 and MC5.

2.3.1. Generating (acyclic) cofibrations. The generating (acyclic) cofibrations are,
as expected, the images of the generating (acyclic) cofibrations of ChK under the
free P -algebra functor P . Recall that the jn : Sn−1 →֒ Dn and the in : 0 →֒ Dn

are respectively the generating cofibrations and the generating acyclic cofibrations
of ChK.
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Proposition 2.10. Let f : A → B be a morphism of P -algebras.
(i)It is a fibration if and only if it has the right lifting property with respect to

the P (in) for every n ≥ 1, i.e the P (in) are the generating acyclic cofibrations.
(ii)It is an acyclic fibration if and only if it has the right lifting property with

respect to the P (jn) for every n ≥ 1, i.e the P (jn) are the generating cofibrations.

Proof. Part (ii) can be proved in the same way than part (i), so we only give
the details for part (i). Suppose that f : A → B is a fibration and consider a
commutative square

0 //

P (in)

��

A

f

��
P (Dn)

v
// B

in PChK. Via the forgetful functor we obtain in ChB a commutative square

0 //

(U◦P )(in)

��

U(A)

U(f)

��
(U ◦ P )(Dn)

U(v)
// U(B)

.

The unit η : idChK
→ U ◦P associated to the adjunction between P and U provides

a commutative diagram

0 //

in

��

U(A)

U(f)

��
Dn

44iiiiiiiiiiii

η(Dn)
// (U ◦ P )(Dn)

U(v)
// U(B)

.

A lifting v̂ : Dn → U(A) exits in this diagram, given that U(f) is a fibration and
has therefore the right lifting property with respect to in. By applying P we obtain
a new commutative diagram

0 //

P (in)

��

(P ◦ U)(A)

(P◦U)(f)

��
P (Dn)

P (v̂)

33ffffffffffffffffffffffffff
P (η(Dn))

// (P ◦ U ◦ P )(Dn)
(P◦U)(v)

// (P ◦ U)(B)

in PChK. The counity ǫ : P ◦ U → id
PChK

associated to the adjunction gives rise
to the commutative diagram

0 //

P (in)

��

(P ◦ U)(A)
ǫ(A) //

(P◦U)(f)

��

A

f

��
P (Dn)

P (v̂)

33ffffffffffffffffffffffffff
P (η(Dn))

// (P ◦ U ◦ P )(Dn)
(P◦U)(v)

// (P ◦ U)(B)
ǫ(B) // B

.
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Moreover, the following diagrams commute:

(P ◦ U)(P (Dn))
(P◦U)(v) //

ǫ(P (Dn))

��

(P ◦ U)(B)

ǫ(B)

��
P (Dn)

v
// B

by naturality of ǫ, and

P
Pη//

JJ
JJ

JJ
JJ

JJ

JJ
JJ

JJ
JJ

JJ
P ◦ U ◦ P

ǫP

��
P

which is a property associated to any adjunction, see [23] for more details. We
conclude that ǫ(B) ◦ (P ◦U)(v) ◦P (η(Dn)) = v ◦ (ǫP ◦Pη)(Dn) = v ◦ idP (Dn) = v.
Thus ǫ(A) ◦ P (v̂) : P (Dn) → A is the desired lifting.

We have to prove the other direction of the equivalence. Let us suppose that f has
the right lifting property with respect to the P (in) and consider the commutative
square

0 //

in

��

U(A)

U(f)

��
Dn

v
// U(B)

.

By applying P we obtain

0 //

P (in)

��

(P ◦ U)(A)

(P◦U)(f)

��
P (Dn)

P (v)
// (P ◦ U)(B)

,

hence via the counity ǫ of the adjunction

0 //

P (in)

��

(P ◦ U)(A)
ǫ(A) // A

f

��
P (Dn)

h

44iiiiiiiiiiiiiiiiiiiiii

P (v)
// (P ◦ U)(B)

ǫ(B)
// B

where h exists by hypothesis about f . We apply U :

0 //

(U◦P )(in)

��

U(A)

U(f)

��
(U ◦ P )(Dn)

U(h)

33ggggggggggggggggggggggggg

(U◦P )(v)
// (U ◦ P ◦ U)(B)

U(ǫ(B))
// U(B)
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hence via the unity η of the adjunction:

0 //

in

��

U(A)

U(f)

��
Dn

η(Dn)
// (U ◦ P )(Dn)

U(h)

33ggggggggggggggggggggggggg

(U◦P )(v)
// (U ◦ P ◦ U)(B)

U(ǫ(B))
// U(B)

.

Morevoer the following diagrams commute:

Dn

v

��

η(Dn)// (U ◦ P )(Dn)

(U◦P )(v)

��
U(B)

ηU(B)
// (U ◦ P ◦ U)(B)

by naturality of η, and

U
ηU//

JJ
JJ

JJ
JJ

JJ

JJ
JJ

JJ
JJ

JJ
U ◦ P ◦ U

Uǫ

��
U

which is a property associated to any adjunction. We deduce that U(ǫ(B)) ◦ (U ◦
P )(v)◦ η(Dn) = (Uǫ◦ ηU)(B)◦ v = idU(B) ◦ v = v. Therefore U(h)◦ η(Dn) : Dn →
U(A) is the desired lifting: the morphism U(f) forms a fibration in ChK, which
implies by definition that f forms a fibration in PChK. �

2.3.2. Axioms MC4 and MC5. MC5 (i).In order to apply the small object argu-
ment to the P (jn) and consequently obtain MC5 (i), we need the following lemma:

Lemma 2.11. Let C be a chain complex of ChK. If C is sequentially small in
ChK, then P (C) is sequentially small in PChK.

Proof. Let us suppose that C is sequentially small in ChK, and let F : N →P ChK

be a functor. For every n ∈ N,

Hom
PChK

(P (C), F (n)) ∼= HomChK
(C, (U ◦ F )(n))

hence

colimnHom
PChK

(P (C), F (n)) ∼= colimnHomChK
(C, (U ◦ F )(n))

∼= HomChK
(C, colimn(U ◦ F )(n))

because U ◦ F : N → ChK and C is sequentially small. We can equip colimn(U ◦
F )(n) with a structure of P -algebra, such that with this structure it forms the col-
imit of the F (n) in PChK. Indeed, we have colimn(U ◦F )(n) = {[a], a ∈ F (n)}/ ∼
where a ∼ b (i.e [a] = [b]), a ∈ F (n), b ∈ F (m), n ≤ m, if the application F (n) →
F (m) in the sequential system sends a to b. Let [a1], ..., [ar] ∈ colimn(U ◦F )(n) such
that a1 ∈ F (n1), ..., ar ∈ F (nr). We consider F (n) for a given n ≥ max(n1, ..., nr)
and we set, for µ ∈ P (n), µ([a1], ..., [ar]) = µ(a′1, ..., a

′
r) where a′1, ..., a

′
r are rep-

resenting elements of [a1], ..., [ar] in F (n). We then obtain a P -algebra structure
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on colimn(U ◦ F )(n) (one says that the forgetful functor creates the sequential
colimits). We can finally write

colimnHom
PChK

(P (C), F (n)) ∼= HomChK
(C,U(colimnF (n)))

∼= Hom
PChK

(P (C), colimnF (n)).

�

The Sn−1 are sequentially small in ChK, so the P (Sn−1) are sequentially small
in PChK. We can then apply the small object argument to a given morphism
f : A → B of PChK and the family of morphisms F = {P (jn)}n≥1. We obtain a
factorization f = p∞ ◦ i∞ where i∞ : A → G∞(F , f), p∞ : G∞(F , f) → B and p∞
has the right lifting property with respect to the P (jn). According to proposition
2.10, the morphism p∞ is an acyclic fibration. According to lemmas 1.37 and 1.38,
the morphism i∞ has the right lifting property and forms therefore a cofibration.
We have the desired factorization.

MC5 (ii).In order to prove MC5 (ii), we need two general results about Σ-
modules:

Proposition 2.12. Let M be a Σ-module and C a chain complex. If H∗(C) = 0
then H∗(M(C)) = H∗(M(0)).

Proof. Recall that we work over a field K of characteristic 0. We use the norm map
N : M(n)⊗Σn

C⊗n → M(n)⊗ C⊗n defined by

N(c⊗ v1 ⊗ ...⊗ vn) =
1

n!

∑

σ∈Σn

σ.c⊗ vσ(1) ⊗ ...⊗ vσ(n).

If we denote p : M(n)⊗ C⊗n → M(n)⊗Σn
C⊗n the projection, then

(p ◦N)(c⊗ v1 ⊗ ...⊗ vn) =
1

n!

∑

σ∈Σn

p(σ.c⊗ vσ(1) ⊗ ...⊗ vσ(n))

=
1

n!
| Σn | c⊗ v1 ⊗ ...⊗ vn

= c⊗ v1 ⊗ ...⊗ vn

so p ◦ N = id. Therefore M(n) ⊗Σn
C⊗n is a retract of M(n) ⊗ C⊗n. For n ≥ 1,

the Künneth formula gives us for every k ≥ 0

Hk(M(n)⊗ C⊗n) =
⊕

p+q=k

Hp(M(n)⊗ C)⊗Hq(C
⊗n−1).

This is equal to 0 for n > 1 because the fact that H∗(C) = 0 implies recursively
that H∗(C

⊗n) = 0 by the Künneth formula. This is also equal to 0 for n = 1
because the fact that Hk(C) = 0 implies that Hk(M(1) ⊗ C) = 0. For n = 0, we
have Hk(M(0)). We conclude that Hk(M(C)) = Hk(M(0)). �

Lemma 2.13. Let M be a Σ-module. An injection A →֒ B in ChK induces an
injection M(A) →֒ M(B).

Proof. We know that M(n) ⊗Σn
A⊗n is a retract of M(n) ⊗ A⊗n by using the

projection and the norm maps. Moreover, the tensor product over a field preserves
the injections so if A →֒ B is an injection, then we obtain for every n ≥ 1 the
injections un : M(n)⊗A⊗n →֒ M(n)⊗B⊗n. We deduce injections ũn = p◦un ◦N :
M(n)⊗Σn

A⊗n →֒ M(n)⊗Σn
B⊗n, hence an injection

⊕

n ũn : M(A) →֒ M(B). �
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Now we can start the proof of MC5 (ii). Recall that the family of generating
acyclic cofibrations of PChK is given by F = {P (in) : P (0) → P (Dn)}n≥1. Let
f : X → Y be a morphism of P -algebras. For every k > 0, the construction of
Gk(F , f) (see section 1.3 about the small object argument) follows from a pushout
of the form:

∨

P (0) //

∨
P (in)

��

Gk−1(F , f)

ik

��
∨

P (Dn) // Gk(F , f)

.

According to lemma 1.37, the left lifting property with respect to a given family of
morphisms is invariant under cobase change. The coproduct

∨

P (in) has the left
lifting property with respect to fibrations, so ik has the same property, in particular
ik has the left lifting property with respect to acyclic fibrations. According to
lemma 1.38, the transfinite composite i∞ of the ik inherits such a property and
forms therefore a cofibration. The small object argument provides a factorization
f = p∞ ◦ i∞ where p∞ : G∞(F , f) → Y has the right lifting property with respect
to generating acyclic cofibrations and forms therefore a fibration. We have seen
that i∞ is a cofibration. It remains to prove that it is acyclic. For this aim, we use
the following classical lemma:

Lemma 2.14. Let {Cn} be a sequential direct system of chain complexes, then
there is an isomorphism colimnH∗(Cn) ∼= H∗(colimnCn).

Suppose that all the ik are weak equivalences, i.e induce isomorphisms in homol-
ogy. If we apply the homology functor H∗ to the sequential direct system of the ik,
we obtain a sequential direct system in which every arrow is an isomorphism, so
the transfinite composite of these arrows is also an isomorphism. By composing it
with the isomorphism of the lemma above we obtain the isomorphism H∗(i∞), i.e
i∞ is acyclic. Therefore we just have to prove that the ik are acyclic.

The chain complex 0 is the initial object of ChK, so via the adjunction P :
ChK ⇄P ChK : U the object P (0) is initial in PChK. The coproduct of any object
A with the initial object is isomorphic to A. Another general categorical fact is
that in any category endowed with an initial object I and admitting the coproduct
of two objects A and B, this coproduct A ∨B corresponds to the pushout

I //

��

A

��
B // A ∨B

.

We deduce from these facts that
∨

P (0) ∼= P (0), Gk−1(F , f) ∼= Gk−1(F , f) ∨ P (0)
and therefore Gk(F , f) = Gk−1(F , f) ∨ (

∨

P (Dn)). Furthermore,
∨

P (Dn) ∼=
P (

⊕

Dn) and proposition 2.9 implies that

Gk−1(F , f) ∨ P (0) ∼= UP (G
k−1(F , f))(0)

and

Gk(F , f) ∼= Gk−1(F , f) ∨ P (
⊕

Dn) ∼= UP (G
k−1(F , f))(

⊕

Dn).
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We obtain consequently the following pushout:

P (0) //

��

UP (G
k−1(F , f))(0)

ik

��
P (

⊕

Dn) // UP (G
k−1(F , f))(

⊕

Dn)

.

Lemma 2.13 applied to the Σ-module UP (G
k−1(F , f)) implies that ik is an injection.

Given that H∗(
⊕

Dn) = 0, proposition 2.12 implies that H∗UP (G
k−1(F , f))(

⊕

Dn) ∼=
UP (G

k−1(F , f))(0) and ik is acyclic. We conclude that i∞ is acyclic, which achieve
our proof of MC5 (ii).

MC4 (i). Obvious by definition of the cofibrations.

MC4 (ii). We have to use axiom MC5 (ii), which will be proved below. Let f :
X → Y be an acyclic cofibration, according to MC5 (ii) f admits a factorization f =
p∞◦i∞ where i∞ : X → G∞(F , f) is an acyclic cofibration and p∞ : G∞(F , f) → Y
a fibration. The morphisms f and i∞ are weak equivalences, therefore p∞ is also a
weak equivalence according to MC2. We obtain a commutative square

X

f

��

i∞// G∞(F , f)

p∞

��
Y

h

::u
u

u
u

u
Y

where a lifting h exists because f is a cofibration and has thus the left lifting
property with respect to acyclic fibrations. The morphism f is therefore a retract
of i∞ via the retraction diagram

X

f

��

X

i∞

��

X

f

��
Y

h
// G∞(F , f)

p∞

// Y

.

The P (0) → P (Dn) have the left lifting property with respect to fibrations, so by
lemma 1.37 the maps ik inherit this property, and so does i∞ by lemma 1.38. Now
consider a commutative square

X

f

��

α // A

p

��
Y

β
// B

where p is a fibration. Combined with the retraction diagram it gives rise to the
diagram

X

f

��

X

i∞

��

X

f

��

α // A

p

��
Y

h
// G∞(F , f)

p∞

// Y
β

// B

.
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In the square

X

i∞

��

// A

p

��
G∞(F , f)

β◦p∞

// B

there exists a lifting h̃. Now let us define ĥ = h̃ ◦ h. Then

ĥ ◦ f = h̃ ◦ h ◦ f = h̃ ◦ i∞ = α

and
p ◦ ĥ = p ◦ h̃ ◦ h = β ◦ p∞ ◦ h = β

so h is the desired lifting : the acyclic cofibration f has the left lifting property
with respect to fibrations.

3. The model category of coalgebras over an operad

The previous results are available in the category ChK of non-negatively graded
chain complexes over a field K of characteristic zero. Roughly speaking, we will
follow in this section a combination of the methods of section 2 and that of [14].
However, we also need the following additional assumptions.We work in the full sub-
category Ch+

K
of ChK whose objects are the chain complexes C such that C0 = 0,

i.e the connective chain complexes. The category Ch+
K

is actually a model subcat-

egory of ChK. We suppose that P is an operad in Ch+
K

such that the P (n) are
finite dimensional, P (0) = 0 and P (1) = K. Note that the commonly used operads
satisty this hypothesis, for instance As (for the associative algebras), Com (for the
commutative associative algebras), Lie (for the Lie algebras), Pois (for the Poisson
algebras). The model category structure on coalgebras is given by the following
theorem:

Theorem 3.1. The category of P -coalgebras PCh+
K

inherits a cofibrantly generated

model category structure such that a morphism f of PCh+
K

is

(i) a weak equivalence if U(f) is a weak equivalence in Ch+
K
;

(ii) a cofibration if U(f) is a cofibration in Ch+
K
;

(iii) a fibration if f has the right lifting property with respect to acyclic cofibra-
tions.

The three class of morphisms defined in this theorem are clearly stable by com-
position and contain the identity maps. Axioms MC2 and MC3 are clear, and MC4
(ii) is obvious by definition of the fibrations. It remains to prove axioms MC1, MC4
(i) and MC5. We first need a description of the cofree P -coalgebra functor, and the
notion of enveloping cooperad.

3.1. Cofree coalgebra over an operad. There exists a cofree P -algebra functor
P ∗ : Ch+

K
→P Ch+

K
, which is by definition the right adjoint to the forgetful functor

and is given by the following formula:

Theorem 3.2. Let V be an object of Ch+
K
. Then

P ∗(V ) =
∞
⊕

r=1

P (r)∗ ⊗Σr
V ⊗r

inherits a P -coalgebra structure and forms the cofree P -coalgebra.
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For the needs of the proof we give the following definition:

Definition 3.3. Let I be a finite set of cardinal k, then we define P (I) by P (I) =
Bij(k, I) ⊗Σk

P (k) where k = 1, ..., k. The elements of P (I) of the form u ⊗ µ,
u ∈ Bij(k, I) and µ ∈ P (k), satisfy u ⊗ σ.µ = (u ◦ σ) ⊗ µ for any permutation
σ ∈ Σk.

The classical operadic compositions

γ(n1, ..., nr) : P (r) ⊗ P (n1)⊗ ...⊗ P (nr) → P (n1 + ...+ nr)

extend to these objects:

γ(I1, ..., Ir) : P (r)⊗ P (I1)⊗ ...⊗ P (Ir) → P (I1 ∐ ...∐ Ir)

is defined by

γ(I1, ..., Ir)(µ⊗ (q1, v1)⊗ ...⊗ (qr , vr)) = (µ(q1, ..., qr), v1 ∐ ... ∐ vr)

where qi ∈ P (ni), the map vi : ni → Ii is a bijection, and µ(q1, ..., qr) = γ(n1, ..., nr)(µ, q1, ..., qr).
We have a bijection n1 ∐ ... ∐ nr

∼= n1 + ...+ nr by renumbering the elements, so
v1 ∐ ... ∐ vr : n1 + ...+ nr → I1 ∐ ...∐ Ir is a well defined bijection.

Proof. We want to equip P ∗(V ) with a P -coalgebra structure, i.e linear applications
ρr : P (r) ⊗ P ∗(V ) → P ∗(V )⊗r with the adequate properties. Let us first compute
explicitely P (r) ⊗ P ∗(V ) and P ∗(V )⊗r:

P (r) ⊗ P ∗(V ) =

∞
⊕

n=1

P (r) ⊗ P (n)∗ ⊗Σn
V ⊗n.

In arity n, we have

(P ∗(V )⊗r)n =
⊕

i1+...+ir=n

P ∗(V )i1 ⊗ ...⊗ P ∗(V )ir

so

P ∗(V )⊗r =
⊕

n

⊕

i1+...+ir=n

P ∗(V )i1 ⊗ ...⊗ P ∗(V )ir

=
⊕

n

⊕

I1∐...∐Ir=n

(P (I1)
∗ ⊗ΣI1

V ⊗I1)⊗ ...⊗ (P (In)
∗ ⊗ΣIn

V ⊗In)

. We want now to define maps

diagr,n : P (r)⊗P (n)∗⊗V ⊗n →
⊕

I1∐...∐Ir=n

(P (I1)
∗⊗ΣI1

V ⊗I1)⊗...⊗(P (In)
∗⊗ΣIn

V ⊗In).

For I1 ∐ ... ∐ Ir = n, the map

γ(I1, ..., Ir) : P (r) ⊗ P (I1)⊗ ...⊗ P (Ir) → P (I1 ∐ ...∐ Ir) = P (n) ∼= P (n)

induces a map γ(I1, ..., Ir) : P (r) ⊗ P (n)∗ → P (I1)
∗ ⊗ ... ⊗ P (Ir)

∗. Indeed, the
P (Ik), k = 1, ..., r are finite dimensional so we can use the following sequence of
isomorphisms:

HomK(P (r) ⊗ P (I1)⊗ ...⊗ P (Ir), P (n)) ∼= HomK(P (r) ⊗ P (I1)⊗ ...⊗ P (Ir), HomK(P (n)∗,K))
∼= HomK(P (r) ⊗ P (n)∗ ⊗ P (I1)⊗ ...⊗ P (Ir),K)
∼= HomK(P (r) ⊗ P (n)∗, HomK(P (I1)⊗ ...⊗ P (Ir),K))
∼= HomK(P (r) ⊗ P (n)∗, P (I1)

∗ ⊗ ...⊗ P (Ir)
∗).
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We define

diagr,n =
∑

I1∐...∐Ir=n

γ(I1, ..., Ir)⊗ id

which is defined on P (r)⊗ P (n)∗ ⊗Σn
V ⊗n and take its values in

⊕

I1∐...∐Ir=n(P (I1)
∗ ⊗ ...⊗ P (Ir)

∗)⊗Σn
V ⊗n

∼=
⊕

I1∐...∐Ir=n(P (I1)⊗ΣI1
V ⊗I1)⊗ ...⊗ (P (Ir)⊗SigmaIr

V ⊗Ir ).

The hypothesis P (0) = 0 ensures that only a finite number of γ(I1, ..., Ir) such that
I1 ∐ ... ∐ Ir = n are non zero, so the application diagr,n is well defined. Then we
can set

ρr =
⊕

n

diagr,n : P (r)⊗ P ∗(V ) → P ∗(V )⊗r.

By construction, the ρn make the appropriate diagram commute and are Σn-
equivariant, so they equip P ∗(V ) with a structure of P -coalgebra.

Now we have to prove that P ∗(V ) is cofree. It means that for every morphism
f : C → V of ChK where C is a P -coalgebra and V any chain complex, there exists
a unique factorization

C
f //

f̃

��

V

P ∗(V )

π

<<yyyyyyyyy

where f̃ is a morphism of P -coalgebras and π :
⊕∞

r=1 P (r)∗⊗Σr
V ⊗r → P (1)∗⊗V ∼=

V (recall that P (1) = K) is the projection on the component of arity 1.
The structure of P -coalgebra on C is given by morphisms ρr : C → P (r)∗ ⊗Σr

V ⊗r, hence in degree n the maps (ρr)n : Cn → (P (r)∗ ⊗Σr
V ⊗r)n. We have C0 = 0

so (C⊗r)n =
⊕

i1+...+ir=n Ci1 ⊗ ... ⊗ Cir = 0 if r > n. We deduce that for a fixed

degree n, only a finite number of (ρr)n are non zero. We can then set

φn =
∑

r

(ρr)n : Cn →

∞
⊕

r=1

(P (r)∗ ⊗Σr
C⊗r)n

hence

φC =
⊕

n

φn : C → P ∗(C).

Consequently we set f̃ = P ∗(f) ◦ φC : C → P ∗(V ). Given that π is the projection

on the component of arity 1, in order to show that π ◦ f̃ = f we look after what it
gives in arity 1:

C
φ|r=1
→ P (1)∗ ⊗ C

id⊗f
→ P (1)∗ ⊗ V

π|r=1
→ V.

We obtain f as expected. It remains to prove the unicity of f̃ . For every n we have
a commutative square

P ∗(V )
ρP∗(V )
n //

projection

��

P (n)∗ ⊗ P ∗(V )⊗n

id⊗π⊗n

��
P (n)∗ ⊗Σn

V ⊗n

N
// P (n)∗ ⊗ V ⊗n
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where N is the norm map. The map f̃ is a morphism P -coalgebras, so we have for
every n another commutative square

C
f̃ //

ρC
n

��

P ∗(V )

ρP∗(V )
n

��
P (n)∗ ⊗ C⊗n

id⊗f̃⊗n

// P (n)∗ ⊗ P ∗(V )⊗n

.

Combining these two squares we obtain a new commutative diagram

C
f̃ //

ρC
n

��

P ∗(V )

ρP∗(V )
n

��

projection// P (n)∗ ⊗Σn
V ⊗n

N

��
P (n)∗ ⊗ C⊗n

id⊗f̃⊗n

// P (n)∗ ⊗ P ∗(V )⊗n

id⊗π⊗n

// P (n)∗ ⊗ V ⊗n

.

We have (id⊗ π⊗n) ◦ (id⊗ f̃⊗n) = id⊗ f⊗n, so f̃ is determined in a unique way by
f in each arity n. Indeed, according to the commutative diagram above, we have
N ◦(f̃)n = id⊗f⊗n. Recall that p◦N = id, where p : P (n)⊗V ⊗n → P (n)⊗Σn

V ⊗n

is the projection. It implies that (f̃)n = p ◦ (id⊗ f⊗n). �

3.2. Enveloping cooperad. Let A be a P -coalgebra. We want to construct a
particular cooperad associated to A and called the enveloping cooperad of A. Then
we will prove a result linking this construction with the coproduct of PCh+

K
which

will be crucial in the proof of MC5 (i).
We consider the Σ-module P ∗[A] defined by

P ∗[A](n) =

∞
⊕

r=1

P (n+ r)∗ ⊗Σr
A⊗r.

We need the following lemma:

Lemma 3.4. Let A be a P -coalgebra. For every chain complex C of Ch+
K

we have
P ∗[A](C) ∼= P ∗(A⊕ C).

Proof. This is exactly the same computations than in the proof of lemma 2.7. �

The P -coalgebra structure morphism ρA : A → P ∗(A) of A induces a Σ-modules
morphism

d0 : P ∗[A] → P ∗[P ∗(A)]

where

d0(n) =

∞
⊕

r=1

id⊗ ρ⊗r
A :

∞
⊕

r=1

P (n+ r)∗ ⊗Σr
A⊗r →

∞
⊕

r=1

P (n+ r)∗ ⊗Σr
P ∗(A)⊗r .

The coproduct ∆ : P ∗ → P ∗ ◦ P ∗ associated to the comonad (P ∗,∆, η) induces
another morphism of Σ-modules

d1 : P ∗[A] → P ∗[P ∗(A)]
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(where d1(0) = ∆(A)) defined in the following way: for every chain complex C we
have an application

P ∗[A](C) ∼= P ∗(A⊕ C)
∆(A⊕C)

→ P ∗(P ∗(A⊕ C))

P∗(P∗(prA),π◦P∗(prC))
→ P ∗(P ∗(A)⊕ C) ∼= P ∗[P ∗(A)](C)

where π is the projection on the component of arity 1, hence the associated unique
morphism of Σ-modules d1 : P ∗[A] → P ∗[P ∗(A)].

The counity η : P ∗ → Id induces a morphism of Σ-modules

s0 : P ∗[P ∗(A)] → P ∗[A]

(where s0(0) = P ∗(η(A))) defined in the following way: for every chain complex C,
we have an application

P ∗[P ∗(A)](C) ∼= P ∗(P ∗(A)⊕ C)
P∗(P∗(iA),iC)

→ P ∗(P ∗(A⊕ C))

P∗(η(A⊕C))
→ P ∗(A⊕ C) ∼= P ∗[A](C)

where iA : A → A⊕C and iC : C → A⊕C, hence the unique associated morphism
of Σ-modules s0 : P ∗[P ∗(A)] → P ∗[A]. We finally obtain a reflexive pair (d0, d1) of
morphisms of Σ-modules induced by the associated reflexive pair of morphisms of
Schur functors. The enveloping cooperad of A is the coreflexive equalizer

UP∗(A) = ker(d0 − d1) // P ∗[A]
d0 //

d1

// P
∗[P ∗(A)]

s0
vv

in Σ-modules endowed with the cooperad structure induced by that of P ∗[A].
Now we want to prove that for every P -coalgebra A and every chain complex

C, we have an isomorphism UP∗(A)(C) ∼= A × P ∗(C) where × is the product in
PCh+

K
. For this aim we need the following lemma:

Lemma 3.5. Let A be a P -coalgebra and C be a chain complex. The following
equalizer defines the product A× P ∗(C) in the category of P -coalgebras:

A× P ∗(C) = ker(d0 − d1) // P ∗(A⊕ C)
d0 //

d1

// P
∗(P ∗(A)⊕ C)

s0
tt

where d0 |A= ρA, d0 |C= idC , d1 |A= ∆(A), dl |C= idC , s0 |A= η(A), s0 |C= idC.

Proof. We clearly have d0 ◦ s0 = d1 ◦ s0 = id so (d0, d1) is a reflexive pair in PCh+
K
.

The space ker(d0 − d1) is the coreflexive equalizer of (d0, d1) in Ch+
K

and is a sub-

P -coalgebra of P ∗(A ⊕ C), so it is the coreflexive equalizer of (d0, d1) in PCh+
K
.

Let X be a P -coalgebra, u : X → A a morphism of P -coalgebras and v : X → C
a linear map. They induce a map (u, v) : X → A ⊕ C, hence a morphism of P -
coalgebras ϕ(u,v) : X → P ∗(A⊕C) obtained by the universal property of the cofree
P -coalgebra. The proof ends by seeing that ϕ(u,v) admits a unique factorization
through ker(d0 − d1). �



THE HOMOTOPY THEORY OF BIALGEBRAS OVER PAIRS OF OPERADS 37

The coreflexive equalizer in Σ-modules defining the enveloping cooperad induces
a coreflexive equalizer in P -coalgebras

UP∗(A)(C) // P ∗[A](C)
d0 //

d1

// P
∗[P ∗(A)](C)

s0
uu

where P ∗[A](C) ∼= P ∗(A⊕C), P ∗[P ∗(A)](C) ∼= P ∗(P ∗(A)⊕C) and d0, d1, s0 turn
out to be the morphisms of the lemma above. By unicity of the limit, we have
proved the following result:

Proposition 3.6. Let A be a P -coalgebra and C be a chain complex, then UP∗(A)(C) ∼=
A× P ∗(C).

We finally reach the crucial result of this section:

Corollary 3.7. Let A be a P -coalgebra and C be a chain complex. If H∗(C) = 0
then the canonical projection A× P ∗(C) → A is a weak equivalence in PCh+

K
.

Proof. According to proposition 3.6, we have UP∗(A)(C) ∼= A × P ∗(C). We can
apply proposition 2.12 to the Σ-module UP∗(A) since H∗(C) = 0 by hypothesis, so

H∗(A× P ∗(C)) = H∗(UP∗(A)(C)) = H∗(UP∗(A)(0)).

It remains to prove that H∗(UP∗(A)(0)) = H∗(A). For this aim we show that
UP∗(A)(0) ∼= A. It comes from a categorical result: in any category with a final
object and admitting products, the product of any object A with the final object is
isomorphic to A. We apply this fact to UP∗(A)(0) ∼= A× P ∗(0). Indeed, the chain
complex 0 is final in Ch+

K
so P ∗(0) is final in PCh+

K
. �

3.3. Proof of MC1. The forgetful functor creates the small colimits. The proof
of this fact is exactly the same as the proof of the existence of small limits in the
P -algebras case. To prove the existence of small limits in PCh+

K
, we use a method

dual to that of the proof of the existence of small colimits in the P -algebras case.

Theorem 3.8. Let C be a category. If C admits the coreflexive equalizers of every
pair of arrows and all small coproducts, then C admits all the small limits.

Proof. This is exactly the same proof than the one of theorem 2.4. One has just to
replace the small coproducts by the small products and a reflexive coequalizer by
a coreflexive equalizer. �

Now let us prove that PCh+
K

admits the coreflexive equalizers and the small
products.

Lemma 3.9. Let (d0, d1 : A → B, s0 : B → A) be a reflexive pair in PCh+
K
. Then

ker(d0 − d1) is the coreflexive equalizer of (d0, d1) in PCh+
K
.

Proof. The subspace ker(d0−d1) ⊂ A is the coreflexive equalizer of (d0, d1) in Ch+
K
.

Moreover, it is a sub-P -coalgebra of A and the inclusion is obviously a P -coalgebras
morphism, hence the result. �

Lemma 3.10. Let {Ri}i∈I be a set of P -coalgebras. Let us set

d0 = P ∗(
⊕

ρRi
) : P ∗(

⊕

Ri) → P ∗(
⊕

P ∗(Ri))

and
d1 = π ◦∆(

⊕

Ri) : P
∗(
⊕

Ri) → P ∗(
⊕

P ∗(Ri))
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where π : P ∗(P ∗(
⊕

Ri)) → P ∗(
⊕

P ∗(Ri)) is the canonical projection and ∆ the
comultiplication of the comonad (P ∗,∆, η). Then ×Ri = ker(d0−d1) is the product
of the Ri in PCh+

K
.

Proof. We prove the lemma in the case of two P -coalgebras R and S. The proof is
the same in the general case. Let us set

s0 = P ∗(η(R)⊕ η(S)) : P ∗(P ∗(R)⊕ P ∗(S)) → P ∗(R⊕ S),

then d0 ◦ s0 = d1 ◦ s0 = id. According to lemma 3.9, the space ker(d0 − d1) is
the coreflexive equalizer of (d0, d1) in PCh+

K
. Let X be a P -coalgebra. Two linear

maps u : X → R and v : X → S induce a map (u, v) : X → R ⊕ S. This map
admits a unique factorization through P ∗(R⊕S) to give a P -coalgebras morphism
ϕ(u,v) : X → P ∗(R⊕ S) by the universal property of the cofree P ∗-coalgebra. This
morphism admits a unique factorization through ker(d0 − d1) if and only if u and
v are morphisms of P -coalgebras. By unicity of the limit this concludes our proof,
since ker(d0 − d1) satisfies the same universal property than R× S. �

3.4. Generating (acyclic) cofibrations, proofs of MC4 and MC5. Before
specifying the families of generating cofibrations and generating acyclic cofibrations,
we prove axioms MC4 (i) and MC5 (i). The cofibrantly generated structure will
then be used to prove MC5 (ii) by means of a small object argument, slightly
different from the preceding one since the sequential colimits will run over a higher
ordinal (the one of R). The general strategy is strongly inspired from that of [14],
with the necessary modifications to adapt it to our setting.

MC5 (i). We first need a preliminary lemma:

Lemma 3.11. Every chain complex X of Ch+
K

can be embedded in a chain complex
V satisfying H∗(V ) = 0.

Proof. Let us set V0 = 0 and Vn = Xn ⊕ Xn−1 for every n ≥ 1. We define the
differential of V by ∂V

n : Xn ⊕ Xn−1 → Xn−1 →֒ Xn−1 ⊕ Xn−2 = Vn−1 which is
the projection followed by the inclusion for every n ≥ 2, and ∂V

1 = 0. We have
∂V
n+1 ◦ ∂V

n = 0 so (V, ∂V ) ∈ Ch+
K
. Moreover, for every n ∈ N, we have Xn ⊂ Vn

so X is injected into V . Finally, for every n ∈ N, Hn(V ) = ker(∂V
n )/im(∂V

n+1)
∼=

Xn/Xn = 0. �

This lemma helps us to prove the following result:

Proposition 3.12. (i) Let C be a P -coalgebra and V be a chain complex such that
H∗(V ) = 0. Then the projection C × P ∗(V ) → C is an acyclic fibration with the
right lifting property with respect to all cofibrations.

(ii) Every P -coalgebras morphism f : D → C admits a factorization

D
j
→ X

q
→ C

where j is a cofibration and q an acyclic fibration with the right lifting property with
respect to all cofibrations (in particular we obtain axiom MC5 (i)).

Proof. (i) According to corollary 3.7, the map C×P ∗(V ) → C is a weak equivalence
so it remains to prove that it has the right lifting property with respect to all
cofibrations (which implies in particular that it is a fibration). Let us consider the
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following commutative square in PChK:

A

i

��

a // C × P ∗(V )

��
B

b
// C

where i is a cofibration. A lifting in this square is equivalent to a lifting in each of
the two squares

A

i

��

// C

B // C

and

A

i

��

// P ∗(V )

��
B // 0

.

In the first square this is obvious, just take the bottom map B → C as a lifting.
In the second square, via the adjunction U :P Ch+

K
⇄ Ch+

K
: P ∗, the lifting problem

is equivalent to a lifting problem in the following square of Ch+
K
:

U(A)

U(i)

��

// V

��
U(B) // 0

.

The map V → 0 is degreewise surjective so it is a fibration of Ch+
K
, which is acyclic

because H∗(V ) = 0. The map i is a cofibration, so U(i) is a cofibration by definition
and has therefore the left lifting property with respect to acyclic fibrations.

(ii) According to lemma 3.11, there exists an injection i : U(D) →֒ V in Ch+
K

where V is such that H∗(V ) = 0. Let us set X = C × P ∗(V ), q : X → C the
projection and

j = (f, ĩ) : D → C × P ∗(V )

where ĩ : D → P ∗(V ) is the factorization of i by universal property of the cofree
P -coalgebra. We have q ◦ j = f . According to (i), the map q is an acyclic fibration
with the right lifting property with respect to all cofibrations. It remains to prove
that j is a cofibration. Let us consider the composite

D
j
→ C × P ∗(V )

pr2
→ P ∗(V )

π
→ V

where pr2 is the projection on the second component and π the projection associated
to the cofree P -coalgebra on V . We have π ◦ pr2 ◦ j = π ◦ ĩ = i by definition of ĩ.
The map i is injective so j is also injective, which implies that U(j) is a cofibration
in Ch+

K
. By definition it means that j is a cofibration in PCh+

K
. �
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MC4 (i). Let p : X → Y be an acyclic cofibration, let us consider the commu-
tative square

C

i

��

a // X

p

��
D

b
// Y

where i is a cofibration. According to proposition 3.12, the map p admits a factor-
ization p = q◦j where j : X → T is a cofibration and q : T → Y an acyclic fibration
with the right lifting property with respect to all cofibrations. Axiom MC2 implies
that j is a weak equivalence. Let us consider the commutative square

X

j

��

X

p

��
T

q
// Y

.

According to axiom MC4 (ii), there exists a lifting r : T → X in this square and p
is consequently a retract of q via the following retraction diagram:

X

p

��

j // T

q

��

r // X

p

��
Y Y Y

.

A reasoning similar to that of the proof of MC4 (ii) for P -algebras concludes the
proof: the map f inherits the property of right lifting property with respect to
cofibrations.

Generating (acyclic) cofibrations We first need two preliminary lemmas:

Lemma 3.13. Let C be a P -coalgebra. For every homogeneous element x ∈ C
there exists a sub-P -coalgebra D ⊂ C of finite dimension such that x ∈ D and
Dk = 0 for every k > deg(x).

Proof. Suppose that x ∈ Cn. Let us note ∆ : C → C ⊗ C the coproduct. We have

∆(x) =
∑

i+j=n

(
∑

x′
i ⊗ x′′

j )

where x′
i ∈ Ci and x′′

j ∈ Cj . Using Sweedler’s notation we have

∆(x) =
∑

(x)

x(1) ⊗ x(2)

where x(1)‘ ∈ Ci, x(2) ∈ Cj and the sum is indexed by the integers 0 ≤ i ≤ n,
0 ≤ j ≤ n such that i+ j = n.

We do a recursive reasoning on the degree n of x. For n = 1, the element x
belongs to C1 = K which is a sub-P -coalgebra of finite dimension. Now suppose the
lemma true for every k < n. Let x ∈ Cn and ∆(x) as above. By hypothesis, there
exists sub-P -coalgebras of finite dimension D(1) and D(2) satisfying the following
conditions:

-x(1) ∈ D(1), x(2) ∈ D(2);
-(D(1))j = 0 if j > deg(x(1)) and (D(2))j = 0 if j > deg(x(2)).
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Then we set

D = K.x⊕ (
∑

D(1) +
∑

D(2)).

This is a finite sum of finite dimensional sub-P -coalgebras so D is a finite dimen-
sional sub-P -coalgebra containing x. Furthermore, since deg(x) > deg(x(1)) and
deg(x) > deg(x(2)), this construction implies that Dj = 0 if j > deg(x). �

Lemma 3.14. Let j : C → D be an acyclic cofibration and x ∈ D a homogeneous
element. Then there exists a sub-P -coalgebra B ⊆ D such that:

(i) x ∈ B;
(ii) B is finite dimensional;
(iii) the injection C ∩B →֒ B is an acyclic cofibration in PCh+

K
(we denote also

by C the image of C under j, since j is injective and thus j(C) ∼= C).

Proof. We want to define recursively sub-P -coalgebras

B(1) ⊆ B(2) ⊆ ... ⊆ D

such that x ∈ B(1), each B(n) is finite dimensional and the induced map

B(n− 1)

C ∩B(n− 1)
→

B(n)

C ∩B(n)

is zero in homology. This map is well defined, since we do the quotient by an
intersection of two sub-P -coalgebras which is still a sub-P -coalgebra.

The P -coalgebra B(1) is given by lemma 3.13. Now suppose that for some integer
n ≥ 1 the coalgebra B(n− 1) has been well constructed. The space B(n− 1) is of
finite dimension, so we can choose a finite set of homogeneous cycles zi ∈ B(n− 1),

zi ∈
B(n−1)

C∩B(n−1) , such that the homology classes of the zi span H∗(
B(n−1)

C∩B(n−1)). For

every i, lemma 3.13 provides us a finite dimensional sub-P -coalgebra A(zi) ⊆ D
containing zi. We can then define

B(n) = B(n− 1) +
∑

i

A(zi).

The sub-P -coalgebra B(n) is of finite dimension because it is the sum of finite
dimensional sub-p-coalgebras. Moreover, the induced map in homology

H∗(
B(n− 1)

C ∩B(n− 1)
) → H∗(

B(n)

C ∩B(n)
)

is zero because it sends the homology classes of the zi to 0.
Let us define B =

⋃

B(n) and prove that C ∩B →֒ B is an acyclic cofibration.
Firs it is injective so it is a cofibration. To prove its acyclicity, let us consider the
following short exact sequence:

0 → B ∩ C →֒ B →
B

C ∩B
→ 0.

It is sufficient to consider the long exact sequence induced by this sequence in
homology and to prove that H∗(

B
C∩B

) = 0. Let z ∈ B such that ∂(z) = 0 in

H∗(
B

C∩B
), where ∂ is the differential of B

C∩B
. We have ∂(z) ∈ B ∩C =

⋃

B(n)∩C
and B(1) ⊆ ... ⊆ D so there exists an integer n such that z ∈ B(n − 1) and

∂(z) ∈ B(n− 1)∩C. It implies that [z] ∈ H∗(
B(n−1)

C∩B(n−1)), where [z] is the homology

class of z. Thus [z] = 0 in H∗(
B(n)

C∩B(n)), since the map H∗(
B(n−1)

C∩B(n−1)) → H∗(
B(n)

C∩B(n))

is zero in homology. We deduce that z = ∂(b)+B(n)∩C for a certain b ∈ B(n), so
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z = ∂(b) in B
B∩C

(the projection x 7→ x commutes with the differentials). Finally,

it means that every cycle of B
B∩C

is a boundary, i.e that H∗(
B

C∩B
) = 0.

It remains to prove that B is finite dimensional. According to lemma 3.13, the
chain complex B(1) is concentrated in degrees k ≤ deg(x). Let us suppose that
B(n − 1) is concentrated in degrees k ≤ deg(x), then so does B

B∩C
. The zi are

then of degree deg(zi) ≤ deg(x), and so do the zi. The A(zi) are obtained by
lemma 3.13 and thus concentrated in degrees k ≤ deg(zi) ≤ deg(x). The chain
complex B(n) = B(n− 1) +

∑

iA(zi) is consequently also concentrated in degrees
k ≤ deg(x). The sequence B(1) ⊆ B(2) ⊆ ... is stationnary, which allows us to
conclude that B =

⋃

B(n) is finite dimensional. �

Now we can give a characterization of generating cofibrations and generating
acyclic cofibrations.

Proposition 3.15. A morphism p : X → Y of PCh+
K

is
(i) a fibration if and only if it has the right lifting property with respect to the

acyclic cofibrations A →֒ B where B is of finite dimension;
(ii) an acyclic fibration if and only if it has the right lifting property with respect

to the cofibrations A →֒ B where B is of finite dimension.

Proof. (i) One of the two implications is obvious. Indeed, if p is a fibration then
it has the right lifting property with respect to acyclic cofibrations by definition.
Conversely, suppose that p has the right lifting property with respect to the acyclic
cofibrations A →֒ B where B is finite dimensional. We consider the following lifting
problem:

C

j

��

f // X

p

��
D

>>}
}

}
}

// Y

where j is an acyclic cofibration. Let us define Ω as the set of pairs (D, g), where
D fits in the composite of two acyclic cofibrations

C →֒ D →֒ D

such that this composite is equal to j. The map g : D → X is a lifting in

C

��

f // X

p

��
Dar[r] D // Y

.

Recall that cofibrations are injective P -coalgebras morphisms. We endow Ω with
a partial order defined by (D1, g1) ≤ (D2, g2) if D1 ⊆ D2 and g2 |D1

= g1. The
commutative square

C
f // X

p

��
C

j
// D // Y

admits f as an obvious lifting, so (C, f) ∈ Ω and thus Ω is not empty. Moreover,
any totally ordered subset of Ω admits an upper bound, just take the sum of its
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elements. We can therefore apply Zorn lemma. Let (E, g) ∈ Ω be a maximal
element. We know that E is injected in D by definition, and we want to prove that
D is injected in E in order to obtain E = D.

Let x ∈ D be a homogeneous element. According to lemma 3.14 applied to
the acyclic cofibration E →֒ D, there exists a finite dimensional sub-P -coalgebra
B ⊆ D such that x ∈ B and E ∩ B →֒ B is an acyclic cofibration. The lifting
problem

E ∩B

��

// E
g // X

��
B

h

66m
m

m
m

m
m

m
m // D // Y

admits a solution h by hypothesis about p. We therefore extend g into a map
g̃ : E + B → X such that g̃ |E= g, g̃ |B= h. According to the diagram above, we
have h |E∩B= g |E∩B so g̃ is well defined.The short exact sequences

0 → E ∩B → B →
B

E ∩B
→ 0

and

0 → E → E +B →
E +B

B
→ 0

induce long exact sequences in homology

... → Hn+1(
B

E ∩B
) → Hn(E ∩B) → Hn(B) → Hn(

B

E ∩B
→ ...

and

... → Hn+1(
E +B

E
) → Hn(E) → Hn(E +B) → Hn(

E +B

E
→ ...

But E ∩ B →֒ B induces an isomorphism in homology so in the first exact se-
quence H∗(

B
E∩B

) = 0. Furthermore, the isomorphism B
E∩B

∼= E+B
E

implies that

H∗(
E+B
E

) = 0. Accordingly, the map E →֒ E +B in the second exact sequence in-
duces an isomorphism in homology, i.e E →֒ E+B is an acyclic cofibration. It means
that (E +B, g̃) ∈ Ω, and by definition of g̃ the inequality (E, g) ≤ (E +B, g̃) holds
in Ω. Given that (E, g) is supposed to be maximal, we conclude that E = E +B,
hence x ∈ E and E = D. The map g is the desired lifting. The map p is a fibration.

(ii) If p is an acyclic fibration, then p has the right lifting property with respect
to cofibrations according to axiom MC4 (i). Conversely, let us suppose that p
has the right lifting property with respect to cofibrations A →֒ B where B is finite
dimensional. The proof is similar to that of (i) with a slight change in the definition
of Ω. Indeed, we consider the lifting problem

C

j

��

// X

p

��
D // Y

where j is a cofibration. We define Ω as the set of pairs (D, g) where D fits in a
composite of cofibrations C →֒ D →֒ D such that this composite is equal to j. We
define the same partial order on Ω than in (i), and Ω is clearly not empty since
(C, f) ∈ Ω. The set Ω is inductive so we can apply Zorn’s lemma. Let (E, g) be a
maximal element of Ω, as before E is injected in D and we want to prove that D
is injected in E. Let x ∈ D be a homogeneous element, according to lemma 3.14
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there exists a finite dimensional sub-P -coalgebra B ⊆ D containing x. The map
p has the right lifting property with respect to E ∩ B →֒ B by hypothesis, so the
method of (i) works here. We extend g to g̃ : E +B → X , we have (E +B, g̃) ∈ Ω
and (E, g) ≤ (E + B, g̃). The maximality of (E, g) implies that E = E + B and
g : E = D → X is the desired lifting. �

MC5 (ii).We need here to use a slightly refined version of the small object
argument. We will consider smallness only with respect to injections systems.
Suppose that C is a category admitting small colimits. A direct system of injections

... →֒ B(n) →֒ B(n+ 1) →֒ ...

indexed by a set has
⋃

n B(n) as colimit. For any object A of C, the functor
Hom(A,−) gives a commutative diagram of injections

...

++WWWW
WWWW

WWWW
WWWW

WWWW
WWWW

WWW
// Hom(A,B(n))

))RR
RRR

RRR
RRR

RRR
// Hom(A,B(n + 1))

uukkkk
kkk

kkk
kkk

kk

// ...

Hom(A,
⋃

n B(n))

.

By universal property of the colimit, this diagram induces a canonical map

colimnHom(A,B(n)) =
⋃

n

Hom(A,B(n)) → Hom(A,
⋃

n

B(n)).

We say that A is small with respect to direct systems of injections if this map is
a bijection. Consider a morphism f of C and a family of morphisms F = {fi :
Ai → Bi}i∈I such that the Ai are small with respect to injections systems. If we
can prove that the ik obtained in the construction of the Gk(F , f) are injections,
then we can use this refined version of the small object argument. We then obtain
a factorization f = f∞ ◦ i∞ where f∞ has the right lifting property with respect to
the morphisms of F and i∞ is an injection (the injectivity passes to the transfinite
composite). This is the argument we are going to use to prove axiom MC5 (ii) in
PCh+

K
.

Recall that the generating acyclic cofibrations of PCh+
K

are the acyclic injections
ji : Ai →֒ Bi of P -coalgebras such that the Bi are finite dimensional. In order
to apply the refined small object argument explained above, we need the following
lemma:

Lemma 3.16. Let C be a object of PCh+
K
. If U(C) is small with respect to injec-

tions systems, then so does C in PCh+
K
.

Proof. Let us consider a system of injections

... →֒ B(n) →֒ B(n+ 1) →֒ ...

of P -coalgebras, and let f : C →
⋃

n B(n) be a morphism of P -coalgebras. The
chain complex U(C) is small with respect to injections systems, so there exists an
integer N such that we have a unique factorization in Ch+

K

f : C
f̃
→ B(N) →֒

⋃

n

B(n).

The map f is a morphism of P -coalgebras and so does B(N) →֒
⋃

n B(n), thus f̃

is a morphism of P -coalgebras. We have the desired factorization in PCh+
K
. �
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In the family of generating acyclic cofibrations F = {ji : Ai →֒ Bi}i∈I , the Bi

are finite dimensional so the Ai too, thus the U(Ai) are small. In particular, they
are small with respect to injections systems. Lemma 3.16 implies that the Ai are
small with respect to injection systems. Now, let f : X → Y be a morphism of
P -coalgebras. Recall that the construction of Gk(F , f) is given by a pushout

∨

i Ai

∨
i ji

��

// Gk−1(F , f)

ik

��
∨

iBi
// Gk(F , f)

.

The forgetful functor creates the small colimits, so we obtain the same pushout in
Ch+

K
by forgetting P -coalgebras structures. By definition of cofibrations and weak

equivalences in Ch+
K
, given that

∨

i ji is an acyclic cofibration, the map U(
∨

i ji)

is an acyclic cofibration in Ch+
K
. In any model category, acyclic cofibrations are

stable by pushouts, so the U(ik) are acyclic cofibrations. By definition, it means
that the ik are acyclic cofibrations, i.e in our case acyclic injections of P -coalgebras.
We use our refined version of the small object argument to obtain a factorization
f = f∞ ◦ i∞. Injectivity and acyclicity are two properties which passes to the
transfinite composite i∞, so i∞ is an acyclic cofibration of PCh+

K
. Moreover, the

map f∞ has by construction the right lifting property with respect to the generating
acyclic cofibrations and forms consequently a fibration. Our proof is now complete.

Remark 3.17. This method provides us another way to prove MC5 (i), by using
this time the family of generating cofibrations.

4. The model category of bialgebras over a pair of operads in

distribution

Let P be an operad in Ch+
K

. Let Q be an operad in Ch+
K

such that Q(0) = 0,
Q(1) = K and the Q(n) are of finite dimension for every n ∈ K. We suppose that
there exists a mixed distributive law between P and Q (see definition 1.27). In the
following, the operad P will encode the operations of our bialgebras and the operad
Q will encode the cooperations.

According to theorem 1.28, we can define the free P -algebra functor on the
category of Q-coalgebras, so the adjunction

P : Ch+
K
⇄P Ch+

K
: U

becomes an adjunction

P :Q Ch+
K
⇄

Q
P Ch+

K
: U.

Similarly, the adjunction

U :Q Ch+
K
⇄ Ch+

K
: Q∗

becomes an adjunction

U :QP Ch+
K
⇄P Ch+

K
: Q∗.

The model category structure on (P,Q)-bialgebras is then given by the following
theorem:

Theorem 4.1. The category Q
PCh+

K
inherits a cofibrantly generated model category

structure such that a morphism f of Q
PCh+

K
is
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(i) a weak equivalence if U(f) is a weak equivalence in QCh+
K

(i.e a weak equiv-

alence in Ch+
K

by definition of the model structure on QCh+
K
);

(ii) a fibration if U(f) is a fibration in QCh+
K
;

(iii) a cofibration if f has the left lifting property with respect to acyclic fibrations.

It is clear that this three classes of morphisms are stable by composition and
contain the identity morphisms. Axioms MC2 and MC3 are clear, axiom MC4 (i)
is obvious by definition of the cofibrations. It remains to prove axioms MC1, MC4
(ii) and MC5.

MC1.The forgetful functor U :QP Ch+
K

→Q Ch+
K

creates the small limits. The
proof is the same than in the case of P -algebras, see section 2.1. The forgetful

functor : UQ
P Ch+

K
→P Ch+

K
creates the small colimits. The proof is the same than

in the case of P -coalgebras, see section 3.3.
Generating (acyclic) cofibrations.The treatment is similar to the case of

P -algebras. Let us note {j : A →֒ B} the family of generating cofibrations and
{i : A →֒ B} the family of generating acyclic cofibrations. Then the P (j) form the

generating cofibrations of Q
PCh+

K
and the P (i) form the generating acyclic cofibra-

tions:

Proposition 4.2. Let f be a morphism of Q
PCh+

K
. Then

(i) f is a fibration if and only if it has the right lifting property with respect to
the P (i), where i : A →֒ B an acyclic injection of Q-coalgebras such that B is finite
dimensional;

(ii) f is an acyclic fibration if and only if it has the right lifting property with
respect to the P (j), where j : A →֒ B is an injection of Q-coalgebras such that B is
finite dimensional.

Proof. We apply the same reasoning on adjunction properties than the one used
for the proof of proposition 2.10. �

MC4 (ii).If MC5 (ii) is proved, then MC4 (ii) follows from the same proof than
MC4 (ii) in the case of P -algebras.

MC5. The main difficulty here is to prove axiom MC5. Let f be a morphism

of Q
PCh+

K
. Let us note F = {P (ji), ji : Ai →֒ Bi}i∈I the family of generating

cofibrations. Recall that the Ai are sequentially small with respect to injections
systems. The same reasoning on adjunctions than the one of the proof of lemma
2.11 ensures that the P (Ai) are also sequentially small with respect to injections
systems. We want to apply the small object argument to obtain a factorization
f = f∞ ◦ i∞ of f . Recall that for every k > 0, the space Gk(F , f) is obtained by a
pushout

∨

i P (Ai)

∨
i P (ji)

��

// Gk−1(F , f)

ik

��
∨

i P (Bi) // Gk(F , f)

.

The forgetful functor U :QP Ch+
K
→P Ch+

K
creates small colimits, so we obtain the

same pushout diagram in PCh+
K

by forgetting the Q-coalgebras structures. The

ji are cofibrations of QCh+
K
, so the underlying chain complexes morphisms are

cofibrations of Ch+
K
. Thus, via the adjunction P : Ch+

K
⇄P Ch+

K
: U , the P (ji) are

cofibrations of PCh+
K

and so does
∨

i P (ji). In any model category, cofibrations are
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stable by pushouts, so the ik are cofibrations of PCh+
K
. By definition of cofibrations

in PCh+
K

, we can apply lemma 1.38 to i∞ to deduce that i∞ forms a cofibration in

PCh+
K
. We now use the following proposition:

Proposition 4.3. An (acyclic) cofibration of PCh+
K

forms an (acyclic) cofibration

in Ch+
K
.

Proof. See section 4.6.3 in [16] (Note that for a base field of characteristic zero,
every operad is Σ-split in the sense defined by Hinich). �

The maps ik (and thus i∞) forms therefore cofibrations in Ch+
K
, i.e injections.

This is crucial to apply our version of the small object argument, since the P (Ai)
are small only with respect to injections systems. Finally, i∞ forms a cofibration in
Q
PCh+

K
. The map f∞ has the right lifting property with respect to the generating

cofibrations and forms thus an acyclic fibration. Axiom MC5 (i) is proved.
The method to prove MC5 (ii) is the same up to two minor changes: we con-

sider the family of generating acyclic cofibrations, and use the stability of acyclic
cofibrations under pushouts.
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