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GLOBAL SMOOTHNESS ESTIMATION OF A GAUSSIAN
PROCESS FROM REGULAR SEQUENCE DESIGNS

DELPHINE BLANKE AND CELINE VIAL

ABSTRACT. We consider a real Gaussian process X having a global unknown
smoothness (ro, Bo), 70 € INog and By €]0,1[, with X("0) (the mean-square
derivative of X if ro > 1) supposed to be locally stationary with index SBo.
From the behavior of quadratic variations built on divided differences of X,
we derive an estimator of (7, 80) based on - not necessarily equally spaced -
observations of X. Various numerical studies of these estimators exhibit their
properties for finite sample size and different types of processes, and are also
completed by two examples of application to real data.

1. INTRODUCTION

In many areas assessing the regularity of a Gaussian process represents still and
always an important issue. In a straightforward way, it allows to give accurate
estimates for approximation or integration of sampled process. An important ex-
ample is the kriging, which becomes more and more popular with growing number
of applications. This method consists in interpolating a Gaussian random field
observed only in few points. Estimating the covariance function is often the first
step before plug this estimates in the Kriging equations, see Stein (1999). Usually
the covariance function is assumed to belong to a parametric family, where these
unknown parameters are linked to the sampled path regularity: for example the
power model, which corresponds to a Fractional Brownian motion. Actually, many
applications make use of irregular sampling and Stein (1999) (chap. 6.9) gives an
hint of how adding three points very near from the origin among the already twenty
equally spaced observations improve drastically the estimation of the regularity pa-
rameter. In this paper, we defined an estimator of global regularity of a Gaussian
process when the sampling design is regular, that is observation points correspond
to quantile of some distribution, see section 2 for details. Taking into account a non
uniform design is innovating regarding other existing estimators and makes sense
as to the remark above.

A wide range of methods have been proposed to reconstruct a sample path from
discrete observations. For processes satisfying to the so-called Sacks and Ylvisaker
(SY) conditions, recent works include: Miiller-Gronbach (1996, orthogonal pro-
jection, optimal designs), Miiller-Gronbach and Ritter (1997, linear interpolation,
optimal designs), Miiller-Gronbach and Ritter (1998, linear interpolation, adap-
tive designs). Under Holder type conditions, one may cite e.g. works of Seleznjev
(1996, linear interpolation), Seleznjev (2000, Hermite interpolation splines, optimal
designs), Seleznjev and Buslaev (1998, best approximation order). Note that a
more detailed survey may be found in the book by Ritter (2000). Another impor-
tant topic, involving the knowledge of regularity and arising in above cited works,
is the search of an optimal design. In time series context, Cambanis (1985) an-
alyzes three important problems (estimation of regression coefficients, estimation
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2 D. BLANKE AND C. VIAL

of random integrals and detection of signal in noise) for which he is looking for
optimal design. The latter two problems involve approximations of integrals, where
knowledge of process regularity is particularly important (see, e.g. Ritter, 2000),
we provide a detailed discussion on this topic in section 4 together with additional
references. Applications of estimation of regularity can be also find in Adler (1990)
where bounds of suprema distributions depend on the sample roughness, in Istas
(1992) where the regularity is involved in the choice of the best wavelet base in
image analysis or more generally in prediction area, see Cuzick (1977); Lindgren
(1979); Bucklew (1985).

Furthermore for a real stationary and non differentiable Gaussian process with
covariance K(s, t) = K(|t — s|,0) such that K(¢,0) = K(0,0) — A[¢t|** + o(|t|*™)
as |t| — 0, the parameter §,, 0 < 3, < 1, is closely related to fractal dimension
of the sample paths. This relationship is developed in particular in the works
by Adler (1981) and Taylor and Taylor (1991) and it gave rise to an important
literature around estimation of ,. Note that this relation can be extended, e.g.
for non Gaussian process in Hall and Roy (1994). The recent paper of Gneiting
et al. (2012) gives a review on estimator of the fractal dimension for times series
and spatial data. They also provide a wide range of application in environmental
science, e.g. hydrology, topography of sea floor. Note that this paper is restricted
to the case of (n + 1) equally spaced observations. In relation with our work, we
refer especially to Constantine and Hall (1994) for estimators based on quadratic
variations and their extensions developed by Kent and Wood (1997). Still for this
stationary framework, Chan et al. (1995) introduce a periodogram-type estimator
whereas Feuerverger et al. (1994) use the number of level crossings.

In this paper, our aim is to estimate the global smoothness (r,, 3,) of a Gaussian
process X, supposed to be ry-times differentiable (for some nonnegative integer r,)
where X (70) (the r,-th mean-square derivative of X for non-zero r,) is supposed
to be locally stationary with regularity 5,. The parameters (r,,3,) being both
unknown, we improve the previous works in several ways:

- not necessarily equally spaced observations of X over some finite interval
[0,T] are considered,

- X is not supposed to be stationary not even with stationary increments,

- X has an unknown degree of differentiability, 7,, to be estimated,

- for r, > 1, the coefficient of smoothness [, is related to the unobserved
derivative X (7o)

Our methodology is based on an estimator of r,, say 7, derived from quadratic
variations of divided differences of X and consequently, generalize the estimator
studied by Blanke and Vial (2011) for the equidistant case. In a second step, we
proceed to the estimation of (,, with an estimator 30 which can be viewed as a
simplification of that studied, in the case 1, = 0, by Kent and Wood (1997). Also for
processes with stationary increments and using a linear regression approach, Istas
and Lang (1997) have proposed and studied an estimator of H = 2(r, + 3,) for
equally spaced observations. As far as we can judge, our two steps procedure seems
to be simpler and more competitive. We obtain an upper bound for P(7, # ;)
as well as the mean square error of 7, and almost sure rates of convergence of BAO
Surprisingly, these almost sure rates are comparable to those obtained in the case of
ro equal to 0: by this way the preliminary estimation of r, does not affect that of j3,,
even if X (70) is not observed. Next, in section 4, we derive theoretical and numerical
results concerning the important application of approximation and integration. We
complete this work with an extensive computational study: we compare different
estimators of r, and r, 4+ 3, for processes with various kinds of smoothness, derive
properties of our estimators for finite sample size, an example of consequence of the
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misspecification of 7, is given, and an example of process with trend is also study.
To end this part, we apply our global estimation to two well-known real data sets:
Roller data Laslett (1994) and Biscuit data Brown et al. (2001).

2. THE FRAMEWORK

2.1. The process and design. We consider a Gaussian process X = {X (¢), t €
[0,T]} observed at (n + 1) instants on [0,7], T > 0, with covariance function
K(s,t) = Cov (X (s), X (t)). We shall assume the following conditions on regularity
of X.

Assumption 2.1 (A2.1). X satisfies the following conditions.

(i) There exists some nonnegative integer ro, such that X is ro-times differen-
tiable in quadratic mean, denote X (7).
(ii) The process X () s supposed to be locally stationary:

E(X(0)(s) — X(0)(¢))”
|s — ¢[*%

—do(t)| =0 (2.1)

lim sup
h=05 te(0,T),|s—t|<h,s#t

where By €]0,1[ and dy is a positive continuous function on [0,T].
(ili-p) For either p =1 or p = 2, KotPmotp) (s ) exists on [0,T]*\{s = t} and
satisfies for some Dy, > 0:

‘]K(To-‘rPWo-‘r;D)(s’t)’ < Dp |S _ t|*(210*2ﬁ0) ]

Moreover, we suppose that u € C™T([0,T]).

Note that the local stationarity makes reference to Berman (1974)’s sense. The
condition A2.1-(i) can be translated in terms of the covariance function. In par-
ticular the function K is continuously differentiable with derivatives IK("") (s, ¢) =
Cov (X (s), X(")(t)), for r = 1,...,7,. Also, the mean of the process u(t) :=
EX(t) is a ro-times continuously differentiable function with EX () (t) = u((t),

r=20,...,7. Conditions A2.1-(iii-p) are more technical but classical ones when
estimating regularity parameter, see Constantine and Hall (1994); Kent and Wood
(1997).

These assumptions are satisfied by a wide range of examples, e.g. the r,-fold inte-
grated fractional Brownian motion or the Gaussian process with Matérn covariance

function, i.e. K(¢,0) = ﬁﬁm(dﬂ)”lﬂ,(ahﬂ), where K, is a modified Bessel
function of the second kind of order v. The latter process gets a global smoothness
equal to (|v]|,v—|v]), see Stein (1999) p.31. Detailed examples, including different
classes of stationary processes, can be found in Blanke and Vial (2008, 2011).

Note that, for processes with stationary increments, the function dj is reduced
to a constant. Of course, cases with non constant do(-) are allowed as well as
processes with a smooth enough trend. In particular, for some sufficiently smooth
functions a and m on [0, 7], the process Y (¢t) = a(t)X (t) + m(t) will also fulfills
Assumption A2.1, see lemma 6.1 for details.

Let us turn now to the description of observation points. We consider that the
process X is observed at (n + 1) instants, denoted by

0:t07n<t17n<~~~<tnﬁn§T
where the ¢ := t;, form a regular sequence design. That is, they are defined as

quantiles of a fixed positive and continuous density ¢ on [0, T:

tr

ko,
ds=—, k=0,...
0 1/1(5) S Ta ’ , 1,
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for d,, a positive sequence such that 8,, — 0 and nd,, — T'(—). Clearly, if ¥ is the
uniform density on [0, 7], one gets the equidistant case. Some further assumptions
on 1) are needed to get some control over the ¢;’s.

Assumption 2.2 (A2.2). The density 1) satisfies:
i) inf (¢
(), int v(0) >0,
(i) V(s,t) € [0,T)?, |v(s) — ()] < L|s —t|”, for some a €]0,1].

These hypothesis ensure a controlled spacing between two distinct points of ob-
servation, see Lemma 6.2. From a practical point of view, this flexibility may allow
to recognize inhomogeneities in the process (e.g. presence of pics in environmental
pollution monitoring, see Gilbert (1987) and references therein) or else to describe
situations where data are collected at equidistant times but become irregularly
spaced after some screening (see for example the wolfcamp-aquifer data in Cressie
(1993) p. 212).

2.2. The methodology. In this part, we want to give background ideas about
the construction of our estimate of the global regularity (7, 8,), when the process
is observed on a non equidistant grid. The main idea is to introduce divided dif-
ferences, quantities generalizing the finite differences, studied by Blanke and Vial
(2011, 2012). Let us first recall that the unique polynomial of degree r that inter-
polates a function g at r + 1 points tg, ..., tktur (for some positive integer u) can
be written as:

glte] + glth, terul (8 — tr) + gtk tigus trr2u] (€ — i) (8 — thtu)
Fo gl el (=) (= tepr—1)e)  (2:2)

where the divided differences g]. . .| are defined by g¢[tx] = g(tx) and for j =1,...,r
(using the Lagrange’s representation):

it bos ] = z]: 9(tktiu)
It i—0 Hznzo,m;éi(thriu - tk+mU).
In particular, we write g[ty, . .., thru] = 2i_p b,g;:,’)ng(tk_l,_iu) with
b = ! (2.3)

i [0, moi (Prein — thmu)
These coefficients are of particular interest. In fact their first non-zero moments
are of order r. We can also derive an explicit bound and an asymptotic expansion
for bgru,z, see lemma 6.3 for details.
Then, for positive integers r and u, we consider the u-dilated divided differences
of order r for X:

DY X =300 X (thgin), k=0,...,n—ur (2.4)
i=0
with bz(;:z defined by (2.3). Note that, if 1(¢t) = T~ 'L} 7)(t), the sequence of
designs is equidistant, that is ¢, = kd,, and divided differences turn to be finite
differences. More precisely, for the sequence a; , = (:) (—1)"7%, let define the finite
differences Agulz = > _oairX((k+iu)d,). Noticing that in the case of equally
spaced observations,

B = ) U ),

ke H:n:O,m#i (’L - m) r!
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we deduce the relation Dguk) X = %Aguk) X. From now on, we set the u-
— m (DM x)?
dilated quadratic variations of X of order r: (D,(o“) X )2 — k=0 ( J:’f ) with
n
n, := n — ur. Construction of our estimators is based on followring asymptotic

properties concerning the mean behavior of (Dgu)X )2:

(P) the quantity | (D,(«u)X)2 is of order (u/n)=2(P=Fo) for r = r, +p
for p = 1,2, and gets a finite non zero limit when r < r.

See proposition 6.1 for precise results. These results imply that a good choice
of r (namely r = r, + 1 or r, + 2) could provide an estimate of f,, at least with
an adequate combination of u-dilated quadratic variations of X. To this end, we
propose a two steps procedure:

Step 1: Estimation of r,.
Based on DillzX, we estimate r, with

75 = min {TE {2,...,mp}: (Dgl)X)2 Znan} — 2. (2.5)

If the above set is empty, we fix 7, = [y for an arbitrary value Iy € IN,.
Here, m,, — oo but if an upper bound B is known for r,, one has to choose
my, = B+ 2. The threshold b,, is a positive sequence chosen such that :
n=20=Bo)p, — 0 and n>*b,, — oo for all 3, €]0,1[. For example, omnibus
choices are given by b, = (Inn)®, o € R.
Step 2: Estimation of 3.

Next, we derive two families of estimators for 5,, namely B,(lp ), with either
p=1orp=2and u,v (u<wv) given integers:

n (DY, %)) = (DY), X)*)
~ ~ 1 To+p To+p

(» . 3 _ -
ﬂn : /Bn (’U,, 'U) p + 2 1n(u/'[))

Remark 2.1 (The case of r, = 0 with equally spaced observations). Kent and
Wood (1997) proposed estimators of 28, = « based on ordinary and generalized
least squares on the logarithm of the quadratic variations versus logarithm of a
vector of values u, more precisely

~(p) _ 1TWD) (W™ WQ®P) — (1T Wu)(1TWQWP)
“T (1TW1)(u"Wu) — (17 Wu)?2

where 1 is the m-vector of 1s, u = (In(u),u =1,...,m)", QP = (1n((A1(,“)X)2),
u=1,...,m)" and W is either the identity matriz I,, of order m x m or a matriz

depending on (n, B,) which converges to the asymptotic covariance of n'/? ((Aéu)X)Q—
]E(Al(ju)X)Q). The ordinary least square estimator — corresponding to W = I,,,— is

denoted by agﬁs, where p is adapted to the reqularity of the process (supposed to
be known in their work). The choice p = 1, with the sequence (—1,1), leads to the
estimator studied by Constantine and Hall (1994). Remark that, for (u,v) = (1,2),
one gets Br(ll) = a(OO)LS and B,(?) = aS)LS but, even in this equidistant case, new es-
timators may be derived with other choices of (u,v) such as (u,v) = (1,4) (which
seems to perform well, see Section 5.2).
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3. ASYMPTOTIC RESULTS

In Blanke and Vial (2011), an exponential bound is obtained for P (7, # r,) in
the equidistant case, implying that, almost surely for n large enough, 7, is equal to
ro. Here, we generalize this result to regular sequence designs but also, we complete
it with the average behavior of 7.

Theorem 3.1. Under Assumption A2.1 (fulfilled with p =1 or p=2) and A2.2,
we have P(7q £ 1,) = O(exp (—apn(p))) and B(ry —1,)? = (’)(mi exp (—(pn(p))),
where, for some positive constant Cy(ry), ©n(p) is defined by

on(p) = Ci(ro) X {nﬂlo,;[(ﬂo) +n(nn) "M (B) + 000 41(B) if p=1

nif p=2.
Remark that one may choose m,, tending to infinity arbitrary slowly. Indeed,
the unique restriction is that r, belongs to the grid {1,...,m,} for n large enough.

From a practical point of view, one may choose a preliminary fixed bound B, and,
in the case where the estimator return the non-integer value Iy, replace B by B’
greater than B.

The bias of Br(lp ) will be controlled by a second-order condition of local station-
arity, more specifically we have to strengthen the relation (2.1) in:

_ E(X(ro)(s) _ X(’l"g)(t))2
lim sup s—t|™™ —do(t)) —di(t)| =0 3.1
h=05 telo,1], | | ( s — t|2ﬁo of )) 1(t) (3.1)
[s—t|<h,
s#t

for a positive 8, and continuous function d.

Theorem 3.2. If relation (3.1), Assumption A2.1 withp =1 or p =2, and A2.2
are fulfilled, we obtain

lim sup V,gp) ’Bflp) — 50’ < Ci(p) a.s.

n—roo

where C1(p) is some positive constant and
. L n \/ﬁ n2(1_50)
V) = min (nﬂ A/ mﬂ]og[(ﬂo) + Eﬂ{g}(ﬂo) + Wﬂ]g,n(ﬂo)),

Vn(2) = min (nﬂl, \/%)

Remark 3.1 (Rates of convergence with equally spaced observations). For sta-
tionary gaussian processes, Kent and Wood (1997) give the mean square error and
convergence in distribution of their estimator described in remark 2.1. They ob-
tained the same rate up to a logarithmic order, due here to almost sure conver-
gence, for both families p = 1 and p = 2. The asymptotic distribution is either
of Gaussian or of Rosenblatt type depending on f, less or greater than 3/4. Istas
and Lang (1997) introduced an estimator of H = 2(ro + B,) (for stationary incre-
ment processes) with a global linear regression approach, based on an asymptotic
equivalent of the quadratic variation and using some adequate family of sequences.
For roy = 0, their approach matches with the previous one, with p = 1, in using
dilated sequence of type aj, = (;)(—1)T_j. Assuming a known upper bound on r,,
they derived convergence in distribution to a centered Gaussian variable with rate
depending on B,~root-n for B, < 3/4 and n'/?=*(2Bo=3/2) " yhere 5, = n= and
a < 1, for B, > 3/4. In this last case, to obtain a gaussian limit they have to
assume that r, is known, the observation interval is no more bounded, and the rate
of convergence is lower than root-n.
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4. APPROXIMATION AND INTEGRATION

4.1. Results for plug-in estimation. A classical and interesting topic is approx-
imation and/or integration of a sampled path. An extensive literature may be
found on these topics with a detailed overview in the recent monograph of Ritter
(2000). The general framework is as follows : let X = {X;, t € [0,1]}, be observed
at sampled times to ., ..., tn n over [a,b], more simply denoted by to, ..., t,. Ap-
proximation of X (-) consists in interpolation of the path on [a,b], while weighted
integration is the calculus of Z, = f;X (t)p(t) dt for some positive and continu-
ous weight function p. These problems are closely linked, see e.g. Ritter (2000)
p. 19-21. Closely to our framework of local stationary derivatives, we may refer
more specifically to works of Plaskota et al. (2004) for approximation and Benhenni
(1998) for integration. For sake of clarity, we give a brief summary of their obtained
results. In the following, we denote by H(r,, 3,) the family of Gaussian processes
having 7, derivatives in quadratic mean and r,-th derivative with Holderian reg-
ularity of order 5, €]0,1[. For measurable g;(-), we consider the approximation
Ang(t) =31 o X (t:)gi(t) and the corresponding weighted and integrated L?-error
ep(Ang) With 2(Apg) = [LE|X(t) — Ang(t)* p(t)dt. For X € H(r,f,) and
known (r,, 5,), Plaskota et al. (2004) have shown that

0 < e(ro,Bo) < lim n™ 0 infe, (A g)

n—00 9
< Tim n"oHP0inf ep(An.g) < C(r9, Bo) < +00
n— 00 g
for equidistant sampled times t1,...,t¢, and Gaussian processes defined and ob-

served on the half-line [0, +oo[. Of course, optimal choices of functions g¢;, giving a
minimal error, depend on the unknown covariance function of X.

For weighted integration, the quadrature is denoted by Q4 = >, X (t;)d;
with well-chosen constants d; (typically, one may take d; = f: gi(t) dt). For known
(ro, B0), a short list of references could be:

- Sacks and Ylvisaker (1968, 1970) with r, = 0 or 1, 5, = % and known
covariance,

- Benhenni and Cambanis (1992) for arbitrary r, and 3, = 1,

- Stein (1995) for stationary processes and r, + (3, < %,

- Ritter (1996) for minimal error, under Sacks and Ylvisaker’s conditions,
and with arbitrary r,.

Let us set ei(Qn,d) =E|I, - Qn,d|2, the mean square error of integration. In the
stationary case and for known r,, Benhenni (1998) established the following exact
behavior: If p € C™3([a, b]) then for some given quadrature Q,, 4-(,,) on [a, b],

b
nTOJrﬁUJr% eP(Qn,d*(To)) ;:;j Cro,Bo (/ p2 (t)¢7(2(ro+ﬁ0)+l)(t) dt)%

where 1 is the density relative to the regular sampling {¢1,...,t,}. Moreover,
following Ritter (1996), it appears that this last result is optimal under Sacks
and Ylvisaker’s conditions. Finally, Istas and Laredo (1997) have proposed a

quadrature, requiring only an upper bound on r,, also with an error of order
O(n—(To-‘rﬂo-i'%))_

All these results shown the importance of well estimating r, and motivate ourself
to focus on plugged-in interpolators, namely those using Lagrange polynomial of
order estimated by 7,. More precisely, Lagrange interpolation of order r» > 1 is
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defined by
T (=t
H M7 (4.1)
<o thrti — Chrtj
J#i
for t € Iy, := [tkratkr+r:|; k=0,..., \_EJ —2and Z|n|_; = “tt(ﬂj,l)r,T .
r 7 5

Our plugged method will consist in the approximation given by A, r(t) =
Xinax(r,1)(t), t € [0,T], and quadrature by Q, 1 = fOT Xr41(t) p(t) dt. Indeed,
Lagrange polynomials are of easy implementation and by the result of Plaskota
et al. (2004) with known 7,, they reach the optimal rate of approximation, n~("o*+50)
without requiring knowledge of covariance. Our following result shows also that the
associate quadrature has the expected rate n=(ro+Bo+3), Indeed, in the weighted

case and for T' > 0, we obtain the following asymptotic bounds in the case of a
regular design.

Xo(t) = Likr ()X (trryi), with Li g p(t)
1=0

Theorem 4.1. Suppose that conditions A2.1(i)-(ii) and A2.2 hold, choose a loga-
rithmic order for my, in (2.5) and consider a positive and continuous weight function

p.
(a) Under condition A2.1(iii-1), we have

ep(app (7)) == (/OTE ‘X(t) - Xmax(ﬁ),l)(t)

(b) if condition A2.1(iii-2) holds:

‘2 p(t) dt)1/2 = O(n~(rotH0),

ep(int (7)) = (]E /O (X () — X (1)p(t) dt )1/2 = O(n~(0thord)).

In conclusion, expected rates for approximation and integration are reached by
plugged Lagrange piecewise polynomials. Of course if r, is known, this last result
holds true with 7, replaced by r,.

4.2. Simulation results. The figure 4.1 is obtained using 1000 simulated sample
paths observed in equally spaced points on [0, 1]. This figure illustrates results of
approximation for different processes. The logarithm of empirical integrated mean
square error (in short IMSE), i.e. e (app(fy)), is drawn as a function of In(n) with
a range of sample size from 25 to 1000. We may notice that we obtain straight lines
with slope very near to —H = —2(r, + f3,). Since the Ornstein-Uhlenbeck process
is a scaled time-transformed Wiener process, intercepts are different contrary to
stationary versus non-stationary continuous ARMA processes.

5. NUMERICAL RESULTS

In this section, to numerically compare our estimators with existing ones, we
restrict ourselves to the equidistant case with the choice (t) = 1o (). As

noticed before, we get for a;, = (7)(—~1)""" and Aguk) = >0 air X ((k+iu)d,),
the relation Diuk) X = %A(ug X implying in turn that

(w) 2 (v) 2
(A%, x)%) — 1 (A%, X)%)
In(u/v)
is a consistent estimator of H = 2(r, 4+ 3,). All the simulation results are obtained
by simulation of trajectories using two different methods : for stationary processes

or with stationary increments we use the procedure described in Wood and Chan
(1994) and for CARMA (continuous ARMA) processes, we use Tsai and Chan

H® = (5.1)
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Convergence rates of IMSE

O | ==
L
‘O_ - slope -1
-~
" e~ ——
©v ~—~ ~——
- ——
4 g =
R B.\
= b
% slope -3 .~
T v
&
o
@
— — - Brownian motion slope -5
Ornstein-Uhlenbeck process
("9) _|=-=—-- stationary CARMA(2,1)
v |eeee. non stationary CARMA(2,1)
———— _non stationary CARMA(3.1)

4 5 6 7

FIGURE 4.1. Logarithm of e?(app(fy)), i.e. the IMSE in func-
tion of In(n), for different processes. The dashed line corre-
sponds to Brownian motion, long dashed line to O.U., dashed line
to non stationary CARMA(2,1), dotted-dashed line to stationary
CARMA(2,1) and solid line to non stationary CARMA(3,1). The
small triangles near lines are here to indicate the theoretic slope.

(2000). Each of them consists in n equally spaced observation points on [0, 1] and
1000 simulated sample paths. All computations have been performed with the R
software (R Core Team, 2012).

5.1. Results for estimators of r,. This section is dedicated to the numerical
properties of two estimators of r,. We consider the estimator introduced by Blanke
and Vial (2011), derived from (2.5) in the equidistant case. An alternative, says
7y, based on Lagrange interpolator polynomials was proposed by Blanke and Vial
(2008). More precisely, for 6, =n~! et T' =1, 7, is defined by

rr,—1

fn:min{re{l,...,mn}:% l;) (X(2k+1) ,)?T(ngl))Q

n

> n_QTbn} —1

where 7, = [3-] and X, (s) is defined for all s € [0,1] and each € {1,...,m,}
in the following way : there exist k = 0,...,n, — 1 such that for ¢t € Ty, :=
[2Er M], the piecewise Lagrange interpolation of X (t), X,(¢), is given by

n ’ n

~ r N —
Xo(t) = 3 Ligr (X ((kr +i)n~Y), with Li g, (t) = [[j=o CEH2 )
— %

Both Zesgimators use the critical value b,, which is irjnfolved in detection of the
jump. Here, due to convergence properties, we make the choice b, = (Inn)~!.
Table 5.1 illustrates the strong convergence of both estimators and shows that this
convergence is valid even for small number of observation points n, up to 10 for the
estimator 7,. We may noticed that, in the case of bad estimation, our estimators
overestimate the number of derivatives. Remark also that, for identical sample
paths, 7, seems to be more robust than 7,. This behavior was expected as the

latter uses only half of the observations for the detection of the jump in quadratic
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TABLE 5.1. Value of the empirical probability that 7, or 7, equals 7,
or ro + 1 with n = 10 or 25.

Wiener process, r, =0 | CARMA(2,1), r, =1 | CARMA(3,1), r, = 2
Number of equally spaced observations n
event 10 25 10 25 10 25
Tn =To 0.995 1.000 0.913 1.000 0.585 0.999
n =1, + 1| 0.005 0.000 0.087 0.000 0.415 0.001
To = To 1.000 1.000 1.000 1.000 0.999 1.000
To =7o + 1 | 0.000 0.000 0.000 0.000 0.001 0.000

TABLE 5.2. Value of the empirical probability that 7, or 7, equals 7,
for a fractional Brownian motion or an integrated one with fractal index

2Bo.

To =T ‘ Tr =T,
number of equally spaced observations n
50 100 500 1000 1200 50 100 500 1000 1200

fBm 3,
0.90 |1.000 1.000 1.000 1.000 1.000 | 0.655 0.970 1.000 1.000 1.000
0.95 ]0.969 0.999 1.000 1.000 1.000 | 0.002 0.002 0.004 0.134 0.331
0.97 0.242 0.521 1.000 1.000 1.000 | 0.000 0.000 0.000 0.000 0.000
0.98 0.019 0.015 0.0420 0.5258 0.759 | 0.000 0.000 0.000 0.000 0.000

ifBm £,
0.02 1.000 1.000 1.000 1.000 1.000 | 1.000 1.000 1.000 1.000 1.000
0.90 1.000 1.000 1.000 1.000 1.000 | 0.000 0.000 0.645 0.999 1.000
0.95 0.305 0.888 1.000 1.000 1.000 | 0.000 0.000 0.000 0.000 0.000
0.97 0.000 0.000 0.292 0.993 1.000 | 0.000 0.000 0.000 0.000 0.000

mean. In these first results, processes have fractal index (3, equals to 1/2, but
alternative choices of 3, are of interest, so we consider the fractional Brownian
motion (in short fBm) and the integrated fractional Brownian motion (in short
ifBm), with respectively r, = 0 and r, = 1 and various values of [3,.

Table 5.2 shows that 7, succeeds in estimating the true regularity for 3, up to
0.9. Of course the number of observations must be large enough and, even more
important for large values of r, when 5, > 0.95. This latter result is clearly apparent
when one compares the errors obtained for an ifBm with £, = 0.95 and a fBm with
B, = 0.95. Finally, we can see once more that 7, is less robust against increasing
By, whereas our simulations have shown that, for n = 2000 and each simulated
path, the estimator 7, is able to distinguish processes with regularity (0,0.98) and
(1,0.02), an almost imperceptible difference!

5.2. Estimation of H and (,. This part is dedicated to the numerical properties
of estimators H,(lp)7 for p = 1 or 2 using the values u = 1 and v = 4 (giving more

homogeneous results than v = 1 and v = 2). It ends with real data examples.

5.2.1. Quality of estimation. For the numerical part, we focus on the study of fBm,
ifBm and, CARMA(3,1) with r, = 2, 8, = 0.5. Table 5.3 illustrates the performance
of our estimators when f,, 7, are increasing: we compute the empirical mean-
square error from our 1000 simulated sample paths and n = 1000 equally spaced
observations are considered. It appears that, contrary to I%(f), the estimator ﬁr(ll)
slightly deteriorates for values of 3, greater than 0.8. This result is in agreement
with the rate of convergence of Theorem 3.2, that depends on 3, for this estimator.
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TABLE 5.3. Values of mean square error and bias (between brackets) for
estimators ﬁr(lp), for p =1 or 2 and n = 1000.

fBm Bo
0.2 0.5 0.8 0.9 0.95
g 0.0017 0.0019 0.0034 0.0054 0.0065
n (—0.0020) (—0.0045) (—0.0120) (—0.0295) (—0.0448)

H(2) 0.0030 0.0039 0.0040 0.0039 0.0039
n (—=0.0026) (—0.0038) (—0.0057) (—0.0069) (—0.0084)

ifBm Bo
0.2 0.5 0.8 0.9 0.95
g 0.0032 0.0026 0.0041 0.0061 0.0073
n (=0.0072) (—0.0047) (—0.0150) (—0.0342) (—0.0488)

0.0055 0.0051 0.0046 0.0044 0.0043
(—=0.0106)  (—0.0060) (—0.0060) (—0.0061) (—0.0061)

TABLE 5.4. Rates of convergence illustrated by linear regression for n
in {500, 750, 1000, 1250}.

ﬁr(ll) ﬁr(f)
slope  R? | slope R?
fBm £, =0.5|-0.488 0.998 | -0.489 0.995
B, =0.6 | -0.475 0.998 | -0.488 0.995
Bo =0.71]-0.426 0.994 | -0.489 0.997
Bo =0.81-0.334 0.989 | -0.491 0.997
Bo =0.9]-0.225 0.990 | -0.495 0.997
B, =0.95 | -0.186 0.995 | -0.503 0.997
ifBm B, = 0.9 | -0.302 0.987 | -0.561 0.999
Bo =0.95 | -0.244 0.978 | -0.559 0.999

The bias is negative and seems to be unsensitive to the value of r, but the mean-
square error is slightly deteriorated from r, = 0 to 7, = 1 in both cases. Finally,
for B, < 0.8, H7(11) seems preferable to I%(f), possibly due to a lower variance of this
estimator. Nevertheless, both estimators perform globally well on these numerical
experiments.

5.2.2. Asymptotic properties. Results of Theorem 3.2 are also illustrated in Ta-
ble 5.4 where we have computed the regression of 1n(IE|I;T,(1p ) H |) on Inn for vari-
ous values of n and ]E|f[7(1p ) _H | estimated from our 1000 simulated sample paths.
As expected, the slope (corresponding to our arithmetical rate of convergence) is
constant and approximatively equal to 0.5 for f[r(f) while, for I%(ll), the decrease is
apparent for high values of §,. Finally, Figure 5.1 illustrates the behavior of the
estimators I;T,(lp ) with p = 1 or 2, for different values of the regularity parameter
B,- As we can see, boxplots deteriorates only slightly for n = 100 and 250 when S,
increases from 0.5 to 0.8 but the dispersion for I%(f) is quite larger. For 3, = 0.95,
I;D(f) clearly outperforms I;T,(ll) with n = 500 observations. Estimation appears more
difficult for smaller values of n, but it is a quite typical behavior in our considered
framework.

5.2.3. Impact of misspecification of regularity. Next, Table 5.5 illustrates the im-
pact of estimating H when the order r in quadratic variation is misspecified. In
fact estimating S, requires the knowledge of r, or an upper bound of it. On the
other hand, working with a too high value of r, may induce artificial variability in
estimation, so a precise estimation of r, is important. Here, our numerical results
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Fi1GURE 5.1. Each boxplot corresponds to 1000 estimations of H
by fAI,(Ll) on the left and ﬁ,(f) on the right of the graph. Each
realization consists in n equally spaced observations on [0,1] of a
fBm with 3, = 0.5 (top), 8, = 0.8 (middle), 3, = 0.95 (bottom),
where n = 100, 250, 500, 750, 1000, 1250, 1500, 2000. The solid line
corresponds to the real value of H.

show that, if the order r of quadratic variation used for estimating f, is less than
ro + 1, then the quantity estimated is 2r and not 2(r + ).

5.2.4. Processes with varying trend or non constant function dy. All previous exam-
ples are locally stationary with a constant function dy. Processes meeting our con-
ditions but with no stationary increments may be constructed using Lemma 6.1. As
an example, from Y a standard Wiener process (r, = 0, 8, = 0.5) or an integrated
one (r, = 1, B, = 0.5), we simulate X (¢) = (t"F%7 + 1) Y (¢) having the regularity
(19,0.5) and do(t) equaling to (t"0F07 +1)2. Figure 5.2 illustrates a Wiener sample
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TABLE 5.5. Mean value and standard deviation (between brackets) of
the estimator H,(Lp ) based on quadratic variation of order ro or ro — 1
instead of 7o + 1 or 7o + 2.

Order r, — 1 | Order r,
number n of equidistant observations

100 500 100 500

; _ 1.903 1.961
ifBm 3, = 0.2 (0.064) (0.025)
_ 1.955 1.992
ﬂo =0.5 (0.035) (0.006)
_ 1.966 1.994
Bo=0.8 (0.024) (0.004)
CARMA(3,1) | 1.970 1.994 | 3.919 3.985
(ro=2,80=0.5)" | (0.0140) (0.003) | (0.058) (0.0109)

X(t)

-156 1.0 05 00 05 10 15
1

FIGURE 5.2. Wiener process (solid) and its locally stationary
transformation (dashed) used in Table 5.6.

X(t)

FIGURE 5.3. Sample path of a fBm with 5, = 0.8 (dashed line)
and the same with a trend m(t) = (1 + ¢)? (solid line).

path and its transformation. Results are summarized in Table 5.6: comparing with
Table 5.3 (8, = 0.5), it appears that the estimation is only slightly damaged for
ro = 1 but of the same order when r, = 0. Other non stationary processes may
also be obtained by adding some smooth trend. To this aim, we used same sample
paths as for Table 5.3 with the additional trend m(t) = (1+1)?, see Figure 5.3. We
may noticed in Table 5.7 that we obtain exactly the same results for the estimator
11(12) and that only a slight loss is observed for ITL(Ll).

5.3. Real data. Let us turn to examples based on real data sets. In this part, we
compare our estimators of H with those proposed by Constantine and Hall (1994);
Kent and Wood (1997). We compute estimated values by setting (u,v) = (1,m)
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TABLE 5.6. Value of MSE and bias (between brackets) for non constant

do(+).

Wiener | Integrated Wiener
gWm | 0.0021 0.0032
no | (-0.0032) (0.0061)
@ | 0.0043 0.0058
no | (-0.0042) (—0.0091)

TABLE 5.7. Value of MSE and bias (between brackets) for estimators
Hy(f”)7 for p =1 or 2 in presence of a smooth trend.

fBm ifBm
Bo=05 [, =08|p5,=05 §,=0.8
gWm | 0.0022 0.0283 0.0027 0.0141
n (0.0151) (0.1525) (0.0083) (0.0863)
@ | 0.0039 0.0040 0.0051 0.0046
n (—0.0038)  (—0.0057) | (—0.0060) (—0.0060)

in (5.1) with m in {2,4,6,8,10} while for & aOLS’ p = 1,2, defined in Remark 2.1
regression is carried out over u = (In(u),u=1,...,m)".
5.3.1. Roller data. We first focus on roller height data introduced by Laslett (1994),
which consists in n = 1150 heights measure at 1 micron intervals along a drum of
a roller. This example was already studied in Kent and Wood (1997): they noticed
that local self similarity may hold at sufficiently fine scales, so the regularity r,
was supposed to be zero. Indeed, our estimator 7y, directly used on the data with
b, = 1/In(n), gives 7 = 0 (with a value of n4=2(A X)? equal to 1172345). Next,
we compute the values obtained for the estimation of H in Table 5.8, where values
of estimates proposed by Constantine and Hall (1994); Kent and Wood (1997) are
also reported for comparison. It should be observed that our simplified estimators
present a similar sensitivity to the choice of m.

TABLE 5.8. Estimates in the roller height example

a0 a0 @ a0

m @oLs QoLs

2 1063 063|077 0.77

4 1050 051|063 0.65

6 | 038 039 | 049 0.51

8 1035 033|044 0.42

10 0.30 0.28 | 0.39 0.35

TABLE 5.9. Means of estimates in the biscuit example
m=2 m=4 m=26 m=2~8 m = 10

a9 1360 (0.12) 3.67 (0.07) 3.65 (0.05) 3.62 (0.04) 3.59 (0.04)
ciggs 3.60 (0.12) 3.67 (0.07) 3.66 (0.05) 3.63 (0.04) 3.60 (0.03)
AP | 2.84(0.45) 3.69 (0.30) 3.83 (0.24) 3.84 (0.19) 3.83 (0.16)
al) | 2.84 (0.45) 3.67 (0.31) 3.91(0.23) 3.98 (0.18) 3.99 (0.14)
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FIGURE 5.4. (a) Curve drawing reflectance in function of wave-
length, varying between 1100 and 2498. (b) Box-plots for both

estimators on the left I;,(Il), on the right fAI,(LQ) for the 39 curves and
(u,v) = (1,4).

5.3.2. Biscuit data. Now, in order to compare the (empirical) variances of these
estimators, we consider a second example introduced by Brown et al. (2001). The
experiment involved varying the composition of biscuit dough pieces and data con-
sist in near infrared reflectance (NIR) spectra for the same dough. The 40 curves are
graphed on the figure 5.4. Each represents the near-infrared spectrum reflectance
measure at each 2 nanometers from 1100 to 2498 nm, then 700 observation points
for each biscuit. According to Brown et al. (2001), the observation 23 appears
as an outlier. We estimate r, for each of the left 39 curves, using the threshold
b, = 1, which gives 7, = 1 for each curve. Furthermore, the averaged mean qua-

dratic variation 7”L2T—2(D$1)X)2 equals to 0.33 when r = 2 and 122133 when r = 3,
this explosion confirming the choice 7y = 3 — 2 = 1. We turn to estimation of H,
having in mind the comparison of our estimators together with agjﬁs (where p =1
corresponds to the choice (1,—2,1) for aj, and p = 2 to the choice (—1,3,—3,1)).
The results are summarized in Table 5.9 where it appears that, for order 7, +2 = 3,

) seems to be less sensitive toward high values of m. Also our

simplified estimators present a similar variance to ag’gs, p = 1,2. To conclude
this part, it should be noticed that for the 23rd curve, the choice m = 4 gives
f[r(ll) = 3.64 and I%(f) = 3.55. It appears that, in both cases, these values belong
to the interquartile range obtained from the 39 curves, so at least concerning the

regularity, the curve 23 should not be considered as an outlier.

. (2
our estimator H,(I

6. ANNEXES

6.1. Proofs of section 2.

Lemma 6.1. LetY be a zero mean process with given regularity (ro, 8,) and asymp-
totic function do(t) = Cy,.5, that satisfies A2.1(iii-p) (p =1 or 2). For a positive
function a € C™*P([0,T]) and m € C™FP([0,T]), of X(t) = a(t)Y (t) + m(t), then
X has regularity (ro, By) with asymptotical function Dy, g,(t) = a*(t)Cy,.5, and
satisfies A2.1(iii-p).

Proof. See Seleznjev (2000) and straightforward computation. O
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Lemma 6.2. Under Assumptions A2.2, we get for k = 0,...,n— 1, and i =
1,...,n—k:

thti — te > C1id,, C1 = (T sup ¥(t))*, (6.1)
t€[0,T]
—t < Cai T inf 2
tk-i—z tk > 02267“ 02 ( tel[% T]’L/J( )) (6 )
and if i =1, ..., imax With iymax not depending on n:
'(5
L 1 a .

where O(...) is uniform over i and k.
Proof. Relations (6.1)-(6.2) are obtained with the mean-value theorem that induces,
fork=0,....n—1landi=1,...,n—k:

0
Tty + O(tryi —tr))’
To obtain the equivalence (6.3), one may write tg4; —tp = T’l/J(tk) (1+ R,) with R,
defined by

0<0<1.

byi =t =

Y(tk) = Y(th + Otksi —th) _ Lltnys — el
Ytk +0(tkri —tx))  — inficom ¥(t)

by Assumption A2.2 and uniformly over i, n and k for i = 1,..., imax- O

R, = = 0(5%)

Lemma 6.3. We have under Assumption A2.2 and forr >1,i=0,...,r,
(1) forp=0,...,7 —1 and convention 0° = 1

T

S (trin — )P =0, (6.4)
1=0

(2)
S (i — )05 =1, (6.5)
=0

(3)
“ C—’I‘ 7’)“67’)“,
bgka)" — T 1 v ni B (66)

Hm:O,m#i |7’ m|

with Cy given by (6.1),
(4)

b(u) _ T’L/)T(tk)TT(S r
e HTm:O,m#z( m)
with O(...) uniform over i and k.

(1+0(57)) (6.7)

Proof. The term g[tg, ..., tharu] = Doi ObEZZg(tkHu) is the leading coefficient in
the polynomial approximation of degree r of g, given in the decomposition (2.2).
Considering the polynomial g(t) = (t — ¢ )P, we may immediately deduce the prop-
erties (6.4)-(6.5), from uniqueness of relation (2.2). Next, (6.6)-(6.7) are direct

consequences of Lemma 6.2 and definition (2.3) of 35 O

ikr®

Proposition 6.1. Under Assumption A2.1 and A2.2, one obtains:
(i) forr =1, 4+ p withp=1,2:

n—2(p—Bo)E(( gﬁpr) —— T,y )
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1 [T 1/)21)—‘,-1 i *j|2ﬁ0
where {(p,0,5,) = ——/ do(t) dt , - while
’ 2 2o (t ”ZO [Tn= ( Z;q (—q)
a3
ifro>1,
2Pt
( rg+1 f dO 5 (t) dt rotp . -12(ro+Bo)
E(p’ Tos 60) = 2 20 ;} O(t)l Z T0+p | j| ro+p (68)
(ﬂo+ TU)" (ﬂ0+ ) ]OH ( )Hq;:éo_(j_q)
a#j
(ii) forre > 1 and r =1,...,r,
]E( (D£“>X)2) — TIE(X(’”)(t))Qq/)(t) dt.
e Ty

Proof. A. Let us begin with general expressions of E(Diuk) X foe) X ) useful for

the sequel. First for L®PP)(s, 1) = E(X®)(s)X®) (1)) (p > 0), the relation (2.1) is
equivalent to

I, (ro-7o) L(ro-mo) (¢, 1) — 21L(ro:m0) (s, ¢
lim  sup (5,8) + (2[; ) (5:%) —do(t)| =0. (6.9
h=0 s te(0,1] |s —¢]77°
|s—t|<h,s#t

For (v,w) € [0,1]?, we set v = t + (tprin — te)v and wje =t + (togju — Lo)w.
Next, from the definition of Dguk) X given in (2.4), we get

E(D(u) XD(u Z bz;:)b u)]L(O 0 (tk-‘rzua tf-l—w)
,j=0
For r, = 0 and since ZZ 0 1;:2 = 0, we have:

E(Di?k) XDSLZ) X) = Z b(“)bE?Z{E(O O (tpius tesju)
%,j=0

1 1
= SEO (thius tirin) = L0 (Ferjus tersa) - (6.10)

If r, > 1, we apply multiple Taylor series expansions with integral remainder.
Next, the properties Y, bEZZ(tkHu —t;)? =0forp=0,...,r—1 (and convention
0° = 1) induce :

E(D{) X D) X) Z DGO (thi — )" (e — 1)

1,j=0

) —w)T T e
") (s
//o " (G =102 L (i, Wje) dodw  (6.11)

where we have set * = min(r,,r) > 1.

B. From expressions (6.10)-(6.11), we are in position to derive the asymptotic
behavior of IE( (D™ X)?).
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Casero > 1,7 =1+ p, p=1 or p=2. In this case, r* =r, <r — 1. From (6.11)
and the property > bEZZ (thtiu — tr)™ = 0, we may write

u u u 1 - U w))To_l
E(D£k) X)? = Z bgkgbgk)r(tkﬂu — 1) (ot ju — // ((ro —1)1)2

i,j=0

X {E(TO’TO)(Oik, wjk) 2]L(T°’T°)(U ks Vik) — 2]L(T°’T°)(’wjk, wjk)} dvdw  (6.12)
Using the locally stationary condition (6.9), uniform continuity of do(-) on [0, T
and the bound: |0 — Wik| < thtruw — te < Cirud, fori=0,...,rand j=0,...,7r,
we may show that the predominant term for IE( (D£“> X )2) is given by:

2(n, +1) Z Z bEZZbSZT (trotin — tr)"™ (Petju — te)"™
" k 01,7=0

—v)(1 —w))ro? R .
//[01 ((ro — 1)1)2 |0k — | do(ty) dvdw.  (6.13)

From the equivalents (6.3) and (6.7), we can write the leading term of (6.13) as a
Riemann sum on ¢ to obtain

1

S T
SNE( (DI X)?) —— =5 () / do (1)1 200 (1) dt
n oo 0

" 1 _ ro—1

X Z (” // v)(1 — w)) |iv —jw|2’8U dv dw.

0,1]2 ((ro — 1) )?
R

m?&z qsﬁj

Next by performing elementary but tedious multiple integrations by parts, we arrive
at the following simpler form of £(r, 7., 8,) given in (6.8), for nd, — T.

Case ry =0, r =71, +1, r, + 2. The proof is the same but starting from (6.10) and
=k

Caser, > 1 andr =1,...,r,. In this case, r* = r and from the relation (6.11), one
gets

E(D (u) X)? Z bEZZbEZT (thrin — )" (tryju — tr)"

2,7=0
(1—v)(1 —w))r—t L
L) Vik, Wik ) dodw.
//0 J1]2 (r— 1) )? ( #)

The result follows after Riemann summation with the help of uniform continuity of
L™ (-,), r=1,...,7r, and properties (6.3), (6.5). O

6.2. Auxiliary results. The following lemma gives some useful results on the
asymptotic behavior of C,(k,¢) and C2(k, () with C,(k,¢) = Cov (Diulg X, Dijle) X)
with n,, =n — ur and u a positive integer.

Lemma 6.4. Suppose that Assumption A2.1 and A2.2 are fulfilled.
(i) Under the condition A2.1-(ii-1) and for r = ro +p, p =1 orp = 2, one
obtains
n, O(n?=20) if 0 < ﬂo 2
max Y _|Cp(k,0)] = 0P Inn)  if By = 1,
Te=0 O(n?P~1) if 3 < 60 <1;
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and
. O(n*r=4+1) 4f 0 < ﬂo 3,
Cl(k,0) = O(n*~2lun) if B, = 2,
k=0 £=0 O(n*r=2) if 3 < /30 < 1.

(i) Under the condition A2.1-(iii-2) and for r = ry, + 2, one obtains

- _ 4-260) O N (2 n9—4Bo
k:%lf’,“i‘mZ'C’”(k’g)' O(n and » " C}(k,0) ).
£=0 k=0 £=0
(i) If r = 7o (with 1y > 1), then _max Z|C (k,0)] = O(n) and
..... St
>N k) = 0(n?).
k=0 £=0

Proof. (i) Setting p(t) = E(X(t)), p is ro-times differentiable and similarly to
(6.10)-(6.11), we get the expansion

Z bzkr ger (ki — tr)"™ (togju — te)"™

2,7=0
17 )(1— ro—1
// v) w)) K (ro- TO)(vlk,wﬂ)dvdw
0,1]2 ((ro = 1)1)2

for ro > 1 while if 7o = 0, €, (k, €) = S7_o 320 o bSI0S K (bresius o).
Case r =r,+ 1 orr, + 2. For r, > 1, we have the bound:

Cr(k,0)| <Uip+ Usp + Usy,
k %}ai{nr Z | )| o+ Bon 0
k—ur—1 Ny
ith n — r kag ) n = r kag
i Ul k:uﬁ%ﬁ..,nT ZE:O |C ( )| U2 k:O,..I_I}naf%urfl Z:k%r-{-lmj ( )|

min(n,,k+ur)
and Us,, = max > |C,-(k, £)|. First, consider the sum Uy, +Us, where
k=0,....ns g max(0,k— ur)
|k — ] > ur+1. Since >_!_ Zkr(tk_ﬂu —tp) =0forr=7r,+1o0rr=r,+2, and
[tk, Dir] is distinct from [t¢, w;e], we get

Z bfZZbS}ir (thgiu — tr)" (Logpju — o)™
2,7=0

1f )(1 — w))ro—1
/ / v){1 = w) / / KrotLrot) (5 ¢) dsdtdvdw.  (6.14)
0,1]2 ((ro = 1)1)?

Condition A2.1-(iii-1), together with the bounds (6.2) and (6.6), gives a bound of
O(n?p=260 71 j=21=F0)) for |Uy, + U2n| which is of order n?P=50) if 0 < B, < 1,
n2®=Bo) Inn if B, = 5 and n?P~1if B, > 5. Next, for Us,, where |k — ¢ < ur, we
obtain that Us, = O(n?®=F0)) in a similar way as in the proof of Proposition 6.1,
and with the help of Cauchy-Schwarz inequality to control the terms depending on
M(T")(t).

We proceed similarly for the case r, = 0, starting from the definition of C,(k,¢)
as well as for the study of > ;" > )", CQ(kz £) for which dominant terms are of
order O(n!*4p=460 570 j=4(1=Fo)),
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(ii) The condition A2.1-(iii-2) and r = r, 4 2 allows to transform (6.14) into
(1 =v)(1 —w))o-t
DSt (b — )" (b ju — / /
Z ikrVjkr \"k+ ) +J [0,1]2 74 _ 1)|)

2,7=0
Vik ’U'Jj[ t s
x/ / //K(T“+2’T“+2)(y,z)dydzdsdtdvdw (6.15)
tr te tr Jte

_max Z|@ (k,0)| = O(n 2(2—60)21-—4+2Bo) = O(n*(=P))

n
0,...,np .
— i=1

which gives that

for all 8, €]0,1[ and 7, > 1. From (6.15), we also get that > .7, > ;"  C3(k,{) =
O(nd=4Po 570 | i=8+4B0) = O(n9=4h0) for all B, €]0, 1].
(iii) Results of these part, where r, > 1, are consequences of

Z bzkr ]ZT (thgiu — tr)" (togju — to)"
4,j=0

1—1} —w)) ! _— ' B
//0 1]2 (r— 1)!2 K" (0, 05) dvdw = O(1)

with uniform continuity of K(")(-,-) for r = 1,...,r, together with bounds (6.2)
and (6.6). O

Next proposition gives a general exponential bound, involved in all our results.

Proposition 6.2. Suppose that Assumption A2.1 and A2.2 are fulfilled. Let 1, (1)
be some given positive sequence and u € N*, then

P(|(0fx)2 — E((DX)2)| = ma(r)

is of order:
O<exp(C(7’)nnn(7’)xmin( max Z|C (k,0)] 1anm7¢)))
0<k<n, r
=0 > CAk,0)
ke 0=0
1/2 2,2
on’ (1) g (1)
+ O<m7n(r) exp ( C(r) on(r) )
for some positive constant C(r), not depending on n,(r) and
o (u)
v (1) = n, max (E(D, X)) H}a),(nr Z |C, (k. 0)] (6.16)

Proof. For all r > 1, we may bound IP( ’(Dgu)X)Q — IE( (Dgu)X)Q)’ > nn(r)) by
S1 + Sy with

Z D(u)X E D(U) X)) _ Var (Da("fik) X)‘ > (nr + 1)77n(r))

s 2
o u u u T 1 n .

and Sy = P( |3 (B(DLY X)(DLY) X - B(D) X))| > W) First, let
k=0

{Y;}i=1,...4, be an orthonormal basis for the linear span of {DSQ X}e=0,...n,. (sO
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that Y; are i.i.d. with density A/(0,1)). We can write Dijlk)X - E(D
dn
de Y with dy,; = Cov( u) X,YZ) Next, if Y = (Y1,...,Yq,)", we obtain

i=1

9x) -

,’,1

Ny dn
S (D) x —~EDLY) X)? Z ¢;;Y;Y; =YTCY and ZVar DY X)=> e
k=0 i,j=1 k=0 i

Ny
with ¢; ; = Zd;ﬂ-dkj. Next, for C' = (¢;;)i=1,...a, and D = (dk;)k=o0,....n,, One
k=0 j=1,...,dn j=1,....dn

gets C' = DT D where C is a real, symmetric and positive semidefinite matrix.
There exists an orthogonal matrix P such that diag(A1,...,Aq,) = PTCP, for \;
eigenvalues of C. Then we can transform the quadratic form as:

n,

S (D) x ~E((D Z X (PTY

k=0
where (P"Y); denotes the i-th component of the (dn, x 1) vector P'Y. Since

dTI, dTI, 7

Dol Cii = 2 ity A, we arrive at

—r{| S - Bt

Now, with the exponential bound of Hanson and Wright (1971), we obtain for some
generic constant c:

S1 < 2exp (C(nr + 1)np(r) x min( ! (nr + 1)77"(T))>.

max(\;)’ SN2

Next, since D™D and DDT have the same non zero eigenvalues,

max \; < max C,(k,0)|
i=1,dn T 0<k<n, Zl

d, dn Ny N Ny N
and E M= cijei = Z Z(Z dyidi;)? Z Z C2(k,0). Finally S; is
i=1j=1 =04=0 i= k=0¢=0

bounded by

2exp<C(nr+1)77n(r) Xmin( mag;rgw (k,0)| 1,%)>

k=0£=0
For S5, we use the classical exponential bound on a Gaussian variable: Y ~

N(0,0?) implies that P(]Y| > ) < min(1, /2% ) exp(— 2;), e > 0. Here Y =

S (EDYX) (DM X — ED™ X) and we get easily that Var (Y) < v, (r). O
k=0 ’ ’ ’

6.3. Proofs of section 3.

Proof. Proof of Theorem 3.1

Recall that 7, is given by: 7, = min {r € {2,....omn} :  By(r) holds} -2
where the event B, (r) is defined by B = {( 1)X) > n2bn}, and 7, = {g if
N By (r). The condition m,, — co guarantees that for n large enough, r, + 2 €
{2,...,my}. From this definition, we write

my, —2

E(7 —r0)> = Y (r—1)’P( =7) + (lo — 70)*P (7 = lo)
r=0
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where P(7; = 0) = P(B,(2)), P(fs =) = P(BS(2) N---NBS(r+1) N By(r +2))
ifr=1,...,m, — 2, and ]P(TAU = lo) < ]P(Bfl(ro + 2)) Then, for all r, € INg:
]E(rA0 —7“0)2 = O(Tln(ro)) —l—O(mf’ngn(ro)) where we have set T, (0) = 0, Ty, (1) =

ro+1
OZ P(By(r)) (for ry > 1) and Ton(r,) = P(BS(re + 2)). Now, the study of T,
r=2

and Ty, is derived from results of Lemma 6.2, Lemma 6.3, Proposition 6.1 and
Lemma 6.4. In particular, since u € C™ ([0, T]) we get:

1 r*—1
u) (1—-v) (")
X bikr (W) (tpgin — T —_— t Chin — T d
Z o 0tisin = 80)” [ S b+ (i~ i)

which is O(n"~"") for #* = min(r,7, + 1) implying that ]E(DSQX) = O(1) for
r=1,...,r,+1, ]E(Dguk)X) = O(n) for r = ry+2. Then one may bound vy, (r) given
in equation (6.16) by O(n?) if r =1,...,7r,, O(n*~ 2ﬂ°ﬂ]0 (Bo) +n? Inndgiy(Bo)+
0?11 11(Bo)) if = ro + 1 with A2.1-(iii-1), O(n"~>f1, 7%[(/30) +nSInnl 1y (8,) +
n6]l]% 1[(50)) if r = ry, + 2 with A2.1-(iii-1), and O(n7’2ﬁ“) if r=7,+2and A2.1-
(iii-2) holds. Next after some calculations based on properties n?%b, — oo and
n=2(=B0)p, — 0, one may derive from Proposition 6.2 that:

)

)

Tin(ro) = O(GXP (_D(TO)bn( 2%“1 0.11(B0) + (+— "

Inn

)]l{%}(ﬁo)'i'n ]l% (ﬁo))))

Next, if A2.1-(iii-1) holds

Ton(ro) = O(exp ( - D(ro)(n]l]oé[(ﬂo) + (L

Inn

)]l{%}(ﬂo) + n2(1_50)1]§11[(50)))>

while, under A2.1-(iii-2) and for all 3, €]0,1[, Tan(r,) = O(exp(—D(ro)n)). For
p = 1,2, we get that T1,(r,) = 0(T2.(r,)) and the mean square error follows.
Finally, to obtain a bound for P (7, # r,), it suffices to notice that {7, = 0} = B, (2)
for r, =0 and {7, =r,} = B5(2)N---NBE(ro + 1) N By (re + 2) for ry > 1, by this
way P (7 # 7o) = Tin(10) + Tan(re) = Ton(ro)(1 4 o(1)). O

Proof. Proof of Theorem 3.2
We start the proof, with either p =1 or p = 2, and thus denote by 7, (resp. 7,) the
quantity 7, + p (resp. 7o + p). We set

1< (ij)o
ln(p7T 5/3):7_ d ( 2(17 BO) 7 .
00 2n Z ”ZO )qu:o(J —q)
a#]
1 _ 7‘0—1
// v) u12)) liv — jw|* dvdw, (6.17)
0 1]2 TU — 1)'
for all r, > 1 while if r, = 0,
(9,0, 30) = — = Zn: do (tx ) > P~ F0)( Z i (6.18)
n\D, Y, = T 5 k X N . .
Y ome =0 = ( m) [To=0(j — a)
q#J

We study the convergence of &, = 2(7(37) —p) toward a, = 2(5, — p), so that

W ((DVX)?) ~In (DR X)?)
= In(u/v)
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We consider the following decomposition of In(u/v)a,

nap n—urp (u) 9 s o
ln(n,u?ijl kzzo (Df,},kX) u ln(f%%aﬁo)""“ ln(parmﬁo))
ner n—vip » o N
—In (m Z (Dip) ) — vl (p, 70, Bo) +v pln(parmﬁo))

k=0
Hence In(u/v) (G — ap) = Fo (1) = Fo (v) + 0(Fn (1) + Fo (v)) where o) == 0 as

soon as Fy(+) -‘:—f—» 0 with

o (Dg>X)2 —u®rl,(p, 70, Bo) C Fiap(u) + Fonp(u) + Fypp(u)
Uo‘Pln(Pa To;ﬁo) uapln(parmﬁo)

for Fi ) = n° (DETX)P— (DSTX)). Fa () = n (DS X) P~ E(DL X))

and FB,nyp(u) :”%E((Dg)X)Q) u? Iy, (pvrmﬂo)
(i) Study of Fnp(u). From Theorem 3.1, we get that > IP(7, # r,) < 00, so, a.s.

F,(u) =

for n large enough, 7y =1, and Fy ,p,(u) =0, p=1or p = 2.
(i) Study of F»,, ,»(u). We study

p(|(DX) - BDPX)| > e (51)

1
for ¢, a positive constant, ¥,2(8,) = (#) 2 and

N1 nl/2 n2(1—50)
¢n1(ﬂo):(m)2110,g[(ﬂo) ( ) (23(Bo) + (Tn) 12.17(Bo)-

We apply Lemma 6.4 and Propositlon 6.2 with p = 1 or p = 2. After some

calculations and the application of Borel Cantelli’s lemma with ¢, chosen large

enough, we obtain that for p = 1, almost surely, Lm ,,(3,) |Fonp(u)| < +oo
n—oo

under the condition A2.1-(iii-p), where p = 1 or 2.
(iii) Study of F3, p(u). From (6.11) and proceeding similarly as in (6.12), we get

for r, > 1, that n/ (nO‘PIE(Dg:)X)2 — u® l,(p, 70, B,)) could be decomposed into
Bnl + Bng + Bng with

n—ur T
n+h1 PP

Bp=————— BSIBYY) (i — 1) (b — th)"™
1 2(TL7’U,7’:D+1 kzo ljzo ikr jk:’l“ k+ k) (k‘i‘] k)

(1—=v)(1 —w))ro=t 12804
//0 BIE (ro —1)12 [0k — g0

L0700 (93 i) = L ILT070) (G5, 035 ) = TILTOT0) (a1 ) — do(b;x)
[0 —| 2P0 0\ Wik .
X : — —di(wjx) p dvdw
|0ik — |

n—ur ks
ne+h1 PP

Bpp=————— BSIBYY) (b i — )"0 (B — th)"™
2 2(TL7’U,TP+1 kzo ljzo ikr jk:’l“ k+ k) (k‘i‘] k)

1 - ))To_l . . 12B0+B1 .
ik — j d ik )s
S o i)
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n—ury Tp

Bz = nBl( (n D) ST It — )" (b — )
k=0 1,7=0

(1 =v)(1 —w))rot . . o
// ) |03k, — ] > do(arjn,) dv dw — u®?l,, (p, To,ﬂo))
0,1]2

(ro — 1)'2

with 1,,(p, 70, Bo) given by (6.17). Next, using Lemma 6.2 and 6.3 and the condition
(3.1) with uniform continuity of dy(-), we get that B,; = o(1) and B, has the
limit:

w®pTh p Z] 7“0 fO dl 1/)1 Qap— ﬁ1( )dt

2 i,j=0 HZJL O(’L_m)Hq O(j_q)
' a#j
1 _ ro—1
// 0)(1 - w)) liv — jw[* T dudw.
[0,1)2 ((ro — 1) )?

For the last term B3, one may show that it is of order O(n®1~1). Finally, the case
ro = 0 is treated similarly from (6.10).

Conclusion. One may note that the determinist term, l,(p,7o,5,), defined in
(6.17)-(6.18), converges to the nonzero term:

Tp

1 m d ap—i-l dt 1 _ ro—1
__ Z Z‘] fO 0 ’l/) // U ’LU)) |ZU _ jw|2ﬁ“dvdw
0,1]2

T, — 5
2 i,j=0 ﬁ (i —m) (7 1)
m=0 q= O
m# a#j
ile i a1 =g [P do()g Pt (2) dt
for r, > 1 while if r, = 0, the limit is 2 R =Ty e 0
mi q#]

6.4. Proofs of section 4.

Proof. Proof of Theorem 4.1

We set 7, = max(7y, 1) and, for 7 and X,.(-) respectively defined in (2.5) and (4.1),

we use the convention: Xz (-) = Xy, —1(-) and Xry11(-) = Xon, () when 7 = lj.
(a) If 7 = max(r, 1) and 7y = max(r,, 1), we get, for n large enough such that

o <My — 2,

My —2

(X() = X ()" = D (X)) = Xe(t) Lgmymry + (X (&) = Xon—1(0) Lzt
r=0

My —1

< (X(0) = Xeglt)” + Ly D (X(1) = K1)
r=0,r#ro

By this way, e (app(ro)) should be bounded by

T mp—1 T
> 2 ~ 1 4

/ E(X () — Xr(8)) p(t) dt + (P(7 £ 7)* Y / (E(X(t) — Xx(t)) ) p(t) dt

0 r=0,r#rg’ 0
We make use of the exponential bound established for P(7, # r,) in Theorem 3.1
as well as the property E(Y*) < 3(IE(Y2))2 for a Gaussian r.v. Y. Moreover,

sup (]E(X(t) — )N(T(t))Q) = | _,max sup (]E(X(t) — )N(T(t))2). If ro > 1, we
teo,T) N 0/ k=0, [F]-1¢
use the decomposition estabhshed in Blanke and Vial (2008, lemma 4.1) to obtain,
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for t € 7, and r* = min(r,r,):

5

E(X(t) - ZO Ligr(t)Ljpr(t) (threi — t(l;;ir_(tlk)r';g — tgr)"

X //[071]2 (1—v)(1—w)" {]L(r*m*)(tkr + (t = trr )0, thr + (t — thr)w)

— L) (g A (= )0, e+ (B j — )W)
— L) (b 4 (berti — tor )0, tr + (8 — iy )w)

F L) (g + (borsi — o)V, tir + (b — tkr)“’)} dvdw.

Ifr=1,...,7,— 1, (r, > 2), we obtain the uniform bound 0(6%T+2) by uniform
continuity of L1+ (. .} and results of Lemma 6.2. For 7 = r,,...,m,, we have

r* =1, so we apply the Hélderian regularity condition (6.9). Since L; k. (t) < 7",
we arrive at sup E(X(t) — )?m(t))Q = O(éi(T”B")) for r = r, while if r = r, 4+
te[0,T]

1,...,my,, sup E(X(t) — )?F(t))2 = O(mi(m""'”""ﬂ”)éi(m"'ﬂ”)). The logarithmic
t€[0,T]

order of m,, yields the final result. In the case where r, = 0, above results hold

true starting from

B(X(t) - Z Lip7(t)Lj k. r(t ){E(Tf, t) — L(t, tirts)

4,7=0
— L(tirti, t) + Ltari, tk?-i-j)}'

(b) For e (int (ro ) fo ( — T+1) (t) dt is again a Gaussian variable, so in
a similar way as for apprommauon we get the following bound for this term:

VB £ ) S (s (BOK0) - Ken@)?)) ([ o an”

r—o t€[0,T]
Leir -1 L) -t
DYDY
k=0 =0 Ik
Study of the term E(X (¢) — )N(mﬂ(t)) (X(s)— )N(TOH(S)), (s,t) € Iy X Ij,. Denoting
T =1, + 1 we get again from lemma 4.1 of Blanke and Vial (2008) that ]E(X(t) —
X#(t)) (X (s) — X#(s)) is equal to:

/I E(X(t) = Xrpr1(0) (X (5) = Xrps1(s)) p(t)pls) dsdl.

ZLZM Ljer(s )((t’“”i_t’")(t”ﬂ ter)) // dvdw (1 — v)(1 —w))"* !

i,7=0 ((TO - 1 ,1]2

x AL (4 (8= ), e (8 = tem)w) = B0 (b (£ = b, o + (Lo — ter)w)
—L0T0) (et by s — b )0, ot (E—t )W) F LT (fpgt (b i — i )0, Eomt-(E—ter)w) }

For non-overlapping intervals Zj, and Zy, that is |k — | > 2, we make use of Con-
dition A2.2(2) four times, by adding and subtracting the necessary terms, noting
that

T
Z Lik(t)Ljer(s)(thrti — b)) (terry — ter)™ = (t — ter)™ (s — te)™
i,j=0
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with either r; =7 — 1 or r; =7 for ¢ = 1, 2. By this way, we get

l%]-1

> [ [ Ber® - %) ((5) = Kels)) )0 s
AP

[£]-1
_ 0(5721(7“0—1—504-1) Z ’ Ik — 0] — 1‘—2(2—[30))

k,£=0
k—€[>2

which is a O(éi(rﬁﬁ “)H). For overlapping intervals Z;, and Zy, that is in the case

where |k — | < 1, we make use of Cauchy-Schwarz inequality to obtain the same
bound as above. Since the second part of e,%(int (ﬂ))) is negligible, we obtain the
result. O
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