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ON ESTIMATION OF REGULARITY FOR GAUSSIAN PROCESSES
DELPHINE BLANKE AND CELINE VIAL

ABSTRACT. We consider a real Gaussian process X with unknown smoothness r, where
7, is a nonnegative integer and the mean-square derivative X (") is supposed to be locally
stationary of index f,. From n + 1 equidistant observations, we propose and study an
estimator of (r,,[,) based on results for quadratic variations of the underlying process.
Various numerical studies of these estimators derive their properties for finite sample size
and different types of processes, and are also completed by two examples of application to
real data.

1. INTRODUCTION

For a real stationary and non differentiable Gaussian process with covariance K(s,t) =
K(|t — s|,0) such that K(t,0) = K(0,0) — A [t]*™ + o(|t|*™) as |t| — 0, the parameter
Bo, 0 < By < 1, is closely related to the fractal dimension of the sample paths. This
relationship is developed in particular in the works of Adler (1981) and Taylor and Taylor
(1991) and it gave rise to an important literature around the estimation of ,. We refer in
particular to Constantine and Hall (1994), Istas and Lang (1997) and Kent and Wood (1997)
for estimators based on quadratic variations and their extensions. Still in this stationary
Gaussian framework, Chan et al. (1995) introduce a periodogram-type estimator whereas
Feuerverger et al. (1994) use the number of level crossings.

In this paper, our aim consists in the estimation of the couple (r,, 3,) when the Gaussian
process is supposed to be r,-times differentiable with a locally stationary r,-th derivative of
regularity [,. Thus, we generalise the previous works in two ways:

(1) the process has an unknown regularity r, to be estimated as well as the smoothness

607

(2) the process is not supposed to be stationary not even with stationary increments.

Our methodology is based both on the estimator of r,, say 7,, proposed by Blanke and
Vial (2011) and on Kent and Wood (1997) for the estimation of f,. we give a new result
concerning the mean square error of 7, as well as almost sure rates of convergence of the
global regularity index H= 2(7 + B\O) As an application, we provide plugged-estimators,
based on lagrange piecewise interpolation, which are optimal in rate, for the relative problems
of integration and approximation of a discretised sample path.

2000 Mathematics Subject Classification. Primary 62M20, 62M05, 62M09; Secondary 60G15, 60G17.
Key words and phrases. Inference for Gaussian processes, Locally stationary process, Quadratic variations.
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2 D. BLANKE AND C. VIAL

2. METHODOLOGY

2.1. Framework. Let X = {X(t),t € [0,T]} be a real Gaussian process observed at the
(n+1) equally spaced times id,, i = 0, ..., n for some positive sequence §,, such that ¢, — 0
and nd, — T > 0. This process is supposed to satisfy the following assumptions.

Assumption 2.1 (A2.1). X hasry, 1o € Ny, continuous derivatives in quadratic mean with
X0) supposed to be locally stationary:

E(X0)(s) — Xro)(¢
(2.1) lim sup ( (s) o (1)
h—0 $,t€[0,T,|s—t|<h,s#t ‘8 — t| 0

2

—do(t)] =0

where B, €]0,1[ and dy is a positive continuous function on [0,T].

Here, local stationarity makes reference to Berman (1974)’s meaning. Assumption A2.1
implies in particular that the covariance function K(s,t) = Cov (X (s), X(#)) is also contin-
uously differentiable with K" (s, t) = Cov (X" (s), X" (t)), for r = 0,...,7,. Also, the
mean of the process p(t) := EX(t) is a ry-times continuously differentiable function with
EXM(t) = pum(t), r=0,...,7,.

In this paper, we propose and study an estimator of the Holder regularity index H =
2(ro + ), say H. To this aim, we need the following additional condition:

Assumption 2.2 (A2.2(p)). For eitherp =1 orp = 2, KotProt2) (s ) exists on [0, T]*\{s =
t} and satisfies for some D, > 0:

’]K(roer,r(th)(s’ t)’ < Dp |$ - t|—(2p—250) .

Moreover, we suppose that the mean pi(-) admits a continuous derivative of order (r,+1) on
[0,T7.

2.2. Specific examples. A first important example of process meeting our conditions is
the r-fold integrated fractional Brownian motion. For r, = 0, X = Wj, is the fractional

Brownian motion (i.e. with covariance K(s,t) = $(s*% + ¢*%0 — |s — t*™)). For r, > 1, we

have .
X(t):// 0/ ’ / Wy (ur) duy dug- - - dug,, 19 >1
0o Jo 0 0
One gets do(t) = 1, and for 8, # 3, Dy = 3,]28, — 1| while Dy = f3, |26, — 1] ... |2, — 3|. For

special case of the Wiener process (3, = 1), we have K10+ (s ¢) = 0 on [0, 1]*\ {s = t}.

Another examples of processes may be found among those satisfying the conditions of
Sacks and Ylvisaker of order r, (r, > 0). For Q. = {(s,t) €]0,1[* s > t} and Q_ = {(s,t) €
10,12 s < t}:

(a) K € Cmm([0,1]%), on Q, UQ_ L = KU00) has partial derivatives up to order p,
with either p = 1 or p = 2, continuous and continuously extendible to 0, and Q_ by
continuity:.

(b) L8(s, 5) — LE:’O)(S, s)=a >0, s € [0,1] where L§~1’O) is the extension of L) over
[0, 1]2, continuous on 2 and on [0, 1]2\Q; with j € {—, +}.
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In this case, 5, = 1/2 with do(t) = o and these processes satisfy A 2.2(p) for p =1, 2.

Another class of processes are stationary ones with spectral density ¢ such that: p(\) =
co(1 + 1 A?)™7 where v > %, co >0, ¢c; > 0. Then for v — % ¢ IN, one gets r, = [7 — %] and
By =7 — % — 1o, and A 2.2(p), p = 1,2 is satisfied at least for v € IN. A typical process is
the Ornstein-Uhlenbeck one, with p(X) = 5=(0+A?)~! and K(s, t) = (20) ' exp(—6|s — t]),
soy=171,=0,08 =3 and dy(t) = 1. Following Lasinger (1993), one may construct
stationary processes with r, > 1 by r,-fold repeated integration.

Since all previous processes are stationary or with stationary increments, the function d,
is reduced to a constant. Of course, cases with non constant dy(-) may be also obtained. In
particular, we have processes with a smooth enough trend belong to our general class :

Lemma 2.1. Let Y be a zero mean process with given regularity (ro, 5,) and asymptotic
Junction do(t) = Cyp,. For a positive function a € C™*P([0,1]) and m € C™ ([0, 1])
(p = 1,2), if X(t) = a(t)Y(t) + m(t), then X has regularity (r,, B,) with asymptotical
function Dy, s,(t) = a*(t)Cyy 5, and X satisfies A2.2(p).

2.3. Estimation of 5,.  Kent and Wood (1997) and Constantine and Hall (1994) use “di-
lation” quadratic variations to estimate the fractal index for stationary Gaussian process, not
differentiable in quadratic mean. Following this methodology, we define a global estimator
of H = 2(r,+ f,) which is based on dilated quadratic variations and a consistent preliminary
estimator of r,.

First for integers r, 7 such that 7 > r > 1 and v € N*, we consider the u-dilated quadratic
variations of X of order r:

(2.2) Ai”,g X = Z a; X ((tu+k)d,), k=0,....n—ur
i=0

where order r of the sequence (a;,) means:

Zam =0, Zai,rz”’¢o, and if r > 2, Zai,ripz()forp: L...,r—1.
i=0 i=1 i=1

Also, for r = r,,r, + 1, we assume that:

SN aia,li— 41" #£0.

i=0 j=0

Note that, in the case where u = 1 and §, = n~!, AWM represents the classical finite
difference of order r. A typical example of sequence (a;,) is given by a;, = (;) (—1)", with
7 = r, for which one obtains, in particular, ) a;,j” = r!. Another examples are furnished

j=0
by Daubechies wavelets D(2p) of order r = p with vanishing first moments of order 0 to
p — 1, and such that 7+ 1 = 2p (see Daubechies, 1992).
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Asymptotic properties of Af,ulg X are important in the comprehension of our considered

Ny (u) 2

k=0 (Ar,k X )
n,+1

Proposition 2.1. Under Assumptions A2.1, one obtains:
(i) forr =ro+ 1,7, + 2:

estimators. From now on, we set: (Aﬁ“) X ) =

with n, :=n — ur.

5;HE( (Aﬁ”)X)2> —— ufl(r, vy, By)

n—oo
1 [T
where £(r,0, 5,) = —= Z Qi |1 — H ?/ do(t) dt while if ro > 1,
,5=0 0

(=1 T f do(t) ZF:
2@+ o) @ + 1) 2, eI

(2.3) 0(r,ry, By) =

(ii) forro > 1 andr =1,...,r,

(2.4) 5;27’]E< (A&“’X)Q) ()

n—oo

with

rl

Proposition 2.1 implies that a good choice of r (r = r,+1, r,+2) could provide an estimate
of H, at least with an adequate combination of u-dilated quadratic variations of X. To this
end, we propose a two steps procedure:

e We consider the consistent estimate of r, say 7, derived in Blanke and Vial (2011)
and based on AS,ZX :

(2.5) Ty = min {T €{2,...,m,}: nQT_Q(Agl)X)Q > bn} —

If the above set is empty, we fix 7, = [y for an arbitrary value [y ¢ IN,. Here, m,, — o
but if an upper bound B is known for r,, one has to choose m,, = B+2. The threshold
b, is a positive sequence chosen such that : n=2=%0)p — 0 and n?**b, — oo for all

Bo €0, 1]. For example, omnibus choices are given by b, = (Inn)*, a € R.

e Next, we derive two family of estimators for H, namely aw

p=2:

, with either p = 1 or

(u) 2 (v) 2
I (A%,%)7) ~ (A%, X))
In(u/v)
where u, v (u < v) are given integers, chosen by the statistician. Then, two estimators

@)(p) of B, can be directly derived:

~

H,(Lp) = ﬁr(bp)(u,v) =

BY = (HY —2m)j2, p=1,2
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Remark 2.1. Forrg =7, =0, u = 1 and v = 2, @)(p) corresponds to the ordinary least
squares estimators defined in Constantine and Hall (1994) (with the choice p = 1) and Kent
and Wood (1997) (p = 2). Note that new estimators may be derived with other choices of
(u,v) such as (u,v) = (1,4) which seems to perform well, see Section 3.2.

In Blanke and Vial (2011), an exponential bound is obtained for P(7, # r,) implying that,
almost surely for n large enough, 7, is equal to r,. Here, we complete this result with a
bound for the mean square error of 7.

Theorem 2.1. Under assumption A2.1 and A2.2(p), p =1 or p =2, we have

B(7, — 10)* = O(mi exp (- ¢u(p)) )
where @, (p) is defined by

nly 11(B) + n(ln n)~!, L1y (Bo) + nzfzﬁoﬂ]%,u(ﬁo) ifp=1

on(p) = Ci(ro) x {n ifp=2

for some positive constant C(r,).

Remark that one may choose m, tending to infinity as slowly as wanted. Indeed, the
unique restriction is that r, belongs to the grid {1,...,m,} for large enough n. From a
practical point of view, one may choose a preliminary fixed bound B, and, in the case where
the estimator return the non-integer value [y, replace B by B’ greater than B.

The bias of H will be controlled by a second-order condition of local stationarity, more
specifically we have to strengthen the relation (2.1) in:

o g (B0 = XO0)°

2.6 lim su
( ) 1 |$ _ t|250

h=0 g 1e[0,17,|s—t|<h,s#t

—do(t)) — i (t)] = 0

for a positive 5, and continuous function d;.

Theorem 2.2. If relation (2.6) and assumption A2.2(p) are satisfied, we obtain

lim sup V")

n—o0

ﬁflp) - H} < Cy(p) a.s.

where Cy(p) is some positive constant and
, n N n2(1=Fo)
V" = min (nﬁla \/ H]ﬁog[(ﬁo) + o —13y(5) + T b 1[(50)),

Inn
V@ — min (nﬁl L)
" "V 1Inn
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Remark 2.2. Of course, since nd, —— T > 0, the previous result can be expressed in

terms of 6, with: n%oo
1 1 5_2(1_60)
1) — - - 5 . — L s
Vn min (511 s 5n 1n(5;1)1}0’1[(60) + mln(agl)l{z}(ﬁo) + hl((;;l) 1]171[(60)>7
V) = min (5,7, L),
dp In(61)

3. APPLICATIONS AND NUMERICAL RESULTS

All the numerical results are obtained on simulation of trajectories using two different
methods : for stationary processes or with stationary increments we use the procedure
described in Wood and Chan (1994) and for CARMA (continuous ARMA) processes, we
use Tsai and Chan (2000). Each of them consists in n equally spaced observation points on
[0,1] and 1000 simulated sample paths. All computations have been performed with the R
software (R Core Team, 2012).

3.1. Simulation study : estimation of r,. This section is dedicated to the numerical
properties of two estimators of ry. We consider the estimator introduced by Blanke and Vial
(2011), defined in (2.5). Another estimator was introduced in Blanke and Vial (2008) and is
based on Lagrange interpolator polynomials, says 7,. More precisely, for 6, =n=!et T =1,
it is defined by

1 rie—1

fn:min{re {1,...,m,}: — Z (X(2k+1> —)?r<2k+1))2 anz”bn} -1

- n n

where 7, = [%] and X, (s) is defined for all s € [0,1] and each r € {1,...,m,} in the

following way : there exist £k = 0,...,n, — 1 such that s € Z; := [Q—ff, W] and the
interpolates of X (s) is defined by

= : 2kr +14)\ . T (s - 2
Xo(s) = ZLZ"'“”(S)X <T>’ with Li.(s) = H (2D 2y
i=0 -

7=0 n n
J#i
Both estimators use a critical value depending on n, here we choose b, = 1/Inn, due to
convergence properties. Table 3.1 illustrates the strong convergence of both estimators and
shows that this convergence is valid even for small number of observation points n, up to
10 for the estimator r,. We may noticed that, for misspecified estimations our estimators
overestimate the number of derivatives. Remark also that, for identical sample paths, 7,
seems to be more robust than 7,,. This behaviour was expected as the latter uses only half of
the observations for the detection of the jump in the quadratic mean. In these first results,
processes have fractal index (3, equals to 1/2, but alternative choices of §, are of interest,
so we consider the fractional Brownian motion (in short fBm) and the integrated fractional
Brownian motion (in short ifBm), with respectively 7, = 0 and 7, = 1 and 3, €]0, 1[. Table
3.2 shows that 7, succeeds in estimating the regularity r, = 0 even if the process is near
regularity r, = 1, of course the number of observations must be sufficient and even more
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TABLE 3.1. Value of the empirical probability that 7, or 7, equals r, or 7, + 1 with
n = 10 or 25.

Wiener process, 1, = 0 | CARMA(2,1), r, = 1 | CARMA(3,1), 1, = 2
Number of equally spaced observations n
event 10 25 10 25 10 25
Tn=1o | 0.995 1.000 0.913 1.000 0.585 0.999
n =19+ 1]0.005 0.000 0.087 0.000 0.415 0.001
To =T 1.000 1.000 1.000 1.000 0.999 1.000
To =15+ 1{0.000 0.000 0.000 0.000 0.001 0.000

TABLE 3.2. Value of the empirical probability that 7, or 7, equals r, for a fractional
Brownian motion or an integrated fractional Brownian motion of fractal index 2/,.

To =Ty ‘ Tn =Ty
number of equally spaced observations n
50 100 500 1000 1200 | 50 100 500 1000 1200

fBm £,
0.90 |1.000 1.000 1.000 1.000 1.000 |0.655 0.970 1.000 1.000 1.000
0.95 10.969 0.999 1.000 1.000 1.000|0.002 0.002 0.004 0.134 0.331
0.97 10.242 0.521 1.000 1.000 1.000 | 0.000 0.000 0.000 0.000 0.000
0.98 10.019 0.015 0.0420 0.5258 0.759 | 0.000 0.000 0.000 0.000 0.000
ifBm S,
0.02 |1.000 1.000 1.000 1.000 1.000 |1.000 1.000 1.000 1.000 1.000
0.90 |1.000 1.000 1.000 1.000 1.000 |0.000 0.000 0.645 0.999 1.000
0.95 ]0.305 0.888 1.000 1.000 1.000 | 0.000 0.000 0.000 0.000 0.000
0.97 10.000 0.000 0.292 0.993 1.000 | 0.000 0.000 0.000 0.000 0.000

important for increasing values of r, nd [3,. This latter result is clearly apparent when one
compares the errors obtained for an ifBm with 5, = 0.95 and a f{Bm with £, = 0.95. Finally,
we can see once more that 7, is less robust against increasing [, while it appears that, for
n = 2000 and each simulated path, 7, is able to distinguish processes with regularity (0, 0.98)
and (1,0.02), a quite indiscernible difference.

3.2. Simulation study: estimation of H and (,. This part is dedicated to the numerical
properties of estimators ﬁ,(lp), for p = 1 or 2 using the values © = 1 and v = 4 (giving a
smaller variance than v = 1 and v = 2). It ends with real data examples.

For the numerical part, we focus on the study of fBm, ifBm and CARMA(3,1). Table 3.3
illustrates the performance of our estimators when f,, r, are increasing by computing the
empirical mean-square error from our 1000 simulated sample paths and number of equally
spaced observation n = 1000. It appears that, contrary to }AIT(LZ), the estimator H\" slightly
deteriorates for values of 3, greater than 0.8. This result is in agreement with the rate of
convergence established in Theorem 2.2 which depends on (3,. The bias is negative and seems
to be unsensitive to the value of r, but the mean-square error is slightly deteriorated from
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TABLE 3.3. Values of mean square error and bias (between brackets) for estimators o ),
for p =1 or 2 and n = 1000.

fBm £,
0.2 0.5 0.8 0.9 0.95
W | 0.0017  0.0019  0.0034  0.0054  0.0065
n | (=0.0020) (—0.0045) (—0.0120) (—0.0295) (—0.0448)
72 | 0.0030  0.0039  0.0040  0.0039  0.0039
n | (=0.0026) (—0.0038) (—0.0057) (—0.0069) (—0.0084)
ifBm S,
0.2 0.5 0.8 0.9 0.95
W | 0.0032  0.0026  0.0041  0.0061  0.0073
no | (=0.0072) (—0.0047) (—0.0150) (—0.0342) (—0.0488)
7 | 0.0055  0.0051  0.0046  0.0044  0.0043
n | (=0.0106) (—0.0060) (—0.0060) (—0.0061) (—0.0061)

ro = 0 to r, = 1 in both cases. Finally, for 5, < 0.8, HY seems preferable to ﬁly(?), possibly
due to a lower variance of this estimator. Nevertheless, both estimators perform globally
well on these numerical experiments.

Results of Theorem 2.2 are also illustrated in Table 3.4 where we have computed the
regression of ln(E\H,(Lp ' H |) on Inn for various values of n and ]E|H,(Lp ) H | estimated from
our 1000 simulated sample paths. As expected, the slope (corresponding to our arithmetical

rate of decay) is constant and approximatively equal to 0.5 for g% while, for I?,(LI), the
decrease is apparent for high values of 3,. Finally, Figure 3.1 illustrates the behaviour of
the estimators A with p = 1 or 2, for different values of the regularity parameter 5,. As
we can see, boxplots are similar for both estimators when £, = 0.5 or 3, = 0.8 but with a
quite larger dispersion for HY. For By = 0.95, 753 clearly outperforms HY from n = 500
observations. Estimation appears more difficult for smaller values of n, but it is quite typical
in our considered framework.

Next, Table 3.5 illustrates the impact of estimating H when the order r in quadratic
variation is misspecified. Kent and Wood (1995), section 7, have already noticed that orders
r > 1 are relevant for smooth processes. In fact estimating H requires the knowledge of
r, or an upper bound of it. On the other hand, working with a too high value of r, may
induce artificial variability in estimation, so a precise estimation of r, is important. Here,
our numerical results show that, if the order r of quadratic variation used for estimating H
is less than r, + 1, then the quantity estimated is 2r and not H.

All previous examples are local stationary with a constant function dy. Processes meeting
our conditions but with no stationary increments may be constructed with Lemma 2.1. As
an example, from Y a standard Wiener process (r, = 0, 5, = 0.5) or an integrated one
(ro = 1, B, = 0.5), we simulate X(¢) = (t°*%7 4+ 1) Y'(¢) having the regularity (r,,0.5),
Figure 3.2 illustrates a Wiener sample path and its transformation. Results are summarized
in Table 3.6. Comparing with Table 3.3, it appears that the estimation is only slightly
damaged for r, = 1 but of the same order when r, = 0. Non-stationary processes may also
be obtained by adding some smooth trend. To this aim, we used same sample paths as in
Table 3.3 with the additional trend m(t) = (1 + ¢)?, see Figure 3.3. We may noticed in
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F1GURE 3.1. Each boxplot correspond to 1000 estimation of H by 1?[,(11) on the
left and H? on the right of the graph. Each realization consists in n equally
spaced observations on [0, 1] of a fBm with 5, = 0.5 (top), f, = 0.8 (middle),
Bo = 0.95 (bottom), where n = 100, 250, 500, 750, 1000, 1250, 1500, 2000.

Table 3.7 that we obtain exactly the same results for the estimator AP and that a slight

damage is observed for av.

Let us turn to examples based on real data sets. We first focus on roller height data
introduced by Laslett (1994), which consists in n = 1150 heights measure at 1 micron
intervals along a drum of a roller. This example was already studied in Kent and Wood
(1997), they noticed that local self similarity may hold at sufficiently fine scales, so the
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TABLE 3.4. Rates of convergence illustrated by linear regression for n in

{500, 750, 1000, 1250}.

Hr(zl) H1(12)
slope  R* | slope R?

fBm £, = 0.5 | -0.488 0.998 | -0.489 0.995
by = 0.6 [-0.475 0.998 | -0.488 0.995

By =0.71-0.426 0.994 | -0.489 0.997

By =0.81-0.334 0.989 | -0.491 0.997

By =0.91-0.225 0.990 | -0.495 0.997

B, =0.95]-0.186 0.995 | -0.503 0.997
ifBm £, = 0.9 | -0.302 0.987 | -0.561 0.999
B, =0.95]-0.244 0.978 | -0.559 0.999

TABLE 3.5. Mean value and standard deviation (between brackets) of the estima-

tor }AIT(lp ) based on quadratic variation of order r, or ry — 1 instead of 75 + 1 or 74 + 2.

Order 7, — 1 | Order 7,
number n of equidistant observations
100 500 | 100 500
) — 1.903 1.961
ifBm £, = 0.2 (0.064) (0.025)
- 1.955 1.992
By = 0.5 (0.035) (0.006)
B 1.966 1.994
By =0.8 (0.024) (0.004)
1.970 1.994 | 3.919 3.985
CARMA(3,1) (0.0140)  (0.003) | (0.058) (0.0109)

TABLE 3.6. Value of MSE and bias (between brackets) for non constant dg(-).

Wiener | Integrated Wiener
FW | 0.0021 0.0032
n (—0.0032) (0.0061)
F@ | 0.0043 0.0058
no | (~0.0042) (—0.0091)

TABLE 3.7. Value of MSE and bias (between brackets) for estimators oy ), for
p =1 or 2 in presence of a smooth trend.

fBm ifBm
b, =05 p5,=08|5, =05 p,=0.28
HW 0.0022 0.0283 | 0.0027 0.0141
n (0.0151) (0.1525) (0.0083) (0.0863)
H2 0.0039  0.0040 | 0.0051 0.0046
n (=0.0038)  (—0.0057) | (—0.0060)  (—0.0060)




REGULARITV TAMINTAATMTNAN T/ND ATTQAT AN DROCESSES 11

X(t)

-15 -10 -05 00 05 10 15

FIGURE 3.2. fBm with 5, = 0.5 (solid) and its transformation (dashed) used
in Table 3.6.

X

FIGURE 3.3. Sample path of a fBm with 5, = 0.8 (dashed line) and the same
with a trend m(t) = (1 +¢)? (solid line).

TABLE 3.8. Estimates in the roller height example

AT G [T &,

0.63 0.63|0.77 0.77
0.50 0.51 | 0.63 0.65
0.38 0.39 | 0.49 0.51
0.35 0.33 044 0.42
0.30 0.28 {0.39 0.35

=00 ok o3

regularity r, was supposed to be null. Indeed, our estimator 7,, directly used on the data

with b, = 1/log(n), gives 7, = 0, with a value of n*~2 (Agl)X)2 = 1172345. Next, we compute
the values obtained for the estimation of H by setting (u,v) = (1,m) in our estimators, with
m in {2,4,6,8,10}. In Table 3.8, values of estimates proposed by Constantine and Hall
(1994); Kent and Wood (1995, 1997) are also reported for comparison. These estimates

are obtained by considering ordinary least squares estimators Z)Zg)%s (with p adapted to the
regularity of the process, supposed to be known in their work). Note that, with Kent and
Wood’s notation, we have in this case H = 28, = « and for (u,v) = (1,2), one gets
HY = Z)Zg)is and H = 628{8 but H and @ differ for other values of v. It should be observed
that our estimators present a similar sensitivity to the choice of m, with perhaps a slightly

greater robustness of our estimators against high values of m.
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TABLE 3.9. Estimates in the biscuit example

m = 2 =4 m=206 m=2_8 m = 10
1t 3.60(0.12) 3. 67 (0.07) 3.65 (0.05) 3.62 (0.04) 3.59 (0.04)
ab) | 3.60 (0.12) 3.67 (0.07) 3.66 (0.05) 3.63 (0.04) 3.60 (0.03)
HP |2.84 (0.45) 3.69 (0.30) 3.83 (0.24) 3.84 (0.19) 3.83 (0.16)
ag)g 2.84 (0.45) 3.67 (0 31) 201 /0920 202 /0 1R) 200 /N 14)

T T T T T T T
T T
1200 1400 1600 1800 2000 2200 2400

Wavelength o
estimation of H

(a) (b)

FIGURE 3.4. (a) Curve drawing reflectance in function of wavelength, varying
between 1100 and 2498. (b) Box-plots drawing the results for both estimators

on the right HS"” on the left H for the 39 curves and (u,v) = (1,4).

In order to compare the (empirical) variances of these estimators, we consider a second ex-
ample introduced by Brown et al. (2001). The experiment involved varying the composition
of biscuit dough pieces and data consist in near infrared reflectance (NIR) spectra for the
same dough. The 40 curves are graphed on the figure 3.4. Each represents the near-infrared
spectrum reflectance measure at each 2 nanometers from 1100 to 2498 nm, then 700 obser-
vation points for each biscuit. According to Brown et al. (2001), the observation 23 appears
as an outlier. We estimate r, for each of the left 39 curves, using the threshold b, =

which gives 7, = 1 for each curve and an averaged mean quadratic variation n? 2 (Aﬁ”X )2
equal to 0.33 when r = 2 and 122133 when r = 3, this explosion leads us to the choice
7o = 3 —2 = 1. We turn to estimation of H, to compare our estimators with ag’ﬁs where
p = 1 corresponds to the choice (1, —2,1) for a;, and p = 2 to the choice (-1, 3, —3,1). The
results are summarised in Table 3.9 and it appears that, for order 7, + 2 = 3, our estimator
H seems to be less sensitive to the choice of m. To conclude this part, it should be noticed
that for the 23rd curve, the choice m = 4 gives HY =364 and H? =355 It appears that,
in both cases, these values belong to the interquartile range obtained from the 39 curves, so
at least concerning the regularity, the curve 39 should not be considered as an outlier.

3.3. Plug-in estimation : results and simulation. A classical and interesting topic
is approximation and/or integration of a sampled path. An extensive literature may be
found on these topics with a detailed overview in the recent monograph of Ritter (2000).
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The general framework is as follows : let X = {X;, ¢ € [0,1]}, be observed at sampled
times to,,...,tn, over [a,b], more simply denoted by t,...,t,. Approximation of X(-)
consists in interpolation of the path on [a, b], while weighted integration is the calculus of
I, = fabX (t)p(t) dt for some positive and continuous weight function p. These problems
are closely linked, see e.g. Ritter (2000) p. 19-21. Closely to our framework of local
stationary derivatives, we may refer more specifically to works of Plaskota et al. (2004) for
approximation and Benhenni (1998) for integration. For sake of clarity, we give a brief
summary of their obtained results. In the following, we denote by H(r,, 3,) the family
of Gaussian processes having r, derivatives in quadratic mean and r,-th derivative with
Holderian regularity of order (5, €]0, 1[. For measurable g;(-), we consider the approximation

A g(t) = ZX(ti)gi(t) and e,(A, ) = (ff E[X(t) — Ang(t)]* p(t) dt) v will represent the
=0

weighted and integrated L*-error. For X € H(ry, 3,) and known (7, 3,), Plaskota et al.
(2004) have shown that

0 < c(ry, By) < lim n™ ™™ infe,(A,,) < IL—m nthinfe, (A, ,) < C(ro, B,) < +00
n—00 9 n—00 9

for equidistant sampled times tq,...,t, and Gaussian processes defined and observed on the

half-line [0, 400[. Of course, optimal choices of functions g;, giving a minimal error, depend

on the unknown covariance function of X.

Concerning weighted integration, the quadrature is denoted by Q, 4 = > X (¢;)d; with
well-chosen constants d; (typically, one may take d; = fab g;(t)dt). For known (1, 5,), a short
list of references could be:

- Sacks and Ylvisaker (1968, 1970) with r, =0 or 1, 3, = % and known covariance,
- Benhenni and Cambanis (1992) for arbitrary r, and 3, = 3,
- Stein (1995) for stationary processes and r, + 3, < %,
- Ritter (1996) for minimal error, under Sacks and Ylvisaker’s conditions, and with
arbitrary r,.

1/2
Let us set e,(Qnaq) = (IE |1, — Qn7d|2> , the mean square error of integration. In the

stationary case and for known 7,, Benhenni (1998) established the following exact behaviour:
If p € C""3([a, b]) then for some given quadrature Q,, 4«(-,) on [a, b],

b
T 1 —(2(r 1
n othots eP(Qn,d*(m)) n_mO} Cmﬁo(/ p2(t)@/) @ OJFBOHU@) dt)2

where 1) is the density relative to the regular sampling {1, ...,t¢,}. Moreover, following Rit-
ter (1996), it appears that this last result is optimal under Sacks and Ylvisaker’s conditions.
Finally, Istas and Laredo (1997) have proposed a quadrature, requiring only an upper bound
on r,, with an error of order O(n_(rﬁﬁﬁé)).

All these results shown the importance of well estimating r, and motivate ourself to focus
on plugged-in interpolators, namely those using Lagrange polynomial of order estimating by
To. More precisely, for equidistant sampling t; = id,, : = 0,...,n, 6, — 0, nd,, — T > 0,
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Lagrange interpolation of order r > 1 is defined by

(1) Xt)= Y L (X ((hr+)30). with Lisr () = [ t _(flf ; 51)5”)’

J:
i
for t € Ty := [krén, (k + 1)7»5”}, k=0,.... |2 —2and Zjay s = [L(@J - l)rén,T].
T " r ~
Our plugged method will consist in the approximation given by A, () = Xmax@,1)(t),

t € [0,7], and quadrature by Q,, ; = fOT Xr1(t) p(t) dt. Indeed, Lagrange polynomials are
of easy implementation and by the result of Plaskota et al. (2004), they reach the optimal
rate of approximation, n~("*+%) without requiring knowledge of covariance. Also we will
show that the associate quadrature has the expected rate n~(r0+50+3)  For unknown (705 Bo)s
a first result of plugged approximation is derived in Blanke and Vial (2011): if Assumption
A2.1 holds, we have for T'=1, p = 1 and some constant D(r,, 3,):

1
lim n2(r0+60) / E(X<t> - Xmax(ff),l) (t))2 dt = D(Tm /BO)
0

n—oo

In the weighted case and for T > 0, we obtain the following asymptotic bounds.

Theorem 3.1. Suppose that Assumption A2.1 holds and consider a positive and continuous
weight function p.
(a) Under condition A2.2(1), we have

T ~
ep(oon () = ([ BJX0) = Ko (0
(b) if condition A2.2(2) holds:

2

p(t) dt)m = 05+,

T T _ 2 1/2 rotBot L
e,(int(5y)) := (]E / X (t)p(t) dt —/ X1 (t)p(t) dt ) =06 2).
0 0

In conclusion, expected rates for approximation and integration are reached by plugged
Lagrange piecewise polynomials. Of course if 7, is known, this last result holds true with 7,
replaced by r,. The figure 3.3 is obtained using 1000 simulated sample paths observed in
equally spaced points on [0, 1]. This figure illustrates results of approximation for different
processes. The logarithm of empirical integrated mean square error (in short IMSE), i.e.
¢3(app(ry)) is drawn in function of In(n). We may notice that we obtain straight lines with
slope very near to —H = —2(r, + 3,). Since the Ornstein-Uhlenbeck process is a scaled
time-transformed Wiener proces, intercepts are different contrary to stationary versus non
stationary CARMA processes.

4. PROOFS OF THEORETICAL RESULTS

4.1. Proof of Proposition 2.1. A. Let us begin with general expressions of ]E( Aiuk) XAfffZ) X)

useful for the sequel.
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Convergence rates of IMSE

-15  -10

-20

\t::=.\\

slope -3 -

In(IMSE)

-25

-30

= =+ Brownian motion slope -5
Ornstein-Uhlenbeck process
- =—-- stationary CARMA(2,1)
----- non stationary CARMA(2,1)
——— _non stationary CARMA(3.1)

4 5 6 7

In(n)

FIGURE 3.5. Logarithm of ef(app(f,)), i.e. the IMSE in function of In(n),
for different type of processes. The dashed line correspond to Brownian mo-
tion, long dashed line to O.U., dashed line to non stationary CARMA(2,1),
dotted-dashed line to stationary CARMA(2,1) and solid line to non stationary
CARMA(3,1). The small triangles near lines are here to indicate the theoretic
slope.

First for L®?)(s,t) = E(X®(s)X®)(t)) (p > 0), the relation (2.1) is equivalent to

Lo (s, 8) 4+ Lo (¢, ¢) — 2LLror0) (s, ¢)

4.1 lim  sup —dy(t)| = 0.
(41) h=0 ¢ tefo,1] |s — 15|2BO olt)
|[s—t|<h,s#t

We set k = kb, ki, = (k + iu)oy, iw = (k + iuv)d,, (= 05, éju = (¢ + ju)d, and
Ciuw = (€ + juw)s,. Next, from the definition of Aguk) X given in (2.2), we get

E(Afﬁg XAE’?Z) X) = Z (li7ra,j77»1[4(0’0) (k'w, E]u)

1,j=0

Case 1, =0. As >"'_,a;, = 0, we have:

(4.2) E(Aﬁ?,g XAS;) X) =

T

Z Za'i,raj,r{m(op) (kzua Eju) - i]L(O’O) (kzua kzu) - §IL(O7O) (Ejua E]u) } .

i=0 j=0

<



16 D. BLANKE AND C. VIAL

Case 1, > 1. We apply multiple Taylor series expansions with integral remainder. Next, the
properties Y . a;,i* =0 for p=0,...,7 — 1 (and convention 0° = 1) induce :

(4.3) E(Aﬁ?,g XASQ X) =

1 - 1 - T*il kK 5 ;
Za'z ra'jT u Zj52 // U ) IL(T o’ )(kiuvagjuw) dvdw
0,1]2
1

—1))

i,7=0

where we have set 7* = min(ry, r) >

B. From expressions (4.2)-(4.3), we now derive the asymptotic behaviour of E( (A, X ®)?).
Case ry > 1, 7 =1y + 1 or r = ry+ 2. In this case, 7* = r, < r — 1. From (4.3) and the
property Z;O a; 1" =0, we may write

r 1 ro—1
(44) E A(” Z a; ra, (u*ijo2)"™ miC <1 —w)"™ {]L(’"O’m)(k ki)
rk i,rWijr 0.1 — 1)'>2 vy Vjuw

1,j=0

1 .
= L s i) = SEO ) } s

= |iv — jw|ud,, we decompose E(Af,”k) X)? into Sy, (k) +

Using the property ’kwv — /%juw
Son(k) + San(k) where

(1=v)(1—w))ro=t 98 .
Sin(k a; raj-(17)" (udy,) // liv — jw|™™ do(k) dvdw
”ZO ” [0,1]2 To - 1) )2
(T=ov)X—w))ot o
Son(k a;raj (1) (udy,) // liv — jw|™*
”ZO ” 0,1]2 To - 1)!>2

{do(l%;]uw) do(k)} dvdw

and S3, (k) is defined by

E ((1—v) w)) 128 ;
_ )ro _ o | _ .
i, (i7)" (udy,) //0 o1 ((ro — 1) )2 liv — jwl do(kjuw)

4,j=0

+ dvdw.

{]L(TO TO) (kluv7 kluv) IL(TO TO) (kjuw7 k]uw) - 2]L(TO,T0)<]‘€7:U'U7 k]uw) }]
|(iv — jw)u5n|260

_2(7’0+ﬁ0) Ny
From the locally stationary condition (4.1), we get that ”71 g Sgn(k) —— 0. Con-
TLT, n—oo
k=0
cerning Sy, (k), uniform continuity and boundedness of the function dy on [0, 7] implies

—2(7"0—}—50) Ny T
D D Son(k) < C(F,1e) Y sup  sup  |do(t+ juwd,) — do(t)] — 0.

ny+1 k=0 =0 wel0,1] te[0,(nr)dn] n—00
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Finally, since nd, —— T"

n— o0

5—2(7‘04-50) nr
- > Sinlk) —— ue(r,ry, By)

n 1 n—o00
rt k=0

with

£<T7 TOa 50) -
- 1

a’ivrajvT(ij)m ro—11: . 1280 T
- 30 G, =l dedu) [ doa)

Next by performing elementary but tedious multiple integrations by part and using the
property Z;Zl a;,j* = 0 for p = 1,...,7 — 1, we arrive at the following simpler form of
U(r, 1o, o) given in (2.3):

_ (_I)TO—H f()T do(t) dt - 2ro+260
U(r,mo,B0) = T8 1 2r) - (25 + Zawaﬂ\z—ﬂ :

1]0

Case ro =0, 7 =1, + 1 or r = r, + 2. The proof is the same but starting from (4.2) (with
¢ = k) rather than the relation (4.3).

Casery > 1land r=1,...,7. In this case, 7* = r and starting again from the relation (4.3),
one gets

r—1

(1 — ) )
B(AY X)? = u” Zaz v (1565)" // w) L) (K, k) doduw.
0,1]2

= 7’—1))

The result follows from uniform continuity of L"), r = 1,...,7, and the property
E(XO (1)) = LOD(8,t).

4.2. Auxiliary results. The following lemmas give some useful results on the asymptotic
behaviour of C,(k, ) and C%(k,¢) with C,(k,¢) = Cov (Ai”,g X, Aff"e) X).

Lemma 4.1. Suppose that Assumption A2.1 is fulfilled and let u be a positive integer.
(1) Under Assumption A2.2(1) and for r =r,+1 orr =r,+ 2, one obtains

. o) g0<<)
s, IO = {06 i) 75—}
=0y 4= O(n~CGrotD) gl < Bo <1l

and

o O(n72H+1) if 0 < Bo ,

Ci(k,0) =< O(n2M*Inn)  if B, =3,
k=0 (=0 O (n~Uro+2) if 3 < BO <1.
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(i1) Under Assumption A2.2(2) and for r = r, + 2, one obtains (Jmax Z |C,(k, 0)| =

..... ‘e
) and 2202 k() = O(n~ 2+,

k=0 ¢=0

(i) Ifr = 1,...,ry (withr, > 1), then max. Z|C (k,0)] = (9( _2r+1) andiZ@z k,0) =
""" " =0 k=0 £=0
O(n74r+2>.

Proof. Setting p(t) = E(X (), one has

Crlk,0) = 3 airay, {LO (s, €)= plkin)i(€)

1,7=0

Similarly to (4.2)-(4.3), we get the expansion

)L —w)T T .
2 (r ) (I.. ,
(4.5) ok, 0)= E a”aﬂ U 2j<5 // — e K (Kiwws L) dodw

for r* = min(r,,r) > 1 while if r, = 0:

(46) Cr(k’, E) = ai,raj,r]K(kiua Eju)

i=0 j=0
(i) Case 7o > 1, r =1y + 1 or r = 1, + 2 and A2.2(1) satisfied. In this case r* = r, and we
have the bound:

max. Z C,(k, 0)] < Unn(F, o) + Usn (T, 70) + Us (T, 1)

.....

k—ur—1 o

with Uy, (Foro) = max > |Cu(k, 0)], Un(Forg) = max > |C,(k, 1)

=0 (=k+ur+1
min(n,,k+uF)

and Us, (T, 7,) = | max Z |C,.(k, 0)].

Ny
{=max(0,k—uT)

First, consider the sum Uy, (7, 1) +Us, (7, 7,) where |k — ¢| > ur+1. We have Z?:o a; 1" =
0forr=r,+1orr=r,+2and (4.5) may be written as follows:

7" 1 — U TO 1(1 — w)rofl o) /3 .
00 S ) f[ B o
(

(4.7) — KT (k) — K )(ku é) + Kroro)(f, zf)} dvdw

i,7=0
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and since [k, kiy] and [0, £;,,] are distinct for |k — 1| > uF + 1

T ro 1(1 _ w)rofl
2. 2
= E a; i, (u ’Lj5 //
J ( [0 1]2 TO - 1)')2

i,5=0
UV Juw
X / - Koot (s ¢) dsdtduduw.

By this way, the condition A2.2(1) gives the bound

|U1n(F7 7”0) + UZn (Fa TO)| S Cl (Fa 700)527’0 X

k— “7’ 1 k4+-urén, Z—i—urén
max —2(1=F) 4 sd¢
k=ur+1,...,n,

k+urdn pl4ursn
+ max / / (s —t)~ 2(1=Po) dsdt)
k=0,...,n—2ur—1

(=k+ur+1

involving, in turn, that
|U1n (T, 1) + Uy (T, 1) | < Co(T, 1)1 Hz —2(1=Fo)

which is of order n™" if 0 < 3, < %, n~Hnnif 3, = % and n=2ro~Lif g, > 1
Next, for Us, (T, r,) where |k — ¢| < uF, we proceed similarly as in the proof of Proposi-
tion 2.1, on basis of the following decomposition derived from (4.5):

1 . o (1= 0)(1 —w))™"
ok, 0) = Z azra]r//o U 2j<5 (=112

2] =0 [0,1]2

I (ro:70) I (ro.o0) — 9LL(ro,0) .
{ (kzuvu kwv) + (gjmw EJ;L;:? <k“w’ g]uw) — dO (Ejuw)} dvdw

280

kiuv - gjuw

kiuv — Yjuw
2

A o U o

2,7=0 [0,1]?

do (€ ;) dvdw

X
/N
IS
<
3
O\
_
—~
IS
<
3
S—
3
o
—~
[a—y
|
g
N—
3
o
—
Y
=
s
=)
—~
>
<
S
SN—
7;
<
<
—~
.
SN—
SN—"
3
N——

The relation (2.1) gives a o(6) for the first term while one obtains a O(d) for the fol-
lowing ones, using uniform continuity of dy and Cauchy-Schwarz inequality. The result is
Usn (T, 1) = (’)(n_H) as nd, — T > 0.
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Concerning Z Z C2(k, ¢), the proof is essentially the same and we outline only the main
k=0 ¢=0
steps. We start with Z Z C2(k, 0) < Vin(T, 1) + Vau(T, 1) + Van(T,7,)
k=0 ¢=0
Ny k—ur—1 n—2ur—1 Ny
where Vi, (F.ro) = > Y C(k,0), Vou(Torg) = Y Y CX(k,0) and Vs, (7, 1,) =
k=ur+1 €=0 k=0  f=k+ur+l

n, min(n,k4ur)

Z Z C%(k,0). From (4.7) and 7 = r, + 1, Assumption A2.2(1) gives

k=0 ¢{=max(0,k—uF)

‘/1”(?’ To) + ‘/271(?’ To) < C] (?7 7‘0)54710 X

ny k—ur—1 k+urdy pl+urdn 2
( 3 Z / / 20 d st )

k=ur+1
n—2ur—1 Ty k+urdy pl+ursn
S Y (f / 2”°dsdt))

implying in turn that Vi, (7, 7,) 4+ Van (7, 70) < C4(F, 7o)n~ 2+ Z i~40=5) which is of order
i=1

L0 < B, < 2, 3 n 2+ nn if B, = % and n=40=2 if 3, > %. Next, from (4.5), one may
deduce that V3, (7, ro) = O(n#T),
(i, followed) Case r, = 0, r = ry + 1 or 7 = r, + 2 and A2.2(1) satisfied. Both results are
obtained by starting from (4.6) rather than (4.5).
(ii) Case where r, > 1, r = r, + 2 and A2.2(2) holds. The single difference occurs for
terms Uy, (resp. Vi,) and Uy, (resp. Va,). Since r = r, + 2 and 2;1 i e =
0, one may add or subtract quantities as juvd, KUt (& (5,.,), uvd, Krothro) (k) or
ijutvwd? Krotlrotl) (k. f) without changing the result of (4.7). Thus,

ro—1

(1 —v)o 11 —w)
ok, 0) = Z W ro+20j, r0+2 u 135 //01 CESIE

Z_] =0
iuv juw t rs
X/ / / / Kro+200t2) (y, 2) dydzdsdtdoduw,
k 14 kJ i

By this way, the condition A2.2(2) gives the bound
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|Uin (7, 70) + Uan (T, 70)| < C3(T,79)0270 x

k— 1”" 1 E+ursy  A4+uTss,
( max / / / / y) 2P0 dydadsdt
k=ur+1,...,
k+urs, pl4urs,
+ max / / // —2z)” 2(2=60) qy dzdsdt)
k=0,...,n—2ur—1

{=k+ur+1

so that |Uy, (T, 70) + Uan (T, 70)| < Cu(T,70)00 HZ 2C=5) = O(n~H), for all 3, €]0,1[. On

the other hand, one obtains that
|‘/1n(Fa To) + ‘/277/(?7 T0)| S C:;(?, ,ro)nf2H+1 Z ,L~74(2*50) — O(anHJrl) .
i=1
(ii, followed) Case r, = 0, r = 1, + 2 and A2.2(2) satisfied. The same methodology applies
starting from (4.6) rather than (4.5).
(iii) Case r = 1,...,7, (with 7, > 1). The expansion (4.5) becomes

252 —v)(l —w))"! () (L. p.
(k) = Z Wiy //01 iju 5 ((r e K" (ki Cjunw) dodw

1,7=0

and both results follow from uniform continuity of K" since r < r,.
O

The next proposition gives general exponential bounds, involved in the proofs of our main
results.

Proposition 4.1. Suppose that Assumption A2.1 is fulfilled, let n,(r) be some given positive
sequence and u € N*.
(i) Forr =r,+ 1 orr =ry,+ 2 and if Assumption A2.2(1) is salisfied, one obtains for

(4.8) ¥n(Bo) = n"15 11(Bo) + 1 (In )L 1y(Bo) + 0250711 5((5,)

274[

T () T gy (B) + 07 g y (o),

(4.9) ©1n(Bo) = nHHﬂ]o,%[(ﬂo) + 0 (In ”)_11{5}(50) + ”2(r°+1)1}§,1[(5o)7
(4.10) Pon(B) = n2H+1]1} §[(ﬁo) + n?H (In n>711{%}<60) + n4(ro+1)ﬂ]%,1[(ﬁo>

and the conditions 1, () (1) —

(4.11) < ) (AW x ( A X)2 )) > nn(r)) = (’)(exp < — Di(r) 802n(5o)772(7“)>)
while for n,(r) such that ¥, (Bs)na(r) — ¢ €]0, +o0]:

(4.12) IP(‘ ( (AW x )) > (r )) - (’)(exp(—DQ('r) goln(ﬁo)nn('r’)>).
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(ii) For v =r, + 2 and if Assumption A2.2(2) holds, the condition nfin,(r) — 0 implies
(4.13) IP< (AW X)2 — E( (A&“’X)?) > nn<r>) = O(exp (= Ds(r)n*™ i (r )))
while if nfln, (r) — ¢ €]0, cc]:
(4.14) ]P( (AMX)2 — E( (Aﬁu)X)Q) > nn(r)) = O(eXp (= Da(r) nH“nn(T)))-
(iii) If r = 1,...,7 (with v, > 1) and n*n,(r) — oo:

(15)  P(|@aPX2 —B((AMX))| 2 m)) = 0(exp (= Ds(r)nm(r)))

where D;(r)’s are positive constants not depending on n and n,(r).

Proof. For all r > 1, we may write

(4.16) ]P< )(AWX)? - ]E< (A x )2 )‘ > nn(r)> < S+ S,
s T 1 n
with S = P( S 0(A% X — B(Al} X))? - Var (A7) X)' 5 (et Dina(r) 2)” ('r’)) and
k=0
N u u u ny + D (r
5 = P([S0EAL X)) (A x — B X)) > et Dml)y
k=0
First, let {Y;}i=1,. 4, be an orthonormal basis for the linear span of {AT 2 X te—o...n, (SO
that Y; are i.i.d. with density A(0,1)). We can write
dn dn
A X~ B(AX) = 3o (A8 XY= Sy
i=1 i=1
Next, if Y = (Y7,...,Yy, )", we obtain
Sl X —BAY X Z ¢:;YY; =YTCY and Z Var (A Z Cii
k=0 i,j=1 =
ny+1
with Cij = ZO bmbk] so that for C' = (Cij)]i 11 AAAAAAAAA (Zl 7; and B = (b]”)kj Oi;:’.T.L,Tiﬂ’ one gets

C = B" B where (' is a real, symmetric and positive semidefinite matrix. There exists
an orthogonal matrix P such that diag(A1, ..., Ag,) = PTCP, for )\ elgenvalues of C. Then

Ny

we can transform the quadratic form as: Z(Af,ulg X — E(A u) © X)) Z \i(PTY)? where
k=0
(P"Y'); denotes the i-th component of the (d x 1) vector PTY. Since E | Cii = 2?21 i =

Dy,
oo Var (Ag“lz X), we arrive at S| = < ‘ Z )\ (P'Y ‘ > #) Now, with
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the exponential bound of Hanson and Wright (1971), we obtain for some generic constant c:

1 (ny + 1)np(r)
max(A;)’ > )\:27 ))

S1 < 2exp (—c(nr + D)na(r) x min(

Next, since BB and BB' have the same non zero eigenvalues, we write

ne+1
(u) (u) (u) (u)
< _ _
z:IEa},fin )\z = Ogll%%z}fﬂ ; )E(Ar,k X E(Ar,k X)) (Ar,f X E(Ar,é X)) ‘
ne+1
<
< max ; |k, )

with C,(k,¢) = Cov (Ai”,g X, Aff"e) X). Moreover

dn dn dn ne+1ln.+1 dy ny+1ne+1
i=1 i=1 j=1 k=0 (=0 i=1 k=0 ¢=0
Finally
(4.17)
(e Dma(r)
S; < 26Xp<—c(nr + Dna(r) x min((0<g¥}1}fﬂ Z | C,(k,0)]) ’nr+1rm+1 n ))
=0 > > Gk, 1)
k=0 £=0

For the term S, in (4.16), we employ the following exponential bound with Y ~ N(0, 0%),

o > 0: for all € > 0,
) [202 g2
IP(|Y| > 5) < mln(l, 71'—52) X eXp(—@)

We set YV = ZZ;O(E(A% X))(Aiuk) X - ]E(Af,ulg X)) and & = (“52)n,(r). We obtain that
Var (Y) < v,(r) with

._ (u) 2
(4.18) U (1) = n, max (E(AL X)) Jnax ; IC,(k, 0)]
so that
41/2v,(r)

(4.19) Sy < min (1,
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Finally collecting the results (4.16)-(4.19), we obtain:
(4.20)
o ([P - (%) 2 ) - ot n:"“%exp<—c<r>’z:z£§>>>

ne+1

#0( e (~Crmr) x min(( s, 3 1606 0) EZID—((;@»)

k,6=0

for some positive constant C(r), not depending on n nor 7,(r). Now from (4.20) and
Lemma 4.1, one may deduce all exponential bounds claimed in (4.11)-(4.15).

(i) Case r = 1, + 1 or r = 1, + 2 and A2.2(1) holds. First, for r = r, + 1 or r = 1, + 2,
and since p(.) is (1, + 1)-times continuously differentiable, a Taylor decomposition of order
7o+ 1 (similarly to the derivation of (4.3)) gives ]E(A(") X) = O(n~ "), Next, from (4.18)
and Lemma 4.1(i), one obtains v, (r) = O(n "¢, (ﬁo)) with ¢1,(5,) given by the relation
(4.9), implying in turn that Sy = O(exp( C(r)n 2Aro+1) <P1n(5o))77n( )) Moreover, for 1,,(5,)
defined in (4.8) and ¥, (B,)n.(r) — 0, we have : S; = O(exp( - C’(T)cpgn(ﬁo)ni(r)»
for, again, some generic positive constant C(r) and with ¢o,(5,) given by (4.10). As a
consequence, one gets that Sy = 0(S;) for all 3, €]0, 3] while S, = O(S)) for 3, €]3, 1[ (this

g
last case is of no interest since exponentials don’t converge toward 0).

On the other hand, if ¢, (5,)n,(r) = ¢ €]0, +00], one gets the claimed bound from (4.20)
since S is the worst of the same order as S} = O(exp (- C(T)cpln(ﬁo)nn(r)))

(ii) Case r = r, + 2 and Assumption A2.2(2) holds. In this case, Lemma 4.1(ii) implies that
v (1) = O(n*(“‘)“ﬁo“)) for all 5, €]0,1[, and if ¥, (B,)n.(r) — 0, Sy is again negligible

toward S; = (’)(exp (= C(r)n*p2(r ))) The same conclusion holds for v,,(5,)n,(r) —
¢ €]0, +00], since the bound (4.20) results in S; = (’)(exp (= C(rn™ 1y, (r )))

(iii) Caser = 1,...,r, (r, > 1). For this case, we have E(Af,”k) X)=0(n"") and, Lemma 4.1(iii)
ne+1

. . _ —2r+1 — —4r+2
implies that oA ; |C.(k,0)] = O(n ). We get that v,(r) = O(n ) and

S1 = (’)(exp (- C('r)n%nn(r))) Next, the condition n?"n, (r) — oo implies

p( )(AWX)? —B( (Al x)? )) > u(r) )
1
= O( 1y O (= COMTE0)) ) + O (exp(=CI*m(r) )

and the first term is again negligible. O

4.3. Proof of Theorem 2.1.
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Proof. Recall that 7, defined by equation (2.5), is given by:

To = min {T e{2,....m,} : By(r) holds} -2

where the event B, (r) is defined by B, (r) = {n*? (A,QI)X)2 > by}
First remark that m, — oo guarantees that for n large enough, r, +2 € {2,...,m,}.
From the definition of r,, we write

My —2

E(f —10)" = Y (r=r)"P(R =7) + (lo — r,)°P (7 = lo)

r=0

and
P(7, = 0) = P(B,(2)) if r =0,
P(fo=r)=P(B(2)N---NB(r+1)NB,(r+2))ifr=1,...,m, — 2,
P(f, = lo) < P(B;(ro +2))

Next, setting Eal =3 =30 =0, we have for all 7, € Ny:

< mz_;(r —74)°P(By(r +2)) + P(BS(ro +2)) ( mijl(r —70)% 4 (lp — 70)%)
<2y P(Bu(r+2)) + O(P(Bi(r, +2))m)
= O(Tr) + O[T (r)

where we have set T1,,(0) = 0 and

(4.21) Tin(re) = %]P(Bn(r)), for 7, > 1

(4.22) Ty (ry) = 1;(135(% +2)).

Now, the study of terms 7T}, and T5, may be derived from Proposition 4.1.

Term T3,(r,) (when r, > 1).
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If ry ::7’0+1and25-~-50,wehave

To

r=2

_ Z ( A(l E(AQ)X)Q > bnn272r - E(Aﬁl)XP)

+ P((A&i X)2 =~ BAYX)2 > b2 — (AT X)? )

Forr=2,...,1 (1, >2) and n,(r) = b,n*"%" — ]E(ASUX)Q, one obtains n* n,(r) ~ b,n* —
oo by relation (2.4) of Proposition 2.1(ii). We make use of the bound (4.15) of Proposition 4.1
to obtain that the first term is of order O( exp(—D(r,) b,n*)). For the second term, we set
Na(re) = byn=270 — (Aﬁ X)2. Proposition 2.1(i) implies that v, (8,)0.(r,) > b,n** —
oo for all B, €0, 1], which gives, help to the exponential bound established in (4.12), a
(’)(exp (= D(ro)bu(n 250“]1]0 [(ﬁo) ]1{ }(60)—1—712]1 1[(60))) for this term. To conclude,
we obtain that :

77,2

Tin(ro) = O exp (= Dlro)bu (n* 1y () + () Uy (Bu) +n*Lyy (1)) )

Inn
Term T5,(r,). We have for ry = r, + 2:

Ton(ro) = IP((A%)X)Q < bnn*”r?)
—p (]E( (AVX)*) - (Ax)* > B((AhX)*) - bnn_Qm_Q).

If we set 7,(r,) = E( (A%)Xf) — b,n" 272 the condition b,n**"? — 0 and Proposi-

tion 2.1(i) imply that ¥, (8,)n.(re) > nfn.(re) = THl(ra, 1o, Bo) > 0 with £(rg, 1y, 8,) given
in relation (2.3). For some positive generic constant D(r,) not depending on n, Proposi-
tion 4.1 with the bound (4.12) gives, if Assumption A2.2(1) holds:

Ton(ry) = O(exp ( — D(ro)(nﬂ]o,%[(&) ( )1{ 14(Bo) + n21=Folq }%,1[(50)))),

while if Assumption A2.2(2) holds, the bound (4.14) results in:

Inn

Ty, (1) = O ( eXp(—D(TO)TL)>

for all 3, €]0,1]. For p = 1,2, we get that Ti,(ry) = 0(T.(ry)) and the claimed result
follows. 0

4.4. Proof of Theorem 2.2.
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Proof. We start the proof with, either p = 1 or p = 2, and thus denote by 7, (resp. r,) the
quantity 7, + p (resp. 7, + p). For some 7, > r,, we set

n—urp, Tp

1

(423) ln(ﬁoa Tovp) - 2 (n — UT 1 Z Z @i, Qg ’Lj
k=0 1,5=0
7"0 1 1 — ro—1
// (1)'210) |liv — jw|2ﬁ0 do((k; + juw)én) dvdw,
[0,1]2 — 1)!

for all r, > 1. In the case where r, = O we set

n—urp Tp

1 260 g k?+]u
_2(n—u7“p+1 D D iy i = 31 A=),

k=0 1,57=0

(4.24) 1n(Bo, 0,p) =

For some 7, > 7, we consider the following decomposition :

H n—ufp

Inu/v) HY = In (#ﬁﬂ > (LX) = @)L (o) + (uT) B )
_ (v H H
e kZ (A, X)” = WD) 1 (B, 7o ) + (WT) 1 (B, 0, 1)
Hence
(4.25) In(u/v)(HP — H) = F,(u) — F,(v) + o F,(u) + Fo(v))
with

n! (ARX)" — (T) M0 (Bor 70:2) _ Fyp () + Fainpl) + Fyp()
(UT)Hln(ﬁoa 7/‘Oap) (UT)Hln(/B(Ja 7”Oap)

where Fy , ,(u) = <(A(” X)Q—(AS;)X;Q) ) Fypp(u) = ((A(u X)2—1E<(A$Z)X)2))

and Fy,, ,(u) = nHE( (Aq(}; X)z) — (W) 1 (Bo, 7o, p).-

Fo(u) =

(i) Study of Fi,,(u). We show in this part that, almost surely for n large enough,
Fi,p,(u) =0 for p = 1,2 (as a consequence of 7y, = r,, a.s. for n large enough). For
this, we proceed similarly as in Blanke and Vial (2011), and as previously, we set

B,(r) = {an_ZW > by, }.
First, we have
{{7’“} =0} = B,(2) if 1, = 0,
{fy=r=B(2)N---NB(ro + )N Bp(re +2) ifry>1
so that
{10 # 1o} = B (2) ifr,=0
{7 # 70t = Ba(2)U---UBL(ro + 1) UBS(ry +2)  if 1y > 1.
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Then, for all r, > 0 and n large enough: P(r, # ry) < Ti,(r) + Ton(r,) with Ty, (1) and
Ty, (r,) defined in (4.21)-(4.22). We have shown that T3, = O(T2n<7’0)) and Ty,(r,) has an
exponential decreasing. This implies that > P (7, # r,) < 00, so, almost surely for n large
enough, 7, = ry. As a consequence:

(4.26) Fipp(u)=0

for p=1or p =2, a.s. for n large enough.

(ii) Study of F,,,(u). We apply directly Proposition 4.1 with p = 1 or p = 2. For
p = 1, we have: ]P< |Fona(u)] > 5) = ]P(‘(Afff)Xf - ]E( (A%‘)X)z)‘ > n*He). Next, for

nn =n" e, (8,) where

Inn\ 3 Inn Inn

e :=¢e1,(f) = 80(—) 21]07%[(60) + €O<W>1{%}(6O) + Eg(m)ﬂ]gg[(ﬁo),

n

go > 0, we get that 1,(5,)n, — 0 for S, E]O,%[, Un(Bo)n — ¢ > 0if 5, = % while
U (Bo) 1 — 00 for B, €]2,1[. From (4.11)-(4.12), we may deduce that for all 3, €]0, 1],

P(|Foni(w)] > e1(A) ) = O(exp(=Dy(r)ed lnn))

which gives, for ¢y chosen large enough, Z]P( |Fo ()| > €1n(B,)) < +oo so that, almost
surely, !

(4.27) limsup e, (By) [ Foni(uw)| < +oo.

n—oo

1

1 =
For p = 2, one may apply the bound (4.13) with e, = 50(ﬂ> * to get the same result
n
for all 3, €]0, 1] and &, large enough: almost surely,

(4.28) lim sup 5, | Fy no(u)| < +00.

n—o0
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(iii) Study of F;, ,(u). From (4.3) and proceeding similarly as in (4.4) in the case r, > 1,
we get
nB((A X)) ~ T8 E( (AYX))

n—ury, Tp

7" . ro—1
— TH Z Zé 260 az T‘pa_] Tp u Zj 0 // 1 U U})) ]L(T’(),T'O) (kzuvyk]uw)dvdw
n—ur, +1 0,12 7’0—1))

k=0 1,7=0

n—urp, Tp

iy ry zy 1 —v w))ro—1
(UT)HZ (Bo, 705 p) Z Z n—]ur +1) //01 ((ro — 1))

ka]O

X |iv — jwl

280 { IL(TOJ’O) (kzum ifzzw) + I[J(m ro) (kjuun k]uw) - Q]L(TO ro) (kzuvu jf]uw)
280

kiuv - Njuw
- do(/;;juw)} dvdw

with (5, 7, p) given by (4.23). Next, we introduce condition (2.6) by adding and subtract-
ing the function d;:

. ("H]E( (A, X0)° ) — (uT) "1, (B, To,p)) S

n—urp, Tp ro—1
H+B1 ZP ZP iy, Wiy (27)"° (i7)" // 1 —) w)) i — jw|2ﬁ0+61
(n—ur, +1) J Jiop ro—l) )2

k=0 1,7=0

L(TO’TO) (kiuv 7kiuv)+]L(T0’T0) (kjuwykjuw) 72E(TO’TO) (kiuv 7kjuw)

280 - do(ifjuw)

ii'iuv_ii"'uw B
X { | 'J ) 2 — dl(kjuw)} dvdw
kiuv - kjuw
n—urp Tp

T)H+5 @iy @i (1 l—v —w))!
~(u )2 3 Z iy Oy ()" // ) liv — j[20+er
(0,1]2

k=0 ijOn_ur+1 7”0_1))
dy (o) dodw.

The condition (2.6) implies the convergence of the inner braces to 0 (uniformly in v, w, k),
so for p =1 or p = 2, the uniform continuity of function d; gives:

uT)H+o o
(129) 1P By 1) — ! >2 S iyt (i)
i,j=0
1 - ro—1 1 T
/ / VA=) P dd x (L / dy (1) dt).
0,12 To - 1) ) T Jo

Finally, the case r, = 0 is treated similarly, starting from (4.2) instead of (4.3).
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Conclusion. To conclude, one may note that the denominator term, I,,(5,, 7o, p), defined in
(4.23)-(4.24), converges to the nonzero term:

Tp
ln(Bo, 70, D) m 5 2 ai,rpaj,rp(ij)m
i,7=0
1 — p)o—1(1 — ro—1 1 T
X // (1=v)"7 (1= w) liv — jw|*® dvdw—/ do(t) dt
[071}2 (TO - ].)'2 T 0
1 & 1 /7
. . . 2
for r, > 1 while if 7, = 0, 1,,(5,, 70, D) = T3 Z Wiy @iy |0 — J] Bo T/O do(t) dt.
4,j=0

Relation (4.25) and expressions established in (4.26)-(4.29) lead to the final result.

4.5. Proof of Theorem 3.1.

Proof. First, we set 7y = max(7y, 1) and, for 7 and X,(-) respectively defined in (2.5) and
(3.1), we adopt the simpler convention that 7y = lp = Xz (1) = X, —1(+) and Xg11(1) =

X, (+). Also, we will make use of the following lemma:
Lemma 4.2. For any Gaussian variable Y, B(Y*) < 3(]E(Y2))2.

4.5.1. Study of ef)(app(fg)). We may write

(X(0) — X))’ = 3 (X(0) - X)) Lo + (X(0) — X)Lty
= 3 (X(t) - )}F(t)) 1{m*r} + (X(t) - )}mn—l(t))Q]l{ﬁ):lo}

where 7 = max(r, 1) and for 7, = max(r,, 1),

mp—1

(X() — Xa ()" < (X() =~ X)) + Lgapry D (X () = Xi(t))”

r=0,r%#rg

Using Cauchy-Schwarz inequality:

Harp () < [ B(X(1) = K1) (1)

N

mil /OT (]E(X(t) ~X

r=0,r#rq

+ (]P(ﬁ) # 7”0))

3
—~
~
SN—
SN—"
I
\_/
[ V)
o)
—~
~
SN—
o,
~
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turning to, by lemma 4.2,

es(app(fy)) < sup (E(X(t)—im(t)f) /OTp(t) dt

t€[0,T]
VAP 3D (E(x() - %0))”) [ sty ar

Study of the term sup (E(X(t) — Xr(t))2>, r=1,...,m,. We have
t€[0,T]

sup <E(X(t) - )?r(t))2) = max sup (]E(X(t) — )Z,n(t))2>.

te[0,T] k=0,...,| " ]-1teT,

First, suppose that r, > 1. We use the decomposition established in Blanke and Vial (2008,
lemma 4.1) to obtain, for ¢t € Z; and r* = min(r, r,):

zyéz 1
E(X(t Zszr ]kr //[01]2 1—1) 1_ ))

i,7=0

X {L<T*vr*>(kr5n (= k18 v, k1o, + (t— krd,)w) — LO) (krd, + (t— krdy)v, kré, + jo,w)
— L) (krd, + i6,0, kré, + (t — kréy)w) + L) (kré, + 0,0, krd, + jénw)} dvdw.

Forr=1,...,r,—1, (r, > 2), we get that

E(X(t) - ZLW L (t ”52 //01 (1= o)1 —w)""

4,7=0
krén+(t—krdn) krdn+(t—krdn)w
/ / LU+ (5 1) dsdt.
k k

r0n+10nv 70n+jonw

As LU+Lr+D (. 1) is continuous, we obtain the bound: E(X(t) — )?r(t))2 = O(62%%). For
r=7ry,...,My,, We arrive at
(Z.j52)r0 / ro—1
E(X(t) Li.( () —— 1—v)(1—-w
e = 2 B0t i [ (00—

i,7=0

X {IL(”O”O) (kréy, + (t — krdy)v, kro, + (t — krd,)w) — ]L(”’”'O)(krén + (t = krd,)v, kro, + jo,w)
— ]L(m’m)(kimn + 6,0, krd, + (t — krd,)w) + ]L(m’m)(kimn + 10,0, kro,, + jénw)} dvdw.

Adding and subtracting terms like LU0 (kré, + (¢t — krd,)v, kré, + (t — krd,)v) and
L0 (kré, 4 (t—krdy )w, krd,+(t—kré, )w), or SLU00) (kré,+(t—krd, v, krd,+(t—kré, )v)
and %]L("O’TO) (krdp+ jonv, krd, +7o,v), ..., we make use four times of the Holderian regularity
condition (4.1) to obtain, using the bound L, ;. .(t) < r", that

- for =1y, sup B(X(t) — Xps(1))? = 08200460,

t€[0,T]
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-forr=ry+1,...,m,, sup E(X(t) - )?;(t))Q = O (m2(mntrotho) g2rotho))
t€[0,T]

Next, for r, = 0, we observe that above results hold true starting from

B(X(t) — X(t ZLW (O Lt 1) = L(t, K7, + jon)

i,7=0

— L(k76,, + 0, t) + L(kT0,, + id,, kT9,, + jén)}.

Collecting these result, and using the exponential upper bound established in Blanke and
Vial (2011) for P(7, # r,), we arrive at the final result, help to the logarithmic order of m,,.

4.5.2. Study of €2(int(f;)). Since fOT (X(t) — ~r+1)p(t) dt is again a Gaussian variable, in a
similar way as for approximation, we get the bound:

LWJ .
2 (int () Z Z / /I E(X(t) = Xops1(6)) (X(5) — Kgs (5)) p(6)pls) s

mMn

+VB(PR #Ar)” Y (sup (E(X(t)—)~(T+1(t))2>%>2(/OTp(t)dt)z.

r=0.r£70 t€[0,T]

NI

Study of the term E(X () — )?Toﬂ(t)) (X(s)— )?roﬂ(s)), (s,t) € Zy X Ij,. Again from lemma
4.1 of Blanke and Vial (2008), we get

E(X(8) = Xrpe1 (5) (X(5) = Xrpia (5))

ro+1 Z]52 [
_ Z L@',k,roJrl(t)Lj,k‘,ToJrl // 1 — U ))7’0—1
Pt 0,1]2
% {L(To,ro)<k<ro + 1)5n + (t — k(ro —+ 1)5n)’1}7 £<TO + 1)5n + (t - 6(7’0 + 1)5n)w>
— ]L(m’m)(k’(ro + 1)571 + (t - k(TO + 1)5n)1), E(TO + ]-)571 + ](;n'w)
— L0 (k(ry +1)6, + 10,0, £(ro + 1)0, + (£ = £(ro + 1)5,)w)
+ LU0 k(1 4+ 1), + 0,0, £(ro + 1)6, + j5nv)}

For non-overlapping intervals Z;, and Zy, that is |k — | > 2, we make use of Condition A2.2(2)
four times, by adding and subtracting the necessary terms, noting that

ro+1

D Ligrort (D Lyergs1(5)(i6) (562)"™ = (¢ = k(ro + 1)8,)" (s — £(ro + 1)6,)"

1,7=0
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with either r; = r, or r; = r, + 1 for : = 1,2. By this way, we get

WJ
S [ ECH0 = R ) (K ~ K )p)p(s) s
i, R
)1
=0 5Z(T0+50+1) Hk ( _1} 22-60)\ _ néi(roﬁ-ﬁo—l—l) -0 5Z(r0+50)+1 .
( |Z )=l ) = o(serm)

For overlapping intervals Z;, and Z,, that is |k — [| < 1, we make use of Cauchy-Schwarz in-
equality to obtain the same bound as above. Since the second part of ei(int (f;)) is negligible,
we obtain the claimed result.
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