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Bayesian approach to cubic natural
exponential families

Marwa Hamza and Abdelhamid Hassairi *
Laboratory of Probability and Statistics. Sfax Faculty of Sciences, B.P. 1171, Tunisia.

Abstract For a natural exponential family (NEF), one can associate in a natural way
two standard families of conjugate priors, one on the natural parameter and the other
on the mean parameter. These families of conjugate priors have been used to establish
some remarkable properties and characterization results of the quadratic NEF’s. In the
present paper, we show that for a NEF, we can associate a class of NEF’s, and for each
one of these NEF’s, we define a family of conjugate priors on the natural parameter and
a family of conjugate priors on the mean parameter which are different of the standard
ones. These families are then used to extend to the Letac-Mora class of real cubic natural
exponential families the properties and characterization results related to the Bayesian
theory established for the quadratic natural exponential families.

Keywords: natural exponential family, variance function, prior distribution, posterior
expectation.

1 Introduction and preliminaries

To make clear the motivations of the present paper, we first recall some facts concerning
the natural exponential families and their variance functions. Our notations are the ones
used by Letac in [9]. Let p be a positive radon measure on IR, and denote by

L) = [ exp(ra)p(da) (1.1)
its Laplace transform. Let M(IR) be the set of measures p such that the set
O(u) = interior{\ € R; L,(\) < +o0} (1.2)

is non empty and p is not Dirac measure. The cumulant function of an element u of
M(IR) is the function defined for A € ©(u) by

ku(A) = In L, (N).
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To each p in M(IR) and A in O(u), we associate the probability distribution on IR
P\, p)(dr) = exp(Ax — k(X)) p(dr). (1.3)

The set
F(p) ={P\p); A€ O(n)}

is called the natural exponential family (NEF) generated by p.
The function k, is strictly convex and analytic. Its first derivative k; defines a diffeomor-

phism between © (1) and its image Mp,. Since kj,(\) = /x P\, p)(dz), Mg, is called

n
the domain of the means of F'(u). The inverse function of k:L is denoted by 1, and setting

P(m, F(p)) = P(¢u(m), p) (1.4)

the probability of F'(u) with mean m, we have

Fu) = {P(maF(M))§ m € MF(M)}7

which is the parametrization of F'(u) by the mean.
The variance of P(m, F'(u)) is denoted by Vp(,)(m) and the map defined from Mp(,) into
Ls(IR), the set of symmetric function in IR, by

m — Vi (m) = Ky (v (m)) = (4,(m))~!

is called the variance function of the NEF F(u) generated by p. We also say that u
is a basis of F(u). An important feature of V() is that it characterizes the natural
exponential family F'(x) in the following sense: If F'(u) and F(v) are two NEF’s such
that Vi, (m) and VEw) (m) coincide on a nonempty open subset of Mpy N MEp(,), then
F(p) =F(v).

Now, for 4 € M(IR) the Jorgensen set of p or of F'(u) is defined by

M) = (2> 0; 3 i Ly (0) = (L, (6)) and ©(1x) = O(1)}.

A(p) is stable under addition which means that if A and X are in A(u), then A+ X are in

A(p), and puygar = px * -
For all A in A(u) we have

Mp(uy) = MMpgy and Vi) (m) = Vi (5):

Several classifications of NEFs based on the form of the variance function have been
realized in the last three decades. The most interesting classes of real NEF’s are the
class of quadratic NEFs, i.e., the class of NEF’s such that the variance function is a
polynomial in the mean of degree less than or equal to 2 characterized by Morris [11],
and the class of cubic NEF’s, i.e., the class of NEF’s such that the variance function
is a polynomial in the mean of degree less than or equal to 3 characterized by Letac
and Mora [10]. Recall that up to affine transformations and power of convolution the
class of quadratic NEF’s contains six families: the gaussian, the Poisson, the gamma,
the binomial, the negative binomial, an the hyperbolic family. The class of cubic NEF’s



contains, besides the quadratic ones, six other families, the most famous is the inverse
Gaussian distribution with variance function V(m) = m3. It is worth mentioning here
that multivariate versions of these classes have also been defined and completely described.
For instance, Casalis [1] has described the so-called class of multivariate simple quadratic
NEFs and Hassairi [6] has described the class of multivariate simple cubic NEFs which are
respectively the generalizations of the real quadratic and real cubic NEF’s. The fact that
the variance function of a family is quadratic or cubic is not only a question of form but
it corresponds to some interesting analytical characteristic properties. Indeed, the Morris
class of quadratic NEF’s has some characterizations involving orthogonal polynomials due
to Fiensilver [5]. These characterizations have been extended to the Letac and Mora class
of real cubic NEF’s by Hassairi and Zarai [8] using a notion of 2-orthogonality of a sequence
of polynomials. Other remarkable characterizations of the quadratic NEF’s are related to
the Bayesian theory. For instance, given a NEF F(u), Diaconis and Ylvisaker [4] have
considered the standard family II of priors on the natural parameter A defined by

th,ml (d)\) = Ct1,m1 exp(tlml)\ — tlku()\)) 19(#)()‘) d)\ (1.5)

where t1 > 0, mq is in Mg, and C}, , is a normalizing constant. This distribution is in
fact a particular case of the so called implicit distribution on the parameter of a statistical
model introduced in [7]. They have shown that if X is a random variable distributed
according to P(A, p) (see (1.3)), then the only conjugate family of prior distributions on A
that gives a linear posterior expectation of kL()\) given X is the standard one II (see also

[2]). Consonni and Veronese [3] have considered another family II of prior distributions
Tt1,m, on the mean parameter m defined also for £; > 0 and my in MF(M) by

Tty (dm) = Coy g exp(timadhy, (m) = tik, ($,(m))) 1 Mp, (m)dm. (1.6)

They have shown that the fact that II contains k:l’L(H) characterizes the quadratic NEFs.
These authors have also shown that if the prior on the mean parameter m is 7, ,,,, then
under some conditions on the support of p, the NEF F(u) is quadratic if and only if the
posterior expectation of k;()\) is a linear function of the sample mean. We also mention
that Diaconis and Yilvisaker [4] have shown that if the standard prior on A is given by
Tty,my With ¢3 >0 and my is in Mp(,,), then the expectation of k;()\) is equal to mq, that
is

Cthml /k;()\) exp(tlml)\ — tlku()\)) 1®(u)()‘)d)‘ = mq, (1.7)

or equivalently in terms of the mean parameter
m
Cy,, /7exp tymiy,(m) — t1k, (Y, (m))) 1 m)dm = mj. 1.8
o | ) ( u(m) 1 (Yu(m))) MF(#)( ) (1.8)

A natural question within this approach is if one can extend the properties and character-
ization results concerning the quadratic NEF’s and related to the Bayesian theory to the
Letac-Mora class of real cubic NEFs. The aim of the present paper is to give an answer
to this question. We first introduce, for a given NEF F(v) and f in some interval of IR
containing 0, a NEF F4(v) such that FO(v) = F(v). We then define a family II° of prior
distributions on the natural parameter # and a family II? of prior distributions on the
mean parameter m which may be seen as generalizations of the families Il and II defined



above, since II = II° and II = II°. After proving that for each (, the family I is a
conjugate family of prior distributions with respect to the NEF F#(v), we show that a
cubic NEF F(v) is characterized by the fact that there exists a § such that the posterior

k., (0
expectation of #(k’)(@ is linear when the prior on 6 is 715 mo- We also show that a cubic
- v

NEF F(v) is characterized by a differential equation verified by the cumulant function
k,. A third characterization of a real cubic NEF is realized when the family of priors II°
contains the family &/,(IT?). The restriction of all these results to the subclass of quadratic
NEF’s leads to the results of Diconis and Ylvisaker[4] and Consonni and Veronese[3]. The
results of the paper are illustrated by an example.

2 Main results

In this section, we state and prove our main results. Our considerations will be restricted
to regular NEFSs, so that the domain of the means of a NEF is equal to the interior of
the convex hull of its support. This property of regularity is satisfied by all the most
common NEF’s. An important fact which will be crucial in our proofs is that up to affine
transformations and powers of convolution, a cubic natural exponential family may be ob-
tained from a quadratic one by the so-called action of the linear group GL(IR?) on the real
families. Originally, the action of the linear group includes the affine transformations and
powers of convolution, however since these transformations preserve the class of quadratic
NEF’s and the class of cubic NEF’s, we will focus on the facts which we need here, for
more precise statements in this connection, refer to Hassairi[6]. Let F'(v) and F(u) be two
real NEFS’s. Suppose that there exists a § in IR such that the set

(Mpuy)p ={m € Mpqy;1+ fm > 0}

is nonempty and for m in (MFp)g,

Vi) (m) = (14 8m)° Vi (15757 (2.9)

then we write F'(v) = T3(F(u)). This defines an action on the natural exponential families,
so that we have TgTs = Ty and F(v) = Tg(F(p)) is equivalent to F(u) = T_g(F (v)).
We also mention that F(v) = Tz(F(p)) may be expressed in terms of the cumulant
functions of the generating measures by

ku(‘g) = ku()‘)
(2.10)
0 = —Bku(\) + A
or equivalently by
ku(A) = k()
(2.11)
A = Bk,(0)+6

An important fact is that the relation (2.11) between the cumulent functions may be
explicitly given it terms of the measures themselves. In fact if the a-power of convolution

4



Vo of v is written as v, (dz) = h(a, z)o(dz), where o(dx) is either Lebesgue measure or a
counting measure, then the measure

1
1-—px

satisfies (2.10) and generates the family 7_g(F'(v)). This measure p will be denoted T_g(v)
and the family F(u) = T_(F(v)) will be denoted F°.

We mention here that if F'(v) is a cubic NEF, there exists § in B F(v) and a quadratic NEF
F(p) such that F'(v) = F(T3(p)) or equivalently, F(u) = F(T_g(v)).

Besides the restriction to half lines for the domain of the means in the definition of

(Mp(,))s, we also define for v € M(IR) and 3 € IR, the sets

M(dx) = h(l - 5x’x)1A(l/)(1 - 51:)0-(03‘7;)

Ha(v)={r e R; 1+ pz c A(v)},

and

Bpwy =1{B € R; v(Hg) > 0}.
We have the following preliminary result.

Proposition 2.1 Let F(v) be a reqular NEF. Then

B € Bpyy if and only if (Mpyy)s # 0.

Proof We will make a reasoning for 8 > 0, the case § < 0 may be done in a similar
way. Suppose that there exists mg in (Mp(,))s, that is mg € Mp(,) and 1+ mg > 0. As
M) is equal to the interior of the convex hull of supp(v), there exist zo in supp(v) such
that xg > mg. This with the fact that 1 + 8mg > 0 imply that 14 Sx¢ > 0. Thus Hp is
an open set which contains an element of supp(u). It follows that v(Hg) > 0 and f is in
BF(V)-

Conversely, if 8 is in Bp(,), then v(Hg) > 0. Since Hg is an open set, this implies that
it contains an element zg of supp(r). We have on the one hand that 1+ Sx¢ > 0 so that
there exists € > 0 such that 1+ Sz — 8¢ > 0. On the other hand, as Mp(,) is equal to the
interior of the convex hull of supp(v), there exists mg in (Mp(,) such that [mg — zo| <e.
From this we deduce that myg is in (Mp(,))s- O

We now use the natural parametrization and the parametrization by the mean of the origi-
nal family F'(v) to give two parameterizations of the family F'(u). These parameterizations
are, for 8 # 0, different of the usual parameterizations of F'(u). In fact, for § € ©(v), we
write

P(B,0,v)(dz) = exp{(8 + Bk, (0))x — k,(0)} T_g(v)(dx).

Similarly, parameterizing by m € Mp(,), we write

P(B,m, F(v))(dz) = exp{(¢(m) + By Yy (m)))z — Ky (¢ (m))} T-p(v)(dz).
Thus we have that

F(p) = F” = {P(8,6,v)(dx); 6 € ©(v)} = {P(8,m, F(v))(dz); m € Mp(,)}.
Accordingly, we define for 3 in Bp(,) two families of prior distributions. Let

(0)5 = {0 € OW); 1+ BK,(9) > 0}.
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Then we have that (Mpy)s = k,,((©)g), and we define for ¢ > 0 and mg € (Mp(,))g;
Thmo (d0) = CF o (1+ BE,(0)) exp(tmof — th, (0)) 1(e), (0)db, (2.12)

and

n° = {ﬂfmo; t>0and mg € (MF(I,))B},
This family comes in fact from the standard family II defined in (1.5) using (2.11). The
normalizing constant Cf mo 18 then well defined for ¢ > 0 and mg € (Mp(,))s-

Besides this family of priors on the parameter 6, we define a family of priors on the pa-
rameter m. Always for ¢t > 0 and mg € (M F(,,)) 3, we consider the probability distribution

Fpmo (dm) = Cply (14 Bm) ™ exp(tmow, (m) — thy (4,(m))) Lz, ), (m)dm,

where @B mo 1S a normalizing constant. It is the image of 7y, ,, defined in (1.6) by the
/
map m’ — 7 —mﬁm >. The family of priors on m is then

I° = {%5,%; t>0and mg € (MF(I,))B},
Next, we prove that these families are conjugate families of prior distributions.

Proposition 2.2 i) The family TI° is conjugate family of prior distributions with respect
to the NEF FP parameterized by the natural parameter 6.

i1) The family 1% is a conjugate family of prior distributions with respect to the NEF
FP parameterized by the mean parameter m.

Proof i) Suppose that X is a random variable with distribution P(/3,0,v)(dz) and that
775 me 18 a prior distribution on the parameter §. Then the posterior distribution is

Cly (14 BE(0) expl(tmo +2)0 — (¢ +1 = B)lu0)) 101, ()
/ CP o (L4 BEL(0)) exp((tmo +2)0 — (t+1 — B2)k,(0)) L(e), (0) df

tmo + x
t+1—5x
Wf+1_ﬁX7(tm0+X)/(t+1_6X), and it belongs to IT1°. In fact, since t > 0, T_g(v) is concen-
trated on {1 — Bz > 0}, and mg is in (Mp(,))g, we have that to > 0 and 1 + Bmy =
1+t(14 pmo)

t+1-pBX
ii) Suppose now that Y is a random variable P(3, m, F(v)) distributed and that the prior

If we set to = t 4+ 1 — Bz and my = , then this distribution is noting but

> 0, so that my is in (Mp)g.

on the mean parameter m is 7?5 me» then the posterior distribution of m is given by

Chimg (L4 Bm) ™2 exp((tmo + y)du(m) = (t + 1= By)ku(bu(m)) Ly, s (m)

[ €y (L Bm) ™ exp((tmo + y)ulm) — (¢ + 1= Byl (u(m)) Ly, , ), () d

. . tmo + Yy . ~B .
This with t3 =¢t+1— By and m3 = m, is equal to Tt 1-BY, (tmo+Y)/(t+1—BY ) with
the required conditions to belong to I°. O
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t,mo

Corollary 2.3 Let (Xi,...,X,) be a sample P(j3,0,v)-distributed and consider 7
the prior on 0. Then the posterior distribution of 0 given X, ..., X, is

as

7’ - - -
t+n—pBnX,(tmo+nX)/(t+n—BnX)’

Proof It is easy to see that the distribution of the random vector (6, X1, ..., X},) is

Oy (1+ BEL(0)) exp((tmg +nT)0 — (t +n(1 — BT))k,(0)) L(e), (0 H T_5(v)(dx;)db.

With the same technic used in Proposition 2.2, we deduce that the posterior distribution

of # given Xq,..., X, is
B
7Tt+n—ﬁn?,(tmo +nX)/(t+n—pBnX)"

d

Proposition 2.4 Let F(v) be a cubic NEF. Then there exists 8 in Bp(,) such that, if the

, B
prior on 0 is m ., . then

( /{?/ (9) ) N mo
1+ Bk, (0)) 14 Bmg
Proof Since F(v) is cubic then there exist 8 in Bp(,) and a quadratic NEF F(u) such

that F'(v) = Tg(F(p)) and v = Tg(p). Using (2.11) it is easy to see that if the prior on
in (©)g is 70 then the prior of A in ©(y) is the standard T my, With ¢ = t(1 4+ Bmy)

t,mo

0
and m; = FR— Moreover we have C’t mo = Ct(14-8mo),mo/(1+Bmo)-
It follow that

k(6 5 )
E <#(k,’,)w)) = /C,{fm0 #(k;)(@ (1+ BK,(0)) exp(tmof — th, (0)) L), (0)dd
= [ €y BN expltmo(r — Bhu(N) — thu(N) Lo (N)dA
= / Ct17m1kL(A) exp(tlml)\—tlku()\)) 1@(“)()\)60\.

Invoking (1.7) we get

(o) =
a

Now we give a characterization of the cubic NEFs which is based on the linearity of the
posterior expectation.

Theorem 2.5 Let v be in M(IR).

1. If F(v) is cubic then there exists 3 in Bp(,) such that for alln > 1, if X1,..., X,
is a sample with distm'bution P(B,0,v) and the prior on the natural parameter 0 is

i ‘mg» then E( | X1,..., X, ) is linear.

_1+ﬁk’ (9



2. The converse is true if we assume that supp(T_g(v)) contains an open interval in
IR or is a finite or denumerably infinite subset of | — 00,0[, alternatively ]0,+o0],
with T_g(v){0} > 0.

Proof

1. From Proposition 2.4 and Corollary 2.3, we easily get

k., (0) ) tmo +nX
Bl—2"l X, .. X,) = ,
(1+ﬁk;(9) X t(1 + Bmg) +n

which is linear in X.

2. Conversely, suppose that there exists 8 in Bp(,) such that £ (% | X1, ..., Xn)
is linear for all n and a sample X7, ..., X,, with distribution P(3,0,v)(dx). Consider
p = T_g(v). Then using (2.11), we have that the distribution P(3,6,v)(dz) of
X1,...,Xp is equal to P(A, u)(dr) which is nothing but an other parametrization

involving u. We also have that

k,(0)

E (k0 | X1, Xp) = E (m

X, Xn)

which is linear in X1, ..., X,,, from the hypothesis.

On the other hand, as the prior on the natural parameter 4 is assumed to be 775 Mo
we get as prior on A € O(u) the standard prior distribution given by

th,ml(d)\) = Cthml exp(tlml)\ — tlku()\)) 1@(“)()\)(61)\),

with t; = (1 + Bmg) > 0, m; = € My, and Cy, m, = Cf.

1+ Bmyg tmo-

As we have that supp(p) = supp(T_g(v)) C supp(v) N {1 — Bz € A(v)}. the as-
sumptions on supp(T_5(v)) imply that supp(u) satisfies hypotheses (H1) or (H2)
of Theorem 1.1 of Consonni and Veronese. According to this and to the linearity
of the conditional expectation of the mean parameter of F'(u), we deduce that this

NEF is a quadratic. It follows that F'(v) = Tg(F(u)) is a cubic NEF.

O

In the following theorem, we give a second characterization of the Letac-Mora class of real
cubic NEFs.

Theorem 2.6 Let v be in M(IR). F(v) is cubic if and only if there exist 3 in Bp(,y and
(a,b,¢) € IR® such that for all m in My,

Vi) (m) = (1+ Bm)* exp (a, (m) + bk, (¢, (m)) + c). (2.13)

Note that (2.13) may be expressed in terms of the cumulant function as there exist § and
(a,b,c) € IR? such that for all 6 in Og

ky(0) = (14 Bk;,(0))° exp (ad + bk, (6) + ¢),

8



that is the cumulant function is solution of some Monge-Ampére equation (see[12]). Proof
Suppose that F(v) is cubic, then there exist 8 in Bp(,) and a quadratic NEF F(u) such
that F'(v) = Ts(F' () or equivalently F'(u) = T_g(F(v)). Then it follows from (2.9) that

Vi) (m) = (14 pm)® Vi, <1 fbﬁm) ,

It is known (see [1]) that for the quadratic NEF F(u) there exists (a/,1',¢') € R? such
that for all m/ in Mp,)

Vi (m') = exp(a’ypu(m’) + Uk (u(m)) + ).

Writing (2.11) in terms of the mean parameters we get

ky, (W(%)) = Ky (1 (m))
(2.14)

U (%) = Bl (m) + v, (m)
Therefore
Viw)(m) = (1+ pm)* exp(atpy(m) + bk, (1 (m)) + 0),
witha=d/, b=V +Bd and c=".
Conversely, if (2.13) holds, then
In Vi) (m) = 31In(1 + Bm) + ay, (m) + bk, (1, (m)) + c.

Taking the derivative, we deduce that the variance function satisfies the differential equa-
tion

(1+ Bm) Vi, (m) = 38V, (m) = (a+bm)(1 + Bm).
Solving this equation by standard methods gives

b b— Ba
_ 3 2
Vi (m) = ML+ Bm)* + 251+ gm)? = 2221+ fm),
which is a polynomial of degree less than or equal to 3. a

A third characterization of the cubic NE}V]:_NS is based on a relation between the associ-
ated families of prior distributions IT? and IIP.

Theorem 2.7 Let v be in M(IR). F(v) is cubic if and only if there exist 8 in Bp(,) such
that _
kK (11°) c T1°.

Proof Suppose that F'(v) is cubic, then from Theorem 2.6 there exist 3 in Bp(,) and
(a,b,c) in IR3 such that

Vi) (m) = (14 pm)* exp (aty, (m) + bk, (¥, (m)) + c). (2.15)
Consider the set

Q= {(tl,ml) € ]Rj, X (MF(V))ﬁ 7t1 —b>0and ﬁ € (MF(I/))ﬁ}



We will show that &/, (IT%) = {%gml; (t1,my1) € Q}, which is a part of I,
Let t > 0 and mg in (Mp(,))s, and denote by o the image by k!, of the prior ﬂfmo on 6
defined in (2.12). We easily verify that

o(dm) = Cﬁmo (1+pm) VI;(}/) (m) exp(tmo,(m) — tky, (1, (m))) 1(MF(V))5(m) dm.
This using (2.15) becomes

o(dm) = Cf) ,, (14 Bm) " exp(timidh, (m) — trku (¥, (m)) 1pg, ) (m)dm,

. tm() —a ~B Jé]
with &y =¢+0b, m1 = b and Ctl,ml = Ct1—b,(t1m1+a)/(t1—b)'
timi1 +a .
We have that t; —b=1¢ > 0 and . — M€ (Mp@))p, that is (t1,m1) € . Hence
|-

Ky (1) € {70, s (t1,m1) € Q)
In the same, we verify that
(s (t1,m1) € QF C K, (117),
Finally, we obtain that
k(%) = {7}, s (t1,m1) € Q) € TP

Conversely, suppose that &/ (TI°) c I1%. The image of an element 715 mo Of 1% by k! is by
the very definition

B (1 ) () = gy (148m) (Vi (m)) ™" exp(tmots, (m)—tk, (6, (m))) 1ag, ) (m)dm.
Since it is assumed to be in II?, there exists (t;,m;) in RY x (Mp,))s such that

kly(ﬂgmo)(dm) = 61561,7711 (1 + Bm)_z eXp(tlmlwv(m) - tlkv(wv(m))) 1(MF)B(m)dm

B

Comparing these two expressions of kj, (7,

) gives

Vi) (m) = (1+ pm)® exp(atpy, (m) + bk, (v, (m)) + ¢),

where
Cﬁ
a=tmyg—timy, b=t —t, and c=1In (%),
t1,m1
According to Theorem 2.6, this is the desired result and the proof is complete. O
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3 Example

In this section we illustrate our results by an example involving the most famous family
with variance function of degree 3 which is the inverse Gaussian natural exponential family.
Consider the distribution

) —3/2 22
vide) = S — exp(— g5 27) Uetrel (@)

which is up to an affine transformation an inverse Gaussian distribution. The NEF gen-
erated by v is given by

F(v) = {exp((1 + z)0 + vV—20) v(dx); 6 < 0}, (3.16)

its mean parametrization is

1+z n 1
(1+m)2 1+4m

F(v)= {exp(—2 ) v(dz); m > —1}. (3.17)

For all m > —1 the variance function is given by
Vew (m) = (1+m)°. (3.18)
Let pn = T_3(v), we have

1 2
V2ryT— Bz +x ST 1 By Hara-sms0 (0d
Now for 8 # 0 we have

p(dx)

60+\/ —20 2

P(B,6,1)(dn) = e exp<<e+ﬂ<—e—w—2e>>m—m>1{1_m+x>a}<x>dx,

so that
FP = T_5(F(v)) = {P(B,0,v)(da); 0 <0},

The corresponding family IT? of conjugate prior distributions is the family of distributions

1

Ty (d0) = Cpo (1+ ﬁ(ﬁ — 1)) exp{tmof + (0 + vV—20)} 1(@),(0)db,
where
@) = 1= 550" 0l
| —1/8, 400] if B<0
linf(—=1,-1/8),400[ if B>0
and
s 0 B tmg, B t8 t. B - 1
(Chmg) ™" 1 (= (5_1)2+ﬁ_1 2(ﬁ_l)z)] (1+8mg) DR TTY R



defined for t > 0 and mg in (Mp())s
Also, in this example, the family I1° is the set of distributions defined for ¢; > 0 and my
in (Mp,))p by

tl(ml + 1) " t1
2(1 + m)2 1+m

7’:‘:tﬁl,ﬂ’bl (dm) = étﬁl,ml (1 + IBm)_Q eXp(— ) 1(MF(V))/6(m)dm,
To see how Theorem 2.6 holds in this example, we need only to take § = 1. Then p =

T_1(v) is the standard gaussian distribution with Vp(,y(m’) = 1 for m’ € R. We see that

Vi) (m) = (14+m)? exp(ay, (m) + bk, (¢, (m)) + ¢),
with a = b=c = 0. In fact

V() (m') = exp(a/wu(m’) + b'ku(wu(m')) +c),

with @’ = b = ¢ = 0, and using the relations a = a/, b = ¥ + Bd’, ¢ = ¢, we get
a=b=c=0.

Concerning Theorem 2.7, we fist observe that the hypotheses in this theorem are well
verified. In fact, let 7Ttl,m0 be the prior on the natural parameter # and 7~Ttllm , be the prior
on the mean parameter m, then

tiy, = t+b=1t>0
tmg — a
L L € (Mp@))1 =1, +oo[.

The density function of 7Ttl7m0 is equal to

1
T exp{tmod +t(0 + v —20)},
and for all m > —1 the density function of k], (7Tt17m0) is given by

tmo t( 1 1
(1+m)? 2(1+m)?2 1+m

(1+m)"2 exp{—

)}

which is equal to 77'2517m0.
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