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Yohann GENZMER, Emmanuel PAUL
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Abstract

We consider the topological class of a germ of 2-variables quasi-homogeneous complex analytic func-
tion. Each element f in this class induces a germ of foliation (f = constants) and a germ of curve (f = 0).
We first describe the moduli space of the foliations in this class and give analytic normal forms. The clas-
sification of curves induces a distribution on this moduli space. By studying the infinitesimal generators
of this distribution, we can compute the generic dimension of the moduli space for the curves, and we

obtain the corresponding generic normal forms. L

Introduction

From any convergent series f in C{x,y}, we can consider three different mathematical
objects: a germ of holomorphic function defined by the sum of this series, a germ of
foliation whose leaves are the connected components of the level curves f = constants,
and an imbedded curve f = 0. Composing f on the left side by a diffeomorphism of (C,0)
may change the function but nor the foliation or the curve. Multiplying f by an invertible
function v may change the function and the foliation but not the related curve. Therefore,
there are three different analytic equivalence relations:

e The classification of functions (or right equivalence):
fo~r f1 & 3¢ € Diff (C?,0), f1 = fooo.
e The classification of foliations (or left-right equivalence):
fo~ f1 < 3¢ € Diff (C*,0), ¢ € Diff (C,0), o f1 = foo¢.
e The classification of curves:
fo ~e f1 & 3¢ € Diff (C*,0), Ju € Oz, u(0) # 0,uf = foo ¢.

In what follows, we are going to consider mostly the two last equivalence relations: as
shown in [1], when f has an isolated singularity, the difference between the two first equiv-
alence relations are minor. Finally, we emphasize that in our work, we will always require
that the conjugacies that appear above will respect a fixed numbering of the branches of
f=0.

In the same way, one can define topological classifications requiring only topological
changes of coordinates. The moduli space of a function, foliation or curve is the space of
analytic classes in a given topological class.

'Keywords: holomorphic foliation, moduli of curve, singularities.
A.M.S. class.: 34M35, 32565, 32G13



In what follows, we will denote by 7 the topological class of a quasi-homogeneous
function: we recall that a germ of holomorphic function f : (C2%,0) — (C,0) is quasi-
homogeneous if and only if f belongs to the jacobian ideal J(f) = (%, g—i). If fis
quasi-homogeneous, there exist coordinates (z,y) and positive coprime integers k and [
such that the quasi-radial vector field R = kxa% + lya% satisfies R(f) = d - f, where the
integer d is the quasi-homogeneous degree of f [14]. In these coordinates, f has p cuspidal

branches and maybe axial branches, that is to say, f is written
f=a" y”“’Hy + apz!) (1)

where the multiplicities satisfy ng > 0, ne > 0 and n, > 0. The complex numbers a;
are non vanishing numbers such that a;, # a,/. Using a convenient analytic change of
coordinates, we may suppose that a; = 1.

A germ of holomorphic function f is topologically quasi-homogeneous if the function f
is topologically conjugated to a quasi-homogeneous function. Therefore, following [11] and
[3] its desingularization by blowing up’s is the same as a quasi-homogeneous function, that
is to say: the exceptional divisor is a chain of components isomorphic to P!(C), the strict
transform of the cuspidal branches intersect the same component, the principal component,
and the strict transform of the axes, if they appear, intersect the end components of this
chain (see Appendix A and figure (6)). The previous expression (1) is a topological normal
form for such a function.

A topologically quasi-homogeneous function is not necessarly quasi-homogeneous. Ac-
tually, if we fix the analytic invariants a; which corresponds to cross-ratios between the
cuspidal branches on the principal component, the analytic class of a quasi-homogeneous
function is unique in its topological class T [14].

The first aim of this paper is to describe the moduli space of a foliation induced by a
topologically quasi-homogeneous function which is defined by the quotient

m=T/,

We give the infinitesimal description of this moduli space by making use of the cohomolog-
ical tools considered by J.F. Mattei for any germ of foliation in [12]: the tangent space to
the moduli space is given by the first Cech cohomology group H'(D, ©x), where D is the
exceptional divisor of the desingularization of f, and ©x is the sheaf of germs of vector
fields tangent to the desingularized foliation. Using a particular covering of D, we give
a triangular presentation of the C-space H'(D,©z) in Theorem (1.1). This description
leads us to consider triangular normal forms

Ny =za" y””"H v Y apam®)™ (2)

P(b,d)eT

by perturbing the topological normal (1) with some monomials following an algorithm
described in the subsection (1.2). This family of normal forms turns out to be semi-
universal as established in Theorem (1.10). In this way, we obtain a local description of
M By a compacity argument, we finally give a global description of this moduli space
in Theorem (1.15) and Theorem (1.16) by proving that any function in 7 is actually
conjugated to some normal form N, , and that the parameter a is unique up to some
weighted projective action of C*.
All the results of this first part can be extended to the generic Darboux function:
O = 1/\1 N

p



with complex multiplicities \;. Nevertheless, we do not insert this extension here, since
we have previously explain in [§8] how to perform it in the topologically homogeneous case.

The second part of our work is dedicated to the study of the moduli space of curves
in the quasi-homogeneous topological class. This problem is a particular case of an open
problem known as the Zariski problem. It has only a very few satisfying answer: Zariski
[16] for the very first treatment of some particular cases, Hefez and Hernandez [5, 6] for
the irreducible curves, Granger [9] in the homogeneous topological class and [2] for some
results which are particular case of our present results. Our strategy that we already
introduced in a previous work [8], differs from all this works: from our description of the
moduli space M, we consider the distribution C on M induced by the equivalence relation
~: two foliations represented by two points in M are in a same orbit of this distribution
if and only if they induce the same curve up to analytic conjugacy. Studying the familly of
vector fields that induce the distribution C on M, we compute the dimension of the generic
strata of the moduli space of curves M /c in Theorem (2.13). We give also an algorithm
in order to construct the corresponding generic normal forms in Theorem (2.14).

In order to keep a sufficiently readable text, we have postponed a lot of technical
computations in appendix.
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1 The moduli space of foliations.

1.1 The infinitesimal description.

We fix any class of function f in 7 which is not necessarily the quasi-homogeneous topo-
logical model. Let F be the foliation defined by f o E where E : M — (C?,0) is the com-
position of the blowing up’s appearing in its desingularization process. Let D = E~1(0)



be the exceptional divisor.

Since the transverse structure of a foliation defined by a function is rigid, i.e. completely
given by the discrete data of the multiplicities, any topological deformation is an unfold-
ing as defined in [12]. We know from the same reference that the tangent space to the
moduli space of unfoldings of a foliation F is the vector space: H!(D,©Ox), where O is
the sheaf on D of germs of holomorphic vector fields tangent to the desingularized folia-
tion. Furthermore, this vector space in a finite dimensional one, and gave a formula for its
dimension § involving the multiplicities of the foliation at the singular points appearing
at each step of the blowing up process. In the present topological class, we will give a
alternative description of this tangent space which will allow us to construct normal forms.

Theorem 1.1. There is a one to one correspondance between H'(D,Ox) and the C-
vector space generated by the integer points e;; in the triangle T in the upperhalf plane
(i,7), 3 = 0, strictly delimited by the two lines of equations

ki—(k—-v)(j—v.) = 0
li—(l—-w(G—-v.) = 0
where v, = klp — k — 1 + leg + ke is the multiplicity of the foliation on the principal

component of D — see Proposition (3.1) in Appendiz A for the value of £g and o —, and
u and v are defined by the Bézout identity: uk —vl=1,0<u <[, 0<v <k.

We give a presentation of the tangent space to the moduli space of a function in the
topological class: (k,l) = (3,5), p =4, ng = N = 0, ny = -+- = ny arbitrary, in Figure

(6).

Proof. We will make use of the notations of Appendix A: D1,... D,... Dy is the chain
of components of the exceptional divisor, D. the principal component, 6 the vector field
with isolated singularities

_of of _of of
(Ty’%)/g'c' '(Q—y’£)' (3)

Let Uy be an open set in M which covers US_, (D;) excepted a small disc around DN D¢y
in D,, and Uy, an open set covering UY.__(D;) excepted a small disc around D._1ND, in D.,.
Let U be the covering of D by these two open sets Uy and Uy, - see figure (5) in Appendix
A. We know from the proposition (3.6) of the Appendix A that H'(D,07) = H (U, 0 ).

Therefore we have
@]:(UO n Uoo)

07 (Uy) ®OFr(Usx)

In order to compute each term of this quotient, we consider the chart (x.,y.) of D. (see
the atlas of charts defined in 3.1.2). The vector field

_ E"0;
ye*
has isolated singularities, and defines F on Uy N Uy. Therefore we have:

Or(UoNUwx) =1{ Y Aijziyl-0is }.
i€L, jJELT

HY(D,0z) =

Gis

By the local monomial expression of E given by Proposition (3.1) in Appendix A, these
vector fields # blow down on meromorphic vector fields with poles on the axes:

E*9 — Z )‘i,j xil—j(l—u)—i—llc(l—u)y—ik-l-j(k—'u)—llc(k—'u) . ef
i€Z, jELT



Lemma 1.2. A vector field 0 in ©x(Uy N Us) extends to Ox(Up) —resp. to O x(Uso)— if
and only if the meromorphic vector field E.0 has an holomorphic extension on the y-axis
—-resp. T-aris—.

Proof. Clearly, if # has an holomorphic extension to ©#(Up) which contains the strict
transform of the y-axis, its blow-down has an holomorphic extension on the y-axis. On
the converse, if F,60 has such extension on the y-axis, 6 is an holomorphic vector field on
UpNUs whose meromorphic extension on Uy is holomorphic around the end point (Dy, 0).
We claim that this vector field is holomorphic on the whole open set Uy. Indeed, if the
multiplicities a; and a. of this vector field on Dy and D, are positive, the intermediate
multiplicities ay;, 1 < ¢ < ¢ are also positive. This is a consequence of the relations

o = €10, Qg1 = €0y — i1, 1 =2,---c—1

which can be obtained by using the change of charts, or by a similar argument as in
proposition (3.3). Since e; > 2 for i =1,...c — 1, we have

ay > a1, a1 — o = (e — Doy —im1 > o — oy, i=2,-c— 1
which proves that this sequence increases. O

End of the proof of Theorem (1.1). From the previous lemma we deduce that an element
0 in ©7(Uy N Us) belongs to © #(Uy) if and only if —ik + j(k —v) — ve(k —v) > 0 and
it belongs to O r(Ux) if and only if il — j(I — u) + v.(I — u) > 0. Therefore, there is an
explicit bijection ¥ between the C-space T¢ generated by the integer points e; ; in T and
H' (D, 0x) defined by:

v Z Aij€ij — | Z Nij iyl - 0is).

(i,4)€T (i,4)€T
|

Remark 1.3. The two vectors (k — v, k) and (I — u,l) are tangent to the lines which
bound the triangle T. One can easily check that H(D,©x) has a structure of Oy-module.
Since we have x = ¥ Uy* and y = zl7%yL, the multiplication by x or y acts on this

representation by translations of these vectors. That is why we adopt the notation
Z=(k—v,k) andy=(l—u,l).

The two lines cut the vertical azis (i = 0) at the point (0,v.). The triangular representation
of HY(D,©z) is completely determined by this point (0,v.) and the two directions T and
y ( see Figure (6) ).

This representation gives us a direct formula for the dimension 6 of H'(D,©z), by
counting the integers points in the above triangle. In order to give an explicit formula, we
need the following fact (whose proof is left to the reader):

Lemma 1.4 (and notations). The number of integer points in an open interval |a, b is
given by |b] — [a[, where [a[ stands for the usual integer part n of a: n < a <n+1, and ]b
is the “strict” integer part m of b defined by m < b <m + 1.

Since the intersections of the horizontal levels j with the two lines are given by a; =

b2 (j — ve) and b; = 5% (j — v.) we obtain




Proposition 1.5. Let v, = klp—k— 1+ keg+ e be the multiplicity of F on the principal
component of D. The dimension of H'(D,©F) is

Ve

5= 150G - vl - B - el

=0

Example. For the topological class given by (k,1) = (3,5), p = 4, without axis, by
counting the integers points in figure (6) in Appendix C, or applying the previous formula,
we obtain that § = 78.

1.2 Construction of the local normal forms.

We will construct here analytic models for topologically quasi-homogeneous functions
starting from the topological normal form (1). Since it already appears (p — 1) ana-
lytic invariants that is the value aj,, we have to add § — (p — 1) monomial terms of higher
degree. The construction to come is a priori based upon some algorithmic but arbitrary
choices. It will be justified by Theorem (1.10) in the next section.

In our previous work in [8], for the homogeneous topological class, in which the topo-
logical representative was p transverse lines, we straightened the fourth first lines on
zy(y + z)(y + as1z), added the monomials asoz® to the fifth line, ag22? + ag3z® to
the sixth, and so on. We generalize this triangular construction here by making use of
the quasi-homogeneous (k, 1)-degree. Nevertheless, the choice of the monomials and their
distribution between the branches is not so obvious here.

The figure (6) in Appendix C shows the procedure in order to construct the normal
forms associated to the topological class of

(v +2°)" (v* + a22®)™ (v + a32®)"™ (v + aaz®)™ .

The meaning of all the datas that appear on the figure will be detailed below.
The construction consists in three successive steps.

Step 1. The triangle of moduli. First, one has to draw the triangle T in the half plane
(1,7), 7 > 0, bounded by the two lines given by Theorem (1.1).

Example. For the topological type (3, 5) with multiplicities (0, 0, n1, ng, n3, n4) considered
in Figure (6), since 2 x 3 — 1 x 5 = 1, we obtain that v = 2 and v = 1. We have
Ve =15 x4 — 5 — 3 = 52. Therefore the triangle is bounded by the lines:

5i—3(j —52) =0, 3i—2(j—52)=0.

Step 2. Choice of the monomials. Let dy = kl the quasi-homogeneous degree of each
cuspidal branch 3* — ap2!. One can easily check the following fact :

Lemma 1.6. For any d > do, there exists a unique monomial 'y’ with quasi-homogeneous
degree d, such that j < k. We denote it: m®.

Example. For (k1) = (3,5), we find m'® = 2%, m'® = 2292 m!7 = 2%y, m!® = 25,...
Therefore, to each horizontal line of index j, one can associate the monomial m¢, d = kl+j.
We put them on a column on the right side in Figure (6).

Step 3. Choice of the branches. Now we will distribute these monomials between
the p cuspidal branches. The link between the monomial terms m® and md*t! is the
multiplication by the meromorphic monomial term 2’y = md+! / m®. According to remark
(1.3), this multiplication induces the translation ty = i@+ j§ between two consecutive lines
of the upper half plane.



Lemma 1.7. For any d, the components of the translations ty in the canonical basis of
the upper half plane (i,7) are either (1,1) or (0, 1).

Proof. Let m® = 2%y’ and thus ik + jl = d with 0 < j < k. Suppose first that j — v > 0.
Then m?*+! = z*t%y7~=v. Hence, in the the canonical basis, the components of t4 are
(itu—d)(k—v,k)+(G—v—710—-ul)=(1,1).

If j —v < 0 then m@t! = gitv—lyitk=v Tndeed, we have 0 < j+k—v < kand i+u—1>0
since from

(+uk=k+1—(G—v)l>Ekl.
In this case, the components of £y are
(u—1)(k—vk)+ (k—v)( —u,l)=(0,1)
O

Example. The meromorphic monomials form a periodic sequence of lenght 3 generated
by: y?/x3, x?/y, x?/y. The successive translations are ti5 = 2 — 3F, t15 = 24 — 7,
ti7 = 2% — §, tig = t15 etc..., whose components are (0,1), (1,1), (1,1). We put the
translations on a column on the right side of Figure (6).

Now we consider all the parallel paths issued from the integer points (i, 0) on the horizontal
axe, under the action of the successive translations t4. Let (¢,0) be the intersection of the
left edge of the triangle with this horizontal axe. We consider the p integer points:

M, = ([l +p,0), Mz = ([e[+p - 1,0),... M, := ([c[+1,0).

Notice that the (p — 1) last ones are inside the triangle, while the first one is outside.

Proposition 1.8. The p paths issued from the initial points M;, i = 1,---p, obtained by
the action of the successive translations tq pass through all the integer points inside the
triangle T.

Proof. Let i, and j, such that m@*" = xinyin Following the arguments in the proof of
Lemma (1.7), the sequence (i, j,) is explicitely defined by the following system

in =l+ua, — (I —u)b,
Jn = —wva, + (k —v)ay
ink +jnl =do+n

Jn <k

where (ay,,by,) is defined by (ag,by) = (0,0) and
Ap+1 B an " 1 Fi 0> 0
bn-‘,—l - bn 0 1 ]n vz
an 0 o
< b, >+< 1 > if 5, —v <0.
Notice that a,, is the number of translations of type (1, 1) occuring in a path of lenght

n, and corresponds to the horizontal component of the sum of the n first translations. We
consider the left side of the triangle given by the equation

ki —(k—v)j+uve(k—v)=0



and its intersections (z,,n) with the horizontal levels j = n. We have
k—wv
k
We consider the path starting from the last integer point ([c[+1,0). The successive integer
points of this path are given by the sequence (p,,n) = ([c[+1 + an,n). We claim that the

moving point along this path does not go too far away from the left side of the triangle.
More precisely, we have:

Ty = (n —v.).

(pn - xn) E] -1, 1]

Indeed, by solving the above system, we obtain

N
"k ko
Therefore we have:
k— k — k —
Pn — Tn = ([*l/ch[‘i’VcT’U + 1) + (an —n L U).

Clearly, the first part of the sum belongs to 0, 1], and the second one, which equals to %
belongs to | — 1, 0]. Therefore this path will catch all the first integer points of the triangle
on each level starting from the left side. If we consider the p parallel paths starting from
M;, k=1,---p, they will catch all the integers points of the triangle, since on each level
there is at most p points. |

These p paths give us a unique way to distribute the monomials a; gqm? on each branch,

putting the monomials encountered on the first path (starting from the right hand side)
on the first branch, and so on. With this path game, we do not miss any point of the
triangle according to the previous proposition. Each integer point of the triangle can be
represented by the new coordinates (b, d) (b: the index of a path or branch; d: the index
of a level, or degree). From our construction, they are related to (i,j) by the change of
coordinates

d—1

(i,) = ®(b,d) = ([e[+p+1—b+ > aa, d—kl), (4)
d=kl—1

where ag;—1 = 0, and for d > kl, g is the horizontal component of tq.

In conclusion, the general writing of the analytic normal forms for foliations defined
by a function in 7 obtained by our construction is:

P
N, = a0y H(yk + Z ap,gm)™ (5)
b=1 @(b,d)ET

where a = (ap,q) belongs to the open set A of C? defined by a1 =1, ap e # 0, ap i # ap ki
for b # b, and ®(b,d) is defined by (4).

Example. From the figure (6) in the Appendix C, the analytic normal form N, of the
foliation defined by a function f in the topological class (k,l) = (3,5), p = 4, n =
(n1,n92,ns3,n4) are given in the same Appendix: we add 2 monomials on the first branch,
16 on the second, 31 on the third and 29 on the last one.

Remark 1.9. Contrary to & and §, the translations ty are not well defined in the coho-
mological module, since they don’t keep invariant the half planes corresponding to ©(Up)
and ©(Us,). For this reason, we will only consider their action on the global half plane,
i.e. on the set © z(Uy N Us) of cocycles.



1.3 Local universality

The construction described in the previous section is justified, a posteriori, by the following
result:

Theorem 1.10. We fiz a® = (ab d) in A, and we consider the foliation Fqy defined by

Ngo. The unfolding {Na, a € (A,a®)} is a semi-universal one among the equireducible
unfoldings of Fo.

This means that for any equireducible unfolding {F;, t € (7,t°)} which defines Fy for
t = 10, there exists a map A : T — A such that the family F} is analytically equivalent
to Ny(). Furthermore, the universality means that the map A is unique and the semi-
universality only requires that the first derivative of \ at t° is unique.

Proof - Let E/ be the common desingularization map for each normal form N, and ./7::
the foliation defined by N, =N, oE. . Let ©g be the sheaf on D of germs of holomorphlc
vector fields tangent to the foliation F,0. We consider the unfolding {Z,, a € (A, a°)} of

Foo.

Lemma 1.11. The unfolding {.}N"a, a € (A,a)} is locally analytically trivial on each open
set Uy, Uso.

Proof. One can locally solve the equation with the unknown variable 6:

0wy = 2N

(6)

8ab1d '

This is clear around a regular point of the foliation, and still true around a reduced singular
point: see [12]. Now, from Proposition (3.6) in Appendix A, we can solve this equation

globally on Uy and Us,. The vector field —0 + 6a6b — is in the kernel of dﬁ;, and its flow
defines a local trivialization of this unfolding. O

Let 6} ; (resp. 67°,) a solution of the above equation in the open set Uy (resp. Us).
The cocycle (6] ; — 67%) defines a unique element of H*(D, ©g) which only depends on the

aaa%} ) 2. We have defined a map from
’ a

the tangent space to A in a® into H*(D, 0p). According to a theorem of J.F. Mattei ([12],
theorem (3.2.1)), we have to prove that this map is a bijective one. By our construction,

OFa
day,q

analytic class of the unfolding Fa. We denote it : [

the dimension of A is equal to §. Therefore it suffices to prove that the d cocycles [
are independent in H'(D,©g). We denote by

0F]
8ab1d ’ J

aaaf “d} on each element of the basis {e; ;} represented by the integer

the component of [

points in the triangular representation of H!(D,©g). These numbers define a § x § matrix
M, and we have to prove that it is an invertible one, that will be done in several steps.

Step 1. Components of the ”Bézout cocycles” of the first level.
We will only compute the cocycles (92, P 9,‘)”0(1) in the two charts covering the principal
component D.. Therefore, for sake of simplicity, we renumber these two charts:

(20,Y0) := (Te—1,Ye—1) in the notations of Appendix A: chart around (D., 0);

2Since the point a° is fixed, we will frequently omit it in this notation.



(Zoos Yoo) = (¢, Ye) in the notations of Appendix A: chart around (D.., 00).

We will make use of the quasi-homogeneous degree related to R = k:xa% + lya%. One
can check that the pull back of R is locally given in the previous charts of the principal
component by zoaizo in the chart around (D, 0) or by y 61% in the chart around (D, c0).
Therefore the corresponding graduation is defined by the partial degree in xg in the first
chart, and by the partial degree in y,, in the second one. In what follows, ” R-degree”
refers to this graduation.

Among the solutions of (6) on each open set Uy (resp. Us), we choose a particular
one, namely the ”Bézout solution” caracterized by Bézout conditions: indeed, if we want
to find the two components of 987 o satifying (6) solving degree by degree, we find a Bézout
identity with polynomial expressions in g, or in x4 in the other chart. We choose the
unique Bézout solution defined by the usual majorations of degrees. In order to precise
this, we compute the first term of the Bézout solution for the cocycle related to directions
(i.e. on the first level dy = kl). According to Proposition (3.1) in Appendix A, we

day k1
have:

P
No(zo,y0) = xgookJrnolHnlklygooernoqu\nlvl H(ab,kl oyt )m
b=1
= aP(yo) + -
where |n| = Y0, ny, mg = nol + nok + |n|kl, P is a one variable polynomial, and the
dots stand for terms of R-degree d higher than kl. Therefore we have:

ON, 1 N,
= mo—1 p o — gmo p’ o
D70 moZg (yO) + , Gyo ) (yo) +
Now we have N
8]\7@/8&;,1;61 - Ty +
]Tf; abkl + Yo

and therefore .
ON,  mpxy P(yo)

Oap ki ap, 11 + Yo

Setting 0] ,, = mglxoagﬁkl(yo)a%o + 51?7;@1(90)6%0 + --- and identifying the terms of lower

R-degree in equation (6) on Up, we obtain

0 0 pr ny P

oy P+ By P = ——.
ikl ikl ap,kl + Yo

We consider the unique solution (Up, Vp) of the following Bézout identity in Clyo]:
UpP + VoP' = P AP, deg(Up) < deg(P'/P A P'"), deg(Vy) < deg(P/P A P"),

Notice that deg(P/P A P') = p + 1. We obtain an holomorphic solution 6 ,, of (6) at the
first order by setting
nbUQP

CYO _ nbVOP
PR (P AP (ap g +yo)]

(P AP (ap +yo)

0
ﬁb,kl =

We can perform a similar computation in the other chart (2o, yso) on Us,. We have:

P
B e | CEENE
b=1

= Q)+

10



Setting 0%, = gy (%o)% + mo‘lyooﬁz??kl(%o)ay% + -+, we have to solve

NpT oo Q
Aoo®' + MmpBec@ = m-

By considering the solution (U, Vi) of the following Bézout identity:

UnoQ 4+ VaeQ' = QA Q' dog(Use) < dog( =2 ), dog(Vao) < dog( =2

QANQ QAQ
we obtain a holomorphic solution at first order of (6) on Us by setting:
o) nbxooQVoo 00 nbxooQUoo
Ayl = i+ N ﬂb,kz = -
apkiToo ) (Q N Q) (1 + apkireo)(Q N Q')

We can compute now the first term of the Bézout cocycles related to the directions

9 According to our construction of the normal forms, the coefficient a; x; is constant

Oap, k1
equal to 1. Nevertheless, in order to perform calculus in a more symmetric way, we first

consider the unfolding in which aq j; is a free parameter. In this unfolding, a; x; are only
invariants up to a multiplicative constant. Then, we will set a1 5 = 1.

We denote by ga};“d (without, brakets) the Bézout cocycle (67 ,; —05%;) in ©0(UoNUs),
and | 6f“d] (in brakets) its image in H'(D,Oy).

day
Lemma 1.12. The matriz defined by the components of the p Bézout cocycles 8?1{11 m
O0(Uo NUx), on epy piy, b=1,...p, V' = 1,...p, is an invertible p x p Vandermonde

matriz V.

Proof. In order to compute the Bézout cocycles, we give the expression of 92, 4 i the chart

(Too, Yoo)- Since we have 29 = Too¥Yoo, Yo = T!, We obtain
0 ., 0 0 5 0 n 0
— =z —, — =z —— 4z —

Furthermore, by considering the reduced polynomials related to P and @, we also have

" (yo) = - (Too)
PAP T g g )
‘We obtain:
—(p+2) /
0 NQ'(Too), _ 9 _ 0 )
g0 — Q/Q 177 Do =2 Vo (2o (— 22 =2 4 o ——
bkl (ab,kl +.’L'(;ol) [mO O(xoo )y a o O(xoo )( ‘Too Too Lol ayoo )]

We consider now a vector field 6;; on Uy NU tangent to the foliation defined by N;, with
isolated singularities. Since

ON, ON,

_ —(_ mo—1 mo )/
we can choose
9 9 Q 9
bs=ong T Vaes T W mmana T ey

11



Let @2’;? the coefficient such that 67 ; — 655, = @2’;? - 0;s. By computing the coefficient
of 0 1y — 0% on 9/dx00, we have:

0,00 MpTeo - -1
Oy = W[%OPVO(%O ) = Voo (20)]-
The components of aa ‘;l On eq(y ki), 1-6. O €0, i = [c[+p,[c[+p — 1,...[c[+]1, are the

coefficients on 2 of the Laurent series of <I)b w1 - We only have to consider the meromorphic
part of <I>b7kl , L.e.:
NpToo Vo(2oo)
(1+ aprizoo) P

where Vp(x) = >°P_ v,2™ is the polynomial 2PVy(z 1) (recall that deg(Vp) < p). We
have

T =
o0 1
—=— = > (—app)"t,
1+ ap it =
I p
‘/O(‘TOO) _ n—2p
5 = Upwh P
Too rd

Therefore, the coefficient of the Laurent series of ®¢ o in rlis

P
Z npUn(—ap k)™ = M Z O (—ap )P
(m+1)+(n—2p)=—1i n=0

= mpVo(—ay ) X (—ap )"
= Ta(—ap k) X (—ap ) 02D
since, from (4), we have i = [c[+p + 1 — b. Finally we obtain

o0F,
Oap ki

ceopm > = Mo(up)?, with py = —ap i, (7)

which defines a Vandermonde matrix. Furthermore, p, # 0, 1 and the coefficients A, do
not vanish. Indeed, A\, = 0 if and only if Vo(—abf,il) =0, i.e. Vo(—apr) = 0. Evaluating
the Bézout identity

P P’
U \% =1
PAp O PAD
at yo = —ap k1, we would obtain a contradiction, since —ay, 1; is a root of P. Therefore,
the determinant of V' doesn’t vanish. |

Step 2. Components of the Bézout cocycles of higher degree.

Lemma 1.13. 1) The components <aa , ei7j> of the Bézout cocycles of higher levels
vanish on the strictly lower levels 7 < d — kl.

2) Let us consider the decomposition of [%] in the basis e; ;:

j>d—kl i

The function AZ’;I (a) only depends on the variables a, y with 0 < d —kl<j—(d—Fkl).

12



Proof. 1) Using the logarithmic derivatives, we check that the equation 9(]/\2) = 66 gv“d is
equivalent to

an/@:nbm?d. (8)

b =1 Bb’ Bb
Kl T kl—vl, kI .
m* =zt =gyl
Y kl—ku, ki kl—vl, ki
Bb = T uyoo+ab7kl'roo vyoo+

where the dots stand for terms of degree d higher than kl. Therefore, for d = kl we have

mhkl x 1
Np— = Np————— + -+ = nfy————— 9)
B, 1+ apqToc Yo + ap.q
and for d > kl N
md ooyl M 4
npy— —Np——— — e =N
By 1+ ap,qTec Yo + apd

Therefore the components of the cocycle on e; ; vanish for j < d — kL.

2) The function AZ’? (a) is the coefficient of x’_yJ_ in the Laurent developpement of
the function @2’20 which is defined by the relation

0 o _ 0,009
eb,d o ob,d - q)b,d 915'

Now, the vector fields 987 4 and 65, are defined on their respective open set of definition
by the relation

~ N,
Oa(Na) = 5
bd \7Te Oap g

Let us filter the above relation with respect to y.,—valuation

~\ (V)
o) (@) ON,
Z Z eb,dp <Na ) = ; <aab7d> .

N p+q=N

In this decomposition, the vector field 9;’5” ) is written (-) % + (')yooay% where the

coeflicients have a y.,—valuation equal to p. Thus, the term 9;}(11) ) (E(q)> has exactly a

Yoo valuation equal to N. Let o be the smallest integer such that E(qo) % 0. We know
that 6)°%") = 0 if p < d — kl. Thus, the equation yields

(@) on, |\
o=@ (N, a .
X ar( o
prqg=

q=qo
p>d—kl

13



Then, the vector field 9;:{5") are inductively defined by

—\ ()
*(N—go) ( 77 (@) INg () (7@
Opa (N ) <8ab P - Z 0. | Na

ptq=N
q > qo
p>d—Fkl

We prove inductively that 6 ’(") depends only on a, , with 0 < d —kl <n-— (d — kl).
This is already known for n = d kl. Now, suppose this is true until n = N — qgo — 1. Let
us prove it for n = N — qq.

o The vector field ¢;'{" depends only on a, ; with 0 < d' —kl < p— (d— k) <
N—qo—(d—Fkl)=n~—(d—kl)

e If the variables a;, ; appears in ],\\f;(q) then d +qo — kl < q therefore d—kl < q—qo <
N—d+kl—qo=n—(d—kl)

NS (N) 7
e Finally, if @, ; appears in (g;:ad) then d — kl +d — kl 4+ go < N which means

that d — kl < n— (d— kl).

Thus the lemma is proved. O

Step 3. Relationship between the Bézout cocycles of different levels.
Lemma 1.14. 1. Let t; the translation introduced at the step 3 of the construction of

normal forms, acting on the Bézout cocycles. We have:

- 0F, 0Fq
tq- =

Oapq  Oap a1
2. For each b, V' in {1,---p}, the value < ga—ﬁ, ea(vr,a) > 15 constant with respect to d.

Proof. 1. If (6} 4, 07%) is a solution of (8) on (Up, Us) for the value (b, d), then multiplying

this solution by the meromorphic monomial ter (8) on (Up, Uso)
for the index (b,d+ 1). This solution is still holomorphic on each open set. Indeed, in the

chart (z¢, y.), either mw(i:l = T Y. Or m:;l = y.. Therefore, the solution is still holomorphic
on V., C Usx. Now, 0, has an holomorphic extension on U, and one can check, using
the changes of charts of Appendix A, that y. or x.y. has also an holomorphic extension
on Us. Indeed,

_ €c+1 €ct2\ e _
Yo = Tep1¥oli = Yolo(Tepayety )t = ete...
o ecr1—1 +2\ec 1 _
TelYe = Tep1¥eid yCJFQ(:chrgycjr )eet1 T = ete...

and the holomorphy of these extensions comes from e; > 2 for any i = c+ 1,---N. We
have a similar argument on Up.

2. On the otherside, the definition of the paths and of the map ® in the step 3 of the
construction of normal forms yields to g - 6@(17 4 = e¢(b7d+1). Therefore we have:

0Fq - O0F,
LH-<IED S

=tq- y (b, d) > td " ed(v d
Oap q+1 0ap,q (.d) ()

8ab d

= Z 8&;, y €DV ,d) = CD(V ,d+1)

which proves the second part of the lemma. O
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End of the proof of Theorem (1.10). From Lemma (1.13), we obtain that the 6 x ¢

matrix aF
M= <[8abﬂ ’ %(b’d)>

is an upper block triangular matrix. Each diagonal block is related to a level d of the
triangle T and its size ng is the number of integer points on this line in T.
The first (p — 1) x (p — 1) block can be deduced from Lemma (1.12) by considering the

cohomological classes | ai]b: zl] related to each Bézout cocycle. Since ay; = 1, we delete

the first column, and since [e[c[;,0] = 0 ~the first line has only p — 1 integer points in the
triangle—, we delete the first line. We obtain a (p — 1) x (p — 1) Vandermonde sub-matrix
of V', which is still invertible.

From Lemma (1.14), the next diagonal blocks are also sub-matrices of consecutive lines
and columns of V. Therefore, they are also Vandermonde non trivial matrices.

Finally, M is an upper block triangular matrix such that each diagonal block is a
Vandermonde sub-matrix of V. Therefore M is an invertible matrix. 0

1.4 The global moduli space of foliations.

In this section, we are going to use the Theorem (1.10), that is to say, the infinitesimal
existence and unicity of a normal form for any function near N,, to get a global statement.

Proposition 1.15 (Existence of normal forms). For any f in T, there exists a in A such
that f ~ N,.

Proof. There exists some coordinates (z,y) such that

P
f=u@y "y [ " +amz’ +po(z,9)"
b=1

where u (z,y) is a unity and pp (z,y) has a (k,[)-valuation greater than kl. Following
a result of finite determinacy due to Mather [10], we can suppose that v and p, are
polynomials. Hence, we can decompose the functions u and p, in (k,!)—homogeneous
components

ny
N P Ny
f=11+ E Uy | "0y H y* — ap i’ + E Db,
v>1 b=1 V>Rl

Let us consider the deformation defined by the following parametrized family of functions
Fws.i)wi5.0)

ny

N
1+Z Z wi 'y’ | 2™ n‘x’]:[ y* — ap i’ + Z Z Pi 'y’

v>1 ki+lj=v v>Ekl+1 ki+lj=v
—_——
Uy Pov,v

where the set of parameters (u; ;) and (p; ;) are the coefficients of the polynomials func-
tion w, and py,,. If we set (u; ;) = 0 and (p; ;) = 0 then

foo),00) = z"0y"> H —ap ') = Nyo

15



where ag = (ap i, 0,---0). Now we have the following relation: for any A € C*

Faun ey N2 NY) = N Frius ) A0 (10)
where
)\ (ULJ) — ()\ki+lj7kluz',j)
A (pi,j,b) _ ()‘kz—i_lj_klpi,j,b)

and 7 = kno+Ine+kl ) ny. The equation (10) ensures that fxcu, ;) xp. ) ~ Fui,)pi0)-
Applying Theorem(1.10) to f(g),(0) = Ngo shows that for (u; ;) , (pi ) small enough,

Jwii) i) ~ Na

for some a in a neighborhood of a® in A. Now, when A goes to zero, fA(ui,j)ﬁA(pr) goes
to f(0),(0)- Hence, for A small enough and for some a in A we have

Na ~ Faui ) Apig0) ~ Fws)iwig0)

which proves the proposition. O
Let us consider the diffeomorphism: hy(z,y) = (\Fx, Aly). We have:

N,ohy = A‘”'N,\.a, with A-a =X (apq) := ()\dfklab 4) and |n| = an

As above, we have thus N, ~ Nj.,. Actually, this action of C* the only obstruction to the
unicity of normal forms:

Theorem 1.16 (Unicity of normal forms). N, ~ N if and only there exists a complex
number \ # 0 such that a=\a.

Proof. Step 1 - Preparation of the conjugacy - Suppose that there exists a conjugacy
relation

’L/JONa:Na/ O(b.

Following [1], we can suppose that 1 is an homothetie v - Id. We are going to reduce
the proof to the case where ¢ is tangent to the identity. In order to do so, we denote by
(ax + By, ux + vy) the linear part of ¢. Let us take a look at the (k,[)-homogeneous part
of N, and N : these are conjugated by the linear part of ¢. Hence, we have

p
k AR
xnoynoc H (y — p T ) =
b=1

p .
v (ax + By)"™ (ux + vy)">= H ((u:c + vy)k — a;),kl (o + ﬂy)l) .
b=1

Looking at the leading coefficient in = and y in the above relation yields respectively to
u =0 and g = 0. Hence the above equality reduces to

p 1 np
’ «
20 noo | | — ap g ) — 'ya"(’vn"oJrkzbzl nbmnoyn“ | | (yk _ ab,kl & $l> ]
b=1
i

Since the conjugacy preserves the numbering of the branches, for all b, ap = a;), Rl

l

. / / .
Since, a1 = ay p = 1, we have o = v* and thus bkl = g g Let A be the linear

automorphism
1

A(z,y) = (Em’ %y) = ()\kx,)\ly)
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for some A € C*. Then
NyopoA=vyNgoA=uNy,
where u stands for some non vanishing number. Since, in the above relation ¢oA is tangent
to the identity, it appears that u = 1. Thus, setting for the sake of simplicity a = \-a and
¢ = ¢ o A we are led to a relation
No=N,o¢ (11)
where ¢ is tangent to the identity.

Step 2 - With a conjugacy tangent to Id - The proof reduces to show that in the situ-
ation (11), we have a = a’. Let us denote by Ps the set of quasi-homogeneous polynomial
functions of R—degree . We say that a vector field 0 is quasi-homogeneous of degree v if
and only if

0-Ps CPsyy

Notice that v can be negative. For any vector field 6, we make the following decomposition
0=> 0,
V>
where 0, is quasi-homogeneous of degree v. One can easily check the following result
Lemma 1.17. The set of v quasi-homogeneous vector fields is spanned by

9 9 om0 om0
ox’ Vyay’ oy’ Y Oy

ayT

where a, s quasi-homogeneous of degree v and n and m are defined by v = kn — 1 and
v =1m — k. Notice that both n and m may not exist for a given v.

Now let X be a germ of formal vector field such that
¢ =eX.

The vector field X can be decomposed in the following way

X=> X,

V>

with X, = al,xa% + bl,ya% +qz™ 2 4 ry™ 9 where a, and b, are R-homogeneous function
of degree v and n and m deﬁned by v = kn — [l and v = Im — k. Notice that ¢ and r may
vanish when there is no relations such as v = kn — [ or v = Ilm — k but also when ¢ let
invariant one or both axes. Now, suppose that 1y > pkl then following an analogue of the
lemma 1.4 in [8], a = a’. On the contrary, suppose that vy < pkl. The homogeneous part
of smallest degree N = ngl + neok + kl Zi:l np can be written
X, - NéN) — ngNJrl/o) _ N;/N‘FVO)

where thq) stands for the R-homogeneous part of N, of degree q. We will prove that this
relation yields to a contradiction with vy < pkl. After composition with the desingular-
ization map F, this relation can be expanded in the chart (zg,yo) of (D.,0) as follows:

p
(avy + 7Y™ ") Nco (bl’o +aye"” u) (no +k Z nb) (12)

p
+ (ld,,o - kb quvn u + lryum 'u) Z Nyap, k1 o —vl Z

i1 Yot abki 7 Y0 + bkl

R(yo)

17



where A\p = ap kit — a;klﬂ,o. The number § in (12) is defined by the relation: m0* =

2%yP and 6§ = aw + Bu. Let us denote by Q (yo) the polynomial function la,, — kb,,, that
is the strict transform of @ = la,, — kb,,. Let us write

Q = Z Tstxsyt'

(s, t)
sk +tl =vg

Then ~
Q — Z et ysv+tu.

(s, 1)
sk +tl =vg

The number of monomial terms in @ is in correspondence with the number of positive
solutions of sk 4 tl = 1. Such a solution (s,t) can be always written

s= wuvg— Al

t= —wy+ Ak’
The conditions s > 0 and ¢ > 0 reduce to %2 < A < #2. Moreover, the integer sv + tu
can be expressed in term of A

sv 4 tu = (uvy — Al)v + (—vvy + Ak)u = A (uk — vl) = A.

Hence, the polynomial function R has a very simple form

R= Y rays —kayg" " +lryg™ ",
Ho<azse
Notice that [vn —u — %’ < 1 and ‘um —v— %’ < 1, which ensures that actually R is
written

R= Z rAyOA.

m—u<A<um—v
The integer § — vl is non negative since

VQ—BZ
k

’Ullo—f—ﬁ>

d—vl=(a—=Dv+pu= . > 0.

v+ Pu =
Thus, evaluating the residue at —ayp 5 in (12) yields the relation

R (—ap k1) npap g = (_ab,kl)é_ul Ap-

Now, in view of the construction of the normal form, the coefficient A\, vanishes for

Y N Sl B I PRl -
p p kVo k lVo I

values of the parameter b. Now, we have

k—w €0 u €0
— — — _ - — >
D ﬂ{ p+ 3 V0+k:<6< V0 l,éeZ}_

number of zeros of r

vy ury
— < < — _ _ .
{2 <6< 22 deNf—q—en

number of monomial terms in R
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According to the previous inequality, the polynomial function R has to be zero. Therefore,
looking again at the relation (12) yields

Vb, \p = 0.

Hence, the vector field X,, has to be tangent to NéN) which is a contradiction with the
hypothesis vy < pkl. O

Finally, we can summarize the previous results by

Theorem 1.18. The moduli space M =T/ ~ is isomorphic to A/(a = X - a).
Topological description of M. Notice that the action \ - (apq) = (AH

invariant each term of the first line d = kl. Consider

ap.q) keeps

B={a€ A, apq=0 for d# kl}.

Clearly M is fibered on B, and the fibers are weighted projective spaces on C/~(#=1),
Since these fibers are topologically trivial, the topology of M is completely described by
the action of w!(B) which is a braid group.

2 The moduli space of curves.

Let C be the partition of M induced by the classification of curves ~..

2.1 The infinitesimal generators of C

We first recall general facts proved in [8], which are valid in every topological class. Let F
be a foliation defined by an holomorphic function f (or more generally by any generic non
dicritical differential form w), and let .S be the curve defined by f = 0 (or by the separatrix
set of w). Let E: M — (C2,0) be the desingularization map of the foliation, and D its
exceptional divisor. We denote by f, F , S the pull back by E on M of f, F or S. The
tangent space to the point [S] in the moduli space of curves (for ~¢) is the cohomological
group H(D,Og) where Og is the sheaf on D of germs of vector fields tangent to S. The
inclusion of © z into ©g induces a map 1:

HY(D,07) - H'(D,O5)

whose kernel represents the directions of unfolding of foliations with trivial associate un-
folding of curves.

Definition 2.1. An open set of M is a quasi-homogeneous open set (relatively to f) if
there exists an holomorphic vector field Ry on U such that RU(f) = f

We can always cover D by quasi-homogeneous open sets. The cocycle of quasi-homogeneity
[Ru.v] of F is the element of HY(D,Oz) induced by Ry — Ry .

Recall that H'(D, ©#) has a natural structure of Oz-moduli. We have:

Theorem 2.2. [8] The kernel of the map i is generated by the cocycle of quasi-homogeneity,
.e.:

ker(i) = {h [RU,V]; h e 02}

Notice that the distribution induced by these directions is integrable and defines a
singular foliation C on A. The point corresponding to the topological model is a singular
one: indeed, this model is quasihomogeneous. Therefore the whole open set U = M is
quasi-homogeneous, and the cocycle [Ry v] is trivial for this foliation.
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Let X, be the vector fields on A generated by z™y" - [Ry,v]. One can give the
explicit expression of Xy in the coordinates ap 4. Indeed, with a very slight modification
in the proof of proposition (5.5) of [8] -replace (Ax, \y) with (A¥x, Aly) -, we obtain:

Proposition 2.3. The Oz-generator of C is given by:

1 d
Xoo=—~ > d- Kl)aya=——.

®(b,d)eT b,d

where r = kng + Ine + kLY 5_

In the next result, we give a description of the vector fields X,, ,. We introduce the
following notation for the decomposition of Xg ¢ on the basis {e; ; } (i jjer

Xo,0 = Z Lij(a)ei; = Z Lov.a)(@)esn.a)-
(4,)€T (b,d)

Moreover, for any level d we denote by Xffn,n the projection of the vector field X, , on
the subspace Vect{egp.ay, b =1,---p}.

Proposition 2.4. For any m, n, X, , s quasihomogeneous with respect to the degree
induced by rXo 0. Indeed, we have

[rX0,0, Xon.n] = (Em +1n) Xy -

The coefficients of X}, ,, are quasi-homogeneous with respect to the weight rXo o of degree

m,n

v—km—In—kl. In particular, they only depend on the variables ap q with d < v—km—In.

The proof is also a slight generalization of the proof of Proposition (5.9) in [8].
We recall that the global moduli space of foliations is obtained from the local one by
considering the weighted action of C* on A which is also the flow of X .

Proposition 2.5. The family of vector fields defined by
Xm,n = ag?}zlt_l?Xm,nv
commute with Xo 9. Therefore, they induced the distribution C on M.

Proof. The proposition relies on the following computation. Since the X o-degree of the
variable ai ;41 is equal to 1, we have

km-+In _ km-+In km-+In
7X0,05 @5 11 Xm,n} = TXO,O(az,sz ) Xmn + A3 ki+1 [rX0,05 Xm,n]

= 7(1{',’)’)’]/ + ln)agrgl-:_l?an + ag;’gl-:_l’{l [TXO,Oa an] = 0

2.2 The dimension of the generic strata.

The dimension 7 of the generic strata of the local moduli space of curves corresponds to
the codimension of the distribution C at a generic point of M. Therefore it suffices to
determine the minimal number of vector fields X, , which generate C and are function-
nally independent. In order to describe the independence properties of the vector fields
Xm,n, we introduce a decomposition by blocks of the triangle of moduli, and some related
arithmetical properties:

A block B; in the triangle of moduli is a union of kl consecutive horizontal lines from
the line of index d; = ikl + 1 - see Figure (6). We denote by
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e n,4 the "dimension” of the line of index d which means the number of integer points
on this line.

o N, = Zflfi?llill ng the dimension of the block B; which is also the number of integer

points in the whole block.
o n"* = max{ng, d =ikl +1,---(i + 1)kl} which is the greatest dimension of a line
in the block B;.
One can easily prove, by using the equations of the edges of the triangle, the following
lemma ( see also figure (6) :

Lemma 2.6. 1. We have: Niy1 = N; +kl, n*** =p—i.

2. For each line of level d of the block B;, ng = n;"® or nj"®* — 1.

3. On the first line d; of the block B;, the number ng, reach the mazximum, indeed, ng,
s equal to n**.

Let v(Xp.n) = km +In+ kl 4+ 1 be the order of X, ,. We denote by:

e ¢4 the number of vector fields X, ,, such that v(X,, ) =d

(iR
© Qi =2 i iki+14d

o ¢ =max{qq, d=ikl+1,--- (i + 1)kl}.
One can check a similar result to (2.6):

Lemma 2.7. 1. We have: Qi1 = Qi + kI, ¢ =1.
2. For each line of level d of the block B;, qq4 = ¢*** or ¢j"** — 1.
3. On the first line d; of the block B;, the number qq, reach the maximum g***.

max

We consider the maximal sequence of blocks B; such that ¢;"* =i < nj®** =p—1, i.e.
the sequence By, - - - By, /9, where |p/2] is the strict integer part of p/2. We called critical
block, the block Be when p is even or the unique block that appears By when p = 1. This

block is going to be analyzed independently.

Lemma 2.8. Suppose that p > 2. Then the Q1 vector fields Xy, such that v(Xpm.n)
belongs to a level of the block By are independent.

Proof. Since p > 2 then, we have ¢{"** =1 < n"*® = p — 1. We consider a relation
> QmnXm,n = 0 between the vector field X, ,,. By projection on the level di, we have
ozoﬁoXéfiol) = 0 and since Xéfiol) # 0, a0 = 0. Since we have at most one vector field on

each level of By, by iteration we get ayy, ., = 0 for all the (m, n) such that v(X,, ) belongs
tO{dl,"'dg—l}. O

Using same kind of arguments, we can extend this result to the union of blocks of index
less than the critical block:

Lemma 2.9. The Q1+ - - -+ Qyp /o) vector fields Xy, such that v(Xo, ) belongs to a level
of the sequence of blocks By, Ba,... ; Bz are functionnally independent.

Proof. We consider a relation > nXm ., = 0 between these vector fields such that
v(Xom,n) belongs to {dy,---dy,/9 + kl — 1}. If we project this relation on the first block
we have from the previous lemma a,, , = 0 for all the (m,n) such that v(X,,,) belongs
to {dy,--dy — 1}. By projection on the first line of Bs, we obtain

al70Xl(féz) + a07kXéfi]€2) =0.
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We claim that these two vector fields X 1(7%2) and Xéfl,j) are independent. The projection of
the vector field X¢ o on the level d; is given by

p—1
d
X5 = > T Eobudy)-
b=1

Now, using the action of z- and y- on the basis {e4,q)}, we find

z- €o(hd) = Cab+ldo)forb=1,...,p—1
z - €o(p,d;) = 0.

V¥ eahd) = €a(bay), forb=2--p

yk CCap(1,dy) T 0.

Therefore the components of X; o on the e, q,) are the first p — 2 components of Xéflol)
on the egp,q,) and the components of Xg x on the eg, q,) are the last p — 2 components

of Xo(flol). Thus the first 2 x 2 determinant between these components is
Ay = ‘ Lsaay Toea }
Loy Lo

This determinant cannot vanish. Indeed, according to the formula (7) obtained in the
proof of Lemma (1.12), we have

0
aahdo

= Z Aokl €1/ do)
b/

formula which is still valid for any d according to Lemma (1.14). Therefore we have:

0
xld)
0,0 zb:ab,dl 3ab,d1
= Zab,th(z M ()" eaer,an))
b b
= > O ana M) eaqy ar-
b

b’

which proves that for any ',
Lot = D ana Ao(1n)” (13)
b

From this expression, we conclude that the determinant As is a non trivial quadratic
form in the variables ap 4, (With rational coefficients in ay 4, ), and therefore cannot vanish
identically.

On the following levels d of the second block, either we have only one vector field X, »
such that v(X,,,) = d, and as previously we obtain ,, , = 0, or we have two vector
fields X, ,, and X7 s such that v(X,, ») = V(X ) = d. The same argument as before

allows us to conclude that X,Sil,)n and X ()

m’.n

, are independent: by using the action of the
monomials 2™y™ and 2™ y™', their components on the basis (ed(b,)) are the first p — 2

components (resp. the last p — 2 components) of X(gfiol).
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On the upper blocks, we can prove the independence of the projection by considering
a similar determinant as before

Psaay  Toeany - Toman
A | Feed Toan - Torrvan
Loeray Tortrdy - Toerd)

From the formula (13) we deduce that A, is an homogeneous expression of degree r in the
variables ay, 4, which cannot identically vanish. |

Remark 2.10. Consider a block B; such that ¢*** > n***. For each line of index d

of this block, since qq = ¢ or ¢/*** — 1, we have: qq > n*** > ng. According to the

previous functional independence of the vector fields X, ,, we can conclude that in this
case their action is transitive on such a block and the following ones.

Consider finally the critical block B; such that ¢;*** = ¢ = n]"*” = p—t, i.e. the block
of index i such that 2i = p or By when p = 1. In figure (6), this block in the second one
but in figure (1), since p = 1, this block is the sole block Bj.

In this case, the integers ng — qq for d = d;, - - - d; + kl — 1 can only take the values +1,
0 or -1, starting from the value 0. Therefore on this first level the action of the X, , is
transitive. We consider the first line of this block on which ng — ¢4 # 0:

e If we have ng — q4 = +1, there remains one dimension which can’t be reach by the
action of the X, ,,. We have to count it in the codimension of the generic leaves of

C.

o If ng — gg = —1, the action of the vector fields X, ,, is transitive on this level.
Furthermore we have an extra vector field X, ,, such that v(X,, ») = d whose higher
components will act on the higher levels. Suppose that there exists a level d’ > d
such that ng — q¢ = +1.

Lemma 2.11. The d'-component of this extra vector field acts on this level indepen-
dently of the other vector fields X, n such that v(Xp,n) = d'.

Since the proof of this lemma deserves to be developped besides the fact that it is
not very relevant and quite technical, we refer to the appendix B for more details.

Therefore, in order to number the generic codimension of the distribution C on the
critical block, we have to introduce the following non commutative sum :

Definition 2.12. Let rq be a sequence taking its values in {—1,0,+1}. The notation
> -4rd denote the value obtained by the following operations:

1. delete the values 0;

2. delete recursively the consecutive values (—1,+1) (but not the consecutive values
(+1,-1));

3. after the two first steps, remains a sequence of n consecutive terms with value +1,
followed by m consecutive terms with value -1. We set: /idrd =n.

Example. In the critical block of Figure (6), the sequence of values ng — ¢4 is:

{0,+1,+1,0,+1,0,—-1,+1,0,-1,0,—1,—1,0, —1}.
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The extra vector field appearing on the 7t position acts on the next level. The next extra
vector fields are unuseful. Therefore, the number of free dimensions under the action of
these vector fields is

> {0,41,+41,0,41,0,-1,41,0,-1,0,—1,-1,0,~1} = 3.

From Lemmas (2.8), (2.9), (2.11) and Remark (2.10), we obtain:

Theorem 2.13. The dimension of the generic strata of the moduli space for curves is

do+]p/2]+kl—1 ——dy, o tkl—1
= Y, (a—a)+), . (na—aa),
d—=do =lp/2

where ng z]%(yc —d+ k)] — [“T_l(yc —d+ Kkl)[, qa is the number of positive integer

solutions (m,n) of the equation km + In+ kl + 1 = d, and the second sum i is defined
above and only appears if p is even or if p=1.

Example. In the topological class (k,1) = (3,5) and p = 4 of figure (6), we obtain 7 = 35.

2.3 Normal forms for curves.

Theorem 2.14. We consider the reduced normal form

p
No=ay [0+ D apam?
b=1

®(b,d)eT

obtained for the classification of foliations defined by topologically quasi-homogeneous func-
tions. We obtain a generic unique normal form Ny, b € CT for the classification of curves
by performing the following operations on Ng:

1. we set: ay gi+1 = 1;

2. for each level d in a block B;, i <|p/2], we set ap,q = 0 for the first qq coefficients
starting from the rightside of the line d;

3. for each level in the critical block By/o (which appears if p is even), we consider the
sequence of number ng — qq (recall that in this block we have ng € {1,2}, q4 € {1,2},
and ng — qq € {—1,0,+1}.

o if ng —qq =0, we vanish all the coefficients of the line;

o ifng—qq = +1, we set apq = 0 for the first coefficient starting from the rightside
of the line d;

e for the first lines such that ng — qq = —1 and encountered in the sequence on
some line d, we set ap,q = 0 for the unique coefficient on this line. Furthermore,
we set ap g = 0 for the second coefficient on the next line d” > d such that
ng — q@ = +1, if such line exists.

e for the last line such that ng—qq = —1 without upper line d' such that ng —qq =
+1 we set ap q = 0 for the unique coefficient on this line.

4. for each level d in a block B;, i >]p/2], and every index b, we set ap g = 0.

Proof. Since the projection Xéflol) of Xy, on the first line of the block B; is the radial
vector field in the variables as 4, , its flow acts by homothety on this level and we can make
use of its action to normalize one coefficient to the value 1. We choose the first one starting

from the right side.
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On all the higher levels of index d > d; and for the g4 vector fields X,, , such that
V(X m,n) = d, we have

0

X"("ilv)" - Z Fmvn (a’d(H a‘dl) aab d
b k)

in which I,,, ,, (@4, , aq, ) only depends on the variables ay, 4, and ap, 4, This is a consequence
of Xy n = 2™y" - Xoo and Lemma (1.13). Therefore this vector field is constant with
respect to the variables of the level d > dy. Its flow acts by translation and we make use
of this flow (and the indepence property) to vanish gq coefficients.

In the critical block, if there is an extra vector field X, ,, on a line d such that ng—qq =
—1, we make use of the component Xr(ﬁl:% to act on the next level d’ such that ng—qq = +1.
Suppose that this level is the next one (d' = d 4+ 1). This means that we have to consider
the action of the second non vanishing component of X,, ,,. According to Lemma (1.13),
this one will depend on the variables ay, q,, ap,a, and ap q4,+1. If we have to skip two lines
it will depend on the variables ap, 4y, @b,d,, ab.d,+1 and ap 4, +2, and so one. Therefore, it

turns out that the components of X,(,i,)l will only depend on variables ap 4 with d < d’. Its
flow still acts by translation and we make use of it to vanish the second coefficient of this
line. O

We give in Appendix C the generic normal form obtained in the topological class
(k,1) = (3,5) and p = 4.

2.4 An example: the case y" + 2!

In, O. Zariski compute the dimension of the generic stratum of the moduli space of the
curve
yn + anrl

for n > 2. We are going to apply our strategy to recover this dimension.
Let us consider £k = n and [ = n+ 1. In this situation, the fundamental Bézout relation
is written
n-n—Mm-=1)-(n+1)=1.

Thus, the triangle T is delimited by the two lines

2

j—nmi=n"—n-—1

j—(n+1)i=n?

—n—1
Since there is only one branch, there is only one block and it is a critical block. From
the construction of the triangle, it can be seen that the value of ng — qq for dy < d <
do+n?>4+n—1is
1 f(a—1lnt+a+l<d<an-—2
-1 fan+1<d<an+a-+1
0 else

where « is an integer that goes from 1 to n — 1. Thus, the sequence ng — qq is the following

051315"' 513130503_13_131517"' 51715030503_13_13_17"'
—_——— —_———
j=1.-n—-2 Jj=n+3--2n—2
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3 Appendix

_Jg=2n+3

- = __J=2n+4+2

________ j=2n+1

PR [ P j=2n

- = - Jj=2n-1
_ - J=2n-2

—_Jg=n+2 Xo1
————— —J=n+1 X1

_J=n
_Jg=n-1
- @ [-—--d=n—2

Xo,2
X1,1
X2.0

Figure 1: The case y™ + 2" +!

2{071517"' 715170507717717"'
n—1

Z(nf 200 — 2)

a=1
A —
w if n is even
4
a2
% if n is odd

which are the formulas given in [16].
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A: reduction of singularities of a quasi-homogeneous function

Let f be a quasihomogeneous function of weight (k,1) with p cuspidal branches, and
multiplicities (ng, Neo, N1, - nyp), and F the foliation defined by f. Let 67 be a vector
field with isolated singularity, which defines the foliation F. We choose the following one:
let f°? be the reduced function related to f. The one-form f"°ddf/f has an isolated
singularity and define the same foliation as df. Let 6y be the dual vector field of this



one-form for the volume form: dx A dy(0y,-) = f°¥df/f. The components of ; are:

—of of —of oOf
(a—y’ %)/Q-C-d-(a—yv 92" (14)

3.1.1 The algorithm of desingularization
The blowing-up E; of (C?,0) endowed with the chart (z,y) is the manifold defined by two
charts (x1,y1) and (Z1,771) such that
(z,y) = (21, 2191) = (T1 Y1, 1)
We have E~1(0) = (1 = 0) = (y1 = 0). The change of charts is given by

_— —1
1 =x1 Y, Yr=2o1 -

We will always keep these conventions:

The first coordinate of the first chart, and the second coordinate of the second chart are
equations of the divisor. The center of the first chart is denoted by 0 and the center of the
second one is denoted by oco. In the following symbolic representation of a blowing up, we
always put the first chart on the right side of the component:

00 0

Figure 2: The atlas of one blowing up.

We denote by £ : M — (C2%,0) the desingularization map of f obtained by compo-
sition of the blowing up’s. Let D = E~1(0) be the exceptional divisor. The reduction of
singularities of the topological model

P
f=a"y" [[W" +awa')™, k<l no>0, ne >0, ny>0
b=1

is completely determined by the Euclide algorithm of the pair (k,1). Indeed, a blowing-up
replace any cusp of weights (k,l) by a new cusp with the weights (k,I — k). Therefore
we perform a sequence of ¢ blowing up’s until the cuspidal branches switch at infinity
(¢ = [l/k[+1). Then we perform a new sequence until the next switch and so on until
getting the pair (1,1). This algorithm has the following properties:

- we only have to use blowing up’s of 0 or co. Therefore, the tree of the exceptional divisor
is a totally ordered sequence of components, and the map F is monomial in each chart.

- all the cuspidal branches follow the same infitesimal point, before the last blowing up.
After this one, they appear on the same component of D: we call it the principal compo-
nent.

- if ng # 0 or ne # 0, the corresponding strict branches appear on the end components.

3.1.2 Atlas of charts induced by the algorithm.

In our present case, since [ — k > 0, we have to perform a second blowing up of the origin
of (z1,y1) setting (with our convention)

(z1, 1) = (22, 22y2) = (T2 72, J2)-
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Figure 3: The atlas of two blowing up’s at the origins.

We can cover the divisor by the 3 charts: (T1,71), (T2,72) and (z2, y2):

At the next step, either we have to blow up the origin of the last component (we
substitute (z2,y2) by two new charts) or we have to blow up the oo point of this component
(we substitute (Tz,72) by two new charts). At the end of the process, we obtain N
components covered by N + 1 charts. Since our divisor is totally ordered it is more
convenient to replace the historical numbering of the components and the corresponding
atlas with a geometrical renumbering from the right to the left side. We obtain N + 1
charts (x;,y;), ¢ = 0,--- N, such that each component D;, i = 1--- N is covered by the
domains V;_; and V; of the charts (z;-1,y;—1) and (2;,y;) around (D;,0) and (D;, o).
The change of charts is given by:

T =y v =iy, e € L7
where —e; is the self intersection of the component D;. In the previous example of figure
3, the renumbering is:
(z4ay4) = (z_lam)v (SCg,yg) = (:C_37y_3)7 ($27y2) = (:C_ﬁbﬁ)a
(zlayl) = (1'4,y4)7 ('rOvyO) = (x27y2)'

The self intersections —e; are: —3, —1, —2, —3.
Notice the yy-axis in (zx,yn) is the strict transform of the y-axis and the zp-axis in
(0, Yo) is the strict transform of the z-axis.

Ys T4 Y3 T3 Y2 L T1 Yo X0

Figure 4: The atlas of the divisor for (k,1) = (3,5) after renumbering.

Let ¢ be the index in {1,--- N} corresponding to the principal component in the geo-
metric numbering (in the previous example: ¢ = 2).

3.1.3 Properties of the principal component.

We will essentially compute in the chart (x.,y.) centered at (D.,c0). Therefore we give
here the expression of E in this chart and the multiplicity on D.:

Proposition 3.1. 1. The desingularization map E s given in the chart
(e, ye) by

(z,y) = (@F7oyk , al7yl).

Therefore, the pull back by E is given by the meromorphic expressions

—~

k—

<

(e ye) = (=,

<

).

zlfu

<



2. The multiplicity of E*0f on the principal component D. of D is
ve=klp—k — 1+ keso + leg

where ey and oo (=0 or 1) are the multiplicities on the axes of the reduced function

fred.

Proof. We prove both results by a common induction on the number of blowing up’s of
the minimal desingularization of f. For one blowing up, we have: k=[1l=1,u =1, v =0,
and we have by direct computation: v, = p — 2 4+ g9 + £,. Therefore, both formulas are
valid in this case.

Let 0 a vector field with isolated singularity in a topological class of weights (k,1),
and v.(k,1) its multiplicity on the principal component. After one blowing up, the germ
of foliation at the origin of the exceptional divisor is in the class (k,l — k). Notice that if
uk — vl = 1 is the Bézout identity of (k,1), the corresponding Bézout identity for the new
pair is (u — v)k — v(l — k) = 1. Let us suppose that the formulas of Proposition (3.1) are
valid for the pair (k,l — k). Therefore, after one blowing-up we have in the first chart

_ k—v_ k _ l—k—utv, l—k
T =2y Y, =2, Yo . (15)
‘We obtain:
k—v, k l—u 0

T=T1=2. Yoo Y=T1Y1 =20 Y

Now, we claim that
ve(k,1) = ve(k,l — k) + pk? — k + keo (16)

from which we easily deduce the second formula. To prove this relation, let £ = E’ o
where Ej is the first blowing up. We have:

E*0y

ve(k,l
Ye (k:4)

a,b
T1Y1

E™ (x$y})
yé’c(kal)

)

where a = v(E}ls,21) and b = v(E}0f,y1). From (15) and the previous equality, we
obtain
vk, 1) = ve(k, 1 — ) + ak + b(l — k).

Now we have

p
red _ kp+ldeo, e k I—k
frho By =a Y1~ ||(91—ab$1 )
b=1

and thus v(f o By, x1) = kp+1+¢co and v(f o E1,y1) = €0o. From EfdzAdy(E;0y,-) =
E;(freddf/f) we deduce:
a=kp+e—1, b=0

which proves the relation (16). O

3.1.4 Computing multiplicities

We first recall the classical result which allows us to compute multiplicities of a function
along D [4]:

We choose the geometric numbering of the components of the exceptional divisor, and we
consider the matrix of intersections J defined for ¢ # j by J; ; = 1 if the two components D;
and D; meet together, J; ; = 0 otherwise, and .J; ; = —e;, where —e; is the self intersection
of each component. Let b; be the number of strict branches of f o E' meeting D;, counted
with their multiplicities, and B the column matrix induced by these numbers.
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Proposition 3.2. The multiplicities m; of (f o E) along each D; define a column matriz
M which satisfy

JM + B = 0.

In the quasi-homogeneous case, since D = D;U---UD._1UD.UD_.y1U---U Dy, the
column matrix B is here: (ng,0,--+,0,n,0,---0,ns)", where n = Y1_ ny is on index c.
The intersection matrix is given by:

—e; 1 0 0
1 —e 1 0 0
0 1 —es 1 0 0
J =
0 PN 0 1 —€EeN_1 1
0 o 0 1 —en

Therefore we obtain the multiplicities of f by M = —J !B (see example below). We will
also need to compute the multiplicities of the desingularized foliation, i.e. of the vector
field E*0y, where 0 is the vector field (14) with isolated singularity, defining the foliation
F.

Proposition 3.3. The multiplicities v; of E*0¢ along each component D; define a column
matriz N which satisfy
JN +C =0,

where C' = (g9 —1,0,-++,0,p,0,+--0,600 — 1)t, with p on index ¢, g =1 if ng #0, g9 = 0
otherwise, 0o = 1 if noo # 0, €00 = 0 otherwise.

Proof. Let V = (v;) be the multiplicities of E*dx A dy along each D;. From
E*(dz A dy)(E*0,-) = (f"*" o E)d(f 0 E)/(f o E)

we obtain:
Uz-—i—ui:ri—i—(mi—l)—mi:ri—l

where 7; = v(f"*d o E, D;). We consider the "axis function”: a = zy. Let A = (a;) be the
column matrix of multiplicities of a o E along each D;. We claim that v; = a; — 1. Indeed,
let (z;,y;) be the chart induced by (z,y) and E around the origin of D;. Since F is here
monomial in these coordinates, there exist positive integers p, ¢, r, s, such that:

de dy

dx;  dy;
E*de Ndy=aoFE-E*(—AN—)=aoFE-(ps—qr) N
x Y Z; Yi

from which we deduce v; = a; — 1. Therefore we obtain A+ N = R, where R is the matrix
of multiplities of (f"? o E). Now, from the previous proposition we have: JR = B"*?,
with B = (0,0,---,0,p,0,--0,e00)" and JA = B’ where B’ is the column such that
bi=1fori=1ori=N and b, = 0 otherwise. We obtain:

JN=JR—-A)=B"_pB =C.

Example. For (k,l) = (3,5), the matrix of intersections is:

-3 1 0 0
1 -2 1 0
J= 0 1 -1 1
0 0 1 =3



and we have B = (ng,0,n,n)", where n = >°7_ ny, and C = (g9 — 1,p,0,600 — 1).
Therefore we obtain:

2ng + Neo + 50 260 + €00 +5p—3
M= ong + 3N + 151 | . 50 + 30 + 15p — 8

3ng + 2nee + 9N ’ 360+ 2600 +9p—5

ng + Neo + 31 €0+ Eco +3p—2

The multiplicity of the foliation on the principal component Ds is

Ve = Heg + 360 + 15p — 8.

3.1.5 Properties of the sheaf O r.

A chain of D is a connected sequence of components D; which meet exactly two others
components. In the quasi-homogeneous case, D contains two chains: {Da, - D._1} —the
right hand chain— and {D.41, - Dny—_1} —the left hand chain—.

Let Wy be the union of the charts domains Vi, V5,... V._1: Wy covers D1 U ---U D,
excepted a small disc around 0 in D; and a small disc around oo in D.. In a similar way,
we consider Wy, = V. U---UVy_1, covering D.U---U Dy excepted small discs around 0
in D, and around oo in Dpy.

Us Uy

Figure 5: Open sets W, Wy, Uy and Up.
Proposition 3.4. There exists a global section Ty (resp. Tso) of the sheaf O x of germs of
vector fields tangent to E*F on Wy (resp. Wso ) which admits only isolated singularities.
Proof. From the previous relation JN + C' = 0, we obtain :
Vici —eiVi + Vi1 =0, 1 =2,---c—1.
We claim that the vector fields with isolated singularities

E*0;

LY

(91': i:1,---c—1

glue together defining a global section Ty of ©x on Wy. Indeed, using the change of two
consecutive charts, we have

vi Vi+l __ _Vi€;, V; —Vit1 _  Vi—1_V;
Li Y, =L 1Y% T L1 Y1
which proves that #; = 0 = --- = 0._1 on their common domains. O

Corollary 3.5. We have H*(Wy,05) = H* (W4, 05) = 0.
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Proof. The previous section Ty with isolated singularities allows us to identify the sheaf
O r|w, to Onl|w,. Since the Chern class of each branch is negative, one can easily check
that HY(Wy, Opr) = 0. The proof is similar for We. O

Proposition 3.6. Let Uy be an open set covering D1, --- , D, excepted a small disc in D,
around D. N D.y1), and Uso a similar domain for the left hand side. We have

H'(Up,05) = H (U, 07) = 0.

Proof. On can suppose that Uy = Vj U W, where Vj is the domain of (z,yo) at (D1, 0).
From corollary (3.5), we have H'(Wy,0x) = 0. We also have H'(V;,©7) = 0 since we
can choose a vector field with isolated singularities on V) (or without singularities if there
is no invariant branch in V). Therefore we obtain:

1 . @_7:(V0 M Wo)
H (U0, 67) = 0r(Vo) ® ©7(Wo)'

Let Ty be the vector field on V' given by (3.4). Let (zo,y0) and (z1,%1) be the charts
induced by (FE, (z,y)) on D; according to the previous notations and (zg, yo) = ¢(x1,y1) =
(' y1, 27 ") the change of charts. We have:

Ox(Vo N Wo) = {g(z1,y1) - To, g holomorphic in z1}
Or(Wy) ={g(z1,y1) - To € Ox(Vop N W), ¢ has an holomorphic extension in Wy}
O(V) = {g(er.11) - To € O£ (Vo 1 Wo), ¢*(g - To) holomorphic at (Do, 0)}

We set: g(x1,y1) = Zi>0je7zl aiijﬁy{. The existence of an holomorphic extension of g
along Wy gives us the necessary condition j > 0. On the other side we have

. BE*T,
¥ (90) = 1/001'0'
Yo
The vector field % is non singular on a neighborhood of (Dy,0) if there is no invariant

branch at (Dq,0) ;nd vanishes on this axis with some positive multiplicity v otherwise.
Therefore the condition ¢*(g-Tp) is holomorphic at ((Dy,0)) gives rise to: e1i—j+1+v > 0.
The two conditions 7 > 0 and j < eji + 1 + v vanish any element (4,j) € Z* x Z in the
quotient. O

3.2 B: complement on the study of the vector fields X,, ,

In this appendix, we study the independance properties of the family of vector fields X, ;.
We consider the following decomposition

0
X070 = ZZ(CZ— k/’l) ab7daa—bd
d b ?

- ¥ SN (A k) apaAl (a) | ey

i, 7>1 \0<d—kI<j b

Ti,j(a)

Proposition 3.7. The functions I'; j (a) are algebraically independent.
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Proof. Let us decompose the coefficient T'; ; (a)

Tij(a) =Y japs; A7Y (@)+ D Y (d—kl)apaAYS (a).
b

0<d—kl<j b

Li,j(a) Rij(a)

Following, the lemma (1.13) the function Ag’flﬂ (a) depends only on the variables a;,

with0<d —kl <j— (kl +j — kl) = 0. Thus, it depends only on the variables ap ;. The
expression R;; depends only on the variables aj o where d’ satisifies

0<d —kl<j—(d—kl) = d <j+kl—(d—Fkl)<j+kl

In view of (1.12), for a fixed value of j, the linear forms L, ; are independent since their

b,kl+j
Ai,j ! (a)

i,b

determinant is det (

) = 0. Thus, they are also algebraically independent.

Now, let us consider a polynomial function P ({Xi,j}(iﬁj)ejr) where the X;js are some
independent variables. Suppose that P induces an algebraic relation between the functions

Lij (a)
P (Fi,j (a)) = 0

Let J be the greatest integer such that there exist a point (i,J) in T and denote by
{(t0,J), (i1,J),- -+, (ig, J)} the family of points in T at the level J. The relation P is
written

P ({rm ()}, Lio.s () + Rig.y (a) ..., Li, s (a) + Riy.s (a)) —0.

We fix all the variables ap g with d — kIl < J at a generic value. Then, the above relation
becomes an algebraic relation between the affine forms L; ; (a)+R;. s (a). Let us decompose
the relation P as follows

P= > QX)X

IC{(ik: D)} zo. 4

where X = H(i Del Xi,s. Here, Qr depends only on the variables X; ; with j < J. Since,
the affine form L; j (a) + R; s (a) are algebraiclly independant, for any I, we have

Qr(Lij(a)) =0,

which are algebraic relations between the function I'; ; (a) with j < J. Therefore, an
inducing argument ensures that P has to be the trivial relation, which proves the theorem.
O

We equipped the C-space Vect {e;, j}(i Her with an hermitian product defined by
(€35, €ir,5) = O(i,5).(7.3")

Corollary 3.8. Consider the subspace Vect{eihjl, ceey eiqﬁjq} and the orthogonal projec-
tion of a sub-family X, nys .- Xmg.n, on this subspace. Suppose that for any e;, ;. , the
orthogonal projection of the family Xon, nyy - -+ Xongn, 0N €45, does not identically vanish.
Then the projected sub-family is generically free.

Proof. Let us write the decomposition of Xy in the basis e; ;

XO,O = Z Fi,j (a) 61'7]'.

(i,5)€T
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The multiplication by x and y define an application of O-modules whose action on the
basis e; ; is as follows
Tr€ij = Ch—vtiktj

Y-€ij5 = Cloutiltj-
Thus we have the following decomposition
Xm,n = Cﬁmy" : XO,O = Z Fi,j (a) Em(k—v)+n(l—u)+i,mk+in+j
(4,7)€T

Z FTm,n(i,j) (a) €ij

(i,7)€T

where 7, , is the translation of vector mZ + ng. In this expression, we set I'y , = 0 if
(%, %) ¢ T. The determinant of this projected family is

FTmT,nT(isvjs) (a)| r=1.. .q
s=1....q

Since the functions involved in the above determinant are algebraically independant, this
determinant does not indentically vanish if and only if the determinant

X

Tmr,nT(isajs) r=1.. .q
s=1....q

is not zero. The hypothesis of the corollary ensures that in the previous determinant
there is no zero row. Moreover notice that in the matrix [XTm,T,nr(isujs)} p=1..q 2

s=1....q
variable X; ; cannot appear twice on the same row or on the same line. Suppose now that
there exists a vector (\;) in the kernel of this matrix which means that for any r the

following relation holds

1=1..q

D AXr i Giae) = O

s=1..q

Obviously, if 7, n, (is,Js) € T then Ay = 0. Since, there is no zero row in the initial
matrix, then for any s there exists r such that 7, . (is,js) € T, thus for any s, the
coefficient Ay = 0, which proves the proposition. O

3.3 C: normal forms for (k,l) = (3,5) and p =4

According to the figure draw below, the analytical normal form for the topological class of
(v +2°)" (v° + a22®)™ (4 + a3a®)"™ (4 + aaa®)"™ .

is given by the following family of functions with 78 parameters
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N, = (y3 +2° + a1 167%y* + 611,19333?/2)n1 X

(y3 + a2,15965 + a2,16$292 + a2717x4y + a2,18966 + a2719x3y2 + a2,20955y
+a2,21$7 + a2,22x4y2 + a2,23966y + a2,24£138 + a2,25w5y2 + a2,26967y
+a2,28$6y2 + a2,29$89 + a2,31967y2 + a2,34968y2)n2 X

(y3 + a3,15965 + a3,16$292 + a3,179€4y + a3,18$6 + a3,199€392 + a3,20905y
+a3,21$7 + a3,22904y2 + a3,239€6y + a3,24£138 + a3725x5y2 + a3,26957y
+a3,27$9 + a3,28966y2 + a3,29908y + as,30$10 + a3,31x7y2 + a3,32$99
WL¢13,,33~T11 + a3,34$8y2 + a3,35$10y + a3,361'12 + a3,37$8y2 + (13,385011y

13 9 2 12 10, 2 13 12, 2
+a3,39T7" 4+ a3,4027Y" + a3 41T77Y + a343TY" + A3.44T77Y + A3.46T 7Y

-l-as,49£1313y2)n3 X

(y3 + a4,15965 + a4,17$4y + a4,18966 + a4,20905y + a4,21367 + a4,23956y
+a4,24$8 + a4,26907y + a4,27$9 + a4,29908y + a4,30$10 + a4,32$99
+as 330" 4 as,352" %Y + ag 362" + ag sz y + as 02’ + agmay
+a4,42$14 + a4,44$13y + a4,45$15 + a4,47$14y + a4,48$16 + a4750x15y

17 16 18 17 18, \n4
Fa451T " + Q4530 Y + Q4,540 + Q45627 Y + Q4,507 y) .
Moreover, the normal forms for the generic curve are given by the 35-parameters family

N, = (y3 +25+ x2y2) X

(y3 + a2,15$5 + a2,16962y2 + a2,17964y + a2,18$6 + a2,19903y2 + a2,20955y
+a2,23$69) x

(y3 + 613,15335 + a3,16962y2 + a3,17964y + a3,1s$6 + a3719x3y2 + a3,20905y
-i-a3,21£137 + a3,22$4y2 + a3,23$6y + a3,24968 + a3,25$5y2 + a3,26$79
+03,282E6112 + a3,29=’7€sy) X

(y3 + 114.,15£E5 + a4,17504y + a4,18$6 + a4,20505y + a4,21£E7 + a4,23$6y
Jra4,24£1€8 + a4,26$7y + a4,27$9 + a4,29=’7€8y + 114.,309610 + a4,32$911

11 10
+a4,3377" + Q4,357 y)
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(k1) = (3,5) (u,v) = (2,1)
p = 4 branches

€0 = €xo = 0 (no axes)
6=3+40+25+10="78

r=32+4+3 By, =32+3=35

n3 = 10
transitive action

m? monomial of R-degree d

t,; translation associated to
n? number of modules at level d
qq number of vector fields of C a such

that v(Xm,n) =d

madt1
d

ng = 25
critical block

My Mz Mo My d

S Vi Vi Vh Vi ¥ V0 Y VI VI Vinh Vi Vi Vi Vi ¥ VR SR VRV

1 jump of the
2 . critical bloc

HFOORORFRORRERRERRERRRNRERDNRN

WWWWWWWNWWNWNONWNNNNDNDNDN

(=)

nd 94

(0, v = 52)

d=62
- = di=61
d =60
d= 47
_ ds =46
d=45
d =32
 dy=31
d=30
d=18
} d=17
J di = 16

—= dg =15

Figure 6: Moduli triangle of the topological class (k,l) = (3,5) and p = 4
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