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Abstract

We consider the issue of estimating a measure observed in a deformation frame-
work. For this we consider a parametric deformation model on an empirical sample
and provide a new matching criterion for cloud points based on a generalization
of the registration criterion used in [15]. We study the asymptotic behaviour of
the estimators of the deformations and provide some examples to some particular
deformation models.
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1 Introduction

Giving a sense to the notion of mean behaviour may be counted among the very early
activities of statisticians. When confronted to large data sample, the usual notion of Eu-
clidean mean is too rough since the information conveyed by the data possesses an inner
geometry far from the Euclidean one. Indeed, deformations on the data such as transla-
tions, scale location models for instance or more general warping procedures prevent the
use of the usual methods in data analysis. This problem arises naturally for a wide range
of statistical research �elds such as functional data analysis for instance in [15], [12], [19],
[5] and references therein, image analysis in [22] or [3], shape analysis in [17] or [16] with
many applications ranging from biology in [8] to pattern recognition [20] just to name a
few.

To handle this issue without any assumption on the deformations, Sakoe and Chiba
in [20] present a synchronization algorithm known as the Dynamic TimeWarping (D.T.W.),
aligning two curves by a time axis renormalization. When dealing with functional data
observed in a regression scheme, this idea was generalized in [27].

For a better understanding of the deformations, another major direction has been in-
vestigated. It consists in modeling the deformations by a parametric warping operator,
such as for instance, scale location parameters, rotations in [7], actions of parameters of
Lie groups or in a more general way deformations parametrized by their coe�cients on a
given basis [6] or in an RKHS set [1]. Adding structure on the deformations enables to
de�ne the mean behaviour as the data warped by the mean deformation, i.e. the defor-
mation parametrized by the mean of the parameters. Semi-parametric technics as in [15]
or [26] enable to provide sharp estimation of these parameters.

The same kind of issues arises when considering the estimation of distribution functions
observed with deformations. This situation occurs often in biology, for example when con-
sidering gene expression data obtained from microarray technologies. A microarray may
contain thousands of spots, each one containing a few million copies of identical D.N.A.
molecules that uniquely correspond to a gene. From each spot, a measure is obtained but
before performing any statistical analysis on such data, it is necessary to process rough
data in order to remove any systematic bias inhering to the microarray technology. A
natural way to handle this phenomena is to try to remove these variations in order to
align the measured densities, which proves di�cult since the densities are unknown. In
bioinformatics and computational biology, a method to reduce this kind of variability is
known as normalization.

However, when dealing with the registration of warped distributions, the literature is
scarce. We mention here the method provided for biological computational issues known
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as quantile normalization in [8] and the related work [14]. In [18] and [10] a criterion
based on Wasserstein's distance is used to match two distributions for some particular de-
formation framework. In this work, we consider the extension of such parametric methods
to the problem of estimating a distribution of random variables, observed in a warping
framework through a precise estimation of the particular deformation parameters.

Actually, assume that we observe i = 1, . . . , n samples of j = 1, . . . , J independent
random variables Xij with distribution µj. Each sample is drawn from a mean distribu-
tion µ with some variations in the sense that there exists an unobserved warping function
ϕ such that, for all j, we have µj = µ ◦ ϕ−1

j . To deal with this issue, we assume a
parametric model for the warping function. We consider that the deformations follow a
known shape which depends on parameters, speci�c for each sample. Hence there are
parameters θ⋆ = (θ⋆1, . . . , θ

⋆
J) such that ϕj = ϕθ⋆j

, for all j = 1, . . . , J. Each θ⋆j represents
the warping e�ect that undergoes the jth sample, which must be removed to recover the
unknown distribution by inverting the warping operator. Hence, we will estimate, in a
semi-parametric framework, the parameters θ⋆j .

For this, inspired by the method provided in [15], we warp the observations and con-
struct an estimator of θ⋆ by minimizing the energy needed to align all the distributions
µj to the distribution µj−1 . That is to say, we will minimize the cost of transport of
the mass charged by µj on the mass charged by µj−1. Hence, to quantify the alignment
between the two probabilities, it seems natural to us to consider the Wasserstein distance,
see for instance in [25] or [2] for the connexions between this distance and mass transport.
So we will study an estimator θ̂n of θ⋆ obtained by minimizing a criterion inspired by the
D.T.W. and based on the Wasserstein distance between two probabilities.

We will obtain a result of consistency under general assumptions, in particular we
will not assume the compactness of the support of µ. This estimator of θ⋆ will enable
us to obtain an consistent estimator of the structural distribution µ. Under stronger
assumptions, we will also obtain a result of convergence in law for θ̂n.

The paper is organized as follows : the description of our model and the de�nitions
of the estimators are given in Section 2. Section 3 is devoted to the consistency results
obtained for the estimators of θ⋆ and µ. In Section 4, a new framework is introduced to
study the asymptotic comportment of the deformation estimates with a result about their
convergence in distribution. Section 5 presents some examples of deformations which fall
in the scope of our study. Finally some simulations are provided in Section 6. The proofs
are postponed to a technical Appendix.

2 Statistical model for distribution deformations

In this section, we will de�ne a model for deformations of random variables and recall
some useful de�nitions.

First, recall the following notations. If Pn is a sequence of probabilities which converges
weakly to a probability P when n → ∞, we note Pn ⇀ P . In all the paper, we denote
by ‖ ‖ the euclidean norm on R

k for all k ∈ N, k > 2. Finally, for a given sample
Y = (Y1, . . . , Yn), we denote by Y(1) 6 · · · 6 Y(i) 6 · · · 6 Y(n) its order statistics.
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For i = 1, . . . , n and j = 1, . . . , J , set εij unobserved real i.i.d. random variables with
unknown distribution µ de�ned on an Borel set Ia ⊂ R. We will consider deformations
of these real-valued observations. Hence, we consider a family of deformation functions,
indexed by parameters λ ∈ Λ, for Λ a compact and convex subset of Rd, which warps
a point x onto another point ϕλ(x). The shape of the deformation is modelled by the
known function ϕ while the amount of deformation is characterized by the parameter λ.
Namely, set

ϕ : Λ× Ia → Ib
(λ, x) 7→ ϕλ (x)

for Ia, Ib subsets of R possibly unbounded.
We assume that we observe

Xij = ϕθ⋆j
(εij) 1 6 i 6 n 1 6 j 6 J, (1)

where θ⋆j is the unknown deformation parameter in Λ ⊂ R
d, associated to the j-th sample.

Our aim is to estimate the parameter θ⋆ ∈ Θ = ΠJ
j=1Λ. For this, we will study a

criterion based on a registration procedure for the distributions µj of each i.i.d. sample
(X1j, . . . , Xnj), for all j = 1, . . . , J . To compute the distance between the distributions,
we will need the following probabilistic tools.

If F is a distribution function , we de�ne the quantile function associated by

F−1 (t) = inf {x ∈ R, F (x) > t} .

Recall that if Fn is the empirical distribution associated to a sample (Y1, . . . , Yn), then we
have

F−1
n (t) = Y(i) for

i− 1

n
< t 6

i

n
.

A natural distance to measure the deformation cost to align two distributions is given
by the Wasserstein distance. For p ∈ N

⋆, consider the following set

W2 (R
p) = {P probability on R

p which admits a �nite second order moment} .

Given two probabilities P and Q inW2 (R
p) we denote by P(P,Q) the set of all probability

measures π over the product set Rp × R
p with �rst (resp. second) marginal P (resp. Q).

The transportation cost with quadratic cost function, or quadratic transportation cost,
between these two measures P , Q is de�ned as

T2(P,Q) = inf
π∈P(P,Q)

∫
‖x− y‖2 dπ.

The quadratic transportation cost allows to endow the set W2 (R
p) with a metric by

setting

W2(P,Q) = T2(P,Q)1/2.

Note that we will use W2 metrics in this work. This choice is led by the issue of
optimal matching between cloud points, see for instance in [4]. Yet other choices

W r
r (P,Q) = inf

π∈P(P,Q)

∫
d(x, y)rdπ
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are possible for di�erent r and other distances d on R
p. In particular, the earth-mover

distance which corresponds to r = 1 could be used with more complicated calculations.
However the study of this criterion falls beyond the scope of this paper.

Hereafter, we will consider distributions on R. In this case the Wasserstein distance
can be computed directly using the inverse distribution functions, as

W 2
2 (P,Q) =

∫ 1

0

(
F−1 (t)−G−1 (t)

)2
dt, (2)

where F (resp. G) is the distribution function associated to P (resp. Q). The registra-
tion procedure we consider is an extension to point cloud estimation of the methodology
pioneered in [15] and deeply studied in [26]. Wasserstein distance is actually a powerful
tool to study similarities between point distributions, see in [9] or [11].

Recall that our aim is to align the law µj of the observations Xj. Hence a natural
idea is to apply the inverse deformation operator to these observations. More precisely
for all candidate θj, and to each observation Xij, we can apply the inverse deformation of
parameter θj. Hence we can compute for all di�erent j's, the following random variables

Zij (θ) = ϕ−1
θj

(Xij) (3)

where we denote θ = (θ1, . . . , θJ) ∈ Θ = ΠJ
j=1Λ. Now, denote by µj (θ) the common law of

the elements of the i.i.d. sample Zj (θ) = (Z1j (θ) , . . . , Znj (θ)). By varying the parameter
θ, we will try to align successively the distribution µj (θ) onto the previous distribution
µj−1 (θ).

Let

µn
j (θ) =

1

n

n∑

i=1

δZij(θ)

the empirical law of the sample (Zij (θ))16i6n.
We note Fj the distribution function associated with the law µj and F the distribution
function associated with the law µ, F n

j the empirical distribution function of the random
sample (X1j, . . . , Xnj).

We introduce the following criterion

M : θ 7→ M (θ) =
1

J − 1

J∑

j=2

W 2
2 (µj (θ) , µj−1 (θ)) . (4)

Remark that for θ = θ⋆, we get for all j µj (θ
⋆) = µj−1 (θ

⋆) = µ. Hence the distributions
are the same for the true parameter θ⋆, and the criterion M reaches its minimum at this
point.

The estimation of this criterion is given by its corresponding empirical version, which
is

Mn (θ) =
1

J − 1

J∑

j=2

W 2
2

(
µn
j (θ) , µ

n
j−1 (θ)

)
. (5)
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It can be computed using (2) and the order statistics associated to the samples Zj (θ)
as

Mn (θ) =
1

J − 1

J∑

j=2

1

n

n∑

i=1

[
Z(i)j (θ)− Z(i)j−1 (θ)

]2
.

The estimator of θ⋆ is �nally de�ned as

θ̂n ∈ argmin
θ∈Θ

Mn (θ) . (6)

Our aim is thus twofold.

• First, study the asymptotic comportment of this M-estimator.

• Then, using this estimate, recover the template measure µ with the following esti-
mator

µ̂n =
1

J

J∑

j=1

(
1

n

n∑

i=1

δϕ−1

θ̂n
j

(Xij)

)
:=

1

J

J∑

j=1

µ̂n
j . (7)

We point out that we restrict ourselves to distributions on R and not R
p. As a

matter of fact, the statistical analysis of the estimates and their asymptotic behaviour in
distribution require a particular study of the asymptotic expansion of Mn that can not
be achieved using the general expression of Wasserstein metrics. Indeed, we will need
to express W2 with quantile functions, estimated by the corresponding order statistics,
which can only be done in the one dimensional case.

3 Consistent estimation of the deformation parameters

and the distribution template

The main objective of this section is to study the consistency of the estimator de�ned
in (6) as

θ̂n ∈ argmin
θ∈Θ

Mn (θ) .

Consider the following assumptions

A0 : µ is a probability law on a measurable subset Ia ⊂ R.

We consider deformation functions that verify

A1 : There exists a measurable subset Ib ⊂ R such that for all λ ∈ Λ, ϕλ :
Ia → Ib
x 7→ ϕλ(x)

is invertible.

and

A2 : For all λ ∈ Λ, ϕλ :
Ia → Ib
x 7→ ϕλ(x)

is increasing.

Next, to ensure that the criterionM is �nite, the distribution of Zj (θ), µj (θ), must belong
to W2 (R) for all θ ∈ Θ, so we need
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A3 : For all λ ∈ Λ and all 1 6 j 6 J , ϕ−1
λ (·) is in L2 (µj) that is to say ϕ−1

λ ◦ ϕθ⋆j
(·) ∈

L2 (µ).

The two following assumptions are more technical.

A4 : For all x ∈ Ia, ϕλ :
Λ → Ib
λ 7→ ϕ−1

λ (x)
is continuously di�erentiable. We denote its

partial di�erential with respect to the variable λ on λ0 by ∂ϕ−1
λ0

(x).

A5 : The family
(
∂ϕ−1

λ (·)
)
λ∈Λ

has an envelop in L2 (µj) for all j, that is

sup
λ∈Λ

∥∥∂ϕ−1
λ (x)

∥∥ 6 H(x)

with H ∈ L2 (µj) for all j.

It remains to have the following inequality for all j

sup
λ∈Λ

∥∥∥∂ϕ−1
λ ◦ ϕθ⋆j

(x)
∥∥∥ 6 G(x)

with G ∈ L2 (µ) .

These two last assumptions are actually regularity assumption on the deformations. They
are required in order to get bounds for the empirical processes.

The last assumption is related to the identi�ability of the model. More precisely it
ensures that M admits an unique minimum on Θ at the parameter of interest, θ⋆.

A6 For all θ 6= θ⋆ in Θ, there exists 1 6 k < j 6 J , and a set A such that µ (A) > 0
and ϕ−1

θj
◦ ϕθ⋆j

6= ϕ−1
θk

◦ ϕθ⋆
k
on A.

Finally, recall that Λ is a compact and convex subset of Rd.

3.1 Estimation of θ⋆

Assume we observe Xij, i = 1, . . . , n, j = 1, . . . , J , de�ned in (1). The following theorem
proves the consistency of the estimator of the deformation parameters.

Theorem 3.1. Under assumptions A0 to A6, θ̂n ∈ argminθ∈ΘMn (θ) converges in prob-
ability to θ⋆ when n tends to in�nity .

The estimate of θ⋆ is de�ned as an M-estimator. Hence its study follows the classical
guidelines stated for instance in [24]. More precisely, its consistency can be obtained by
establishing the uniform convergence of the criterion, that is

sup
θ∈Θ

|Mn (θ)−M (θ)| n→∞−−−→ 0 in probability

under the following condition of identi�ability

for all ε > 0, inf
Θ∩B(θ⋆,ε)c

M(θ) > 0.

So according to Theorem 5.7 p.45 in [24], these two results enable to obtain Theorem 3.1.
The uniform convergence is obtained through the followings steps
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- We �rst prove the pointwise convergence of Mn to M in probability. It involves
classical properties of the Wasserstein distance about the convergence of empirical
measures.

- Next we obtain the following property of "uniform continuity"

for all ε > 0, lim sup
n→∞

P

(
sup

‖θ1−θ2‖6ν

∣∣Mn

(
θ1
)
−Mn

(
θ2
)∣∣ > ε

)
ν→0−−→ 0.

This part is the most important, and especially requires assumption A5.

We conclude by using arguments of compactness and continuity. The latter, in addition
to assumption A6, are used to obtain the condition of identi�ability. The details of the
proof are given in the Appendix.

3.2 Reconstruction of the measure µ

Theorem 3.1 enables to get a sharp approximation of the true parameters of deformations
with the estimator θ̂n. This entails that the observations can be aligned by computing the
inverse transformation applied to the observations. Actually when n is su�ciently large,
ϕ−1

θ̂nj
(Xij) = ϕ−1

θ̂nj
◦ ϕθ⋆j

(εij) is very close to εij. So a natural estimator of the measure µ is

given by

µ̂n =
1

J

J∑

j=1

(
1

n

n∑

i=1

1ϕ−1

θ̂n
j

(Xij)

)
=

1

J

J∑

j=1

µ̂n
j

The following theorem proves its consistency.

Theorem 3.2. Under assumptions A0 to A6, µ̂n converges in the Wasserstein distance
sense to the measure µ in probability :

W2 (µ̂
n, µ)

n→∞−−−→ 0 in probability.

The convergence result can be made more precise with the following proposition.

Proposition 3.3. Under assumptions A0 to A6, then for all j,

W2

(
µ̂n
j , µ
) n→∞−−−→ 0 in probability.

This result comes almost directly from the consistency of the deformation parameters
stated in Theorem 3.1.

4 Asymptotic analysis of the deformation parameters

4.1 Assumptions

In order to handle a larger variety of deformation models, we weaken assumption A6.
Following [26] or [5], we restrict the set of parameters Θ = ΠJ

j=1Λ to the set Θ̃ =
{θ ∈ Θ, θ1 = θ⋆}, which amounts to saying that we take the �rst sample as a reference
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and align all the others onto this one. So, to verify assumption A6 it is now su�cient to
show that there exists j with 2 6 j 6 J such that ϕ−1

θj
◦ ϕθ⋆j

6= Id for θ 6= θ⋆ on a set of
positive µ-measure.

So we study the estimator
θ̂n ∈ argmin

θ∈Θ̃
Mn(θ)

that is (
θ̂n2 , . . . , θ̂

n
J

)
∈ arg min

(θ2,...,θJ )∈ΘJ−1

Mn((θ
⋆
1, θ2, . . . , θJ))

where ΘJ−1 = ΠJ
j=2Λ : the parameter space has in fact dimension J − 1. So for sake

of simplicity, in this section we will write θ = (θ2, . . . , θJ) ∈ ΘJ−1 and Mn(θ) instead of
Mn((θ

⋆
1, θ2, . . . , θJ))

Consider the following notations. If G is a function di�erentiable on ΘJ−1 and for
θ = (θ2, . . . , θJ) ∈ ΘJ−1 we denote by ∂jG(θ) its partial derivative with respect to the
j-th variable (2 6 j 6 J) at the point θ, and DG(θ) its di�erential at point θ.

Now we add to assumptions A0 to A6 the following regularity conditions on the
deformation functions.

AL1 ϕ−1 is C2 with respect to its two variables (λ, x) on Λ× Ib. We denote by ∂ϕ−1
λ (x)

its partial derivative with respect to the �rst variable at the point (λ, x) and by
dϕ−1

λ (x) its partial derivative with respect to the second variable at the point (λ, x).

Consider the following restrictions on the distributions µj, which are the distributions
of observations X1j.

AL2 For all j, µj is a law with a compact support [α; β] ⊂ Ib.

AL3 For all j, the distribution function Fj of the law µj is continuously di�erentiable
with strictly positive derivative fj on its support.

Actually these assumptions are required to prove the convergence in distribution of
the empirical quantile functions.

Note that using the relation Fj = F ◦ϕθ⋆j
which is due to A2, we obtain that AL2 and

AL3 implies that F is continuously di�erentiable with strictly positive derivative denoted
by f .

In the following, we consider that d = 1, that is θ⋆j ∈ Λ ⊂ R
d = R. However the

following result stands for d > 2 with slight modi�cations.

4.2 Asymptotic distribution of the deformation estimates

In this section we study the convergence in law of the estimator θ̂n, which relies on a
Taylor expansion for the empirical criterion. So using AL1 we �rst establish that the
criterion Mn is C2 on ΘJ−1.

Hence, Taylor expansion of the partial derivative of Mn can be written as

∂jMn

(
θ̂n
)
= ∂jMn (θ

⋆) +D∂jMn

(
θn,j
) (

θ̂n − θ⋆
)

9



for θn,j between θ̂n and θ⋆ and 2 6 j 6 J . But Mn admits a minimum on θ̂n, so

−∂jMn (θ
⋆) = D∂jMn

(
θn,j
) (

θ̂n − θ⋆
)
.

Hence

−DMn (θ
⋆) =




D∂2Mn (θ
n,2)

·
·

D∂JMn

(
θn,J

)



(
θ̂n − θ⋆

)
.

We set D∂jMn (θ
n,j) = Φj (F

n
1 , . . . , F

n
J , θ

n,j).
The main part of the proof consists in showing the two asymptotic results.

- On the one hand, we will show that
√
n(−DMn (θ

⋆)) ⇀ Z ∈ R
J−1 for some random

vector Z by using a functional delta method. This part is inspired by the work of
[13].

- On the other hand, we will establish that Φj (F
n
1 , . . . , F

n
J , θ

n,j) converges in proba-
bility to a deterministic quantity Φj (F1, . . . , FJ , θ

⋆) when n goes to in�nity.

Let

Φ =




Φ2 (F1, . . . , FJ , θ
⋆)

·
·

ΦJ (F1, . . . , FJ , θ
⋆)


 .

Then if Φ is invertible, we �nally get that

√
n
(
θ̂n − θ⋆

)
⇀ Φ−1Z.

More precisely, Φ is the tridiagonal symmetric matrix in R
J−1×J−1, with the lines



Φ2 (F1, . . . , FJ , θ
⋆)

·
·

ΦJ (F1, . . . , FJ , θ
⋆)


 where

Φ2 (F1, . . . , FJ , θ
⋆) =

(
4

J − 1

∫ 1

0

∂ϕ−1
θ⋆
2

(
F−1
2 (t)

)2
dt, (8)

−2

J − 1

∫ 1

0

∂ϕ−1
θ⋆
2

(
F−1
2 (t)

)
∂ϕ−1

θ⋆
3

(
F−1
3 (t)

)
dt, 0, . . . , 0

)

Φj (F1, . . . , FJ , θ
⋆) =

(
0, . . . , 0,

−2

J − 1

∫ 1

0

∂ϕ−1
θ⋆j

(
F−1
j (t)

)
∂ϕ−1

θ⋆j−1

(
F−1
j−1(t)

)
dt, (9)

4

J − 1

∫ 1

0

∂ϕ−1
θ⋆j

(
F−1
j (t)

)2
dt,

−2

J − 1

∫ 1

0

∂ϕ−1
θ⋆j

(
F−1
j (t)

)
∂ϕ−1

θ⋆j+1

(
F−1
j+1(t)

)
dt, 0 . . . , 0

)
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for 3 6 j 6 J − 1, and

ΦJ (F1, . . . , FJ , θ
⋆) =

(
0, . . . , 0,

−2

J − 1

∫ 1

0

∂ϕ−1
θ⋆
J

(
F−1
J (t)

)
∂ϕ−1

θ⋆
J−1

(
F−1
J−1(t)

)
dt, (10)

2

J − 1

∫ 1

0

∂ϕ−1
θ⋆
J

(
F−1
J (t)

)2
dt

)
.

Then we have that

Theorem 4.1. Under assumptions A0 to A6 and AL1 to AL3 and if Φ is invertible,
then

√
n
(
θ̂n − θ⋆

)
⇀ Φ−1




Z2

·
ZJ




with, for 2 6 j 6 J − 1

Zj =
2

J − 1

∫ 1

0

∂ϕ−1
θ⋆j

(
F−1
j (t)

)

f(F−1(t))
[2Gj(t)−Gj−1(t)−Gj+1(t)] dt

and

ZJ =
2

J − 1

∫ 1

0

∂ϕ−1
θ⋆
J

(
F−1
J (t)

)

f(F−1(t))
[GJ(t)−GJ−1(t)] dt,

where Gj are independent standard Brownian bridges, for 1 6 j 6 J .

If d > 2, we obtain the same kind of theorem but Φ becomes tridiagonal by blocks
and we have to take into account in the proof that ∂ϕ−1

θ⋆j
(x) is a vector in R

d.
The following proposition presents two cases of invertibility for the matrix Φ if d = 1.

Proposition 4.2. Assume that for all j, ∂ϕ−1
θ⋆j

(
F−1
j (t)

)
is not almost everywhere equal

to 0. Then the matrix Φ de�ned above is invertible if one of the two following conditions
is veri�ed.

1. The quantity
∫ 1

0
∂ϕ−1

θ⋆j

(
F−1
j (t)

)2
dt is independent of j and we have ∂ϕ−1

θ⋆j

(
F−1
j (t)

)
6=

γ∂ϕ−1
θ⋆j+1

(
F−1
j+1(t)

)
for all 2 6 j 6 J−1 and for all γ ∈ R. In this case, Φ is a diagonal

dominant matrix .

2. For all 2 6 j 6 J − 1 there exists γj such that ∂ϕ−1
θ⋆j

(
F−1
j (t)

)
= γj∂ϕ

−1
θ⋆j+1

(
F−1
j+1(t)

)
.

Note that ∂ϕ−1
θ⋆j

(
F−1
j (t)

)
= ∂ϕ−1

θ⋆j

(
ϕθ⋆j

(F−1(t))
)
, so the second assumption may hold

for a large variety of cases.

11



5 Applications

Now we provide some examples of admissible deformations, which undergo previous set
of assumptions.

5.1 Example 1 : Location/scale model

ϕλ (x) = λ2x+ λ1

This choice of deformation corresponds to observations

Xij = µ⋆
j + σ⋆

j εij 1 6 i 6 n 1 6 j 6 J

where εij are random independent variables with mean 0 drawn from an unknown distri-
bution µ. It corresponds to an ANOVA model with di�erent variances.
Here λ = (λ1, λ2) ∈ Λ ⊂ R

2. The deformation function ϕλ is invertible on R if λ2 6= 0.
ϕλ is non decreasing if λ2 > 0, then we must choose Λ as a compact convex subset of
R× (0; +∞).

We have ϕ−1
λ (x) = x−λ1

λ2
= ϕ

(
−λ1
λ2

, 1

λ2
)
(x), and ϕ−1

λ (ϕβ (x)) = xβ2+β1−λ1

λ2
which is in

L2 (µ) if µ ∈ W2 (R).

Moreover ∂ϕ−1
λ (x) =

(
−1
λ2
, λ1−x

λ2
2

)
and

∥∥∂ϕ−1
λ (x)

∥∥ =

√(
−1
λ2

)2
+
(

λ1−x
λ2
2

)2
. Hence

supλ∈Λ

∥∥∂ϕ−1
λ (·)

∥∥ ∈ L2 (µj) if µ ∈ W2 (R).
In conclusion, assumptions A0 to A5 are veri�ed as soon as Λ is a compact convex of

R× (0; +∞) and µ ∈ W2 (R).
After some computations it can be shown that the matrix Φ de�ned in Section 4 is

also invertible.
In the particular case of a translation model, λ2 = 0, i.e ϕλ (x) = x+λ, the assumptions

are easily tractable.
ϕλ is invertible on R for all λ ∈ R with ϕ−1

λ (x) = x− λ = ϕ−λ (x). Assumptions A1,
A2 and A4 are easily checked.

Moreover we have ∂ϕ−1
λ (x) = −1, ϕ−1

λ (ϕβ (x)) = x + β − λ. Hence A0, A3 and
A5 are veri�ed if µ is in W2 (R), and Λ ⊂ R compact and convex. Finally the second
condition of invertibility for the matrix Φ in Proposition 4.2 is trivially satis�ed.

The case of the scale model, that is ϕλ (x) = λx, can be considered with same reason-
ing. In this case, assumptions A0 to A5 are veri�ed if µ ∈ W2 (R), and Λ is a compact
interval included in (0; +∞).

5.2 Example 2: Logarithmic transform.

ϕλ (x) = λ log(x)

ϕλ is invertible from (0; +∞) to R for all λ 6= 0, and ϕλ is non decreasing if λ is
positive: here Λ must be contained in (0; +∞) and ε take its values in (0; +∞). We

have ϕ−1
λ (x) = exp

(
x
λ

)
, and ϕ−1

λ (ϕβ (x)) = exp
(

β log(x)
λ

)
= x

β

λ . Hence ϕ−1
λ ∈ L2 (µj) if

E

[
ε

2θ⋆j

λ

]
< ∞ for all λ ∈ Λ.

12



Moreover ∂ϕ−1
λ (x) = −x

λ2 exp
(
x
λ

)
, so ∂ϕ−1

λ (ϕβ (x)) =
−β
λ2 x

β

λ log(x), and supλ∈Λ

∣∣∂ϕ−1
λ (·)

∣∣ ∈

L2 (µj) if E
[
ε

2θ⋆j

λmin log2(ε)

]
< ∞ and E

[
ε

2θ⋆j

λMax log2(ε)

]
< ∞ where λMax = max {λ ∈ Λ}

and λmin = min {λ ∈ Λ}. In this case the conditions are more restrictive on the law µ.
Remark that the exponential distribution veri�es these conditions.

Finally, as previously this example veri�es the second condition of invertibility for the
matrix Φ stated in Proposition 4.2.

5.3 Example 3 : Composition

ϕλ(x) = f ◦ ϕ̃λ(x)

Consider a function ϕ̃λ(x) which veri�es all the assumptions A1 to A6. Then, if f is
an increasing function invertible from Ib to Ic, the deformation function ϕλ(x) = f ◦ ϕ̃λ(x)
veri�es also these assumptions replacing Ib by Ic. Indeed, assumptions A1, A2 and A4

about invertibility and di�erentiability are immediately veri�ed, and we have

ϕ−1
λ ◦ ϕβ = ϕ̃−1

λ ◦ f−1 ◦ f ◦ ϕ̃β = ϕ̃−1
λ ◦ ϕ̃β

and
∂ϕ−1

λ = ∂
(
ϕ̃−1
λ ◦ f−1

)
= ∂ϕ̃−1

λ ◦ f−1.

So
∂ϕ−1

λ ◦ ϕβ = ∂ϕ̃−1
λ ◦ f−1 ◦ f ◦ ϕ̃β = ∂ϕ̃−1

λ ◦ ϕ̃β.

Hence assumptions of integrability (A3, A5) and identi�ability (A6) are also veri�ed
for the function ϕλ(x) . Moreover, the matrix Φ which is involved in the convergence in
distribution is exactly the same in the two cases.

The composition action allows a large number of new admissible deformations. For
instance, the logit model ϕλ (x) =

1
1+exp(−λx)

can be obtained by the composition of the
scale model with the function f (x) = 1

1+exp(−x)
.

The study of the example 2 gives also the conditions under which the deformation
ϕλ (x) = xλ can be handled by our method.

6 Simulations

In this section we present some simulations obtained for several distinct deformation
functions and template measures.

More precisely, we simulate
(
ϕθ⋆j

(εij)
)
16i6n,16j6J

for di�erent choices of functions ϕ,

parameters θ⋆j and law µ of the εij. For each combination of theses parameters we �x
J = 6, we simulate samples of size n = 1000 for each deformation j, and we compute the
estimator θ̂n by �xing θ̂n1 = θ⋆1. We compute the error θ⋆j − θ̂nj for 2 6 j 6 6, and we
repeat 100 times this operation. In the following we present the repartition of the errors.
Each box-plot corresponds to the distribution of the estimation error of one θ⋆j .

For each deformation function, we consider the three following structural laws : the
Uniform law on the interval [−1; 1], the Binomial law of size 20 and parameter 1/3 and
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the standard Gaussian distribution.
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Figure 1: Uniform law and shift defor-
mation

Here we consider the shift deformations
ϕθ⋆j

(x) = x + θ⋆j , and we aim at recover the pa-
rameter θ⋆ = (10, 0.2, 3,−9, 2,−5).
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Figure 2: Binomial law and shift defor-
mation
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Figure 3: Gaussian law and shift defor-
mation

In the following we �rst consider the logit deformation ϕθ⋆j
(x) = 1

1+exp(θ⋆j x)
, and after

the scale deformation ϕθ⋆j
(x) = θ⋆jx. The parameter of deformation is in each case :

θ⋆ = (1, 5, 3.2, 4.5, 1.5, 2).

Figure 4: Uniform law and logit defor-
mation

Figure 5: Binomial law and logit defor-
mation
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Figure 6: Gaussian law and logit defor-
mation

Figure 7: Binomial law and scale defor-
mation

Figure 8: Uniform law and scale defor-
mation

Figure 9: Gaussian law and scale defor-
mation

As expected, the estimation procedure provides a good reconstruction of the parame-
ters of the deformations.

A Appendix section

A.1 Proof of Theorem 3.1

We start by proving the uniqueness of the minimum of the criterion M(θ).
STEP 0 : Identi�ability

We have already remarked that M (θ⋆) = 0 = minθ∈Θ M (θ).
Set θ ∈ Θ. We haveM (θ) = 0 if and only if for all 2 6 j 6 J ,W 2

2 (µj (θ) , µj−1 (θ)) = 0,
that is

ϕ−1
θj

◦ ϕθ⋆j
= ϕ−1

θj−1
◦ ϕθ⋆j−1

µ a.s.

Hence, if we assume A6, that is for all θ 6= θ⋆ in Θ, there exists 1 6 k < j 6 J , and a
set A such that µ (A) > 0 and ϕ−1

θj
◦ ϕθ⋆j

6= ϕ−1
θk

◦ ϕθ⋆
k
on A, then M admits an unique

minimum on Θ in θ⋆.

Indeed, if A6 holds, for θ 6= θ⋆ we necessarily have an index j and a set A such as
µ (A) > 0 and ϕ−1

θj
◦ ϕθ⋆j

6= ϕ−1
θj−1

◦ ϕθ⋆j−1
on A . Hence in this case, M (θ) 6= 0.
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Now we aim to show that the empirical criterion Mn converges uniformly to M in
probability. The proof follows three steps, beginning with the study of the pointwise
convergence.

STEP 1

For all θ in Θ,
|Mn (θ)−M (θ)| n→∞−−−→ 0 in probability .

Proof

Using the triangular inequality we can write

W2

(
µn
j (θ) , µ

n
j−1 (θ)

)
6 W2

(
µn
j (θ) , µj (θ)

)
+W2 (µj (θ) , µj−1 (θ))

+W2

(
µj−1 (θ) , µ

n
j−1 (θ)

)

and

W2 (µj (θ) , µj−1 (θ)) 6 W2

(
µj (θ) , µ

n
j (θ)

)
+W2

(
µn
j (θ) , µ

n
j−1 (θ)

)

+W2

(
µn
j−1 (θ) , µj−1 (θ)

)
.

Hence

W2 (µj (θ) , µj−1 (θ))−W2

(
µn
j (θ) , µj (θ)

)
−W2

(
µj−1 (θ) , µ

n
j−1 (θ)

)

6 W2

(
µn
j (θ) , µ

n
j−1 (θ)

)

6 W2

(
µn
j (θ) , µj (θ)

)
+W2 (µj (θ) , µj−1 (θ)) +W2

(
µj−1 (θ) , µ

n
j−1 (θ)

)
.

Here we use the following result about the convergence in the Wasserstein sense of the
empirical measures which is stated in [21] p. 63.

If Pn is the empirical law of an i.i.d. sample Y1, . . . , Yn with law P ∈ W2 (R) , then

W2 (Pn, P )
n→∞−−−→ 0 a.s.

So we deduce that for all j and θ �xed, W2

(
µn
j (θ) , µ

n
j−1 (θ)

)
converges a.s. to

W2 (µj (θ) , µj−1 (θ)) when n goes to in�nity.
Hence we conclude that for all θ

|Mn (θ)−M (θ)| n→∞−−−→ 0 a.s.

and consequently the convergence in probability holds, implied by the a.s. convergence.
STEP 2

For all ε > 0

lim sup
n→∞

P

(
sup

‖θ1−θ2‖6ν

∣∣Mn

(
θ1
)
−Mn

(
θ2
)∣∣ > ε

)
ν→0−−→ 0

Proof
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Recall that

Mn (θ) =
1

J − 1

J∑

j=2

1

n

n∑

i=1

[
Z(i)j (θ)− Z(i)j−1 (θ)

]2
.

For all 2 6 j 6 J , de�ne

M j
n (θ) =

1

n

n∑

i=1

[
Z(i)j (θ)− Z(i)j−1 (θ)

]2
.

For θ1 and θ2 in Θ, we have

∣∣Mn

(
θ1
)
−Mn

(
θ2
)∣∣ 6 1

J − 1

J∑

j=2

∣∣M j
n

(
θ1
)
−M j

n

(
θ2
)∣∣

and

∣∣M j
n

(
θ1
)
−M j

n

(
θ2
)∣∣ 6 1

n

n∑

i=1

∣∣∣
[
Z(i)j

(
θ1
)
− Z(i)j−1

(
θ1
)]2 −

[
Z(i)j

(
θ2
)
− Z(i)j−1

(
θ2
)]2∣∣∣ .

It can be bounded using the equality a2 − b2 = (a− b)(a+ b) by

∣∣M j
n

(
θ1
)
−M j

n

(
θ2
)∣∣ 6 1

n

n∑

i=1

Bij

(
θ1, θ2

) [
Aij

(
θ1, θ2

)
+ Aij−1

(
θ1, θ2

)]
,

where we have set
Aij

(
θ1, θ2

)
=
∣∣Z(i)j

(
θ1
)
− Z(i)j

(
θ2
)∣∣

and
Bij

(
θ1, θ2

)
=
∣∣Z(i)j

(
θ1
)
− Z(i)j−1

(
θ1
)
+ Z(i)j

(
θ2
)
− Z(i)j−1

(
θ2
)∣∣ .

By Cauchy-Schwarz's inequality
∣∣M j

n

(
θ1
)
−M j

n

(
θ2
)∣∣ 6

√√√√ 1

n

n∑

i=1

Bij (θ1, θ2)
2

√√√√ 1

n

n∑

i=1

[Aij (θ1, θ2) + Aij−1 (θ1, θ2)]
2
,

and using the triangular inequality we obtain
∣∣M j

n

(
θ1
)
−M j

n

(
θ2
)∣∣ 6

√√√√ 1

n

n∑

i=1

Bij (θ1, θ2)
2



√√√√ 1

n

n∑

i=1

Aij (θ1, θ2)
2 +

√√√√
n∑

i=1

Aij−1 (θ1, θ2)
2


 .

We �rst consider √√√√ 1

n

n∑

i=1

Bij (θ1, θ2)
2
.

17



With the same arguments as before and using A2
√√√√ 1

n

n∑

i=1

Bij (θ1, θ2)
2
6

√√√√ 1

n

n∑

i=1

ϕ−1
θ1j

(
X(i)j

)2
+

√√√√ 1

n

n∑

i=1

ϕ−1
θ1j−1

(
X(i)j−1

)2

+

√√√√ 1

n

n∑

i=1

ϕ−1
θ2j

(
X(i)j

)2
+

√√√√ 1

n

n∑

i=1

ϕ−1
θ2j−1

(
X(i)j−1

)2
.

Hence
√√√√ 1

n

n∑

i=1

Bij (θ1, θ2)
2
6

√√√√ 1

n

n∑

i=1

ϕ−1
θ1j

(Xij)
2 +

√√√√ 1

n

n∑

i=1

ϕ−1
θ1j−1

(Xij−1)
2

+

√√√√ 1

n

n∑

i=1

ϕ−1
θ2j

(Xij)
2 +

√√√√ 1

n

n∑

i=1

ϕ−1
θ2j−1

(Xij−1)
2
.

So

sup
‖θ1−θ2‖6ν

√√√√ 1

n

n∑

i=1

Bij (θ1, θ2)
2
62 sup

λ∈Λ

√√√√ 1

n

n∑

i=1

ϕ−1
λ (Xij)

2

+2 sup
λ∈Λ

√√√√ 1

n

n∑

i=1

ϕ−1
λ (Xij−1)

2
.

Now we will show that for all j

sup
‖θ1−θ2‖6ν

√√√√ 1

n

n∑

i=1

Bij (θ1, θ2)
2 = O

j
P
(1).

For this we use the following lemma taken from Example 3.7.3 p.38 in [23] and recalled
for sake of completeness.

Lemma A.1. Consider (Xi)i>1 i.i.d. variables de�ned on a space X with law P , Γ a

compact set in R
d and h : Γ × X 7→ R. Assume that h (·, x) is continuous on Γ for

P-almost x ∈ X and supγ∈Γ |h (γ, ·)| ∈ L1 (P ).
Then

sup
γ∈Γ

∣∣∣∣∣
1

n

n∑

i=1

h (γ,Xi)− E [h (γ,X1)]

∣∣∣∣∣
n→∞−−−→ 0 a.s.

In particular supγ∈Γ

∣∣ 1
n

∑n
i=1 h (γ,Xi)

∣∣ = OP(1).

Using assumption A4, for λ1, λ2 ∈ Λ we can write

ϕ−1
λ1 (x)− ϕ−1

λ2 (x) = ∂ϕ−1
λ1,2 (x)

(
λ1 − λ2

)
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for λ1,2 on the segment between λ1 and λ2. Then
∣∣ϕ−1

λ1 (x)− ϕ−1
λ2 (x)

∣∣ 6 sup
λ∈Λ

∥∥∂ϕ−1
λ (x)

∥∥ ∥∥λ1 − λ2
∥∥ .

So for all λ ∈ Λ, using A5
∣∣ϕ−1

λ (x)
∣∣ 6 H(x)∆ +

∣∣ϕ−1
λ0 (x)

∣∣

where λ0 ∈ Λ and ∆ is the diameter of Λ. Hence A3 implies that for all j

sup
λ∈Λ

∣∣ϕ−1
λ (·)

∣∣2 ∈ L1 (µj) (11)

and so we can apply Lemma A.1 to ϕ−1
λ (x)2 and we obtain

sup
θ1,θ2∈Θ2

√√√√ 1

n

n∑

i=1

Bij (θ1, θ2)
2 = O

j
P
(1).

Now we focus on
√

1
n

∑n
i=1 Aij (θ1, θ2)

2.
Using again assumption A2, we can write

Aij

(
θ1, θ2

)
=
∣∣Z(i)j

(
θ1
)
− Z(i)j

(
θ2
)∣∣

=
∣∣∣ϕ−1

θ1j

(
X(i)j

)
− ϕ−1

θ2j

(
X(i)j

)∣∣∣ .

Hence
n∑

i=1

Aij

(
θ1, θ2

)2
=

n∑

i=1

∣∣∣ϕ−1
θ1j

(Xij)− ϕ−1
θ2j

(Xij)
∣∣∣
2

.

Now using again a Taylor-Lagrange expansion

∣∣∣ϕ−1
θ1j

(Xij)− ϕ−1
θ2j

(Xij)
∣∣∣ =

∣∣∣∣∂ϕ
−1

θ̃1,2ij

(Xij)
(
θ1j − θ2j

)∣∣∣∣
6 sup

λ∈Λ

∥∥∂ϕ−1
λ (Xij)

∥∥ ∥∥θ1j − θ2j
∥∥

so

sup
‖θ1−θ2‖6ν

1

n

n∑

i=1

Aij

(
θ1, θ2

)2
6

1

n

n∑

i=1

sup
λ∈Λ

∥∥∂ϕ−1
λ (Xij)

∥∥2 ν2.

But under assumptionA4 we can apply the Law of Large Numbers to get that 1
n

∑n
i=1 supλ∈Λ

∥∥∂ϕ−1
λ (Xij)

∥∥2
converges in probability, and so

1

n

n∑

i=1

sup
λ∈Λ

∥∥∂ϕ−1
λ (Xij)

∥∥2 = O
j
P
(1).

In conclusion
sup

‖θ1−θ2‖6ν

∣∣Mn

(
θ1
)
−Mn

(
θ2
)∣∣ 6 Vnν

2
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where Vn = OP (1) is independent of ν and we obtain

lim sup
n→∞

P

(
sup

‖θ1−θ2‖6ν

∣∣Mn

(
θ1
)
−Mn

(
θ2
)∣∣ > ε

)
ν→0−−→ 0.

STEP 3

The function θ 7→ M (θ) is continuous on Θ.

Proof

Let (θn)n∈N be a sequence of Θ such that θn n→∞−−−→ θ0. We will show that M (θn)
n→∞−−−→

M (θ0) by proving the convergence W 2
2 (µj (θ

n) , µj (θ
0))

n→∞−−−→ 0. For this we will use the
following equivalence.

If (Pn)n∈N is a sequence in W2 (R) and P ∈ W2 (R), then

W2 (Pn, P )
n→∞−−−→ 0

if and only if
Pn ⇀ P and E

[
X2

n

]
→ E

[
X2
]

where Xn follows the law Pn and X the law P .
This characterization of the convergence in the Wasserstein's sense is proved for in-

stance in [21].
We �rst show that E

[
Z2

1j (θ
n)
] n→∞−−−→ E

[
Z2

1j (θ
0)
]
. Thanks to (11) , we have for all

θ ∈ Θ,

|Z1j (θ)| =
∣∣∣ϕ−1

θj
(X1j)

∣∣∣ 6 H̃ (X1j)

with H̃ (X1j) ∈ L2.
Moreover using the regularity of ϕ−1 with respect to the deformation parameter we

have the a.s. convergence

Z2
1j (θ

n) = ϕ−1
θnj

(X1j)
2 n→∞−−−→ ϕ−1

θ0j
(X1j)

2 = Z2
1j

(
θ0
)
.

Hence we obtain E
[
Z2

1j (θ
n)
] n→∞−−−→ E

[
Z2

1j (θ
0)
]
.

In addition, we proved the a.s. convergence of Z2
1j (θ

n) to Z2
1j (θ

0), which implies the
weak convergence µj (θ

n) ⇀ µj (θ
0).

From this we deduce that W 2
2 (µj (θ

n) , µ (θ0))
n→∞−−−→ 0 and consequently M (θn)

n→∞−−−→
M (θ0) if θn n→∞−−−→ θ0 : M is continuous on Θ.

CONSEQUENCE

If Θ is compact, then

sup
θ∈Θ

|Mn (θ)−M (θ)| n→∞−−−→ 0 in probability.

Proof
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Set ε and δ two real positive numbers. Thanks to the steps 2 and 3, we can choose ν0
such that

lim sup
n→∞

P

(
sup

‖θ1−θ2‖6ν0

∣∣Mn

(
θ1
)
−Mn

(
θ2
)∣∣ > ε

)
6 δ

and
sup

‖θ1−θ2‖6ν0

∣∣M
(
θ1
)
−M

(
θ2
)∣∣ 6 ε.

With the compactness of Θ, we can �nd a sequence
(
θk
)
16k6m

in Θ such that Θ ⊂
∪m
k=1B

(
θk, ν0

)
. Now for θ ∈ Θ ∩ B (θp, ν0)

|Mn (θ)−M (θ)| 6 |Mn (θ)−Mn (θ
p)|+ |Mn (θ

p)−M (θp)|+ |M (θp)−M (θ)|

sup
θ∈Θ

|Mn (θ)−M (θ)| 6 sup
‖θ1−θ2‖6ν0

∣∣Mn

(
θ1
)
−Mn

(
θ2
)∣∣+

max
16k6m

∣∣Mn

(
θk
)
−M

(
θk
)∣∣+ sup

‖θ1−θ2‖6ν0

∣∣M
(
θ1
)
−M

(
θ2
)∣∣

Hence(
sup
θ∈Θ

|Mn (θ)−M (θ)| > 3ε

)
⊂

(
sup

‖θ1−θ2‖6ν0

∣∣Mn

(
θ1
)
−Mn

(
θ2
)∣∣ > ε

)
∪
(

max
16k6m

∣∣Mn

(
θk
)
−M

(
θk
)∣∣ > ε

)
.

So

P

(
sup
θ∈Θ

|Mn (θ)−M (θ)| > 3ε

)
6 P

(
sup

‖θ1−θ2|6ν0

∣∣Mn

(
θ1
)
−Mn

(
θ2
)∣∣ > ε

)

+
m∑

k=1

P
(∣∣Mn

(
θk
)
−M

(
θk
)∣∣ > ε

)

And with the step 1, we deduce that for all δ and ε > 0

lim sup
n→∞

P

(
sup
θ∈Θ

|Mn (θ)−M (θ)| > 3ε

)
6 δ.

Hence,

sup
θ∈Θ

|Mn (θ)−M (θ)| n→∞−−−→ 0 in probability.

Finally we complete the proof as follows.
Using the result of identi�ability together with the continuity of M and the compact-

ness of Θ, we deduce that for all ε > 0

inf
Θ∩B(θ⋆,ε)c

M > 0.

Following the M-estimation theorem of [24] (th 5.7 p.45), this result combining with the
uniform convergence in probability of Mn to M leads to the consistency of the estimator.
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A.2 Proof of Proposition 7

We denote by µn
j the empirical law of the sample (ε1j, . . . εnj). Then we can write

W2

(
µ̂n
j , µ
)
6 W2

(
µ̂n
j , µ

n
j

)
+W2

(
µn
j , µ
)

First, the convergence of the empirical measures in the Wasserstein sense used in the
step 1 implies the a.s. convergence of W2

(
µn
j , µ
)
to 0 when n tends to in�nity. Indeed,

assumption A3 implies that µ ∈ W2 (R).
Second, ϕλ is non decreasing for all λ, so we have

W 2
2

(
µ̂n
j , µ

n
j

)
=

1

n

n∑

i=1

(
ϕ−1

θ̂nj

(
ϕθ⋆j

(
ε(i)j

))
− ε(i)j

)2

=
1

n

n∑

i=1

(
ϕ−1

θ̂nj

(
ϕθ⋆j

(εij)
)
− εij

)2

,

and with a Taylor expansion of θ 7→ ϕ−1
θ (Xij) between θ̂nj and θ⋆j , we obtain

ϕ−1

θ̂nj

(
ϕθ⋆j

(εij)
)
= εij + ∂ϕ−1

θ̃n,j
i

(Xij)
(
θ̂nj − θ⋆j

)

for θ̃n,ji in the segment between θ̂nj and θ⋆j . So

W 2
2

(
µ̂n
j , µ

n
j

)
6

[
1

n

n∑

i=1

sup
λ∈Λ

∥∥∂ϕ−1
λ (Xij)

∥∥2
]∥∥∥θ̂nj − θ⋆j

∥∥∥
2

.

But we showed in the step 2 that
[
1
n

∑n
i=1 supλ∈Λ

∥∥∂ϕ−1
λ (Xij)

∥∥2
]
= OP(1), and the

consistency of the estimator θ̂n implies that
∥∥∥θ̂nj − θ⋆j

∥∥∥ n→∞−−−→ 0 in probability. Hence we

deduce that W 2
2

(
µ̂n
j , µ

n
j

) n→∞−−−→ 0 in probability.
In conclusion,

W2

(
µ̂n
j , µ
) n→∞−−−→ 0 in probability.

To obtain Theorem 3.2, recall that µ̂n = 1
J

∑J
j=1 µ̂

n
j . The convergenceW2 (µ̂

n, µ)
n→∞−−−→

0 in probability is simply obtained by using again the characterization of the convergence
in the Wasserstein's sense stated in the step 3.

A.3 Proof of Theorem 4.1

Here we introduce new notations.
We note D]α; β] the set of distribution functions of measures that concentrate on

]α; β] and S the Skorohod space, that is the space of cadlag functions on R̄ endowed with
the supremum norm ‖ ‖∞. Recall that the cadlag functions are de�ned as the right
continuous functions which admit a limit from the left.

ℓ∞(0; 1) is the set of functions bounded on (0; 1), and for I = Ib or I = [α; β],
ℓ∞ ((0; 1); I) is the set of functions bounded on (0; 1) with values in I. ℓ∞,m(0; 1) de-
notes the set of bounded and measurable functions on (0; 1) . Recall that [α; β] ⊂ Ib.
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On the spaces ℓJ∞(0; 1) and ℓJ∞,m(0; 1) we consider the norm ‖h‖∞,J = max (‖h1‖∞ , . . . , ‖hJ‖∞)

for h = (h1, . . . , hJ). Finally we denote by Qn
j the empirical quantile function (F n

j )
−1.

We start by the computation of the �rst and second di�erentials of Mn.

Di�erentiability of Mn

Recall that we consider θ = (θ2, . . . , θJ) ∈ ΘJ−1, so in the following we set θ1 = θ⋆1.
We have

Mn (θ) =
1

J − 1

J∑

j=2

1

n

n∑

i=1

[
ϕ−1
θj

(
X(i)j

)
− ϕ−1

θj−1

(
X(i)j−1

)]2
.

Hence Mn is C2 on ΘJ−1 under AL1, and for all 2 6 j 6 J − 1

∂jMn (θ) =

2

J − 1

1

n

n∑

i=1

∂ϕ−1
θj

(
X(i)j

) [
2ϕ−1

θj

(
X(i)j

)
− ϕ−1

θj−1

(
X(i)j−1

)
− ϕ−1

θj+1

(
X(i)j+1

)]

and

∂JMn (θ) =
1

J − 1

2

n

n∑

i=1

∂ϕ−1
θJ

(
X(i)J

) [
ϕ−1
θJ

(
X(i)J

)
− ϕ−1

θJ−1

(
X(i)J−1

)]
.

We can also write, for all 2 6 j 6 J − 1

∂jMn (θ) = (12)

2

J − 1

∫ 1

0

∂ϕ−1
θj

(
Qn

j (t)
) [

2ϕ−1
θj

(
Qn

j (t)
)
− ϕ−1

θj−1

(
Qn

j−1(t)
)
− ϕ−1

θj+1

(
Qn

j+1(t)
)]

dt

∂JMn (θ) =
2

J − 1

∫ 1

0

∂ϕ−1
θJ

(Qn
J(t))

[
ϕ−1
θJ

(Qn
J(t))− ϕ−1

θJ−1

(
Qn

J−1(t)
)]

dt. (13)

So Mn is C1 on ΘJ−1 with di�erential DMn (θ) = (∂2Mn (θ) , . . . , ∂JMn (θ)).
Moreover for 2 6 j 6 J − 1

∂2
j,jMn (θ) =

1

J − 1

1

n

n∑

i=1

2∂ϕ−1
θj

(
X(i)j

) [
2∂ϕ−1

θj

(
X(i)j

)]

+
1

J − 1

1

n

n∑

i=1

2∂2ϕ−1
θj

(
X(i)j

) [
2ϕ−1

θj

(
X(i)j

)
− ϕ−1

θj−1

(
X(i)j−1

)
− ϕ−1

θj+1

(
X(i)j+1

)]
,

for 3 6 j 6 J

∂2
j−1,jMn (θ) =

1

J − 1

1

n

n∑

i=1

2∂ϕ−1
θj

(
X(i)j

) [
−∂ϕ−1

θj−1

(
X(i)j−1

)]

and for 2 6 j 6 J − 1

∂2
j+1,jMn (θ) =

1

J − 1

1

n

n∑

i=1

2∂ϕ−1
θj

(
X(i)j

) [
−∂ϕ−1

θj+1

(
X(i)j+1

)]
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�nally if k 6= j, j − 1, j + 1
∂2
k,jMn (θ) = 0.

In addition

∂2
J,JMn (θ) =

1

J − 1

1

n

n∑

i=1

2∂ϕ−1
θJ

(
X(i)J

) [
∂ϕ−1

θJ

(
X(i)J

)]

+
1

J − 1

1

n

n∑

i=1

2∂2ϕ−1
θJ

(
X(i)J

) [
ϕ−1
θJ

(
X(i)J

)
− ϕ−1

θJ−1

(
X(i)J−1

)]
.

So for all 3 6 j 6 J − 1
D∂jMn (θ) =

(
0, . . . , 0, ∂2

j−1,jMn (θ) , ∂
2
j,jMn (θ) , ∂

2
j+1,jMn (θ) , 0, . . . , 0

)
with

∂2
j,jMn (θ) =

4

J − 1

∫ 1

0

∂ϕ−1
θj

(
Qn

j (t)
)2

dt+ (14)

2

J − 1

∫ 1

0

∂2ϕ−1
θj

(
Qn

j (t)
) [

2ϕ−1
θj

(
Qn

j (t)
)
− ϕ−1

θj−1

(
Qn

j−1(t)
)
− ϕ−1

θj+1

(
Qn

j+1(t)
)]

dt

and

∂2
j−1,jMn (θ) = ∂2

j,j−1Mn (θ) =
−2

J − 1

∫ 1

0

∂ϕ−1
θj

(
Qn

j (t)
)
∂ϕ−1

θj−1

(
Qn

j−1(t)
)
dt. (15)

Moreover

D∂2Mn (θ) = (16)
(

2

J − 1

∫ 1

0

2∂ϕ−1
θ2

(Qn
2 (t))

2 +

∂2ϕ−1
θ2

(Qn
2 (t))

[
2ϕ−1

θ2
(Qn

2 (t))− ϕ−1
θ⋆
1
(Qn

1 (t))− ϕ−1
θ3

(Qn
3 (t))

]
dt,

−2

J − 1

∫ 1

0

∂ϕ−1
θ2

(Qn
2 (t)) ∂ϕ

−1
θ3

(Qn
3 (t)) dt, 0, . . . , 0

)

D∂JMn (θ) =

(
0, . . . , 0,

−2

J − 1

∫ 1

0

∂ϕ−1
θJ

(Qn
J(t)) ∂ϕ

−1
θJ−1

(
Qn

J−1(t)
)
dt, (17)

2

J − 1

∫ 1

0

∂ϕ−1
θJ

(Qn
J(t))

2 + ∂2ϕ−1
θJ

(Qn
J(t))

[
ϕ−1
θJ

(Qn
J(t))− ϕ−1

θJ−1

(
Qn

J−1(t)
)]

dt
)
.

Recall that ∂jMn (θ) ∈ R. Hence, as explain in Section 4 the regularity of Mn allows
a Taylor expansion

∂jMn

(
θ̂n
)
= ∂jMn (θ

⋆) +D∂jMn

(
θn,j
) (

θ̂n − θ⋆
)

for θn,j between θ̂n and θ⋆. Using that Mn admits a minimum on θ̂n we have

−∂jMn (θ
⋆) = D∂jMn

(
θn,j
) (

θ̂n − θ⋆
)
,
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hence

−DMn (θ
⋆) =




D∂2Mn (θ
n,2)

·
·

D∂JMn

(
θn,J

)



(
θ̂n − θ⋆

)
.

We set DMn (θ
⋆) = Ψ (F n

1 , . . . , F
n
J ), D∂jMn (θ

n,j) = Φj (F
n
1 , . . . , F

n
J , θ

n,j).

The aim of the following is to show that Ψ is Hadamard di�erentiable in order to
apply a Delta method to get

√
n(−DMn (θ

⋆)) ⇀ Z ∈ R
J for some random vector Z.

Convergence in law of DMn (θ
⋆)

We have Ψ = χ ◦Ψ0 where

Ψ0 (F1, . . . FJ) =
(
F−1
1 , . . . , F−1

J

)

is de�ned on D]α; β]J with values in ℓJ∞,m((0; 1), [α; β]).
χ is de�ned from ℓJ∞,m ((0; 1), [α; β]) to R

J−1 with χ (g) = (χ2 (g) , . . . , χJ (g)), where
g = (g1, . . . , gJ) and for 2 6 j 6 J − 1

χj (g1, . . . , gJ) =

2

J − 1

∫ 1

0

∂ϕ−1
θ⋆j

(gj(t))
[
2ϕ−1

θ⋆j
(gj(t))− ϕ−1

θ⋆j−1
(gj−1(t))− ϕ−1

θ⋆j+1
(gj+1(t))

]
dt

and

χJ (g1, . . . , gJ) =
2

J − 1

∫ 1

0

∂ϕ−1
θ⋆
J
(gJ(t))

[
ϕ−1
θ⋆
J
(gJ(t))− ϕ−1

θ⋆
J−1

(gJ−1(t))
]
dt.

Now consider the following lemma.

Lemma A.2. Let G : IJb → R a continuous function. Then, if [α; β] ⊂ Ib,

G̃ :
(
ℓJ∞,m ((0; 1); [α; β]) , ‖ ‖∞,J

)
→ R

(g1, . . . , gJ) 7→
∫ 1

0

G (g1(u), . . . , gJ(u)) du

is continuous. If G is continuously di�erentiable, then G̃ is Hadamard di�erentiable tan-
gentially to ℓJ∞,m ((0; 1)) with

DG̃ (g1, . . . , gJ) [h1, . . . , hJ ] =

∫ 1

0

DG (g1(u), . . . , gJ(u)) [h1(u), . . . , hJ(u)] du.

Using AL1, we apply this lemma to

Gj(x1, . . . , xJ) = ∂ϕ−1
θ⋆j

(xj)
[
2ϕ−1

θ⋆j
(xj)− ϕ−1

θ⋆j−1
(xj−1)− ϕ−1

θ⋆j+1
(xj+1)

]
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for 2 6 j 6 J − 1, and

GJ(x1, . . . , xJ) = ∂ϕ−1
θ⋆
J
(xJ)

[
ϕ−1
θ⋆
J
(xJ)− ϕ−1

θ⋆
J−1

(xJ−1)
]

so we deduce that χ is Hadamard di�erentiable tangentially to ℓJ∞,m (0; 1). Moreover, for
[k1, . . . , kJ ] ∈ ℓJ∞,m (0; 1)

DχJ (g1, . . . , gJ) [k1, . . . , kJ ] =

2

J − 1

∫ 1

0

d∂ϕ−1
θ⋆
J
(gJ(t)) [kJ(t)]

[
ϕ−1
θ⋆
J
(gJ(t))− ϕ−1

θ⋆
J−1

(gJ−1(t))
]

+∂ϕ−1
θ⋆
J
(gJ(t))

[
dϕ−1

θ⋆
J
(gJ(t)) [kJ(t)]− dϕ−1

θ⋆
J−1

(gJ−1(t)) [kJ−1(t)]
]
dt

and for 2 6 j 6 J − 1

Dχj (g1, . . . , gJ) [k1, . . . , kJ ] =

2

J − 1

∫ 1

0

d∂ϕ−1
θ⋆j

(gj(t)) [kj(t)]
[
2ϕ−1

θ⋆j
(gj(t))− ϕ−1

θ⋆j−1
(gj−1(t))− ϕ−1

θ⋆j+1
(gj+1(t))

]

+∂ϕ−1
θ⋆j

(g1(t))
[
2dϕ−1

θ⋆j
(gj(t)) [kj(t)]

−dϕ−1
θ⋆j−1

(gj−1(t)) [kj−1(t)]− dϕ−1
θ⋆j+1

(gj+1(t)) [kj+1(t)]
]
dt.

Under AL2 and AL3 we can apply Theorem A.3 in Section A.6 which ensures that
Ψ0 is Hadamard di�erentiable at (F1, . . . , FJ) tangentially to CJ [α; β], with

DΨ0 (F1, . . . , FJ) [h1, . . . , hJ ] = −
(
h1 ◦ F−1

1

f1 ◦ F−1
1

, . . . ,
hJ ◦ F−1

J

fJ ◦ F−1
J

)

for (h1, . . . , hJ) ∈ CJ [α; β]. Hence, with the regularity of the functions Fj, we obtain
that DΨ0 (F1, . . . , FJ)

(
CJ [α; β]

)
⊂ ℓJ∞,m (0; 1). Thus we can apply the chain rule to the

composed function Ψ = χ ◦ Ψ0 to get that Ψ is Hadamard di�erentiable at (F1, . . . , FJ)
tangentially to CJ [α; β] with

DΨ(F1, . . . , FJ) [h] = Dχ (Ψ0 (F1, . . . , FJ)) [DΨ0 (F1, . . . , FJ) [h]]

for h = (h1, . . . , hJ) ∈ CJ [α; β] .

Under A2, we have Fj = F ◦ ϕ−1
θ⋆j

for all j. Hence, F−1
j =

(
F ◦ ϕ−1

θ⋆j

)−1

= ϕθ⋆j
◦ F−1

and we obtain ϕ−1
θ⋆j

(
F−1
j (t)

)
= F−1(t) for all j. This leads to

DΨJ (F1, . . . , FJ) [h1, . . . , hJ ] =

2

J − 1

∫ 1

0

∂ϕ−1
θ⋆
J

(
F−1
J (t)

)
[
dϕ−1

θ⋆
J

(
F−1
J (t)

)
[
−hJ

(
F−1
J (t)

)

fJ
(
F−1
J (t)

)
]

−dϕ−1
θ⋆
J−1

(
F−1
J−1(t)

)
[
−hJ−1

(
F−1
J−1(t)

)

fJ−1

(
F−1
J−1(t)

)
]]

dt,
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DΨj (F1, . . . , FJ) [h1, . . . , hJ ] =

2

J − 1

∫ 1

0

∂ϕ−1
θ⋆j

(
F−1
j (t)

)
[
2dϕ−1

θ⋆j

(
F−1
j (t)

)
[
−hj

(
F−1
j (t)

)

fj
(
F−1
j (t)

)
]

−dϕ−1
θ⋆j−1

(
F−1
j−1(t)

)
[
−hj−1

(
F−1
j−1(t)

)

fj−1

(
F−1
j−1(t)

)
]
−dϕ−1

θ⋆j+1

(
F−1
j+1(t)

)
[
−hj+1

(
F−1
j+1(t)

)

fj+1

(
F−1
j+1(t)

)
]]

dt.

Moreover, if we di�erentiate the equality Fj(x) = F ◦ ϕ−1
θ⋆j
(x) we obtain that fj(x) =

dϕ−1
θ⋆j

(x) f ◦ ϕ−1
θ⋆j
(x).

Hence fj(F
−1
j (t)) = dϕ−1

θ⋆j
(F−1

j (t))f ◦ ϕ−1
θ⋆j

(
F−1
j (t)

)
= dϕ−1

θ⋆j
(F−1

j (t))f ◦ F−1(t), and we
can simplify

DΨJ (F1, . . . , FJ) [h1, . . . , hJ ] =

2

J − 1

∫ 1

0

∂ϕ−1
θ⋆
J

(
F−1
J (t)

)

f(F−1(t))

[
hJ−1

(
F−1
J−1(t)

)
− hJ

(
F−1
J (t)

)]
dt

DΨj (F1, . . . , FJ) [h1, . . . , hJ ] =

2

J − 1

∫ 1

0

∂ϕ−1
θ⋆j

(
F−1
j (t)

)

f(F−1(t))

[
hj−1

(
F−1
j−1(t)

)
+ hj+1

(
F−1
j+1(t)

)
− 2hj

(
F−1
j (t)

)]
dt

With the independence of the di�erent samples and the convergence in law of the
empirical distribution functions which is stated in Theorem A.5 in Section A.6, we know
that

√
n




F n
1 − F1

·
·

F n
J − FJ


⇀




G1 ◦ F1

·
·

GJ ◦ FJ




in the product space (SJ , ‖ ‖∞,J) where (Gj)
J
j=1 are independent standard Brownian

bridges .
Hence we can apply Theorem A.4, the functional Delta method which is stated in

section A.6 with the following correspondences : A is the Skohorod space, Aφ = D]α; β]J ,
A0 = CJ [α; β] (we have (G1 ◦ F1·, ·,GJ ◦ FJ) ∈ A0). Hence, computing Ψ(F1, . . . , FJ) = 0
we obtain √

n(−DMn (θ
⋆)) ⇀ −DΨ(F1, . . . , FJ) [G1 ◦ F1, . . . ,GJ ◦ FJ ]

in R
J−1.

Next we will show that Φj (F
n
1 , . . . , F

n
J , θ

n,j) → Φj (F1, . . . , FJ , θ
⋆) in probability.

Convergence of D2
Mn.
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We can write Φj (F
n
1 , . . . , F

n
J , θ

n,j) = φj (Ψ0 (F
n
1 , . . . , F

n
J ) , θ

n,j) where for all 2 6 j 6

J − 1
φj (g1, . . . , gJ , θ) =

(
0, . . . , 0, φj−1

j , φ
j
j, φ

j+1
j , 0 . . . , 0

)
with

φ
j
j (g1, . . . , gJ , θ) =

4

J − 1

∫ 1

0

∂ϕ−1
θj

(gj(t))
2
dt

+
2

J − 1

∫ 1

0

∂2ϕ−1
θj

(gj(t))
[
2ϕ−1

θj
(gj(t))− ϕ−1

θj−1
(gj−1(t))− ϕ−1

θj+1
(gj+1(t))

]
dt,

for 2 6 j 6 J − 1

φ
j+1
j (g1, . . . , gJ , θ) =φ

j
j+1 (g1, . . . , gJ , θ)

=
−2

J − 1

∫ 1

0

∂ϕ−1
θj

(gj(t)) ∂ϕ
−1
θj+1

(gj+1(t)) dt,

and

φJ (g1, . . . , gJ , θ)

= (0, . . . , 0 ,
−2

J − 1

∫ 1

0

∂ϕ−1
θJ

(gJ(t)) ∂ϕ
−1
θJ−1

(gJ−1(t)) dt,

2

J − 1

∫ 1

0

∂ϕ−1
θJ

(gJ(t))
2 + ∂2ϕ−1

θJ
(gJ(t))

[
ϕ−1
θJ

(gJ(t))− ϕ−1
θJ−1

(gJ−1(t))
]
dt
)
.

Using AL1 and a slight modi�cation of Lemma A.2, we get that the functions φj are

continuous on
(
ℓJ∞,m ((0; 1) ; [α; β])× R

J−1,max
(
‖ ‖∞,J , ‖ ‖

))
. Moreover, for all j,

θn,j
n→∞−−−→ θ⋆ in probability

and
Ψ0 (F

n
1 , . . . , F

n
J )

n→∞−−−→ Ψ0 (F1, . . . , FJ) =
(
F−1
1 , . . . , F−1

J

)
in probability

in the space
(
ℓJ∞,m ((0; 1) ; [α; β]) , ‖ ‖∞,J

)
. Hence for all j,

Φj

(
F n
1 , . . . , F

n
J , θ

n,j
) n→∞−−−→ Φj (F1, . . . , FJ , θ

⋆) in probability,

with
Φj (F1, . . . , FJ , θ

⋆) =
(
0, . . . , 0,Φj−1

j ,Φj
j,Φ

j+1
j , 0 . . . , 0

)

where for 2 6 j 6 J − 1

Φj
j (F1, . . . , FJ , θ

⋆) =
4

J − 1

∫ 1

0

∂ϕ−1
θ⋆j

(
F−1
j (t)

)2
dt

+
2

J − 1

∫ 1

0

∂2ϕ−1
θ⋆j

(
F−1
j (t)

) [
2ϕ−1

θ⋆j

(
F−1
j (t)

)

−ϕ−1
θ⋆j−1

(
F−1
j−1(t)

)
− ϕ−1

θ⋆j+1

(
F−1
j+1(t)

)]
dt
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=
4

J − 1

∫ 1

0

∂ϕ−1
θ⋆j

(
F−1
j (t)

)2
dt (18)

Φj
j+1 (F1, . . . , FJ , θ

⋆) = Φj+1
j (F1, . . . , FJ , θ

⋆)

=
−2

J − 1

∫ 1

0

∂ϕ−1
θ⋆j

(
F−1
j (t)

)
∂ϕ−1

θ⋆j+1

(
F−1
j+1(t)

)
dt, (19)

and

ΦJ (F1, . . . , FJ , θ
⋆) =

(
0, . . . , 0,

−2

J − 1

∫ 1

0

∂ϕ−1
θ⋆
J

(
F−1
J (t)

)
∂ϕ−1

θ⋆
J−1

(
F−1
J−1(t)

)
dt,

2

J − 1

∫ 1

0

∂ϕ−1
θ⋆
J

(
F−1
J (t)

)2
+ ∂2ϕ−1

θ⋆
J

(
F−1
J (t)

) [
ϕ−1
θ⋆
J

(
F−1
J (t)

)
− ϕ−1

θ⋆
J−1

(
F−1
J−1(t)

)]
dt
)
,

that is

ΦJ (F1, . . . , FJ , θ
⋆) =

(
0, . . . , 0,

−2

J − 1

∫ 1

0

∂ϕ−1
θ⋆
J

(
F−1
J (t)

)
∂ϕ−1

θ⋆
J−1

(
F−1
J−1(t)

)
dt, (20)

2

J − 1

∫ 1

0

∂ϕ−1
θ⋆
J

(
F−1
J (t)

)2
dt

)
.

So 


D∂2Mn (θ
n,2)

·
·

D∂JMn

(
θn,J

)




n→∞−−−→




Φ2 (F1, . . . , FJ , θ
⋆)

·
·

ΦJ (F1, . . . , FJ , θ
⋆)


 = Φ in probability.

Now set Σn =




D∂2Mn (θ
n,2)

·
·

D∂JMn

(
θn,J

)


. As its limit Φ is invertible and the set of invertible

matrices GLJ−1 (R) is an open set, P (Σn ∈ GLJ−1 (R))
n→∞−−−→ 1. Moreover we have

√
n
(
θ̂n − θ⋆

)
=Σ−1

n Σn

√
n
(
θ̂n − θ⋆

)
1{Σn∈GLJ−1(R)}

+
√
n
(
θ̂n − θ⋆

)
1{Σn /∈GLJ−1(R)}.

Now for all ε

P

(√
n
∥∥∥θ̂n − θ⋆

∥∥∥1{Σn /∈GLJ−1(R)} > ε
)

6 P
(
1{Σn /∈GLJ−1(R)} > ε

) n→∞−−−→ 0.

Hence
√
n
(
θ̂n − θ⋆

)
1{Σn /∈GLJ−1(R)} converges to 0 in probability when n tends to in�nity.

Moreover Σ−1
n 1{Σn∈GLJ−1(R)}

n→∞−−−→ Φ−1 in probability by continuity of the inverse map.

As Σn

√
n
(
θ̂n − θ⋆

)
⇀ Z, it remains to apply Slutsky's Lemma to conclude.
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A.4 Proof of Proposition 4.2

Set gj = ∂ϕ−1
θ⋆j

◦F−1
j . We denote by ‖ ‖2 the norm on L2(0; 1), and 〈·, ·〉2 the correspond-

ing scalar product. Then we have

Φ
J − 1

2
=




2 ‖g2‖22 −〈g2, g3〉2 0 . . . 0

−〈g2, g3〉2 2 ‖g3‖22 −〈g3, g4〉2 0 . . .

0 · ·
0 . . . −〈gJ−2, gJ−1〉2 2 ‖gJ−1‖22 −〈gJ−1, gJ〉2
0 . . . 0 −〈gJ−1, gJ〉2 ‖gJ‖22




In the �rst case we obtain :

Φ
J − 1

2
=




2α −〈g2, g3〉2 0 . . . 0
−〈g2, g3〉2 2α −〈g3, g4〉2 0 . . .

0 · ·
0 . . . −〈gJ−2, gJ−1〉2 2α −〈gJ−1, gJ〉2
0 . . . 0 −〈gJ−1, gJ〉2 α




and for all 3 6 j 6 J , α >
∣∣〈gj−1, gj〉2

∣∣, that is the case of strict inequality in the
Cauchy-Schwartz's inequality. Hence we immediately deduce that Φ is a diagonal domi-
nant matrix.

The second case is the case of equality in the Cauchy-Schwartz's inequality : for all
2 6 j 6 J ,

∣∣〈gj−1, gj〉2
∣∣ = ‖gj‖2 ‖gj−1‖2.

Here we will show that Ker Φ = {0}. Set u = (u2, . . . uJ) ∈ Ker Φ: we have J − 1
equations given by Φu = 0.

The �rst one gives : u3 = 2
‖g2‖2
‖g3‖2

u2.

If we assume uj = (j − 1)
‖g2‖2
‖gj‖2

u2 for 2 6 j 6 k, for 3 6 k 6 J − 1 the (k − 1)th
equation gives

−‖gk−1‖2 ‖gk‖2 uk−1 + 2 ‖gk‖22 uk − ‖gk+1‖2 ‖gk‖2 uk+1 = 0,

that is, by assumption

−(k − 2) ‖gk‖2 ‖g2‖2u2 + 2(k − 1) ‖g2‖2 ‖gk‖2 u2 − ‖gk+1‖2 ‖gk‖2 uk+1 = 0

and so

uk+1 = k
‖g2‖2
‖gk+1‖2

u2.

Hence , the J − 2 �rst equations implies that uj = (j − 1)
‖g2‖2
‖gj‖2

u2 for 2 6 j 6 J .
The last one imposes that

−‖gJ−1‖2 ‖gJ‖2 uJ−1 + ‖gJ‖22 uJ = 0

so
−(J − 2) ‖gJ‖2 ‖g2‖2u2 + (J − 1) ‖g2‖2 ‖gJ‖2 u2 = 0

and necessarily u2 = 0, so u = 0.
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A.5 Proof of Lemma A.2

We �rst prove the continuity of G̃.
Choose g = (g1, . . . , gJ) ∈ ℓJ∞,m ((0; 1), [α; β]). G is uniformly continuous on the com-

pact [α; β]J ⊂ IJb . For all ε, set ν(ε) such that |x− y|∞ = max (|x1 − y1| , . . . , |xJ − yJ |) 6
ν(ε) implies |G (x1, . . . , xJ)−G (y1, . . . , yJ)| 6 ε if x, y ∈ [α; β]J .

Set h = (h1, . . . , hJ) ∈ ℓJ∞,m ((0; 1), [α; β]) such that ‖h− g‖∞,J 6 ν(ε). Then

∣∣∣G̃(h)− G̃(g)
∣∣∣ 6

∫ 1

0

|G (g(u))−G (h(u))| du 6

∫ 1

0

εdu = ε :

G̃ is continuous.
Now we consider the Hadamard di�erentiability.
Let g = (g1, . . . , gJ) ∈ ℓJ∞,m ((0; 1), [α; β]), h = (h1, . . . , hJ) ∈ ℓJ∞,m(0; 1) and ht =

(ht
1, . . . , h

t
J) such that ht t→0−−→ h ∈ ℓJ∞,m ((0; 1)) and g + tht ∈ ℓJ∞,m ((0; 1), [α; β]) for t

su�ciently small. For v and w in R
J , we denote by [v;w] the segment between these two

vectors, that is
[v;w] = {sv + (1− s)w, s ∈ [0; 1]} .

Recall that we have set

DG̃ (g) [h] =

∫ 1

0

DG (g1(u), . . . , gJ(u)) [h1(u), . . . , hJ(u)] du.

First remark that DG̃ (g1, . . . , gJ) is well de�nite, linear and continuous on ℓJ∞,m(0; 1).
Next, write ∣∣∣∣G̃

(
g + tht

)
− G̃ (g)− t

∫ 1

0

DG (g(u)) [h(u)] du

∣∣∣∣

6

∫ 1

0

∣∣G
(
(g(u)) + t

(
ht(u)

))
−G (g(u))− tDG (g(u))

[
ht(u)

]∣∣ du

+

∫ 1

0

∣∣tDG (g(u))
[
ht(u)

]
− tDG (g(u)) [h(u)]

∣∣ du

6

∫ 1

0

sup
k(u)∈[g(u);g(u)+tht(u)]

‖DG (k(u))−DG(g(u))‖
∥∥t
[
ht(u)

]∥∥ du

+

∫ 1

0

‖DG (g(u))‖
∥∥t
[
ht(u)

]
− t [h(u)]

∥∥ du

with the Mean theorem applied to the function F (x) = G(g(u) + tx)− tDG((g(u)) x
between x = ht(u) and x = (0, . . . , 0).

Hence for t 6= 0

1

|t|

∣∣∣∣G̃ (g + th)− G̃ (g)− t

∫ 1

0

DG (g1(u), . . . , gJ(u)) [h1(u), . . . , hJ(u)] du

∣∣∣∣
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6

∫ 1

0

sup
k(u)∈[g(u);g(u)+tht(u)]

‖DG (k(u))−DG(g(u))‖ du
∥∥ht
∥∥
∞,J

+

∫ 1

0

‖DG (g1(u), . . . , gJ(u))‖ du
∥∥h− ht

∥∥
∞,J

.

But for all u, tht(u) tends to 0 while t tends to 0 , and by continuity of DG we deduce
that

sup
k(u)∈[g(u);g(u)+tht(u)]

‖DG (k(u))−DG(g(u))‖ t→0−−→ 0

for all u.
Moreover u 7→ DG (g1(u), . . . , gJ(u)) is bounded thanks to the continuity of DG

and the fact that g ∈ ℓJ∞,m ((0; 1), [α; β]). Same arguments leads to the fact that u 7→
DG (k(u)) is bounded for k between g and g + tht if t is su�ciently small. Hence we can
apply the dominated convergence theorem to obtain that

∫ 1

0

sup
k(u)∈[g(u);g(u)+tht(u)]

‖DG (k(u))−DG(g(u))‖ du t→0−−→ 0.

So with the convergence of ht we conclude that

1

|t|

∣∣∣∣G̃
(
g + tht

)
− G̃ (g)−

∫ 1

0

tDG (g(u)) [h(u)] du

∣∣∣∣
t→0−−→ 0

that is, G̃ is Hadamard di�erentiable tangentially to ℓJ∞,m(0; 1) with

DG̃ (g1, . . . , gJ) [h1, . . . , hJ ] =

∫ 1

0

DG (g1(u), . . . , gJ(u)) [h1(u), . . . , hJ(u)] du.

A.6 Auxiliary theorems

The following theorems are taken from [24]. The �rst one is Lemma 21.4 p.307.

Theorem A.3. Set
Ψ0 (F1, . . . FJ) =

(
F−1
1 , . . . , F−1

J

)

de�ned on D]α; β]J with values in ℓJ∞(0; 1)
Assume that for all j, Fj has a compact support [α; β] and is continuously di�erentiable

on its support with strictly positive derivative fj. Then Ψ0 is Hadamard di�erentiable on
(F1, . . . FJ) tangentially to C[α; β]J . The derivative is the map de�ned on C[α; β]J :

(h1, . . . , hJ) 7→ −
(
h1 ◦ F−1

1

f1 ◦ F−1
1

, . . . ,
hJ ◦ F−1

J

fJ ◦ F−1
J

)

This one is the statement of the functional Delta method labelled as Theorem 20.8
p.297.

Theorem A.4. Let A and B normed linear spaces, and φ : Aφ ⊂ A → B Hadamard
di�erentiable at a tangentially to A0. Let Xn random variables with values in Aφ such
that rn (Xn − a) ⇀ X, where X takes its values in A0 and rn → ∞.

Then rn (φ (Xn)− φ (a)) ⇀ Dφ(a)X.
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And �nally Donsker's Theorem corresponds to Theorem 19.3 p.266.

Theorem A.5. If X1, . . . , Xn are i.i.d. random variables with distribution function F and
empirical distribution function Fn, the sequence

√
n (Fn − F ) converges in distribution in

(S, ‖·‖∞) to G ◦ F where G is a standard Brownian bridge.
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