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Continuous actions of the group of homeomorphisms of the

circle on surfaces

E. Militon
∗

5 novembre 2012

Abstract

In this article we describe all the continuous group morphisms from the group of orientation

preserving homeomorphisms of the circle to the group of homeomorphisms of the annulus or of the

torus.

1 Introduction

For a compact manifold M , we denote by Homeo(M) the group of homeomorphisms of M and by
Homeo0(M) the connected component of the identity of this group (for the compact-open topology). By
a theorem by Fischer (see [6] and [4]), the group Homeo0(M) is simple: the study of this group cannot be
reduced to the study of other groups. One natural way to have a better understanding of this group is to
try to compute its automorphism group. This task was completed by Whittaker who proved the following
theorem.

Theorem. (Whittaker [13]) Given two compact manifolds M and N and for any group isomorphism
ϕ : Homeo0(M) → Homeo0(N), there exists a homeomorphism h : M → N such that the morphism ϕ is
the map f 7→ h ◦ f ◦ h−1.

This theorem was generalized by Filipkiewicz (voir [5]) to groups of diffeomorphisms by using a pow-
erful theorem by Montgomery and Zippin which characterizes Lie groups among locally compact groups.
The idea of the proof of Whittaker’s theorem is the following: we see the manifold M algebraically by
considering the subgroup Gx of the group of homeomorphism of M consisting of homeomorphisms which
fix the point x in M . One proves then that, for any point x in M , there exists a unique point yx in
N such that ϕ(Gx) is the group of homeomorphisms of N which fix the point yx. Let us then define h
by h(x) = yx. We check then that h is a homeomorphism and that the homeomorphism h satisfies the
conclusion of the theorem. However, Whittaker’s proof uses crucially the fact that we have a group iso-
morphism and cannot be generalized easily a priori to the cases of group morphisms. Here is a conjecture
that we can make in this case.

Conjecture 1.1. For a compact manifold M , every group morphism Homeo0(M) → Homeo0(M) is either
trivial or induced by a conjugacy by a homeomorphism.

This conjecture is solved in [10] in the case of the circle. We can also be interested in morphisms from
the group Homeo0(M) to the group of homeomorphisms of another manifold Homeo0(N). For instance,
we can make the following conjecture (and generalizations of this one).

Conjecture 1.2. Denote by T2−D the torus T2 with one open disc removed. Denote by Homeo0(T
2−D)

the identity component of the group of homeomorphisms T2 −D with support included in the interior of
this surface. Every group morphism from Homeo0(T

2 −D) to Homeo0(T
2) is induced by an inclusion of

T2 −D in T2.
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In this article, we investigate the case of continuous group morphisms from the group Homeo0(S
1)

of orientation-preserving homeomorphisms of the circle to the group Homeo(S) of homeomorphisms of
a compact orientable surface S. By simplicity of the group Homeo0(S

1), such a morphism ϕ is either
one-to-one or trivial. Moreover, as the quotient group Homeo(S)/Homeo0(S) is countable, any morphism
Homeo0(S

1) → Homeo(S)/Homeo0(S) is trivial. Hence, the image of the morphism ϕ is included in the
group Homeo0(S). If the surface S is different from the sphere, the torus, the closed disc or the closed
annulus, then any compact subgroup of the group Homeo0(S) is trivial by a theorem by Kerekjarto (see
[3]). Therefore, the group Homeo0(S) does not contain a subgroup isomorphic to SO(2) whereas the group
Homeo0(S

1) does and the morphism ϕ is necessarily trivial. We study in what follows the case where the
surface S is the closed annulus or the torus. The case where the surface is the sphere or the closed disc
remains open. However, by using the techniques of this article, it suffices to establish the existence of two
global fixed point of any continuous action of the group Homeo0(S

1) on the sphere and of one global fixed
point of any continuous action of the group Homeo0(S

1) on the disc to obtain theorems similar to those
introduced below in the case of the torus and of the annulus.

In the following section, we state our classification theorem of continuous actions of the group
Homeo0(S

1) on the torus and on the annulus. Any action will be obtained by gluing actions which
preserve a foliation in circle and actions which are transitive on open annuli. In the third section, we
describe the continuous actions of the group of compactly-supported homeomorphisms of the real line on
the real line or on the circle: this description is useful for the classification theorem and interesting in
itself. The fourth and fifth sections are devoted respectively to the proof of the classification theorem in
the case of the closed annulus and in the case of the torus.

2 Description of the actions

All the actions of the group Homeo0(S
1) on the closed annulus and on the torus will be obtained by

gluing elementary actions of this group on the closed annulus. In this section, we will first describe these
elementary actions before describing some model actions to which any continuous action will be conjugate.

The easiest action of the group Homeo0(S
1) on the closed annulus A = [0, 1] × S1 is given by the

preservation of a foliation in circle of this annulus:

p : Homeo0(S
1) → Homeo(A)
f 7→ ((r, θ) 7→ (r, f(θ)))

.

The second elementary action we want to describe is a little more complex. Let π : R → R/Z = S1 be
the projection. For a point θ on the circle S1 = R/Z, we denote by θ̃ a lift of θ, i.e. a point of the real
line which projects on θ. For a homeomorphism f of the circle, we denote by f̃ a lift of f , i.e. an element
of the group HomeoZ(R) of homeomorphisms of the real line which commute to integral translations such
that π ◦ f̃ = f ◦ π. A second elementary action is given by:

a− : Homeo0(S
1) → Homeo(A)

f 7→ ((r, θ) 7→ (f̃(θ̃)− f̃(θ̃ − r), f(θ))
.

Notice that the number f̃(θ̃) − f̃(θ̃ − r) does not depend on the lifts θ̃ and f̃ chosen and belongs to the
interval [0, 1]. An action analogous to this last one is given by:

a+ : Homeo0(S
1) → Homeo(A)

f 7→ ((r, θ) 7→ (f̃(θ̃ + r)− f̃(θ̃), f(θ)))
.

Notice that the actions a+ and a− are conjugate via the homeomorphism of A given by (r, θ) 7→ (1− r, θ),
which is orientation-reversing, and via the orientation-preserving homeomorphism of A given by (r, θ) 7→
(r, θ+r). We now describe another way to see the action a− (and a+). We see the torus T2 as the product
S1 × S1. Let

aT2 : Homeo0(S
1) → Homeo(T2)
f 7→ ((x, y) 7→ (f(x), f(y)))

.
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It is easily checked that this defines a morphism. This action leaves the diagonal
{
(x, x), x ∈ S1

}
invariant.

The action obtained by cutting along the diagonal is conjugate to a−. More precisely, let us define

h : A → T2

(r, θ) 7→ (θ, θ − r)
.

Then, for any element f in the group Homeo0(S
1):

h ◦ a−(f) = aT2(f) ◦ h.

Let Gθ0 be the group of homeomorphisms of the circle which fix a neighbourhood of the point θ0. For
a point θ0 of the circle, the image by the morphism a− of the group Gθ0 leaves the sets {(r, θ0), r ∈ [0, 1]}
and {(r, θ0 + r), r ∈ [0, 1]} globally invariant. On each of the connected components of the complementary
of the union of these two sets with the boundary of the annulus, the action of Gθ0 is transitive (this is
more easily seen by using the action aT2).

Let us describe now the model actions on the closed annulus which are obtained by gluing the above
actions. Take a non-empty compact subset K ⊂ [0, 1] which contains the points 0 and 1 and a map
λ : [0, 1]−K → {−1,+1} which is constant on each connected component of [0, 1]−K. Let us define now
an action ϕK,λ of the group Homeo0(S

1) on the closed annulus. To a homeomorphism f in Homeo0(S
1),

we associate a homeomorphism ϕK,λ(f) which is defined as follows. If r ∈ K, we associate to a point
(r, θ) ∈ A the point (r, f(θ)). If r belongs to a connected component (r1, r2) of the complementary of the
compact set K and if λ((r1, r2)) = {−1}, we associate to the point (r, θ) ∈ A the point

((r2 − r1)(f̃(θ) − f̃(θ −
r − r1
r2 − r1

)) + r1, f(θ))).

This action is continuous. This last map is obtained by conjugating the homeomorphism a−(f) with the
map (r, θ) 7→ (ζ(r), θ) where ζ is the unique linear increasing homeomorphism [0, 1] → [r1, r2]. If r belongs
to a connected component (r1, r2) of the complementary of the compact set K and if λ((r1, r2)) = {+1},
we associate to the point (r, θ) ∈ A the point

((r2 − r1)(f̃(θ +
r − r1
r2 − r1

)− f̃(θ)) + r1, f(θ))).

This last map is also obtained after renormalizing a+(f) on the interval (r1, r2). This defines a continuous
morphism ϕK,λ : Homeo0(S

1) → Homeo(A). To construct an action on the torus, it suffices to identify

the point (0, θ) of the closed annulus with the point (1, θ). We denote by ϕT
2

K,λ the continuous action on
the torus obtained this way. The main theorem of this article is the following:

Theorem 2.1. Any non-trivial continuous action of the group Homeo0(S
1) on the closed annulus is

conjugate to one of the actions ϕK,λ. Any non-trivial continuous action of the group Homeo0(S
1) on the

torus is conjugate to one of the actions ϕT
2

K,λ.

In particular, any continuous action of the group Homeo0(S
1) on the torus admits an invariant circle.

The following sections of this article are devoted to the proof of this theorem.

Notice that this theorem does not give directly a description of the conjugacy classes of such actions
as two actions ϕK,λ and ϕK′,λ′ may be conjugate even though K 6= K ′ or λ 6= λ′. Now, let K ⊂ [0, 1]
and K ′ ⊂ [0, 1] be two compact sets which contain the finite set {0, 1}. Let λ : [0, 1]−K → {−1,+1} and
λ′ : [0, 1]−K ′ → {−1,+1} be two maps which are constant on each connected component of their domain
of definition. The following theorem characterizes when the actions ϕK,λ and ϕK′,λ′ are conjugate.

Proposition 2.2. The following statements are equivalent:
– the actions ϕK,λ and ϕK′,λ′ are conjugate;
– either there exists an increasing homeomorphism h : [0, 1] → [0, 1] such that h(K) = K ′ and such

that λ′ ◦ h = λ except on a finite number of connected component of [0, 1] − K or there exists a
decreasing homeomorphism h : [0, 1] → [0, 1] such that h(K) = K ′ and such that λ′ ◦ h = −λ except
on a finite number of connected component of [0, 1]−K.
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Proof. Let us begin by proving that the second statement implies the first one.

If there exists an increasing homeomorphism h which sends the compact subset K ⊂ [0, 1] to the

compact subset K ′ ⊂ [0, 1], then the actions ϕK,λ and ϕK′,λ◦h−1 are conjugate. Indeed, denote by ĥ the
homeomorphism [0, 1] → [0, 1] which coincides with h on K and which, on each connected component
(r1, r2) of the complementary of K, is the unique increasing linear homeomorphism (r1, r2) → h((r1, r2)).
Then the actions ϕK,λ and ϕK′,λ◦h are conjugate via the homeomorphism

A → A

(r, θ) 7→ (ĥ(r), θ)
.

Similarly, suppose that h is an orientation-reversing homeomorphism of the compact interval [0, 1] which

sends the compact subset K ⊂ [0, 1] to the compact subset K ′ ⊂ [0, 1]. As above, we denote by ĥ the
homeomorphism obtained from h by linearizing the homeomorphism on each connected component of the
complementary of K. Then the actions ϕK,λ and ϕK′,−λ◦h−1 are conjugate via the map

A → A

(r, θ) 7→ (ĥ(r), θ)
.

It suffices then to use the following lemma to complete the proof of the converse in the proposition.

Lemma 2.3. Let K ⊂ [0, 1] be a compact subset which contains the points 0 and 1. If λ : [0, 1]−K →
{−1,+1} and λ′ : [0, 1] − K → {−1,+1} are continuous maps which are equal except on one connected
component (r1, r2) of the complementary of K where they differ, then the actions ϕK,λ and ϕK,λ′ are
conjugate.

Proof. This lemma comes from the fact that the actions a+ and a− are conjugate via the homeomorphism
of the annulus (r, θ) 7→ (r, θ+ r). More precisely, suppose that λ((r1, r2)) = {+1}. Then the actions ϕK,λ

and ϕK,λ′ are conjugate via the homeomorphism h defined as follows. The homeomorphism h is equal
to the identity on the Cartesian product of the complementary of (r1, r2) with the circle and is equal to
(r, θ) 7→ (r, θ + r−r1

r2−r1
) on the open set (r1, r2)× S1.

Let us establish now the other implication. Suppose that there exists a homeomorphism g which
conjugates the actions ϕK,λ and ϕK′,λ′ . Now, for any angle α, if we denote by Rα the rotation of angle α:

g ◦ ϕK,λ(Rα) = ϕK′,λ′(Rα) ◦ g.

Indeed, the homeomorphism ϕK,λ(Rα) is the rotation of angle α of the annulus. This means that, for any
point (r, θ) of the closed annulus and any angle α ∈ S1:

g((r, θ + α)) = g((r, θ)) + (0, α).

In particular, the homeomorphism g permutes the leaves of the foliation of the annulus by circle whose
leaves are of the form {r} × S1. Fix now a point θ0 on the circle. The homeomorphism g sends the set
K×{θ0} of fixed points of ϕK,λ(Gθ0) (the points which are fixed by every element of this group) to the set
K ′ ×{θ0} of fixed points of ϕK′,λ′(Gθ0). From this and what is above, we deduce that for any r ∈ K and
any angle θ, g(r, θ) = (h(r), θ), where h : K → K ′ is a homeomorphism. Moreover, if the homeomorphism
g is orientation-preserving, then the homeomorphism h is increasing and, if the homeomorphism g is
orientation-reversing, then the homeomorphism h is decreasing. We can extend the homeomorphism h to
a homeomorphism of [0, 1] which sends K to K ′. Notice that, for a connected component (r1, r2) of the
complementary of K in [0, 1], the homeomorphism g sends the open set (r1, r2) × S1 onto the open set
(r′1, r

′
2)× S1, where (r′1, r

′
2) = h((r1, r2)) is a connected component of the complementary of K ′ in [0, 1].

It suffices now to establish that the condition on the maps λ and λ′ is satisfied for the homeomorphism
h. Suppose, to simplify the proof, that the homeomorphism g is orientation-preserving and hence the
homeomorphism h is increasing: the case where the homeomorphism g is orientation reversing can be
treated similarly. Suppose by contradiction that there exists a sequence ((r1,n, r2,n))n∈N of connected
components of the open set [0, 1]−K such that:
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– λ((r1,n, r2,n)) = +1;
– λ′((r′1,n, r

′
2,n)) = −1, where (r′1,n, r

′
2,n) = h((r1,n, r2,n));

– the sequence (r1,n)n∈N is monotonous and converges to a real number r∞.
We will prove then that either the curve {(r, θ0), r ≥ r∞} (if the sequence (r1,n)n∈N is decreasing) or
the curve {(r, θ0), r ≤ r∞} (if the sequence (r1,n)n∈N is increasing) is sent by the homeomorphism g to a
curve which accumulates on {r∞} × S1, which is not possible. The hypothesis λ((r1,n, r2,n)) = −1 and
λ((r′1,n, r

′
2,n)) = +1 for any n would lead to the same contradiction.

To achieve this, it suffices to prove that, for any positive integer n, the homeomorphism g sends the

curve {(r, θ0), r1,n < r < r2,n} onto the curve
{
(r, θ0 +

r−r′1,n
r′2,n−r′1,n

), r′1,n < r < r′2,n

}
. Fix a positive inte-

ger n. Observe that the restriction of the group of homeomorphisms ϕK,λ(Gθ0) to (r1,n, r2,n) × S1 has

two invariant simple curves {(r, θ0), r1,n < r < r2,n} and
{
(r, θ0 −

r−r1,n
r2,n−r1,n

), r1,n < r < r2,n

}
on which

the action is transitive. The action of this group is transitive on the two connected components of
the complementary of these two curves, which are open sets. Likewise, the restriction of the group
of homeomorphisms ϕK′,λ′(Gθ0) to (r′1,n, r

′
2,n) has two invariant simple curves

{
(r, θ0), r

′
1,n < r < r′2,n

}

and
{
(r, θ0 +

r−r′1,n
r′2,n−r′1,n

), r′1,n < r < r′2,n

}
on which the action is transitive and the action of this group is

transitive on the two connected components of the complementary of these two curves, which are open
sets. Therefore, the homeomorphism g sends the curve {(r, θ0), r1,n < r < r2,n} to one of the curves
{
(r, θ0), r

′
1,n < r < r′2,n

}
or

{
(r, θ0 +

r−r′1,n
r′2,n−r′1,n

), r′1,n < r < r′2,n

}
. Let us find now which of them is the

image of the curve {(r, θ0), r1,n < r < r2,n}. We fix the orientation of the circle induced by the orientation
of the real line R and the covering map R → S1 = R/Z. This orientation gives rise to an order on S1−{θ0}.
Take a homeomorphism f in Gθ0 different from the identity such that, for any x 6= θ0, f(x) ≥ x. Then, for
any r ∈ (r1,n, r2,n), p1 ◦ϕK,λ(f)(r, θ0) ≥ r, where p1 : A = [0, 1]×S1 → [0, 1] is the projection, and the re-
striction of the homeomorphism ϕK,λ(f) to the curve {(r, θ0), r1,n < r < r2,n} is different from the identity.
Likewise, for any r ∈ (r′1,n, r

′
2,n), p1◦ϕK′,λ′(f)(r, θ0) ≤ r and p1◦ϕK′,λ′(f)(r, θ0+r) ≥ r and the restrictions

of the homeomorphism ϕK′,λ′(f) to
{
(r, θ0), r

′
1,n < r < r′2,n

}
and to

{
(r, θ0 +

r−r′1,n
r′2,n−r′1,n

), r′1,n < r < r′2,n

}

are different from the identity. Moreover, the map

(r1,n, r2,n) → (r′1,n, r
′
2,n)

r 7→ p1 ◦ g(r, θ0)

is strictly increasing as the homeomorphism g was supposed to be orientation-preserving. This implies
what we wanted to prove.

3 Continuous actions of Homeoc(R) on the line

Let us denote by Homeoc(R) the group of compactly supported homeomorphisms of the real line R.
The aim of this section is to give a proof of the following theorem.

Theorem 3.1. Let ψ : Homeoc(R) → Homeo(R) be a continuous group morphism whose image has no
fixed point. Then there exists a homeomorphism h of R such that, for any compactly supported homeo-
morphism f of the real line:

ψ(f) = h ◦ f ◦ h−1.

Remarks: If ψ is chosen to be with values in Homeoc(R), then the conclusion of this theorem holds
without continuity hypothesis.
This theorem also holds in the setting of diffeomorphisms, i.e. any continuous action of the group of
compactly-supported Cr diffeomorphisms on the real line is topologically conjugate to the inclusion. Here
also, one can avoid the continuity hypothesis by considering a compactly supported action. The proof in
those cases is the same.

This theorem allows us to describe any continuous action of the group Homeoc(R) on the real line as
it suffices to consider the action on each connected component of the complementary of the fixed point
set of the action.
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Proof. We fix a morphism ψ as in the statement of the theorem. During this proof, for a subset A ⊂ R, we
will denote byGA the group of compactly supported homeomorphisms which pointwise fix a neighbourhood
of A and by FA ⊂ R the closed set of fixed points of ψ(GA) (the set of points which are fixed by every
element of this group). Let us begin by giving a sketch of the proof of this theorem. We will first prove
that, for a compact interval I with non-empty interior, the set FI is compact and non-empty. As a
consequence, for any real number x, the closed set Fx is non-empty. We will then prove that the sets Fx

are single-point sets. Let {h(x)} = Fx. Then the map h is a homeomorphism and satisfies the relation
required by the theorem. Let us detail this now.

Notice that, as the group Homeoc(R) is simple (see [6]), the image of ψ is included in the group of
increasing homeomorphisms of R (otherwise there would exist a group morphism Homeoc(R) → Z/2Z)
and the morphism ψ is a one-to-one map.

The following lemma is the only lemma in this proof where we need to use the continuity of the action.
The lemmas which follow are proved without the use of continuity, even though the proof was sometimes
simpler with the continuity hypothesis. The author was not able to prove this lemma without the continuity
hypothesis but found that it sufficed to prove that there does not exist a non-trivial morphism from the
group Homeoc(R) to the group of permutations of a countable set to prove this lemma without continuity
assumption.

Lemma 3.2. For a compact interval I ⊂ R with non-empty interior, the closed set FI is non-empty.

Proof. Fix a compact interval I with non-empty interior. Take a non-zero vector field X : R → R

supported in I. The flow of this vector field defines a morphism

R → Homeoc(R)
t 7→ ϕt .

Let us admit for the moment that the set F of fixed points of the subgroup {ψ(ϕt), t ∈ R} of Homeo(R)
is non-empty. Notice that this set is not R as the morphism ψ is one-to-one. As each homeomorphism ϕt

commutes with any element in GI , we obtain that, for any element g in ψ(GI), g(F ) = F . Moreover, as
any element of the group GI can be joined to the identity by a continuous path which is included in GI

and as the morphism ψ is continuous, any connected component C of F is invariant under ψ(GI). The
upper bounds and the lower bounds of these components which lie in R are then fixed points of the group
ψ(GI). This proves the lemma.

It remains to prove that the set F is non-empty. Suppose by contradiction that it is empty. Then, for
any real number x, the map

R → R

t 7→ ψ(ϕt)(x)

is a homeomorphism. Indeed, if it was not onto, the supremum or the infimum of the image would provide
a fixed point for (ψ(ϕt))t∈R. If it was not one-to-one, there would exist t0 6= 0 such that ψ(ϕt0)(x) = x.
Then, for any positive integer n, ψ(ϕt0/2

n

)(x) = x and, by continuity of ψ, for any real number t,
ψ(ϕt)(x) = x and the point x would be fixed by (ψ(ϕt))t∈R.

Fix a real number x0. Let Tx0 : GI → R be the map defined by

ψ(f)(x0) = ψ(ϕTx0 (f))(x0).

The map Tx0 is a group morphism as, for any homeomorphisms f and g in GI ,

ψ(ϕTx0 (fg))(x0) = ψ(fg)(x0)

= ψ(f)ψ(ϕTx0 (g))(x0)
= ψ(ϕTx0 (g))ψ(f)(x0)

= ψ(ϕTx0 (g)+Tx0 (f))(x0).

However, the group GI , which is isomorphic to the group Homeoc(R) × Homeoc(R), is a perfect group.
Therefore, the morphism Tx0 is trivial. As the point x0 is any point in R, we deduce that the restriction
of ψ to GI is trivial, which is not possible as the morphism ψ is one-to-one.
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Remark: if ψ(Homeoc(R)) ⊂ Homeoc(R), this lemma can be proved without continuity hypothesis.
Indeed, consider an element f in Homeoc(R) supported in I. One of the connected components of the set
of fixed points of ψ(f) is of the form (−∞, a] for some a in R. This interval is necessarily invariant by the
group ψ(GI) which commutes with f . Hence, the point a is a fixed point for the group ψ(GI).

During the proof, we will often use the following elementary result:

Lemma 3.3. Let I and J be disjoint compact non-empty intervals. For any homeomorphism g in
Homeoc(R), there exist homeomorphisms g1 ∈ GI , g2 ∈ GJ and g3 ∈ GI such that:

g = g1g2g3.

Proof. Let g be a homeomorphism in Homeoc(R). Let h1 be a homeomorphism in GI which sends the
interval g(I) to an interval which is in the same connected component of R − J as the interval I. Let
h2 be a homeomorphism in GJ which is equal to g−1 ◦ h−1

1 on a neighbourhood of the interval h1 ◦ g(I).
Then, the homeomorphism h2 ◦ h1 ◦ g belongs to GI . It suffices then to take g1 = h−1

1 , g2 = h−1
2 and

g3 = h2 ◦ h1 ◦ g to conclude the proof of the lemma.

Before stating the next lemma, observe that, for compact intervals I with non-empty interiors, the
sets FI are pairwise homeomorphic by an increasing homeomorphism. Indeed, let I and J be two such
intervals. Then there exists a homeomorphism λ in Homeoc(R) such that λ(I) = J . Then λGIλ

−1 = GJ .
Taking the image by ψ, we obtain that ψ(λ)ψ(GI )ψ(λ)

−1 = ψ(GJ ) and therefore ψ(λ)(FI ) = FJ .

Lemma 3.4. For a compact interval I ⊂ R with non-empty interior, the closed set FI is compact.

Proof. Fix a compact interval I with non-empty interior. Suppose by contradiction that there exists a
sequence (ak)k∈N of real numbers in FI which tends to +∞ (if we suppose that it tends to −∞, we obtain
of course an analogous contradiction). Let us choose a compact interval J which is disjoint from I. By
the remark before the lemma, there exists a sequence (bk)k∈N of elements in FJ which tends to +∞. Take
positive integers n1, n2 and n3 such that an1 < bn2 < an3 . Fix x0 < an1 . We notice then that for any
homeomorphisms g1 ∈ GI , g2 ∈ GJ and g3 ∈ GI , the following inequality is satisfied:

ψ(g1)ψ(g2)ψ(g3)(x0) < an3 .

Lemma 3.3 implies then that

{ψ(g)(x0), g ∈ Homeoc(R)} ⊂ (−∞, an3 ].

The greatest element of the left-hand set is a fixed point of the image of ψ: this is not possible as this
image was supposed to have no fixed point.

Lemma 3.5. The closed sets Fx, where x is a point of the real line, are non-empty, compact, pairwise
disjoint and have an empty interior.

Proof. Notice that, if an interval J is included in an interval I, then GI ⊂ GJ and the same inclusion
is true if we take the images of these subsets of Homeoc(R) by the morphism ψ. That is why FJ ⊂ FI .
Now, for any finite family of intervals (In)n whose intersection has non-empty interior, the intersection of
the closed sets FIn which contains the non-empty closed set F∩nIn , is not empty. Fix now a point x in R.
Notice that

Fx =
⋂

I

FI ,

where the intersection is taken over the compact intervals I whose interior contains the point x. By
compactness, this set is not empty and it is compact.

Take two points x 6= y in R et let us prove now that the sets Fx and Fy are disjoint. If they were not
disjoint, the group generated by ψ(Gx) and ψ(Gy) would have a fixed point p. However, by lemma 3.3,
the groups Gx and Gy generate the group Homeoc(R). Then, the point p would be a fixed point of the
group ψ(Homeoc(R)), which is in contradiction with the hypothesis we made on the morphism ψ.
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Let us prove now that the sets Fx have an empty interior. Of course, given two points x and y of the real
line, if h is a homeomorphism in Homeoc(R) which sends the point x to the point y, then ψ(h)(Fx) = Fy .
Therefore, the sets Fx are pairwise homeomorphic. If the sets Fx had a non-empty interior, there would
exist uncountably many open intervals of the real line which are pairwise disjoint, which is false.

Lemma 3.6. For every point x of the real line, every connected component of the complementary of Fx

meets either each of the Fy, for y > x, or each of the Fy, for y < x.

Proof. Let us fix a point x0 in R. Let (a1, a2) be a connected component of the complementary of Fx0 . It
is possible that either a1 = −∞ or a2 = +∞.

Let us prove by contradiction that there exists y0 6= x0 such that Fy0 ∩ (a1, a2) 6= ∅. Suppose that, for
any point y 6= x0, Fy ∩ (a1, a2) = ∅. For any couple of real numbers (z1, z2), choose a homeomorphism
hz1,z2 in Homeoc(R) such that hz1,z2(z1) = z2. We claim that the open sets ψ(hx0,y)((a1, a2)), for y ∈ R,
are pairwise disjoint, which is not possible as there would be uncountably many pairwise disjoint open
intervals in R. Indeed, if this was not the case, suppose that ψ(hx0,y1)((a1, a2)) ∩ ψ(hx0,y2)((a1, a2)) 6= ∅
for y1 6= y2. As the union of the closed sets Fy is invariant under the action ψ, then, for i = 1, 2,
when ai is finite, ψ(hx0,y1)

−1 ◦ ψ(hx0,y2)(ai) /∈ (a1, a2), and ψ(hx0,y2)
−1 ◦ ψ(hx0,y1)(ai) /∈ (a1, a2) so that

ψ(hx0,y1)(ai) = ψ(hx0,y2)(ai). But this last equality cannot hold as the point on the left-hand side belongs
to Fy1 and the point on the right-hand side belongs to Fy2 and we observed that these two closed sets
were disjoint.

In the case y0 > x0, let us prove now that, for any y > x0, the closed set Fy meets the open interval
(a1, a2) (it could be proved similarly that, if y0 < x0, then for any y < x0, the closed set Fy meets the
open interval (a1, a2)). Take y > x0. There exists a homeomorphism h in Gx0 which sends y0 to y. Then,
as we saw before, the image of Fy0 under ψ(h) is Fy. Moreover the homeomorphism ψ(h) fixes the points
x1 and x2 so that the closed set Fy meets the open interval (a1, a2).

Lemma 3.7. Each set Fx contains only one point.

Proof. Suppose that there exists a real number x such that the set Fx contains two points p1 < p2. By
lemma 3.6, there exists a real number y different from x such that the set Fy has a common point with
the open interval (p1, p2). Take a point r < p1. Then, for any homeomorphisms g1 in Gx, g2 in Gy and
g3 in Gx,

ψ(g1) ◦ ψ(g2) ◦ ψ(g3)(r) < p2.

By lemma 3.3, this implies that the following inclusion holds:

{ψ(g)(r), g ∈ Homeoc(R)} ⊂ (−∞, p2].

The supremum of the left-hand set provides a fixed point for the action ψ: this is a contradiction.

Lemma 3.8. Let us denote by h(x) the only point in the set Fx. Then the map h is either strictly
increasing or strictly decreasing.

Proof. Notice that, as the sets Fx are pairwise disjoint, the map h is one-to-one. Take two real numbers
x0 < y0. Then either h(x0) < h(y0) or h(y0) < h(x0). Take any two real numbers x < y. Then there
exists a homeomorphism f in Homeoc(R) which sends the point x0 to the point x and the point y0 to the
point y. Then the homeomorphism ψ(f) sends the only point h(x0) in Fx0 to the only point h(x) of Fx

and sends the point h(y0) to the point h(y). As the map ψ(f) is strictly increasing, we obtain that the
couple of points (h(x), h(y)) is in the same order as the couple of points (h(x0), h(y0)). Hence, the map h
is either strictly increasing or strictly decreasing.

Lemma 3.9. The sets Fx cover the real line. In other words, the map h is onto.

Proof. Suppose by contradiction that the sets Fx do not cover the real line. Let C be a connected
component of the complementary of the union of the Fx, where the point x varies over the real line. To

8



simplify the exposition of the proof, we suppose that the map h is increasing. Let us denote by x0 the
supremum of the set of points x such that h(x) is lower than any point in the interval C. Then the point
h(x0) is necessarily in the closure of C: otherwise, there would exist an interval in the complementary of
the union of the Fx which strictly contains the interval C. We may suppose for instance that the point
h(x0) is the supremum of the interval C. As in the proof of lemma 3.6, choose, for each couple (z1, z2) of
real numbers, a homeomorphism hz1,z2 in Homeoc(R) which sends the point z1 to the point z2. Then the
sets ψ(hx0,x)(C), for x in R, are pairwise disjoint: they are pairwise distinct as their suprema are pairwise
distinct (the supremum of the set ψ(hx0,x)(C) is the point h(x)) and the fact that C does not contain
any point of one of the Fx allows us to conclude (notice that the infima of those sets are accumulated by
points in the union of the Fx, by definition of C) . Then the set C has necessarily an empty interior as the
topological space R is second-countable. We conclude that C = {h(x0)} = Fx0 which is not possible.

By lemmas 3.8 and 3.9, the map h is a homeomorphism. Now take a homeomorphism f in Homeoc(R)
and a point x in R. Then the homeomorphism ψ(f) sends the only point h(x) in Fx to the only point
h(f(x)) in Ff(x). This implies that ψ(f) ◦ h = h ◦ f , which proves theorem 3.1.

Proposition 3.10. Any action of the group Homeoc(R) on the circle has a fixed point.

Hence, the description of the actions of the group Homeoc(R) on the circle is given by an action of the
group Homeoc(R) on the real line which is homeomorphic to the circle minus one point.

Proof. As H2
b (Homeoc(R),Z) = {0} (see [9]), the Euler class of this action necessarily vanishes so that this

action admits a fixed point (see [7] about the Euler class of an action on the circle and its properties).

Finally, let us recall a result which is proved in [10].

Proposition 3.11. Any non-trivial action of the group Homeo0(S
1) on the circle is a conjugacy by a

homeomorphism of the circle.

4 Actions on the annulus

This section is dedicated to the proof of theorem 2.1 in the case of morphisms with values in the group
of homeomorphisms of the annulus. Fix a continuous morphism ϕ : Homeo0(S

1) → Homeo(A).

First, as the group Homeo0(S
1) is simple (see [6]), such a group morphism is either trivial or one-to-

one. We assume in the rest of this section that this group morphism is one-to-one. The induced group
morphism Homeo0(S

1) → Homeo(A)/Homeo0(A) is not one-to-one as the source is uncountable and the
target is countable. Therefore, it is trivial and the image of the morphism ϕ is included in the group
Homeo0(A).

Now, the subgroup of rotations of the circle is continuously isomorphic to the topological group S1. The
image of this subgroup under the morphism ϕ is a compact subgroup of the group of homeomorphisms of
the closed annulus which is continuously isomorphic to S1. It is known that such a subgroup is conjugate
to the rotation subgroup

{
(r, θ) 7→ (r, θ + α), α ∈ S1

}
of the group of homeomorphisms of the annulus (see

[3]). After possibly conjugating ϕ, we may suppose from now on that, for any angle α, the morphism ϕ
sends the rotation of angle α of the circle to the rotation of angle α of the annulus.

4.1 An invariant foliation

Fix a point θ0 on the circle. Recall that the group Gθ0 is the group of homeomorphisms of the circle
which fix a neighbourhood of the point θ0. Let us denote by Fθ0 ⊂ A the closed subset of fixed points
of ϕ(Gθ0) (i.e. points which are fixed under every homeomorphism in this group). The action ϕ induces
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actions on the two boundary components of the annulus which are circles. The action of ϕ(Gθ0) on each of
these boundary components admits a fixed point by proposition 3.11. Therefore, the set Fθ0 is non-empty.
For any angle θ, let α = θ − θ0. Then Gθ = RαGθ0R

−1
α , where Rα denotes the rotation of the circle of

angle α. Therefore, ϕ(Gθ) = Rαϕ(Gθ0)R
−1
α , where Rα denotes here by abuse the rotation of angle α of

the annulus, and Fθ = Rα(Fθ0). Let

B =
⋃

θ∈S1

Fθ =
⋃

α∈S1

Rα(Fθ0).

This set is of the form B = K×S1, whereK is the image of Fθ0 under the projection A = [0, 1]×S1 → [0, 1].
The set K is compact and contains the points 0 and 1. Let F be the foliation of the set B whose leaves
are the circles of the form {r} × S1, where the real number r belongs to the compact set K.

Lemma 4.1. Each leaf of the foliation F is preserved by the action ϕ.

Proof. Fix an angle θ. Let us prove that, for any point x in Fθ the orbit of the point x under the
action ϕ is contained in

{
Rα(x), α ∈ S1

}
⊂ A. First, for any orientation-preserving homeomorphism f of

the circle which fixes the point θ, the homeomorphism ϕ(f) pointwise fixes the set Fθ. Indeed, such a
homeomorphism of the circle is the uniform limit of homeomorphisms which pointwise fix a neighbourhood
of θ and the claim results from the continuity of the action ϕ. Any orientation-preserving homeomorphism
of the circle g can be written g = Rβf , where f is a homeomorphism which fixes the point θ. Now, any
point x in Fθ is fixed under ϕ(f) and and sent to a point in

{
Rα(x), α ∈ S1

}
⊂ A under the rotation

Rβ = ϕ(Rβ), which proves the lemma.

Lemma 4.2. Each closed set Fθ intersects each leaf of the foliation F in exactly one point. Moreover,
the map which, to any point (r, θ) of K × S1 ⊂ A, associates the only point of Fθ on the leaf {r} × S1 is a
homeomorphism of K × S1. This homeomorphism conjugates the restriction of the action ϕK,λ to K × S1

to the restriction of the action ϕ to K × S1 for any continuous map λ : S1 −K → {−1,+1}. Moreover,
this homeomorphism is of the form (r, θ) 7→ (r, η(r) + θ) where η : K → S1 is a continuous function.

Proof. By the lemma above, the action ϕ preserves each set of the form {r} × S1 and induces on each of
these set an action on a circle. By proposition 3.11, such actions are well-understood and the restriction
of this action to a subgroup of the form Gθ admits exactly one fixed point (this action is non-trivial as
the rotation subgroup acts non-trivially). This implies the first statement of the lemma.

Take a sequence (rn)n∈N of elements in K which converges to a real number r in K. Then, as the
point h(rn, θ0) belongs to {rn} × S1 and to Fθ0 , the accumulation points of the sequence (h(rn, θ0))n
belong to {r} × S1 and to Fθ0 : there is only one accumulation point which is the point h(r, θ0). For
any angle θ, we have h(r, θ) = Rθ−θ0 ◦ h(r, θ0). This implies that the map h is continuous. This map
is one-to-one: if h(r, θ) = h(r′, θ′), this last point belongs to {r} × S1 = {r′} × S1 so that r = r′ and
Rθ−θ0 ◦ h(r, θ0) = Rθ′−θ0 ◦ h(r, θ0) so that θ = θ′. This map is onto by definition of the set B = K × S1

which is the union of the Fθ. As this map is defined on a compact set, it is a homeomorphism.

Take any orientation-preserving homeomorphism f of the circle with f(θ) = θ′. Notice that Gθ′ =
fGθf

−1 and therefore ϕ(f)(Fθ) = Fθ′ . So, for any (r, θ) ∈ K × S1, as the action ϕ preserves each leaf
of the foliation F , the homeomorphism ϕ(f) sends the point h(r, θ), which is the unique point in the
intersection Fθ ∩ {r} × S1, to the unique point in the intersection Fθ′ ∩ {r} × S1, which is h(r, θ′). This
implies that

ϕ(f) ◦ h(r, θ) = h ◦ ϕK,λ(f)(r, θ).

Now, denote by η(r) the second projection of h(r, 0). As the set Fθ is the image by the rotation of angle
θ of the set F0, we have h(r, θ) = h(r, 0) + (0, θ) and h(r, θ) = (r, η(r) + θ).

4.2 Action outside the foliation

In this section, we study the action ϕ on each connected component of A−K×S1. Let A = [r1, r2]×S1

be the closure of such a component. By the last subsection, such a set is invariant under the action ϕ.
This subsection is dedicated to the proof of the following proposition.
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Proposition 4.3. The restriction ϕA of the action ϕ to A is conjugate to a+ (or equivalently to a−) via
an orientation preserving homeomorphism.

Proof. Notice that, for any point θ of the circle, the action ϕA
|Gθ

admits no fixed point in the interior of A

by definition of K × S1: we will often use this fact.

Let us begin by sketching the proof of this proposition. We prove that, for any point θ of the circle,
the morphism ϕA

|Gθ
can be lifted to a morphism ϕ̃A

θ from the group Gθ to the group HomeoZ([r1, r2]×R)

of homeomorphisms of the closed band which commute to the translations (r, x) 7→ (r, x + n), where n is
an integer. Moreover, this group morphism can be chosen so that it has a bounded orbit. We will then
find a continuum G̃θ with empty interior which touches both boundary components of the band and is
invariant under the action ϕ̃A

θ . We prove then that the sets Gθ = π(G̃θ), where π : [r1, r2] × R → A is
the projection, are pairwise disjoint and are simple paths which join the two boundary components of the
annulus A. We see then that the group ϕ(Gθ ∩ Gθ′), for θ 6= θ′, admits a unique fixed point a(θ, θ′) on
Gθ. This last map a turns out to be continuous and allows us to build a conjugacy between ϕA and a+.

The following lemma is necessary to build the invariant sets Gθ:

For a homeomorphism g in Homeo0(A), we denote by g̃ the lift of g to HomeoZ([r1, r2]×R) (this means
that π ◦ g̃ = g ◦ π) with g̃((r1, 0)) ∈ [r1, r2] × [−1/2, 1/2). Let us denote by D ⊂ R2 the fundamental
domain [r1, r2]× [−1/2, 1/2] for the action of Z on [r1, r2]× R.

Lemma 4.4. The map Homeo0(S
1) → R+, which associates, to any homeomorphism f in Homeo0(S

1),

the diameter of the image under ϕ̃(f) (or equivalently under any lift of ϕ(f)) of the fundamental domain
D, is bounded.

Remark: the continuity hypothesis on the morphism ϕ is not used in the proof of this lemma.

Proof. For a group G generated by a finite set S and for an element g in G, we denote by lS(g) the word
length of g with respect to S, which is the minimal number of factors necessary to write g as a product of
elements of S ∪ S−1, where S−1 is the set of inverses of elements in S. In order to prove the lemma, we
need the following result which can be easily deduced from lemma 4.4 in [12], which is inspired from [1].

Lemma 4.5. There exist constants C > 0 and C′ ∈ R such that, for any sequence (fn)n∈N of elements
of the group Homeo0(S

1), there exists a finite set S ⊂ Homeo0(S
1) such that:

– for any integer n, the element fn belongs to the group generated by S;
– ∀n ∈ N, lS(fn) ≤ Clog(n) + C′.

Let us prove now lemma 4.4 by contradiction. Suppose that there exists a sequence (fn)n∈N of elements
of the group Homeo0(S

1) such that, for any integer n:

diam(ϕ̃(fn)(D)) ≥ n.

We apply then the above lemma to this sequence to obtain a finite subset S included in Homeo0(S
1) such

that the conclusion of the lemma holds. Let fn = s1,ns2,n . . . swn,n, where wn ≤ Clog(n) + C′ and the

si,j ’s are elements of S ∪ S−1. We prove now that this implies that the diameter of ˜ϕ(fn)(D) grows at
most at a logarithmic speed, which is a contradiction with the hypothesis we made on the sequence (fn)n.

Let us denote by M the maximum of the quantities
∥∥∥ϕ̃(s)(x)− x

∥∥∥, where s varies over S ∪ S−1 and the

point x varies over R2 (or equivalently over the compact set D) and where ‖.‖ denotes the euclidean norm.
Take now two points x and y in D. Then for any integer n

∥

∥

∥
ϕ̃(s1,n)ϕ̃(s2,n) . . . ˜ϕ(swn,n)(x)− ϕ̃(s1,n)ϕ̃(s2,n) . . . ˜ϕ(swn,n)(y)

∥

∥

∥
≤

∥

∥

∥
ϕ̃(s1,n)ϕ̃(s2,n) . . . ˜ϕ(swn,n)(x)− x

∥

∥

∥
+

∥

∥

∥
ϕ̃(s1,n)ϕ̃(s2,n) . . . ˜ϕ(swn,n)(y)− y

∥

∥

∥
+ ‖x− y‖ .
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But for any point z in D, we have:

∥

∥

∥
ϕ̃(s1,n)ϕ̃(s2,n) . . . ˜ϕ(swn,n)(z)− z

∥

∥

∥
≤

wn−1
∑

k=1

∥

∥

∥
ϕ̃(sk,n) . . . ˜ϕ(swn,n)(z)− ˜ϕ(sk+1,n) . . . ˜ϕ(swn,n)(z)

∥

∥

∥

≤ (wn − 1)M.

Hence diam(ϕ̃(fn)(D)) ≤ 2(wn − 1)M +diam(D), which is in contradiction with the hypothesis we made
on the sequence (fn)n.

Let θ0 be a point of the circle.

Lemma 4.6. There exists a group morphism ϕ̃A
θ0

: Gθ0 → HomeoZ([r1, r2]× R) such that:

– for any homeomorphism f in Gθ0 , Π◦ϕ̃A
θ0
(f) = ϕA(f), where Π : HomeoZ([r1, r2]×R) → Homeo0(A)

is the projection;
– the subset

{
ϕ̃A
θ0
(f)((r1, 0)), f ∈ Gθ0

}
of the band [r1, r2]× R is bounded.

Moreover, the morphism ϕ̃A
θ0

is continuous.

Remark: The continuity hypothesis on the morphism ϕ is not necessary to prove the first part of this
lemma.

Proof. As the topological space Gθ0 is contractible and the map Π : HomeoZ([r1, r2] × R) → Homeo0(A)
is a covering, there exists a (unique) continuous map η : Gθ0 → HomeoZ([r1, r2]× R) which lifts the map
ϕA
|Gθ0

and sends the identity to the identity. Then the map

Gθ0 ×Gθ0 → HomeoZ([r1, r2]× R)
(f, g) 7→ η(fg)−1η(f)η(g)

is continuous and its image is contained in the discrete space of integral translations: it is constant and
the map η is a group morphism. Two group morphisms which lift the group morphism ϕA

|Gθ0
differ by a

morphism Gθ0 → Z. However, as the group Gθ0 is simple (hence perfect), such a group morphism is trivial
and η = ϕ̃A

θ0
. The action ϕA

|Gθ0
admits fixed points on the boundary of the annulus A. Hence, the action

η admits fixed points on the boundary of [r1, r2]×R and any orbit on one of these boundary components
is bounded.

Let us denote

F =
⋃

f∈Gx0

ϕ̃A
θ0
(f)([r1, r2]× (−∞, 0]).

By the two above lemmas, there exists M > 0 such that F ⊂ [r1, r2] × (−∞,M ]. Moreover, the closed
set F is invariant under the action ϕ̃A

θ0
. Denote by U the connected component of the complementary

of F ∪ {r1, r2} × R which contains the open subset (r1, r2) × (M,+∞). By construction, the open set
U is invariant under the action ϕ̃A

θ0
(the interior of a fundamental domain far on the right must be sent

in U by any homeomorphism in the image of ϕ̃A
θ0

, by the two above lemmas). Consider the topological
space B which is the disjoint union of the band [r1, r2] × R with a point {+∞} and for which a basis
of neighbourhood of the point +∞ are given by the sets of the form [r1, r2] × (A,+∞) ∪ {+∞}. Now,
let us consider the prime end compactification of U ⊂ B (see [9] for the background on prime end
compactification). The space of prime ends of the simply connected open set U , on which there is a
natural action ψ of the group Gθ0 induced by the action ϕ̃A

θ0
, is homeomorphic to a circle. By the

following lemma, the action ψ is continuous.

Lemma 4.7. Let W be a connected relatively compact open subset of the plane. Let us denote by B(W )
the space of prime ends of W . The map

t : Homeo(W ) → Homeo(B(W )),

which, to a homeomorphism f of W , associates the induced homeomorphism on the space of prime ends
of W , is continuous.
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Proof. As the map t is a group morphism and as the space B(W ) is homeomorphic to a finite union of
circles, it suffices to prove that, for any prime end ξ in B(W ), the map

Homeo(W ) → B(W )
f 7→ t(f)(ξ)

is continuous at the identity. Let us fix such a prime end ξ. Let us denote by

V1 ⊃ V2 ⊃ . . . ⊃ Vn ⊃ . . .

a prime chain which defines the prime end ξ. If we denote by Ṽn the space of prime points of W which
divide Vn, then the Ṽn’s are a basis of neighbourhoods of the point ξ (see section 3 in [9]). Let us fix a
natural integer n and p > n. If the uniform distance between a homeomorphism f in Homeo(W ) and the
identity is lower than the distance between the frontier FrW (Vn) of Vn in W and the frontier FrW (Vp) of
Vp in W , then the set f(FrW (Vn)) does not meet FrW (Vp). By lemma 4 in [9], if the homeomorphism f

is sufficiently close to the identity, then f(Vp) ⊂ Vn and t(f)(Ṽp) ⊂ Ṽn. This implies that, for f in such a

neighbourhood, the point t(f)(ξ) belongs to Ṽn, which is what we wanted to prove.

For a prime end ξ of U defined by a prime chain

V1 ⊃ V2 ⊃ . . . ⊃ Vn ⊃ . . . ,

the impression of ξ is the intersection of the closures (in B) of the open sets Vn. This set does not depend
on the prime chain representing ξ. The principal set of ξ is the set of points p in B such that there exists
a prime chain

V1 ⊃ V2 ⊃ . . . ⊃ Vn ⊃ . . .

defining ξ such that the sequence of frontiers in U of Vn converges for the Hausdorff topology to the
single-point set {p}. Notice that the subset of prime ends of U whose impression contains a point of
{r1, r2}×R∪ {+∞} is closed. Denote by I a connected component of the complementary of this set (the
set I is an open interval). By arc-connectedness of the group Gθ0 and continuity of the action ψ, the open
interval I is invariant under the action ψ. Let ψ′ be the restriction of the action ψ to the interval I.

Lemma 4.8. The action ψ′ has no fixed point.

Proof. We prove this lemma by contradiction. More precisely, we prove that, if this action has a fixed
point, then the action ϕ̃A

θ0
has a fixed point in the interior of the band [r1, r2]× R, which is not the case.

Suppose the action ψ′ admits a fixed point. If the set of fixed points of the action ψ′ has non-empty
interior in I, as accessible prime ends are dense in I (see [9]), there exists an accessible prime end which
is fixed under ψ. Therefore, the only point in the principal set of this prime end, which is contained in
the interior of the band [r1, r2]× R, is fixed under the action ϕ̃A

θ0
.

Suppose now that this set of fixed points has an empty interior. Take a connected component of the
complementary in I of the set of fixed points of ψ′ and an endpoint e of this interval. Take an interval
J of the circle whose interior contains the point θ0. Then, according to the previous section in which we
describe the continuous actions of the group Homeoc(R) on the real line, the set of fixed points of ψ(GJ )
contains a closed interval J with non-empty interior which contains the point e (not necessarily in its
interior). As accessible prime ends are dense in P , this closed interval contains an accessible prime end.
Then, as the principal set of this prime end is reduced to a point p, this point p is fixed by the group
ϕ̃A
θ0
(GJ ). As a result, the group ϕ̃A

θ0
(GJ ) of homeomorphisms of the band [r1, r2]×R admits a non-empty

set HJ of fixed points which is included in the closure CJ of the union of the principal sets of prime ends
in J , which is compact. Moreover, this set is included in the interior of the band [r1, r2] × R as it is
contained in the union of the impression of prime ends in J and by definition of the interval I. For any
closed interval J ′ whose interior contains the point θ0 and which is included in J , the set HJ′ of fixed
points of ϕ̃A

θ0
(GJ′) which are included in CJ is non empty. Moreover, if the interval J ′′ is included in the

interval J ′, then HJ′′ ⊂ HJ′ . By compactness, the intersection of those sets, which is contained in the set
of fixed point of the action ϕ̃A

θ0
, is non-empty.
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By the description of continuous actions of the group Homeoc(R) on the real line with no global fixed
points (see section 3 of this article), the action ψ is transitive on the open interval I. Hence, all the prime
ends in I are accessible, by density of accessible prime ends. Moreover, by this same description, for any
point θ 6= θ0 of the circle, there is a unique prime end eθ ∈ I which is fixed under ψ|Gθ0

∩Gθ
. Moreover,

the interval I is the union of these prime ends. For any point θ 6= θ0 of the circle, let us denote by x̃θ the
unique point in the principal set of the prime end eθ. For any homeomorphism f in Gθ0 which sends the

point θ 6= θ0 to the point θ′, then ϕ̃A
θ0
(f)(x̃θ) = x̃θ′ , as Gθ′ = fGθf

−1. Let L̃θ0 =
{
x̃θ, θ ∈ S1 − {θ0}

}
and

Lθ0 = π(L̃θ0).

Lemma 4.9. The map
S1 − {θ0} → (r1, r2)× R

θ 7→ x̃θ

is one-to-one and continuous. Moreover, the limit sets limθ→θ+
0
x̃θ and limθ→θ−

0
x̃θ each contain exactly

one point of the boundary {r1, r2} × R of the band.

Proof. Take θ′ 6= θ and suppose by contradiction that x̃θ = x̃θ′ . Take θ′′ 6= θ in the same connected
component of S1−{θ0, θ} as θ′ such that x̃θ′′ 6= x̃θ. Consider a homeomorphism f of the circle in Gθ0 ∩Gθ

which sends the point θ′ to the point θ′′. Then the homeomorphism ϕ̃A
θ0
(f) of the band fixes the point x̃θ

and sends the point x̃θ′ to the point x̃θ′′ , which is not possible. The map is one-to-one.

Now, let us prove that the considered map is continuous. Take a vector field of the circle which vanishes
only on a small connected neighbourhood N of θ0. Let us denote by (ht)t∈R the one-parameter group
generated by this vector field. Fix a point θ1 ∈ S1 − N . For any point θ ∈ S1 − N , denote by t(θ) the
unique time t such that ht(θ1) = θ. The map θ 7→ t(θ) is then a homeomorphism S1 −N → R. Now, the
relation x̃θ = ϕ(ht(θ))(x̃θ1) and the continuity of the action ϕ implies that the map θ 7→ x̃θ is continuous,
as the neighbourhood N can be taken arbitrarily small.

The following lemma implies that the intersection of each of the limit sets limθ→θ+
0
x̃θ and limθ→θ−

0
x̃θ

with the boundary {r1, r2}×R of the band is nonempty. Indeed, otherwise, these limit sets would provide
a nonempty compact connected invariant set for the action ϕ̃A

θ0
.

Lemma 4.10. The action ϕ̃A
θ0

admits no nonempty compact connected invariant set included in (r1, r2)×
R.

Proof. Consider the unbounded component of the complementary of this set. The action ϕ̃A
θ0

induces an
action on the space of prime ends of this set, which is homeomorphic to a circle. By proposition 3.10,
such an action has a fixed point. By an argument similar to the one in the proof of lemma 4.8, the action
ϕ̃A
θ0

admits then a fixed point in the interior of the band, which is excluded by hypothesis.

It remains to prove that the intersections limθ→θ+
0
x̃θ ∩ {r1, r2} ×R and limθ→θ−

0
x̃θ ∩ {r1, r2} ×R are

reduced to a point. Suppose for instance that the intersection limθ→θ+
0
x̃θ ∩ {r1} × R contains at least

two points. Recall that, by proposition 3.11, we know that the restriction of the action ϕ to {r1} × S1

is a conjugacy by a homeomorphism S1 → {r1} × S1. Therefore, the action ϕA
|Gθ0

fixes a point p and is

transitive on {r1} × S1 − {p}. Moreover, as any orbit of the action ϕ̃A
θ0

is bounded by lemmas 4.4 and
4.6, this last action pointwise fixes the set π−1({p}) and is transitive on each connected component of
{r1} × R − π−1({p}). Therefore, the intersection limθ→θ+

0
x̃θ ∩ {r1} × R, which is closed and invariant

under the action ϕ̃A
θ0

, contains two distinct lifts p̃ and p̃′ of the point p. Take a sequence (x̃θn)n∈N of

points in L̃θ0, where θn tends to θ+0 , which converges to the point p̃ and a sequence (x̃θ′

n
)n∈N of points in

L̃θ0 , where θ′n tends to θ+0 , which converges to the point p̃′. Taking a subsequence if necessary, we may
suppose that the sequences (θn)n and (θ′n)n are monotonous and that, for any integer n, the angle θ′n is
between the angles θn and θn+1. Take a homeomorphism f in Gθ0 which, for any n, sends the point θn
to the point θ′n. Then, for any n, the homeomorphism ϕ̃A

θ0
(f) sends the point x̃θn to the point x̃θ′

n
. By

continuity, this homeomorphism sends the point p̃ to the point p̃′. This is not possible as these points are
fixed under the action ϕ̃A

θ0
.
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Note that we do not know for the moment that the points limθ→θ+
0
x̃θ and limθ→θ−

0
x̃θ lie on different

boundary components of A.

For any angle θ 6= θ0, we define Lθ = Rθ−θ0(Lθ0). Notice that, for any angle θ, the set Lθ is invariant
under the action ϕA

|Gθ
. Indeed Gθ = Rθ−θ0Gθ0R

−1
θ−θ0

which implies that ϕA(Gθ) = Rθ−θ0ϕ
A(Gθ0)R

−1
θ−θ0

and, as the set Lθ0 is invariant under the action ϕA
|Gθ0

, the claim follows. Moreover, for an orientation-

preserving homeomorphism f of the circle which sends an angle θ to another angle θ′, the homeomorphism
ϕ(f) sends the set Lθ to the set Lθ′ . To prove this last fact, use that the homeomorphism f can be written
as the composition of a homeomorphism which fixes the point θ with a rotation.

Lemma 4.11. The sets Lθ are pairwise disjoint. Moreover, there exists a homeomorphism from the
compact interval [0, 1] to the closure of Lθ0 which sends the interval (0, 1) to the set Lθ0 .

Proof. By using rotations, we see that it suffices to prove that, for any angle θ 6= θ0, Lθ0 ∩ Lθ = ∅. Fix
such an angle θ. Remember that the restriction of the action ψ′ to Gθ ∩ Gθ0 has one fixed point eθ and
is transitive on each connected component of I − {eθ}. Denote by Eθ the subset of I consisting of prime
ends whose only point in the principal set belongs to π−1(Lθ). As this set is invariant under ψ|Gθ∩Gθ0

, it
is either empty, or the one-point set {eθ} or one of the connected components of P − {eθ} or the closure

of one of these components or P . In the last case, we would have L̃θ0 ⊂ π−1(Lθ) and Lθ0 ⊂ Lθ. Using
homeomorphisms of the circle which fix the angle θ0 and send the angle θ to another angle θ′, we see that,
for any angle θ′, Lθ0 ⊂ Lθ′. This is not possible as the intersection of the closure of the set Lθ0 with the
boundary of A is a two-point set which should be invariant under any rotation. The case where the set
Eθ is a half-line (open or closed) leads to a similar contradiction by looking at one of the limit sets of Lθ0 .
Hence, for any angle θ 6= θ0, the intersection Lθ0 ∩ Lθ contains at most one point, the point xθ.

This implies that any leaf of the form {r}×S1 ⊂ A contains at most two points of Lθ0 . We claim then
that if one of these leaves contains two points of Lθ0 , then no leaf contains exactly one point of this set.

Take a point xθ1 in Lθ0 which belongs to the leaf {r} × S1. Suppose that there exists another point of
the set Lθ0 on this leaf. This implies that the point xθ1 belongs to Lθ1 . Using homeomorphisms in Gθ0

which send the point θ1 to another point θ 6= θ0 of the circle, we see that, for any angle θ 6= θ0 the point
xθ belongs to Lθ. Hence, each circular leaf which meets the set Lθ0 contains exactly two points of this set.

If x is another point of Lθ0 on the leaf {r} × S1, then there exists α ∈ S1 − {0} such that Rα(x) =
xθ ∈ Lα+θ0 . Therefore, α + θ0 = θ and the point x is necessarily the point Rθ0−θ(xθ) = x2θ0−θ. Hence,
the map θ 7→ p1(xθ), where p1 : [r1, r2] × R 7→ [r1, r2] is the projection, is strictly monotonous (as it is
one-to-one) on (θ0, θ0 +

1
2 ] and on [θ0 +

1
2 , θ0 + 1). Moreover, if this map was not globally one-to-one, the

circular leaf which contains the point xθ0+ 1
2

would contain only one point, which is not possible. Hence,
this map is strictly monotonous. This implies also that the sets Lθ, for θ 6= θ0, are disjoint from Lθ0 . The
monotonicity of the map θ 7→ p1(xθ), combined with lemma 4.9 implies the second part of the lemma.

Now, we can end the proof of the proposition. By theorem 3.1, for any θ ∈ S1 and any r ∈ (0, 1) the
action ϕA

|Gθ∩Gθ+r
admits a unique fixed point a(r, θ) in Lθ. Moreover, for any point θ of the circle, the

map
(0, 1) → A

r 7→ a(r, θ)

is one-to-one, continuous and extends to a continuous map [0, 1] → A which allows us to define a(0, θ),
which is the fixed point of ϕA

|Gθ
on one boundary component of A, and a(1, θ), which is the fixed point

of ϕA
|Gθ

on the other boundary component of A. By the last lemma, the map a is one-to-one. Moreover,

for every point α of the circle, and every point (r, θ) of the closed annulus A = [0, 1]× S1, a(r, θ + α) =
Rα(a(r, θ)). Indeed, the point Rα(a(r, θ)) is the only fixed point of ϕA

|Gθ+α∩Gθ+α+r
= Rαϕ

A
|Gθ∩Gθ+r

R−1
α in

Lθ+α = Rα(Lθ). This implies that the map a is continuous: it is a homeomorphism A → A. It remains to
prove that it defines a conjugacy with a+. Take a homeomorphism f , and a point (r, θ) ∈ A. Notice that

fGθ ∩Gθ+rf
−1 = Gf(θ) ∩Gf(θ+r) = Gf(θ) ∩Gf(θ)+(f̃(θ+r)−f̃(θ))
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and that ϕA(f)(Lθ) = Lf(θ). Therefore, ϕA(f)(a(r, θ)) = a(a+(f)(r, θ)). The action ϕA is conjugate to
a+. As the actions a+ and a− are conjugate both by an orientation-preserving homeomorphism and an
orientation-reversing homeomorphism, the proposition is proved.

4.3 Global conjugacy

This section is devoted to the end of the proof of theorem 2.1 in the case of actions on an annulus.

By lemma 4.2, our action ϕ, restricted to the union K × S1 of the Fθ, where θ varies over the circle, is
conjugate to the restriction of ϕK,λ to K × S1 by a homeomorphism of the form (r, θ) 7→ (r, η(r) + θ) for
any λ. Conjugating ϕ by a homeomorphism of the annulus of the form (r, θ) 7→ (r, η̂(r) + θ), where η̂ is a
continuous function which is equal to η on K, we may assume from now on that the action ϕ is equal to
ϕK,λ for any λ on K × S1.

Moreover, for each connected component (ri1, r
i
2)×S1 of the complementary of the closed set K×S1, the

restriction of this action to [ri1, r
i
2]× S1 is conjugate to a+ via an orientation-preserving homeomorphism

gi : [0, 1]× S1 → [ri1, r
i
2]× S1, by proposition 4.3.

We now define a particular continuous function λ0 : [0, 1]−K → {−1,+1} such that the action ϕ is
conjugate to ϕK,λ0 . For any index i, let us denote by d+i the diameter of the set gi({(r, 0), 0 ≤ r ≤ 1}) and
by d−i the diameter of the set gi({(r,−r), 0 ≤ r ≤ 1}). If d+i ≤ d−i , we define λ0 to be identically equal to
+1 on the interval (ri1, r

i
2). Otherwise, i.e. if d+i > d−i , we define the map λ0 to be identically equal to −1

on the interval (ri1, r
i
2).

Now, let us define a conjugacy between the action ϕ and the action ϕK,λ0 . Notice that, by what is above,
for any connected component (ri1, r

i
2) × S1 of the complementary of K × S1, there exists an orientation-

preserving homeomorphism hi of [ri1, r
i
2]× S1 such that, for any orientation-preserving homeomorphism f

of the circle,
hi ◦ ϕK,λ0(f)|[ri1,ri2]×S1 = ϕ(f)|[ri1,ri2]×S1 ◦ hi.

Then, for any point (r, θ) ∈ [ri1, r
i
2]× S1 and any angle α ∈ S1, hi(r, θ+α) = hi(r, θ) + (0, α). (Recall that

we supposed at the beginning of this section that the morphism ϕ sent the rotation of the circle of angle
α on the rotation of the annulus of angle α.)

Now, let us denote by h : A → A the map which is equal to the identity on K × S1 and which is equal
to hi on the connected component (ri1, r

i
2)× S1 of the complementary of K × S1. It is clear that the map

h is a bijection and that, for a homeomorphism f in Homeo0(S
1), the relation h ◦ ϕK,λ0(f) = ϕ(f) ◦ h

holds. Moreover, the map h commutes with the rotations.

It remains to prove that the map h is continuous to end the proof. As the map h commutes with
rotations, it suffices to prove that the map

η : [0, 1] → A

r 7→ h(r, 0)

is continuous. Notice first that, for a connected component (ri1, r
i
2) of the complementary of K, the limit

limr→ri+1
η(r) is equal to hi(r1, 0). This last point is the only point of F0 on {r1} × S1 and is therefore

equal to η(r1) = (r1, 0). The map η is also continuous on the left at ri2. It suffices now to establish
that, for any sequence ((rn1 , r

n
2 ))n∈N of connected components of the complementary of K such that the

sequence (rn1 )n∈N is monotonous and converges to a point r∞ which belongs to the compact set K, for
any sequence (rn)n∈N of real numbers such that, for any integer n, rn ∈ (rn1 , r

n
2 ), the sequence (η(rn))n∈N

converges to λ(r∞) = (r∞, 0). Fix now such a sequence ((rn1 , r
n
2 ))n∈N.

Lemma 4.12. For n sufficiently large, one of the curves h([rn1 , r
n
2 ] × {0}) and

h(
{
(r, θ −

r−rn1
rn2 −rn1

), rn1 ≤ r ≤ rn2

}
) is homotopic with fixed extremities in the closed annulus [rn1 , r

n
2 ]× S1 to

the curve [rn1 , r
n
2 ]× {0}. We denote by cn this curve.
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Proof. Suppose by contradiction that there exists a strictly increasing map σ : N → N such

that, for any n ∈ N, neither h([r
σ(n)
1 , r

σ(n)
2 ] × {0}) nor h(

{
(r, θ −

r−r
σ(n)
1

r
σ(n)
2 −r

σ(n)
1

), r
σ(n)
1 ≤ r ≤ r

σ(n)
2

}
)

are homotopic to [rn1 , r
n
2 ] × {0}. Then, one of the two curves h([r

σ(n)
1 , r

σ(n)
2 ] × {0}) and

h(

{
(r, θ −

r−r
σ(n)
1

r
σ(n)
2 −r

σ(n)
1

), r
σ(n)
1 ≤ r ≤ r

σ(n)
2

}
), which we denote by γn, admits a lift γ̃n such that γ̃n ∩

{
r
σ(n)
1

}
× R =

{
(r

σ(n)
1 , 0)

}
and γ̃n ∩

{
r
σ(n)
2

}
× R =

{
(r

σ(n)
2 , k)

}
, where k is an integer with |k| ≥ 2. To

simplify the notations, suppose that k ≥ 2.

We now need an intermediate result. Let (x̃n)n∈N and (ỹn)n∈N be sequences of points of the band
[0, 1] × R converging respectively to the points x̃∞ and ỹ∞ such that, for any n, the points x̃n and ỹn
belong to the curve γ̃n and are not endpoints of this curve. We suppose that x̃∞ 6= ỹ∞ and that the
points x̃∞ and ỹ∞ are not limit points of the endpoints of γ̃n. For any integer n, there exist unique real
numbers rn and r′n ∈ (0, 1) such that the point xn = π(x̃n) (respectively yn = π(ỹn)) is the unique fixed
point of the group ϕ(G0∩Grn) (respectively ϕ(G0∩Gr′n)) on the curve γn. We claim that, for any strictly
increasing map s : N → N such that the sequences (rs(n))n∈N and (r′s(n))n∈N converge respectively to R

and R′, then R 6= R′. Moreover, the real numbers R as R′ are different from 0 or 1.

Let us begin by proving this claim. Suppose by contradiction that there exists a map s such that
R = R′. We may suppose (by extracting a subsequence and by changing the roles of xn and yn if
necessary) that, for any n, rs(n) < r′s(n). Then the set of points in γs(n) which are fixed by ϕ|G0∩Gr

, with

rs(n) ≤ r ≤ r′s(n) defines a sequence of paths which converge to an interval included in {r∞} × S1. This
interval has non-empty interior and is necessarily pointwise fixed by ϕ|G0∩GR

: indeed, any homeomorphism
f in G0 ∩GR fixes the points between rs(n) and r′s(n) for n sufficiently large so that the homeomorphism

ϕ(f) fixes the projection of the set of points on γ̃n between x̃n and ỹn, for n sufficiently large. Hence, it
also fixes the projection of the interval between the points x̃∞ and ỹ∞ on the line {r∞} × R. However,
there exist no such interval with non-empty interior. Let us establish now for instance that R 6= 1. The
set of points in γs(n) which are fixed by ϕ|G0∩Gr

, with rs(n) ≤ r ≤ 1 is a path which admits a lift which

joins the point x̃s(n) to either the point (r
σ(s(n))
2 , k) or the point (r

σ(s(n))
1 , k). Taking a subsequence if

necessary, this sequence of sets converges to an interval with non-empty interior included in {r∞} × S1.
This interval is necessarily pointwise fixed by ϕ|G0∩GR

: this is a contradiction.

Let us come back to our proof. There exists a sequence (x̃n)n∈N of points of the band [0, 1] × R

converging to the point (r∞, 1) such that, for any n, the point x̃n belongs to the curve γ̃n. Let xn = π(x̃n).
For any integer n, there exists a unique real number rn ∈ (0, 1) such that the point xn is the unique fixed
point of the group ϕ(G0 ∩Grn) on the curve γn. For any n, take a point ỹn on the curve γ̃n such that the
sequence (ỹn)n converges to a point p̃ which is neither a point of the form (r∞, k), where k is an integer,
nor a limit point of a sequence of endpoints of the curve γ̃n. As above, we denote by r′n ∈ (0, 1) the real
number associated to the point yn = π(ỹn). Consider a strictly increasing map s : N → N such that the
sequences (rs(n))n∈N and (r′s(n))n∈N converge respectively to R and R′. Take a homeomorphism f in G0

which sends the point R of the circle to the point R′ of the circle. Let zn = ϕ(f)(xn). Then, for any n, the
real number associated to the point zs(n) is necessarily f(rs(n)) and the sequence (f(rs(n)))n converges to
R′. By the claim above, the sequence (zs(n))n has the same limit as the sequence (ys(n))n. By continuity,
this homeomorphism of the annulus sends the point (r∞, 0) to the point p = π(p̃). This is not possible as
the point (r∞, 0) of the annulus is fixed by the group ϕ(G0).

Lemma 4.13. The diameter of the curve cn tends to 0 as n tends to +∞.

Proof. This proof is similar to the proof of the above lemma. Suppose that the sequence of diameters of

cn does not converge to 0. Let us denote by c̃n the lift of the curve cn whose origin is the point (r
σ(n)
1 , 0).

There exists a subsequence c̃s(n) of this sequence which converges (for the Hausdorff topology) to an
interval with non-empty interior. As the projection of this interval on the annulus is invariant under the
action ϕ|G0

, this compact set projects onto the whole circle {r∞}×S1. Therefore, there exists a sequence
(x̃n)n∈N, where the point x̃n belongs to c̃s(n), which converges to a point of the form (r∞, k) with k 6= 0
(which is not the limit of a sequence of endpoints of c̃s(n)). There also exists a sequence (ỹn)n∈N, where
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the point x̃n belongs to c̃s(n), which converges to a point p̃ which is not of the form (r∞, k), where k is an
integer. As in the proof of the above lemma, let us denote rn ∈ (0, 1) (respectively r′n) the real number
associated to the point xn = π(x̃n) (respectively yn = π(ỹn)). Taking a subsequences if necessary, we may
suppose that the sequences (rn)n and (r′n)n converge respectively to the real numbers R and R′. As in
the proof of the above lemma, R 6= R′ and both these numbers are different from 0 and 1. Take then a
homeomorphism f in G0 which sends the point R to the point R′. Then the homeomorphism ϕ(f) sends
the point (r∞, 0) to the point p = π(p̃) 6= (r∞, 0), which is not possible as the point (r∞, 0) is fixed by the
group ϕ(G0).

Now, let us prove that cn = h([rn1 , r
n
2 ] × {0}) for n sufficiently large, which proves the continu-

ity of the map η by the above lemma. Let us denote by c′n the curve among h([rn1 , r
n
2 ] × {0}) and

h(
{
(r, θ −

r−rn1
rn2 −rn1

), rn1 ≤ r ≤ rn2

}
) which is not equal to cn. As the homotopy class of this curve c′n is

not the homotopy class of [rn1 , r
n
2 ] × {0}, the diameter of c′n is bounded from below by 1

2 . Hence, for n
sufficiently large (say for n ≥ N), the diameter of cn is smaller than the diameter of c′n.

Fix now n ≥ N . The orientation of the circle defines an order on S1 − {0}. Take a homeomorphism
f 6= Id in G0 such that, for any θ 6= 0, f(θ) ≥ θ. Then the restriction of ϕ(f) to h([rn1 , r

n
2 ]× {0}) and to

h(
{
(r, θ −

r−rn1
rn2 −rn1

), rn1 ≤ r ≤ rn2

}
) defines on orientation on both curves (the orientation such that an arc

from a point x to its image by ϕ(f) is positively oriented). If d+n ≤ d−n , the interior of the curve cn is
equal to the curve gn((0, 1)× {0}): this is the only simple curve in (rn1 , r

n
2 )× S1 which is invariant under

ϕ|G0
and which is oriented from the point (rn1 , 0) to the point (rn2 , 0). Moreover, the only simple curve in

(rn1 , r
n
2 )× S1 which is invariant under the action ϕK,λ0 restricted to G0 which is oriented from the point

(rn1 , 0) to the point (rn2 , 0) is the curve (rn1 , r
n
2 )× {0}. Finally, as the homeomorphism h is continuous on

[rn1 , r
n
2 ] × S1 and h ◦ ϕK,λ0 = ϕ ◦ h, we have h([rn1 , r

n
2 ]× {0}) = cn. If d−n < d+n , the interior of the curve

cn is equal to the curve gn({(r,−r), 0 < r < 1}): this is the only simple curve in (rn1 , r
n
2 ) × S1 which is

invariant under ϕ|G0
and which is oriented from the point (rn2 , 0) to the point (rn1 , 0). Moreover, the only

simple curve in (rn1 , r
n
2 )× S1 which is invariant under the action ϕK,λ0 restricted to G0 which is oriented

from the point (rn2 , 0) to the point (rn1 , 0) is the curve (rn1 , r
n
2 )×{0}. Moreover, as the homeomorphism h

is continuous on [rn1 , r
n
2 ]× S1 and h ◦ ϕK,λ0 = ϕ ◦ h, we have h([rn1 , r

n
2 ]× {0}) = cn.

5 Continuous actions of the group of orientation-preserving home-

omorphisms of the circle on the torus

Let ϕ : Homeo0(S
1) → Homeo0(T

2) be a one-to-one continuous group morphism (if such a group
morphism is not one-to-one, it is trivial). The goal of this section is to prove the following theorem and
its corollary:

Theorem 5.1. For any point x of the circle, the image under the morphism ϕ of the group Gx admits a
global fixed point.

Corollary 5.2. The action ϕ admits an invariant essential circle: the study of this action reduces to the
study of an action on an annulus.

Here, essential means non-separating so that the surface obtained by cutting along this curve is an
annulus. Using the first part of theorem 2.1 which was proved in last section, this corollary implies directly
the second part of this theorem. Let us first see why this theorem implies the corollary.

Proof of the corollary. First, the image under the morphism ϕ of the group S1 of rotations of the circle is
conjugate to the subgroup of rotations of the torus of the form:

T2 = S1 × S1 → T2

(θ1, θ2) 7→ (θ1, θ2 + α)
,
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where α ∈ S1. Therefore, after possibly conjugating, we may suppose that the morphism ϕ sends the
rotation of the circle of angle α on the rotation (θ1, θ2) 7→ (θ1, θ2 + α).

Fix a point x0 on the circle. If p is a fixed point for the group ϕ(Gx0), then the essential circle{
ϕ(Rα)(p), α ∈ S1

}
is invariant under the action ϕ. The proof of this last claim is similar to the proof of

lemma 4.1.

Proof of theorem 5.1. Let us begin by giving a sketch of the proof of this theorem. First, we prove that
the diameters of the images of the fundamental domain [0, 1]2 under lifts of homeomorphisms in the image
of ϕ are uniformly bounded. We then prove that the restriction of the morphism ϕ to a subgroup of
the form Gx lifts to a group morphism ϕ̃x : Gx → HomeoZ2(R2), where this last group is the group of
homeomorphisms of R2 which commute to the integral translations. We prove that the action ϕ̃x can be
chosen so that it has a bounded orbit. Using these facts, we find a connected subset of R2 with empty
interior which is invariant under the action of ϕ̃x. Using prime ends, we can prove that the action ϕ|Gx

has a fixed point on the projection of this connected set.

For a homeomorphism g in Homeo0(T
2), we denote by g̃ the lift of g to HomeoZ2(R2) (this means that

π ◦ g̃ = g ◦ π where π : R2 → T2 = R2/Z2 is the projection ) with g̃(0) ∈ [−1/2, 1/2)× [−1/2, 1/2). Let
us denote by D ⊂ R2 the fundamental domain [0, 1]2 for the action of Z2 on R2.

Lemma 5.3. The map Homeo0(S
1) → R+ which associates, to any homeomorphism f in Homeo0(S

1),

the diameter of the image under ϕ̃(f) (or equivalently under any lift of ϕ(f)) of the fundamental domain
D is bounded.

Proof. The proof of this lemma is almost identical to the proof of lemma 4.4.

Let x0 be a point of the circle.

Lemma 5.4. There exists a group morphism ϕ̃x0 : Gx0 → HomeoZ2(R2) such that:
– for any homeomorphism f in Gx0 , Π ◦ ϕ̃x0(f) = ϕ(f), where Π : HomeoZ2(R2) → Homeo0(T

2) is
the projection;

– the subset {ϕ̃x0(f)(0), f ∈ Gx0} is bounded.
Moreover, the morphism ϕ̃x0 is continuous.

Proof. Let G = ϕ(Gx0). Observe that the map

G×G → Z2

(f, g) 7→ f̃ g
−1

(f̃(g̃(0)))

defines a 2-cocycle on the group G (see [2] or [7] for more about the cohomology of groups). Moreover,
by lemma 5.3, this cocycle is bounded. However, as the group G is isomorphic to the group Homeoc(R),
the group H2

b (G,Z
2) is trivial (see [8] and [11]). This implies that there exists a bounded map b : G→ Z2

such that:

∀f, g ∈ G, f̃g
−1

(f̃(g̃(0))) = b(f) + b(g)− b(fg).

It suffices then to take for ϕ̃x0 the composition of the morphism ϕ|Gx0
with the morphism

G → HomeoZ2(R2)

f 7→ f̃ + b(f)
.

For this action, the orbit of 0 is bounded by construction. It suffices now to prove that this action is
continuous. As the topological space Gx0 is contractible and the map Π : HomeoZ2(R2) → Homeo0(T

2)
is a covering, there exists a (unique) continuous map η : Gx0 → HomeoZ2(R2) which lifts the map ϕ|Gx0

and sends the identity to the identity. Then the map

Gx0 ×Gx0 → HomeoZ2(R2)
(f, g) → η(fg)−1η(f)η(g)

19



is continuous and its image is contained in the discrete space of integral translations: it is constant and
the map η is a group morphism. Two group morphisms which lift the group morphism ϕ|Gx0

differ by a

group morphism Gx0 → Z2. However, as the group Gx0 is simple (hence perfect), such a group morphism
is trivial and η = ϕ̃x0 .

We can now end the proof of theorem 5.1. Let us denote by F the closure of the set
⋃

f∈Gx0

ϕ̃x0(f)((−∞, 0]× R).

By the two above lemmas, there exists M > 0 such that F ⊂ (−∞,M ]× R. Denote by U the connected
component of the complementary of F which contains the open subset (M,+∞) × R. Denote by U ′ the
image of U under the projection p2 : R× R → R × R/Z and by ψx0 the action on the annulus R× R/Z
defined by

∀f ∈ Homeo0(S
1), ψx0(f) ◦ p2 = p2 ◦ ϕ̃x0(f).

Notice that p1 ◦ ψx0 = ϕ|Gx0
◦ p1, where p1 : R× R/Z → R/Z× R/Z = T2.

By construction, the open set U ′ is invariant under the action ψx0 (a fundamental domain far on the
right must be sent in U ′ by any homeomorphism in the image of ψx0 , by the two above lemmas). Now,
this action can be extended to the set of prime ends of U ′, giving a continuous action ψ of the group
Gx0 (which is isomorphic to the group Homeoc(R)) on the topological space of prime ends of U ′, which is
homeomorphic to S1.

By proposition 3.10, this last action admits a fixed point. Moreover, for any closed interval I whose
interior contains the point x0, the set of fixed points of this action contains an open interval and hence
an accessible prime end. Therefore, the intersection of the set FI of fixed points of the action ψx0|GI

with
[0,M ]×R/Z is non-empty. Therefore, the set of fixed points of ψx0 , which is the intersection of the FI ’s,
is non-empty. Theorem 5.1 is proved.
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