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F -HARMONIC MAPS AS GLOBAL MAXIMA

MOHAMMED BENALILI AND HAFIDA BENALLAL

Abstract. In this note, we show that some F -harmonic maps
into spheres are global maxima of the variations of their energy
functional on the conformal group of the sphere. Our result ex-
tends partially those obtained in [15] and [17] for harmonic and
p-harmonic maps.

1. Introduction

Harmonic maps have been studied �rst by J. Eells and J.H.Sampson
in the sixties and since then many articles have appeared ( see [6], [12],
[16], [19], [20], [24]) to cite a few of them. Extensions to the notions
of p-harmonic, biharmonic, F -harmonic and f -harmonic maps were
introduced and similar research has been carried out (see [1], [2], [3],
[7], [15], [18], [21], [23]). Harmonic maps were applied to broad areas
in sciences and engineering including the robot mechanics ( see [5], [8],
[9] ):
In this paper for a C2-function F : [0;+1[ ! [0;+1[ such that

F 0(t) > 0 on t 2 ]0;+1[, we look for su¢cient conditions which present
F -harmonic maps into spheres as global maxima of the energy func-
tional. Our result extends similar results obtained in [17] and [18] for
harmonic and p-harmonic maps.
Let (M; g) and Sn be, respectively, a compact Riemannian manifold

of dimension m � 2 and the unit n-dimensional Euclidean sphere with
n � 2 endowed with the canonical metric can induced by the inner
product of Rn+1.
For a C1- application � : (M; g) �! (Sn; can), we de�ne the F -

energy functional by

EF (�) =

Z

M

F

 
jd�j2

2

!
dvg,
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where jd�j2

2
denotes the energy density given by

jd�j2

2
=
1

2

mX

i=1

jd�(ei)j
2

and where feig is an orthonormal basis on the tangent space TxM and
dvg is the Riemannian measure associated to g on M .
Let ��1TSnand �

�
��1TSn

�
be, respectively, the pullback vector

�ber bundle of TSn and the space of sections on ��1TSn. Denote
by rM , rSnand r, respectively, the Levi-Civita connections on: TM ,
T Sn and ��1TSn. Recall that r is de�ned by

rXY = r
Sn

��X
Y

where X 2 TM and Y 2 �
�
��1TSn

�
.

Let v be a vector �eld on Sn and denote by (Dvt )t the �ow of di¤eo-
morphisms induced by v on Sn i.e.

Dv0 = id ,
d

dt
Dvt t=0 = v (D

v
t ) .

Denote by �t = Dvt o� the �ow generated by v along the map �. The
�rst variation formula of EF (�) is given by

d

dt
EF (�t) jt=0=

Z

M

F 0

 
jd�tj

2

2

!
hr@td�t; d�ti jt=0 dvg

= �

Z

M

hv; �F (�)i dvg

where �F (�) = tracegr
�
F 0
�
jd�j2

2

�
d�
�
is the F -tension.

De�nition 1.1. � is said F -harmonic if and only if �F (�) = 0 i.e. �
is a critical point of the F -energy functional EF .

Let v 2 Rn+1 and set �v(y) = v�hv; yi y for any y 2 Sn. It is known
that �v is a conformal vector �eld on Sn i.e. (Dvt )

�
can = B2t can where

(Dvt )t denotes the �ow induced by the vector �eld �v. The expression of
Bt is given in [17] by

(1) Bt =
jvj

jvj cht+ �vsht
.

where �v (x) = hv; � (x)i and h:; :i the inner product on the Euclidean
space Rn+1. Denote by $(�) the subspace of �(��1TSn) given by

$(�) =
�
�v E �; v 2 Rn+1

	
.

Obviously, if � is not constant, $(�) is of dimension n+ 1.
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2. F -harmonic maps as global maxima

For any v 2 $(�), we denote by (Dvt )t2R the one parameter group
of conformal di¤eomorphisms on Sn induced by the vector �v. For a
C2-function F : [0;+1[! [0;+1[ such that F 0(t) > 0 in ]0;+1[.
Now we introduce the following tensor �eld

SFg (�) = F
0

 
jd�j2

2

!
jd�j2

2
g

�

"
F 0

 
jd�j2

2

!
+
jd�j2

2
F 00

 
jd�j2

2

!#
��can:

For x 2M , we set

So;Fg (�) (x) = inf
�
SFg;v(�)(X;X), X 2 TxM such that g(X;X) = 1

	
.

The tensor SFg (�) (x) will be said positive ( resp. positive de�ned) at

x if So;Fg (�) (x) � 0 (resp. So;Fg (�) (x) > 0).

Example 1. For F (t) = 1
p
(2t)

p

2 , with p = 2 or p � 4, Spg (�) is the
stress-energy tensor introduced, respectively, by Eells and Lemaire for
p = 2 [12] and modulo a multiplied positive constant by El Sou� for
p � 4 [16], so we may call SFg (�) the stress-energy tensor of �.

Indeed if F (t) = t then F 0(t) = 1, F 00(t) = 0 and

SFg (�) =
jd�j2

2
g � ��can:

In the case F (t) = 1
p
(2t)

p

2 , with p � 4, F 0(t) = (2t)
p

2
�1, F 00(t) =

(p� 2) (2t)
p

2
�2 and

SFg (�) =
1

2
jd�jp g �

p

2
jd�jp�2 ��can =

p

2

�
1

p
jd�jp g � jd�jp�2 ��can

�

The function F is called admissible if F satis�es

B =

0
@F

00(B2to�:
jd�j2

2
)

F 0(B2to�:
jd�j2

2
)
B2to��

F 00
�
jd�j2

2

�

F 0
�
jd�j2

2

�

1
A�v � 0

and the stress-energy tensor SFg (�) of � ful�lls

SFg (Dto�) � B
2
to�:S

F
g (�)

where Dt is the one parameter group of conformal transformations in-
duced by the vector �eld v ( de�ned above ) on the euclidean sphere
Sn and Bt is given by (1).
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Example 2.

The function F (t) = 1
p
(2t)

p

2 for p = 2 and p � 4 and t � 0 is
admissible.
Indeed, for F (t) = 1

p
(2t)

p

2 we have B = 0 and for any conformal
di¤eomorphism D on the euclidean sphere, we have

SFg (Do�) =
1

2
jd (Dto�)j

p
g �

p

2
jd (Dto�)j

p�2
��can

so if we let jd (Dto�)j
2 = B2to�: jd�j

2, we get

SFg (Dto�) = B
2
to�:

�
1

2
jd�jp g �

p

2
jd�jp�2 ��can

�

= B2to�:S
F
g (�) .

The F (t) = 1+ at� e�t, for t 2 [0;+1[ where a = maxx2M
jd�j2

2
is ad-

missible provided that the conformal di¤eomorphism on the euclidean
sphere Sn is contracting that means that the function �v given in the
expression of (1) is nonnegative.
Indeed, we have

B =

 
�.B2to�

e�B
2
t o�

jd�j2

2

a+ e�B
2
t o�

jd�j2

2

+
e�

jd�j2

2

a+ e�
jd�j2

2

!
�v

Putting u = B2to� 2 ]0; 1], we consider the function ' (u) = �.u
e�u

jd�j2

2

a+e�u
jd�j2

2

+

e�
jd�j2

2

a+e�
jd�j2

2

;we get

'0 (u) =

 
jd�j2

2
u� a� e�jd�j

2u

!
e�

jd�j2

2

�
a+ e�

jd�j2

2
u
�2

and it is obvious that '0(u) � 0, hence ' is a decreasing function on
]0; 1] i.e. '(u) � '(1) = 0. Consequently B � 0.
Now

SFg (Dto�) (X;X) =

�
a+ e�

jd(Dto�)j
2

2

�
jd (Dto�)j

2

2
g (X;X)

�

"�
a+ e�

jd(Dto�)j
2

2

�
�
jd (Dto�)j

2

2
e�

jd(Dto�)j
2

2

#
(Dto�)

�
can (X;X) :

= B2to�

�
a+ e�B

2
t o�

jd�j2

2

�
jd�j2

2
g (X;X)
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�B2to�

"�
a+ e�B

2
t o�

jd�j2

2

�
� B2to�

jd�j2

2
e�B

2
t o�

jd�j2

2

#
��can (X;X)

= B2to�

�
a+ e�

jd(Dto�)j
2

2

��
1

2
jd�j2 g (X;X)� ��can (X;X)

�

+B2to�
jd�j2

2
e�B

2
t o�

jd�j2

2 ��can (X;X) :

An other example is the following function F (t) = (1 + 2t)B where
0 < B < 1, the F -energy is the B-energy of Sacks-Uhlenbeck ( see ??
). In fact

B = (B� 1)

�
1

1 + B2to�: jd�j
2B

2
to��

1

1 + jd�j2

�
�v

=
(B� 1) (B2to�� 1)�

1 + B2to�: jd�j
2� �1 + jd�j2

��v � 0

provided that �v � 0.
And for vector �eld X on M , we have

SFg (Dto�) (X;X) = 2B
�
1 + B2to� jd�j

2�B�1
B2to�

jd�j2

2
g (X;X)�

h
2B
�
1 + B2to� jd�j

2�B�1 + 4B (B� 1)
�
1 + B2to� jd�j

2�B�2
B2to�

i
B2to�:�

�can (X;X)

=

"
2B
�
1 + B2to� jd�j

2�B�1
B2to�

 
jd�j2

2
g (X;X)� ��can (X;X)

!
+

4B (1� B)
�
1 + B2to� jd�j

2�B�2
B2to�:�

�can (X;X)
i

and taking account of the positivity of the stress-energy tensor of �
and the fact that �v � 0, we infer that

SFg (Dto�) (X;X) � B
4
to�:S

F
g � (X;X) .

Remark 2.1. �v � 0 occurs for example if �(M) is included in the
positive half-sphere Sn+ = fx 2 Sn : hx; vi � 0g.

In this section we state the following result

Theorem 2.2. Let F : [0;+1[ ! [0;+1[ be an admissible function
and � be an F -harmonic map from a compact m-Riemannian mani-
fold (M; g) (m � 2) into the Euclidean sphere Sn (n � 2). Then for
any conformal di¤eomorphism D on Sn, EF (Do�) � EF (�) ( resp.
EF (Do�) < EF (�) ) provided that the stress-energy tensor S

F
g (�) is

positive (respectively positive de�ned).
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Remark 2.3. In case F (t) = 1
p
(2t)

p

2 , p = 2 or p � 4 the condition

�v � 0 is not needed since B = 0, so our result recover the ones by
El-Sou� in [16] and [18].

To prove Theorem 2.2, we need the following lemmas

Lemma 2.4. Let � : (M; g) ! (N; h) be a smooth map and D be a
conformal di¤eomorphism on N , then the F -tension of the map Do�,
is given by

�F (Do�) = 2B
�1o�:F 0(B2o�

jd�j2

2
)dD

 
d�v �

jd�j2

2
rBo�

!

+fdD (�F (�)) + dD

 
F 0

 
jd�j2

2

!
d� (rf)

!
.

where f =
F 0
�

B2o�
jd�j2

2

�

F 0
�

jd�j2

2

� and D�can = B2can.

Proof. We follow closely the proof in [18]

�F (Do�) = tracegr

 
F 0

 
jd (Do�)j2

2

!
d (Do�)

!
= F 0

 
jd (Do�)j2

2

!
trace (rd (Do�))

+d (Do�)

 
rF 0

 
jd (Do�)j2

2

!!

where rF 0
�
jd(Do�)j2

2

�
is the gradient of F 0

�
jd(Do�)j2

2

�
in M .

Since D is a conformal di¤eomorphism on Sn, we have

�F (Do�) = F
0

 
B2o�

jd�j2

2

!
� (Do�) + d (Do�)

 
rF 0

 
B2o�

jd�j2

2

!!

= F 0

 
B2o�

jd�j2

2

!
(tracegr

DdD (d�; d�) + dD:� (�))+d (Do�)

 
rF 0

 
B2o�

jd�j2

2

!!

= F 0

 
B2o�

jd�j2

2

!0
@tracegrDdD (d�; d�) +

1

F 0
�
jd�j2

2

�dD (�F (�))

1
A

�
F 0(B2o� jd�j

2

2
)

F 0
�
jd�j2

2

� d (Do�)

 
rF 0

 
jd�j2

2

!!
+d (Do�)

 
rF 0

 
B2o�

jd�j2

2

!!
.
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Putting f =
F 0(B2o�

jd�j2

2
)

F 0
�

jd�j2

2

� we get

�F (Do�) = F
0(B2o�

jd�j2

2
)tracegr

DdD (d�; d�) + fdD (�F (�))

+F 0

 
jd�j2

2

!
d (Do�) (rf) .

Now since D : (N; D�can) ! (N; can) is an isometry then, if er
denotes the connection corresponding to D�can, we have

rDdD(X; Y ) = dD
�
erXY �rXY

�

and since ( see [18])

erXY �rXY = B
�1 (hX;rBiY + hY;rBiX � hX; Y irB)

we obtain

tracegr
DdD (d�; d�) = 2B�1o�:dD

 
d� (rBo�)�

jd�j2

2
rBo�

!
.

Finally we infer that

�F (Do�) = 2B
�1o�:F 0(B2o�

jd�j2

2
)dD

 
d� (rBo�)�

jd�j2

2
rBo�

!

+fdD (�F (�)) + F
0

 
jd�j2

2

!
dDod� (rf) .

�

Lemma 2.5. Let � be an F -harmonic map from an m-dimensional
Riemannian manifold (M; g) (m � 2) into the Euclidean unit sphere
(Sn; can) (n � 2).
Then for any v 2 Rn+1 � f0g and any to 2 R we have

d

dt
EF (D

v
t o�)t=to =

�2
shto

jvj

Z

M

B3too�:F
0

 
B2too�:

jd�j2

2

!
�
jd�j2 jvo�j2 � jd�vj

2�
dvg

�

Z

M

B2too�:F
0

 
jd�j2

2

!
hd� (rfto) ; vo�i dvg
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where fto =
F 0
�

B2too�
jd�j2

2

�

F 0
�

jd�j2

2

� , D�can = B2tocan

and

Bto =
jvj

�vshto + jvj chto
.

Proof. Recall that the �rst variation formula of the F -energy is given
by

d

dt
EF (D

v
t o�)t=to = �

Z

M

A
�F
�
Dvtoo�

�
; vo (Dvtoo�)

B
dvg.

By Lemma 2.4 and the fact that � is F -harmonic we get

d

dt
EF (D

v
t o�)t=to =

�

Z

M

2Btoo�:F
0

 
B2too�:

jd�j2

2

!*
(rBtoo�)

T �
jd�j2

2
rBtoo�; vo�

+
dvg

�

Z

M

F 0

 
jd�j2

2

!
hd� (rfto) ; vo�i dvg

and since ( see [18] )

(2) rBvto = �

�
Bvto
�2

jvj
shtov

we have

(3) hrBtoo�; vo�i = �

�
Bvto
�2

jvj
shto jvo�j

2 .

Now let (e1; :::; em) be an orthogonal basis on M

D
(rBtoo�)

T
; vo�

E
=

mX

i=1

hrBtoo�; d�(ei)i hvo�; d�(ei)i

= �
shto

jvj
(Btoo�)

2
mX

i=1

hvo�; d�(ei)i
2

= �
shto

jvj
(Btoo�)

2 jd�vj
2 .

Hence
d

dt
EF (D

v
t o�)t=to =

�2
shto

jvj

Z

M

B3too�:F
0

 
B2too�:

jd�j2

2

! 
jd�j2

2
jvo�j2 � jd�vj

2

!
dvg
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�

Z

M

B2too�:F
0

 
jd�j2

2

!
hd� (rfto) ; vo�i dvg.

�

We set

g(t) =

Z

M

B2to�:F
0

 
jd�j2

2

!
hd� (rft) ; vo�i dvg.

Lemma 2.6.

g(t) =
Z

M

B3to�:F
00(B2to�:

jd�j2

2
) jd�j2 hd� (r (Btoo�)) ; vo�i dvg

+

Z

M

B2to�:

0
@F 00(B2to�:

jd�j2

2
)B2to��

F 0(B2to�:
jd�j2

2
)

F 0
�
jd�j2

2

� F 00

 
jd�j2

2

!1
A �v
jvj
jd�j2 dvg.

Proof. First, we compute rft

rft =
F 00(B2to�:

jd�j2

2
)

F 0
�
jd�j2

2

�
�
Bto�: jd�j

2r (Bto�) + B
2
to�: hrd�; d�i

�

�
F 0(B2to�:

jd�j2

2
)

F 0
�
jd�j2

2

�2 F 00

 
jd�j2

2

!
hrd�; d�i

=
F 00(B2to�:

jd�j2

2
)

F 0
�
jd�j2

2

� Bto� jd�j
2r (Bto�)

+

0
B@
F 00(B2to�:

jd�j2

2
)

F 0
�
jd�j2

2

� B2to��
F 0(B2to�:

jd�j2

2
)

F 0
�
jd�j2

2

�2 F 00

 
jd�j2

2

!1
CA hrd�; d�i .

Then

g(t) =

Z

M

B2too�:F
0

 
jd�j2

2

!
hd� (rfto) ; vo�i dvg

=

Z

M

B3too�:F
00(B2too�:

jd�j2

2
) jd�j2 hd� (r (Btoo�)) ; vo�i dvg

(4)

+

Z

M

B2too�:

0
@F 00(B2too�:

jd�j2

2
)B2too��

F 0(B2too�:
jd�j2

2
)

F 0
�
jd�j2

2

� F 00

 
jd�j2

2

!1
A
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�
A
d�
�
r jd�j2

�
; vo�

B
dvg.

Let fe1; :::; emg be a basis of TxM which diagonalizes ��can, we have
*
d�

 
r
jd�j2

2

!
; vo�

+
= hreid�; d�i hvo�; d�(ej)i hd�(ei); d�(ej)i

= hreid�; d�i hvo�; d�(ej)i�
�can (ei; ej)

= hrvo�d� (ej) ; d� (ej)i

=
A
rd�(ej)vo�; d� (ej)

B
+ h[vo�; d� (ej)] ; d� (ej)i .

Likewise we get

h[vo�; d� (ej)] ; d� (ej)i = �
1

2

d

dt
jt=0 D

�
t jd� (ej)j

2

= �
1

2

d

dt
jt=0 B

2
t jd� (ej)j

2

and taking account of (1) we obtain that

h[vo�; d� (ej)] ; d� (ej)i =
�v
jvj
jd� (ej)j

2

so we infer that*
d�

 
r
jd�j2

2

!
; vo�

+
=
�v
jvj
jd�j2 +

A
rejvo�; d� (ej)

B

and
A
rejvo�; d� (ej)

B
= rej hvo�; d� (ej)i �

A
vo�;rejd� (ej)

B

= rej hv; d� (ej)i �
A
vo�;rejd� (ej)

B

=
A
v;rejd� (ej)

B
�
A
vo�;rejd� (ej)

B

=
A
v � vo�;rejd� (ej)

B
= 0.

Hence

(5)

*
d�

 
r
jd�j2

2

!
; vo�

+
=
�v
jvj
jd�j2 .

�

Now set

'(to) = 2
shto

jvj

Z

M

B3too�:F
0

 
B2too�:

jd�j2

2

! 
�
jd�j2

2
jvo�j2 + jd�vj

2

!
dvg

�

Z

M

B3too�:F
00(B2too�:

jd�j2

2
)
jd�j2

2
hd� (r (Btoo�)) ; vo�i dvg
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and since by (2) we have

hd� (r (Btoo�)) ; vo�i = �
shto

jvj
B2too� jd�vj

2

we get
(6)

'(to) = 2
shto

jvj

Z

M

B3too�:

" 
F 0

 
B2too�:

jd�j2

2

!
+ B2too�:

jd�j2

2
F 00

 
B2too�:

jd�j2

2

!!
jd�vj

2

�F 0

 
B2too�:

jd�j2

2

!
jd�j2

2
jvo�j2

#
dvg.

or

'(to) = �2
shto

jvj

Z

M

B3too�:S
F
g (D

v
t o�) dvg.

Proof. ( of Theorem 2.2) Recall ( see [13] ) that for any conformal
di¤eomorphism D of the unit sphere Sn there exist an isometry r 2
O (n+ 1), a real number t � 0 and a vector v 2 Rn+1 � f0g such that
D = roDvt , so it su¢ces to consider D

v
t with t � 0 and v 2 R

n+1 � f0g.
On the other hand

d

dt
EF (D

v
t o�) = '(t) + �(t)

where

�(t) = �

Z

M

B2to�:

0
@F 00(B2to�:

jd�j2

2
)B2to��

F 0(B2to�:
jd�j2

2
)

F 0
�
jd�j2

2

� F 00

 
jd�j2

2

!1
A �v
jvj
jd�j2 dvg

and ' (t) is given by (6). Now, since the function F is admissible
we infer that �(t) � 0 . Since the energy stress-tensor SFg (Do�) =

SFg (Dto�) of Do� is positive ( resp. positive de�ned ) by assumption
and

SFg (Dto�) = F
0

 
jd (Dto�)j

2

2

!
jd (Dto�)j

2

2
g

�

"
F 0

 
jd (Dto�)j

2

2

!
+
jd (Dto�)j

2

2
F 00

 
jd (Dto�)j

2

2

!#
(Dto�)

�
can

= B2to�

"
F 0

 
B2to�

jd�j2

2

!
jd�j2

2
g � F 0

 
B2to�

jd�j2

2

!
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�B2to�
jd�j2

2
F 00

 
B2to�

jd�j2

2

!#
��can

so the tensor

F 0

 
B2to�

jd�j2

2

!
jd�j2

2
g�

 
F 0

 
B2to�

jd�j2

2

!
+ B2to�

jd�j2

2
F 00

 
B2to�

jd�j2

2

!!
��can

is positive ( resp. positive de�ned ). Consequently '(t) � 0 ( resp.
'(t) < 0 ) for any t � 0 and the proof of Theorem 2.2 is complete. �
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