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Abstract

This paper is devoted to the spectral analysis of the magnetic Neumann Laplacian
on an infinite cone of aperture a. When the magnetic field is constant and parallel
to the revolution axis and when the aperture goes to zero, we prove that the first n
eigenvalues exist and admit asymptotic expansions in powers of 2.

1 Introduction

1.1 Presentation of the problem

We are interested in the low-lying eigenvalues of the magnetic Neumann Laplacian with

a constant magnetic field applied to a “ peak 7, i.e. a right circular cone C,, along to its

symmetry axis.
The right circular cone C, of angular opening o € (0, 7) (see Figure 1) is defined in the
cartesian coordinates (x,y, z) by

Co = {(2,y,2) €R?, 2>0, 2° +3y* < 2% tan® §}.
Let B be the constant magnetic field
B(l’, Y, Z) = (0, 0, 1)T

We choose the following magnetic potential A:

1
A(l’, Y, Z) = 5(_3/7 z, O)Tv

which is compatible with the axisymmetry. We consider £, the Friedrichs extension asso-
ciated with the quadratic form

Qa(¥) = [(=iV + A2 e
defined for ¢ € Hj(Cy) with
HA(Co) = {u € L2(Cy), (—iV 4+ A)u € L2(C,)}.
The operator £, writes (—iV + A)? with domain:
HA(Co) = {u € HA(Ca), (—iV + A)*u € L?(Cy), (—iV + A)u-v =0 on 9Cy}.
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Figure 1: Geometry setting.

We define the n-th eigenvalue A\, («) of £, by using Rayleigh quotients:

An(@) = sup inf Qa(¥) = inf sup  Qa(¥).
Ui, Uy 1€HA(Ca)  WE[VL W]t V1, Un€HR (Ca) WETy,..., U]
VEHL(Ca)s 1¥l2(c,)=1 ll2(cq)=1

(1.1)

Let ¢y, (a) be a normalized associated eigenvector (if it exists).

1.2 Motivation

Let us describe the motivation of this paper. The main motivation comes from the theory
of superconductivity where the linearization of the Ginzburg-Landau leads to the study
of the magnetic Laplacian. It is well-known (see [9]) that an applied magnetic field strong
enough makes superconductivity break down. This critical value of the magnetic field
above which superconductivity disappears is directly related to the lowest eigenvalue of
(—iV + A)? (see [12], [7, Proposition 1.9], [5, Theorem 1.4] for example). The spectral
study of the magnetic Laplacian has given rise to numerous investigations in the last
fifteen years, in particular in the strong magnetic field limit (for non smooth domains,
see [3, 8, 17]). One of the most interesting results is provided by Helffer and Morame in
[10] where they prove that superconductivity, in 2D, concentrates near the points of the
boundary where the (algebraic) curvature is maximal. This nice property aroused interest
in domains with corners, which somehow correspond to points of the boundary where the
curvature becomes infinite (see [11, 14] for the quarter plane and [2, 3] for more general
domains). Denoting by S, the sector in R? with angle o and considering the magnetic
Neumann Laplacian with constant magnetic field of intensity 1, it is proved in [2] that,
as soon as « is small enough, a bound state exists. Its energy is denoted by p(a). An
asymptotic expansion at any order is even provided (see [2, Theorem 1.1]):

, 1
.2 ; —
ige’ Nag m;a™’, with m . 1.2
<) 7>0 ! ' V3 2

In particular, this proves that p(a) becomes smaller than the lowest eigenvalue, denoted
by Og, of the magnetic Neumann Laplacian in the half-plane with constant magnetic field
(of intensity 1). An important consequence is that the third critical field is larger when



there are corners than in the regular boundary case (see [5]). As already mentioned, this
result only concerns dimension 2. Nevertheless the case of the 2D sector can be used to
describe the infinite wedge with magnetic field parallel to the edge. This motivates the
study of dihedral domains (see [16]). Another possibility of investigation in 3D, with which
the present paper is concerned, is the case of a conical singularity of the boundary (and,
for sake of simplicity, with a magnetic field parallel to the cone axis). We would especially
like to answer the following questions: Can we go below u(a) and can we describe the
structure of the spectrum when the aperture of the cone goes to zero 7

1.3 The magnetic Laplacian in spherical coordinates

Due to the geometry setting, it is natural to deal with the spherical coordinates which are
combined with a dilatation:

®(t,0,¢) := (z,y,2) = o ?(tcos O sin aep, tsinfsin o, tcosap).
We denote by P the semi-infinite rectangular parallelepiped
P={(t0,0) €R? t>0, 0 €[0,2r), ¢ €(0,)}.

Let ¢ € Hp(Co). We write ¢(®(t,6,¢)) = a'/4(t,0, ¢) for any (t,0, ) € P in these new
coordinates and then, using Appendix A, we have

61,y = [ 16006, @ sinapdtasde.

and:

Qa(¥) = aQa(),
where the quadratic form @, is defined on the form domain H}\(P) by

L 9 1 . 2 sin? ap 2 1 9 .
Qa(w) = /7) <‘atw‘ + m ‘ (—189 + 20() w‘ + W!@wﬁ] d/,L, (13)

with the measure
dji = t?sin ap dt df dp,

and
H} (P) = {v € L(P, dji), (—iV + A)y € L2(P, dji)}.

We consider £, the Friedrichs extension associated with the quadratic form Q,. We define
the n-th eigenvalue A\, (a) of £, by using the Rayleigh quotients as in (1.1) and ¥, («) a
normalized associated eigenvector if it exists. We have

)\n(a) = aj‘n(a)> ¢n(06) ('Tv Y, Z) = @n(a) (t> 0, 90)'

1.4 Main results

In this paper we aim at estimating the discrete spectrum, if it exists, of £,. For that
purpose, we shall first determine the bottom of its essential spectrum. From the Persson’s
characterization of the infimum of the essential spectrum, it is enough to consider the
behavior at infinity. Far away from the origin, the magnetic field makes an angle alpha/2
with the boundary of the cone so that we can compare with a half-space model and deduce
the following proposition (see Section 2).



Proposition 1.1 Let us denote by spes(£a) the essential spectrum of £,. We have:

Spess('ga) = [U (%) ’+OO) ’

where o(0) is the bottom of the spectrum of the Schrodinger operator with constant mag-
netic field B = (0, cos 0, sin0) which makes the angle 0 with the boundary of the half-space
R3 (see Section 2.1).

At this stage we have still not proved that discrete spectrum exists. As it is the case in 2D
(see [2]) or in the case on infinite wedge (see [16]), there is hope to prove such an existence
in the limit o — 0.

Philosophy of the investigation Let us explain the structure of our analysis. The
first natural step to perform the investigation of the discrete spectrum is the introduction
of appropriate quasi-eigenpairs whose energy is below the essential spectrum. Then we
have to prove that the constructed quasi-eigenpairs exactly describe the lowest eigenval-
ues. This is in fact the most delicate part of the analysis. As often in the study of the
magnetic operator, the spectral behavior is deeply related to localization and microlocal-
ization properties of the eigenfunctions. The localization estimates are standardly given
by the so-called estimates of Agmon, whereas the microlocal behavior is more subtle to
catch. In order to succeed, the key point is to introduce a system of coordinates which is
compatible with the geometry of the magnetic field. Here our initial choice of gauge and
the spherical coordinates play this role. In the present situation, the phase variable that
we should understand is the dual variable of 8 given by a Fourier series decomposition and
denoted by m € Z. In other words, we realize a Fourier decomposition of £, with respect
to 6 and we introduce the family of 2D-operators (La.m)mez acting on L2(R, dpu):

1., 1 sin?(a) 5\° 1 ,
Lam = _?28“ O + s () <m + Tt > - Wﬁw sin(op)0,,
with
R={(t.p) €R? t>0, p(0,3)},
and

dp = t? sin(ay) dt de.

We denote Qq,m the quadratic form associated with L, ,,. This normal form is also the
suitable form to construct quasimodes. Then an integrability argument proves that the
eigenfunctions are microlocalized in m = 0, i.e. they are axisymmetric. This allows a re-
duction of dimension. It remains to notice that the last term in £, o is penalized by a2 so
that the Feshbach-Grushin projection on the groundstate of —a™2(sin(aup)) 19, sin(ap)d,
(the constant function) acts as an approximation of the identity on the eigenfunctions. In
other words the spectrum of £, o is described modulo lower order terms by the spectrum

of the average of L, o with respect to .

Main results Let us now explain more in details the scheme of our investigation by
stating our main results. Choosing in a first step m = 0, which corresponds to deal with
function independent from 6 for the operator L., we can construct quasimodes by using
an asymptotic expansion in a? of L, as explained in Section 3. Using these quasimodes,
we prove that there exist eigenvalues below the essential spectrum for small enough angles.
Using the spectral theorem, we obtain the following proposition.



Proposition 1.2 For all N > 1 and J > 1, there exist Cn j and ag such that for all
1<n<N, and 0 < a < ag, we have:

J
: 2541 2
dist Spdis(’ga)»z%}na T < Oy o®
=0

where Yo n = b, = 2_5/2(4n —-1).

Corollary 1.3 For all n > 1, there exist ap(n) > 0 and C,, > 0 such that, for all
a € (0,a0(n)), the n-th eigenvalue exists and satisfies:

An(@) < Cra,
or equivalently A, (c) < Ch,.

Notation 1.4 From Propositions 1.1 and 1.2, we infer that, for all n > 1, there exists
an > 0 such that if a € (0,0,), the n-th eigenvalue A\, () of Lo exists. Due to the fact
that —i0y commutes with the operator, one deduces that for each n > 1, we can consider
a basis (Yn,j(@))j=1,..7(na) Of the eigenspace of Lo associated with An(@) such that

wn,j(a)(tv 07 SO) = eimn’j (a)e\Pn,j (ta 90)

The last part of the analysis is to prove that the quasi-eigenpairs constructed in the
proof of Proposition 1.2 are exactly asymptotic expansion of the eigenpairs. This proof is
done in several steps.

As a first step, using the comparison of energies given in Proposition 1.1 and Corollary
1.3, we prove in Section 4 a rough localization of the eigenfunctions when « is small enough.

Proposition 1.5 Let Cy > 0. There exist ag > 0 and C > 0 such that for any a € (0, ap)
and for all eigenpair (X, ) of L4 satisfying A < Coa:

/C V|2 dz dy dz < CH@Z’H%,?(CQ)’ (1.4)
and

Qa(e?ly) < Callplsc,)- (1.5)

In a second step (see Section 5), we use the rough space estimates to prove that the
operators L, with m # 0 can not contribute for the low-lying eigenvalues:

Proposition 1.6 For all n > 1, there exists o, > 0 such that if « € (0, ay,), we have:
mpj(a) =0, Vji=1,...,J(n,a).

In other words, the functions of the n-th eigenspace are independent from 6 as soon as «
1s small enough.

In a last step (see Section 6), we need to establish an accurate estimate of the spectral
gap between the eigenvalues through the Feshbach-Grushin method:



Proposition 1.7 For all n > 1, there exists ag(n) > 0 such that, for all o € (0, ag(n)),
the n-th eigenvalue exists and satisfies:

An(@) > yona+ o),
or equivalently Ay (c) > Yo, 4 0(1).

Finally, combining Propositions 1.2 and 1.7, we deduce the complete asymptotic ex-
pansion for the low-lying eigenpairs of Ly:

Theorem 1.8 For all n > 1, there exist apg(n) > 0 and a sequence (Vjn)j>0 such that,
for all a € (0,9(n)), the n-th eigenvalue exists and satisfies:

(@) ~ aZvj’noﬂj,
>0

a—0

with yo.n, = Iy = 2_5/2(471 —1).

Remark 1.9 In particular Theorem 1.8 proves that A\i(a) ~ 25%&. We have 25% < % 50
that the lowest eigenvalue of the magnetic cone goes below the lowest eigenvalue of the 2D
magnetic sector (see (1.2)). In terms of the third critical field Ho, in Ginzburg-Landau
theory, this means that Hc, is higher. In other words it is possible to apply a larger
magnetic field to the superconducting sample before superconductivity breaks down: This
phenomenon motivates our terminology “peak power”.

Remark 1.10 As a consequence of Theorem 1.8, we deduce that the lowest eigenvalues
are simple as soon as « is small enough. Therefore, the spectral theorem implies that the
quasimodes (see (3.4)) constructed in the proof of Proposition 1.2 are approzimations of
the eigenfunctions of Lo. In particular, using the rescaled spherical coordinates, for all
n > 1, there exist a,, > 0 and Cy, such that, for a € (0, y):

1n(c) = falliz(p, ap < Cna?®,

where f,, is defined in Corollary C.2. From the Ginzburg-Landau point of view, this means
that superconductivity spreads in the cone at the scale a 12,

2 Essential spectrum

This section is devoted to the proof of Proposition 1.1.

2.1 Magnetic Laplacian on a half-space

As explained in the introduction, the magnetic field makes an angle «/2 with the boundary
of the cone. Therefore, it is quite intuitive, using Persson’s lemma (see Lemma 2.1), that
the Schrodinger operator in R} with constant magnetic field B = (0, cos §,sin §) will
determine the bottom of the essential spectrum. Let us recall some results of [12, 4]
concerning this operator. Let # € (0,7/2) and Py be the Neumann realization on the
half-space R = {(r, s,t) € R3,t > 0} of

D? + D? 4 (D, — tcos 6 + ssin 0)>.

The bottom of the spectrum, which is essential, is denoted by o (6). From [12] (see also [4]),
we know that the function 6 +— o () is analytic and increasing from (0, 5) onto (g, 1),
where the definition of Gy is recalled below Formula (1.2).



2.2 Proof of Proposition 1.1

Let us first recall the Persson’s lemma (see [15]) which characterizes the essential spectrum:

Lemma 2.1 Let Q be an unbounded domain of R® with Lipschitzian boundary. Then the
bottom of the essential spectrum of the Neumann realization of the Schrodinger operator
—Ap = (—=iV + A)? is given by

inf spegs (P) = ng%oz(_AA’R)’

with

V+A) 2
S-amR) = e JlCV AT
$eCs® (QNCBR) Jo 1]

where Br denotes the ball of radius R centered at the origin and CBr = R?\Bg.

Lower bound for 3¥(—Aa, R) Let us first prove a lower bound for ¥(—Aa, R) for
large R. In order to do this, we introduce a partition of unity (x;); = (x;j,r); such that:

doG=1
j

and which satisfies, in cartesian coordinates:

supp (x;) C B(P;, R and Y [|IVx;la,) < CR™Y2.

We can also assume that the balls which intersect the boundary have their centers on it.
Let us also fix R such that R > (tan %)*4/ 3 (thus any ball centered on the boundary at a
point P; such that ||Pj|| = R; > R and of radius R'/* does not intersect the cone axis).
For 1 € C§°(Co N CBR), we want to prove a lower bound for Qa(%). The “IMS” formula

writes:
¥) =Y Qalbuv) = 2 IVxlEa, )
j J

This implies:
> Qalx¥) — CRT |1l c.)- (2.1)
J

Let us consider j such that B(P;, RY*) N dC, = (). Then, we can extend the function
X;% by zero to R3 and by the min-max principle applied to the Schrédinger operator with
constant magnetic field equal to 1 in R3, the following inequality holds:

Qalxi¥) 2 ¥l 2c,)- (2.2)

Let us now analyze the other balls and consider j such that B(P; ,RYYYnac, # 0.
For such ball, it is convenient to use the normal coordinates which parametrlze Ca (see
Appendix B). Denoting 1; the function y;¢ in the normal coordinates (p, 8, 7) € Dy, the

quadratic form writes (see (B.1)):
. 1’4 2
Qa(x;j¥) = Qa(thy) = /D (\Mﬂ?ﬂ@wﬂ%n—l (—Za +) ¥ ) dt,

7



with
Do ={(p,0,7) €ER3,p>0,0€[0,2m),7 € (0,ptan )},
Va(p,7) = (psin§ — 7cos §)?, dit = (psin § — 7cos §)dpdf dr.
Let us use the translation p = R; 4 5 and denote 1;(p, 0, 7) = ¥;(p, 0, 7). We first notice
that (psin§ — 7cos §) is close to Rjsin § on the support of ;. Indeed, we have there

|psin § — Tcos 5| < 2R'/* and thus, since R < Rj, there exists C' > 0 such that for all j
and for all (p,#,7) on the support of ¢;, we have

|(psin§ — 7cos §) — Rjsin §| = |psin § — 7cos §| < 2RY* < CR™*4R; sin g
With a possibly larger C', we have:

(1-CR™®"Rjsing < |psing —7cos g (1+CR®*R;sing, (2.3)

<
(1—CR’3/4)RJ-_QSin_2% < Vi (R +p,7)t < (1+CR™ 3/4)R sin~? .
Using (2.3), we have

2

Qa(¥y) / 72 T2 -1 V ~
> Opthj 0, V. —1i0, dpdédr,
Rjsin @ (1—CR-3/4) = Jp, 0p051” + 10: 0517 + V5, Z6"" ;i pavar
) (2.4)
where Vo (p,0,7) = Vo (Rj + p, 7). Let us deal with the third term in (2.4):
f/ Sain & a)2
—10p + 5 = —i0p + R;jsin § (psin§ — 7cos §) + Cj + (Psin 5 27’cos 2) ;
where C; = %sm2 %R? can be erased modulo a gauge transform: 1;]- = ¢ 10C; v;. We write,
using (2.3), for all n € (0,1):
- 2 _ 2
vl (—z89+ >¢j 2(1—CR3/4)(1—77)‘<— ! a89+ﬁsing—7'cosg> v
Rjsin 5
n~1 (psin§ — 7cos 3‘)4’ 2
- — vi] =
4 R2 sin? g
We have o -
(psing — 7 cos §) R <G C
4R2- sin? 5 4R2 sin? 5 R

After the change of variable § = R; sin 56 and denoting w;(p, 0,7) = v;(p,6,7), the lower
bound (2.4) becomes

Qu (1)) 2 2 ~3/4 ; 5 si 2
T=CR A 2/11@ 105105 *+|0rw;*+(1~CR™/*) (1-n) | (=i + psin § — 7 cos §) w;|

— 7;|wj|2> dpdddr

> (1—033/4)(1—n)/ (\aﬁwﬂ? +10rwj|? + | (—id5 + psin & — 7 cos ) wjf) dpdddr
R}

C ~
-, lw;|? dpdé dr,
n R;



where we have extended the function w; by zero outside its support and then defined
a function in the half-space. Thus, applying the min-max principle for the Schrédinger
operator with a constant magnetic field which makes an angle /2 with the boundary of
the half-space (see Section 2.1), we deduce (returning in (p, @, 7) variables)

R C
N > _ —3/4 . qip & _ -3/4y(1 _ @ _/ |2 ]
Qa(ty) = (1= CR™*) Rysin g [(1 CRTM(1 =)o (5) V), [0 dpdods
(2.5)
Let us now estimate the norm |9 2(p,, 45y With (2.3):
H¢j”i2(Da’dﬂ) = / \wj|2\,0sin% — 7cos §ldpdhdr
< (1+C’R_3/4> R; sin‘;/D ;> dpdo dr. (2.6)
Relations (2.5) and (2.6) give
R 1—-CR™3/1 5 oY C
) = . -t _ =3/4y(1 _ had I P
Qali¥) = Qalvy) 2 T—p=7a [(1 CR™M(1=n)e (5) 477R] 12
(2.7)

Combining (2.1) with (2.7) and (2.2), we deduce for R large enough and 7 small enough
(since o0(§) < 1):

1—-CR™3/ 5 oY C C
- e _ —-3/4 _ =\ _ > . 2 _ 2
Qa() > T CR A [(1 CR™7)(1 n)a(2> 477R] Ej X5Vl ca) ~ Rz 12 (ca)-

Thus we get:

1—-CR™3/1 5 oY C C
_ > T _ =3/4\(1 _ pdl T R
DAnR) 2 1 g |- ORI =no (5) - 1| = 20
and

lim S(—An, R) > (1 - n)o(2).

R—o0
This relation is available for any 7 € (0,1). Therefore, we have with Lemma 2.1

inf spess(La) > ().

Upper bound for 3(—Aa, R) We have now to prove the upper-bound. Let o be fixed.

By the min-max principle applied to the operator Pa , for any ¢, there exists ¢ € C§°(R3)
2

such that

ay _ fRi (10sw* + [0p)]* + | (=10, + tcos § — ssin §)|?) drdsdt _ (o
7 <§) = Jes 0P drdsdt =7 (5) te

We can assume that
supp(v)) C {(r,s,t) € R‘i, re(—=41L),se (=L10),te (0,0},

with £ > 0. For any R > 0, let us construct, using 1, a function u € C§°(D, N CBR) in
normal coordinates such that

Qa(u) < (0(5) + 0(”)”“\\32(%,@)'

9



Let us analyze Qa (u) by using the previous computations for the lower bound. We assume
), 7 € (0,0)}.

e supp(u) C {(p,0,7) ER3pc (R— L, R+1(),0 € (—7
We use the change of variables p = R + p. Thus, we have on the support of u:
|(psin§ —7cos§) — Rsin§| = [psin § — 7cos §| < 20. (2.9)
Thus there exists C' > 0 such that:
< (1+CUR Y)Rsing,
(2.10)

(1-ClR ' )Rsing < |psing —7cos%|
(1-CtR MR Zsin?§ < Vo(R+p,7)" < (1+CIR )R Zsin?§.
Using (2.10) and denoting @(j,6,7) = u(p, 8, 7) and Va(p,0,7) = Vo(R + p, 7), we have:
2

Qa(u) / ~12 12 ~ 1 . ‘705
< _
Rsin % (14 CgR—l) = Jo, |3pu| + |0-al” + V, 10p + 2 m

dpde dr.

(2.11)

Let us deal with the third term in (2.11):

"'"/
—10p + 7“ = —i0p + Rsin § (psin § —7cos §) + §s1n2

- a2 o p2
We let @ = e 275" @R and we have

(%)

We write, using (2.9) and (2.10), for all n € (0, 1):

(psin § —Tcosg)2> ;

'(—i@g—i—Rsing (psin§ —7cos §) + 5

2

vt (—i@e + Vo‘) i
2
2

o

—id
< (1+CtR™ ((1 +n) ‘ (Rsznga + (psin g — 7 cos g)) v
2

Let us now make the change of variable § = ORsin § (denoting w(p, 0,7) = v(p,0,7)

extended to Ri by 0 outside its support), the upper bound (2.11) reads

_Qa(w) /R (aﬁw|2+|8Tw|2+(1+C€R_1)(1+77) }(—ia(; + (psing —7cos $)) w}

1+ CIlR-1 — 8
—1 o, o 2\ 1515
+ (1 +CR) (14+n7") oz |wf* ) dpdodr
< (1+cm—1)(1+n)/ (|aﬁw\2+\aTw\2+ ’(—i8§+(ﬁsin%—TCOS%))@UF) dpdd dr
R3

4 ~
+ A+ CR (1407 % / lw|*dpde dr.
R}

10



Let us now estimate the norm [jully2(p g5y with (2.10):

lullfep.apy = /D lul?|psin & — 7 cos §| dpdf dr

> (1 —CéR‘l)Rsing‘/Rg lul*dpdfdr
=+

= (1 —CZR_I)/

lw|?dpdf dr. (2.12)
R3

+

We use for w the function 9 satisfying (2.8). Therefore, we get:

QQ(U) (1 + C€R71)2 o 3 Cv
o, Af

and

S Y(—An, R) < (1 +n)(0(5) +¢).

Since this relation is available for any n € (0,1), we deduce

inf spess(La) < 0(5) +¢, Ve > 0.

3 Construction of quasimodes

This section deals with the proof of Proposition 1.2. For that purpose, we construct
quasimodes which do not depend on 6. In other words, we look for quasimodes for:
sin?(ayp) 5 1

1
= ——Ot*0 -
0 Zht + 4a? a? 2 sin(ayp)

Lo Oy sin(ap)0,,.

We write a formal Taylor expansion of £, ¢ in powers of a:
Ea’o ~ 04_2L71 + Lo + Z OéQij,
Jjz1
where:
1 o2 1

1 2
Lfl = —%awgo&p, LO = —?att at + T + @gp&p

We look for quasi-eigenpairs expressed as formal series:

ot A~a Al Ao+ > a,

Jj=0 j>1

so that, formally, we have:

ﬁa,o¢ ~ /\1/)

2

Term in a™=. We are led to solve the equation:

1
L 190 = —%Qas@@gﬂbo = A_1¢o.

We choose A_; = 0 and 9y(t, ¢) = fo(t), with fy to be chosen in the next step.

11



0

Term in «”. We shall now solve the equation:

L_1¢1 = (Ao — Lo)vo.
We look for 41 in the form: (¢, ) = t2¢1 (¢, ¢) + f1(t). The equation writes:

- ; 001 = (Ao — Lo)tho. (3.1)

For each ¢ > 0, the Fredholm condition writes ((Ao — Lo)%o, 1)12((, 1 pdp) = = 0, that reads:

pdy

N[

[ @t o) e e = o).

Moreover we have:

[N

| o)t o) ede =~ 500000 + 55220,

0

so that we get:
( —Ot* 0y + t2> fo = Xofo.
Using Corollary C.2, we are led to take:
A=k and  fo(t) =fa(t).

For this choice of fy, we infer the existence of a unique function denoted by zﬁll (in the
Schwartz class with respect to ¢) orthogonal to 1 in L?((0, 3), ¢ dy) which satisfies (3.1).
Using the decomposition of 1, we have:

wl(tv 30) = t2wf_(ta 90) + fl (t)a
where f1 has to be determined in the next step.
Further terms. Let us consider k¥ > 1 and assume that we have already constructed

(Aj)j=—1,...k—1> (fj)j=0,.. k=1, (¥j)j=0,...k—1 (Which are in the Schwartz class with respect
to t) and that, for j =0,...,k, we can write:

Vit ) = Py (t,p) + f3(0),

where (1&,& (t,¥))j=0,.k are determined functions in the Schwartz class (and orthogonal to
1 in L?((0, 3), ¢ dy)) and where f;, has to be determined.

We write the equation corresponding to a*, L_¢ 41 = Z?zo()\j — Lj)1p—; that reads:

L_19p41 = Ao + Aoy, — Loty + Ry,

where Ry is a determined function in the Schwartz class with respect to t:
Ri = (\j = Li)v—; — Lito.

We look for ¢4 in the form 41 (t, ) = t21/1k+1( ©) + fr+1(t) and we can write:

1 ~
T o pOptr 1 = Aktbo + Aok — Lotw + Rg. (3.2)

12



The Fredholm alternative provides (Agtbo + Ri + (Lo — Ao) ¥k, 1>L2((0,%),¢d¢) = 0 and thus:

1 1
<_t28tt28t + 2*5152 - >\o> fe = Aefo+ i, (3.3)
where r, is determined function in the Schwartz class. The Fredholm alternative implies
that:

e = (T, fo)t-

For this choice, we can find a unique normalized fi in the Schwartz class such that it
satisfies (3.3) and (fx, fo)+ = 0. Then, we obtain the existence of a unique function denoted
by Qﬁfgﬂ, in the Schwartz class with respect to ¢ and orthogonal to 1 in L?((0, %), pdyp)
which satisfies (3.2).

We define:
J .
Ul () (t,0,0) = Y _a¥y(te), V(t0,9)€P, (3.4)
j=0
J .
A(a) = ZaQﬂ)\j. (3.5)
j=0

Due to the exponential decay of the 1); and thanks to Taylor expansions, there exists C,, s
such that:

| (Lo = A (0)) T () l2(p,apy < Cnoa@® T2 () lr2(p, az)-

Using the spectral theorem and going back to the operator £, by change of variables,
we conclude the proof of Theorem 1.2 with ;, = A;. Considering the main term of the
asymptotic expansion, we deduce the two following corollaries.

Corollary 3.1 Forall N ; 1, there exist C' and ag and for alll <n < N and0 < a < ag,
there exists an eigenvalue Ay o) () of Lo such that

‘S‘k(n,a)(@) - [n’ < Caz'
Corollary 3.2 We observe that for 1 <n < N and o € (0, )
0< 5\,1(04) < S\k(ma)(a) <, + Ca’.

This last corollary proves Corollary 1.3.

4 Rough Agmon estimates

In our way to prove Theorem 1.8 we will need rough localization estimates “4 la Agmon”
satisfied by the first eigenfunctions. We shall prove Proposition 1.5.

Let (A, %) an eigenpair for £,. Let us introduce a smooth cut-off function x such that
x = 1 near 0 and let us also consider:

The Agmon identity writes:

Qa(e®™) = Me® Pl c,) = VR YI[E2 c,)-

13



There exists ap > 0 such that for a € (0, ) and all R > 0, we have:

Qa(e®y) < Calle® Y|fac.)-
We introduce a partition of unity with respect to z:
X1(2) +x3(2) = 1,
where x1(z) =1for 0 <z <1 and xi(2) =0 for z > 2. For j = 1,2 and v > 0, we let:

Xin(2) = x5(v"2),

so that:
XAl ey < Cy 1
The “IMS” provides:
Qa(e®x1,¥) + Qale®xo ) — CPy 2| f2 o,y < Calle® W[Faey  (41)

We want to write a lower bound for QA(eéRXQ’»Y'(/)). In order to do that we integrate by
slices and neglect the z-derivative part:

Qa(e*x2q¥) 2 / ) ( / e a0 |<—z'v+A><e@RxQ,7w)\2dxdy> dz
z> 4y <z<tan‘ 5

= / </ NDe = 5) (€ xa,0) |2+ [(Dy + §) (€ xo,9)[* da dy) dz.
z>0 \ Ja24y?<z2tan? 5

Let us denote by p1 (p) the lowest eigenvalue of (D;c — %)2 + (Dy + %)2 on the disk D(0, p)
with Neumann condition. From the min-max principle, we infer:

Qa(e®rya 1) > / 1 (ztan g) ePRxo1|? da dy dz. (4.2)

@

We choose v = @. On the support of x2 -, we have:
ztan§ > 25 > Rp.
We recall (see [1, 6]) that there exist pg > 0 such that, for gy > po:

5 S}
p1(po) > 70

We choose Ry = po. With (4.1), (4.2) and (4.3), we infer:

(4.3)

(@)
/ (“ — C(Ro)(a+ a2>) €2 didy de < CRo) xR

2
We deduce that there exist ag > 0, C > 0 such that for a € (0,ap) and R > 0:
/c |e® X200 * dzdy dz < Clle® X1 40|72 ¢, -

With our choice of v(= 2Ropa™!), we infer:

/C |€¢RX2,’Y¢|2dx dydz < CHw”iQ(CQ)’

14



and
/c |e®my? dzdy dz < CllY (I,

Taking the limit R — +o00 and using the Fatou lemma, it follows:

/ Py ? dz dy dz < ClY |12,

«

which is (1.4). Using again (4.1), we infer (1.5).

5 Axisymmetry of the first eigenfunctions

As an application of the localization estimates of Section 4, we prove Proposition 1.6. In
order to succeed, we use a contradiction argument: We consider a L2-normalized eigen-
function of £, associated to A,(a) in the form e (@)W, (¢, p) and we assume that there
exist a > 0 as small as we want such that m(a) # 0 or equivalently |m(a)| > 1.

We introduce a smooth cut-off function xq,(t) = x (a%+’7t> where x is 1 near 0, and

n e (0, 1—(1)0). For short, we let:
UL, ©) = Xan(t)Valt, ).

5.1 Dirichlet condition on the axis ¢ = 0
Let us prove the following lemma.

Lemma 5.1 For all t > 0, we have U (¢,0) = 0.
Proof: We recall the eigenvalue equation:
ﬁa,m(a)q/a = 5\n(Oé)\I]ou

so that: 3
L"oc,'rn(oz)\ljCUt = An(a)qjcm + [‘Ca,m(a)a Xa,n]\pa- (5.1)

Thanks to the estimates of Agmon and to Corollary 1.3, we deduce:
Qam(a) (T) < Ol F2(, gy

This implies:

1 sin2(aap) 9 2 ut ) win
/Rt2s1112(acp) <m(a) 1) 1T @) du < O™, gy < 00

Using the inequality (a + b)? > %aQ — 202, it follows:

m(a)z/ 1 9 /tQSiHQ(ago) 9
weut(p o) 2dp—2 [ EIP) gewty )2 dy < oo,
5 thsinz(w)l (t, )" du T [T (t, )" dp < +o0

mla) [ s )l < oo

® 12sin? (o) ’ ’

and:

/1\\I/°“t(t P2 dp < +o0. (5.2)
r 12 sin? (o) ’

15



Therefore, for almost all ¢ > 0, we have:
1

2 1 .
A m|\paﬂ(t, QD)|2 SIH(OZ(,D) ng < 400. (53)

The function R 3 (t,¢) — ¥(t, ) is smooth by elliptic regularity inside C, (thus R).
In particular, it is continuous at ¢ = 0. By the integrability property (5.3), this imposes
that, for all ¢ > 0, we have W (¢,0) = 0. n

5.2 The operator —(sin(ay)) '8, sin(ay)d,

Notation 5.2 For a € (0,), let us consider the operator on L? ((0, l) ,sin(ap) dgo) de-

2
fined by:
1 .
(’I;O! = —Wa¢ Sln(ag@)&p,
with domain:

Dom (B,) = {w e L? ((0, %), sin(aup) de)
Sin(lw)% sin(ap) 0,1 € L2 ((O, %), sin(ap) dcp) , 0p1) (%) =0, ¥(0) = O}.
We denote by v1(«) its first eigenvalue.
The aim of this subsection is to establish the following lemma:
Lemma 5.3 There exists ¢co > 0 such that for all o € (0,7):
vi(a) > cp.

Proof: We consider the associated quadratic form pg:
1

pa(t)) = /0 * sin(ap) 0,02 de.

We have the elementary lower bound:
1

3 2 1 3
pa(®h) 2/0 ap <1 - (a? > |0,9] dg > 2/0 ap|0,)* de,

since 0 < ap < 5. We are led to analyze the lowest eigenvalue v > 0 of the operator on
L2 ((O, %) ,godgp) defined by —%3@0@0 with Dirichlet condition at ¢ = 0 and Neumann

condition at ¢ = % Let us prove that v > 0. If it were not the case, the corresponding
eigenvector ¥ would satisfy:

1
00 = 0,
e

so that:
Y(p) =clnp+d, withe,deR.

The boundary conditions provide ¢ = d = 0 and thus ¢ = 0. By contradiction, we infer
that v > 0.
We deduce that:

1 1
v 2 y 2
pal0) 2 ] [FapluPdp > ] [ sinaplvf de.
0 0
By the min-max principle, we conclude that, for all a € (0, 7):

vi(a) > % =:¢cg > 0.
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5.3 End of the proof of Proposition 1.6
Let us recall that (5.1) holds so that:

£a,m(a) (t\IlCut) = Xn(a)t\pcl:t + t[ﬁa,m(a)v Xam]\I/a + [‘Ca,m(a)7t]\IICUt. (54)
‘We have: ,
[Loma)st] = 720,820, 1] = —20, — E'

We take the scalar product of the equation (5.4) with t¥“*. We notice that:
([Lam(e) 1 80 207, a = =200 P2, ) + 31 2 (=, a0y = 19" 1T 2R, ap0-
The estimates of Agmon provide:
|<t[[’a,m(a)7 Xa,n]\ljou t\IICUt>L2(R, d,u)| = O(aoo) H\IJCUtHi?(’R, dp)-

We infer:
Qa,m(a) (t\IJCUt) < C(Ht\IICUtHiQ(R, dp) + ||‘IlCUt”%2(R, du))?

and especially:

o™ [ 10,W 2 an < O (I Eagm, + 19 g, a)

Lemmas 5.1 and 5.3 imply that:

coa /R WP dp < C <||t‘I’CUtHi2(R,du) + ||‘I'CUt||%2(R,du)> :
Due to support considerations, we have:
o [0z ap) < C (a_l_Q”II‘If°”tlli2(n,du) + ”‘I’wtuim,du)) :

We infer that, for o small enough, Ut = (0. With the estimates of Agmon, this implies
that ¥, = 0, and this is a contradiction.
This ends the proof of Proposition 1.6.

6 Accurate estimate of the spectral gap

This section is devoted to the proof of Proposition 1.7. We first establish approximation
results satisfied by the eigenfunctions in order to catch their behavior with respect to the
t-variable. Then, we can apply a reduction of dimension and we are reduced to a family
of 1D model operators which is studied in Appendix C.

6.1 Approximation of the eigenfunctions

Let us consider N > 1 and let us introduce:

En(a) = span{yf(a),1 <n < N},

n,l

where ¥t (a)(t,0,%) = Xan(t)¥n1(t, ) are considered as functions defined in P (see
Notation 1.4).
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Proposition 6.1 For all N > 1, there exist ag(N) > 0 and Cn > 0 such that, for all
LZJ S QEN(Oé):

1t (3 —%)H%mzdﬁ) CNOCQ‘WHiz(p,dg)a (6.1)
I = 6lep.am < Cno? (I612gp,am + 1E01Ecp,ap)) (6.2)

1t = ©)Fepazy < Cna? <||¢||i2(73,dﬁ) HtlEep, ap + ”tQT/JHiQ(P,dﬂ))a (6.3)

IA

IN

where: )
1 2
00) =—— [Tt pde (6.4)
Jo edp 70
Proof: It is sufficient to prove the proposition for 1 = fL“{(oz) and 1 <n < N. We
have: 3
Lo¥y1(a) = A (a)Vy, 1 ().

It follows:

LoXanPn1(a) = M) XanPn1(a) + [Las Xay] Tn1(a). (6.5)

Due to the estimates of Agmon (see Proposition 1.5), we can write:

Qua(¥) < (An(@) + O(aoo))|’¢|’i2(73,dﬁ)'
In particular, this provides:
Qa(¢) < C||¢||i2('p,dg)a
and thus, seeing ¢ as a function on P:

1 —92 2 1~ 2
- /P t210,01% dji < ClllE2gp, ap-

We get:
/ |8<p1/1|2 sinapdtdfdde < Ca2‘|¢||i2(p7dﬂ)u
P

so that (using the inequality sin(ap) > %7):
ap
[ S 10,0 dtasdo < Colblsgp a5

We infer:

/P apl0, (16 — )2 At A8 dp < Ca® [l p 0
Let us consider the Neumann realization of the operator —%83908%0 on L?((0, 3), ¢ dg). The
first eigenvalue is simple, equal to 0 and associated to constant functions. Let § be the

second eigenvalue. The function 1) —1) is orthogonal to constant functions in L2((0, %)gp dy)
by definition (6.4). Then, we apply the min-max principle to 1) — 1 and deduce:

/7)(5(1@’1/} - yP dtdé ng < C’a2H¢Hiz(p7dﬂ),

and:

/Pt_Qw —PPPdi < C‘aQIWHi%P,dﬁ)’
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which ends the proof of (6.1). We multiply (6.5) by t and we take the scalar product with
t to get:

Qa (1) < AN () t]F2p,ag) + [{[—t 2080, 1, 1) L2 (p, ay| + O (@) Y12 aje)-

We recall that: 5
[—t20,t%0;,t] = —20; — -

We get:
Qa(t) < CltY|1T2ip,az) + ClYNF2(p, a)-

We deduce (6.2) in the same way as (6.1).
Finally, we multiply (6.5) by #? and take the scalar product with t?1 to get:

Qa(t9) < AN ([ 2(p, 4y + [([—t 206801, 100, 2 P) L2, ay | + O@) W12, apy-

The commutator is:
[—t720,%0;,1%] = —6 — 4t0.

This implies:
Qa(t*9) < CUWIIE2(p, apy + 11 2p, az) + 112% 1 E20p, a)-

The approximation (6.3) follows. (]

6.2 Control of the eigenfunctions with respect to t

Proposition 6.2 For all N > 1, there exist ag(N) > 0 and C > 0 such that, for all
Y € En(a), we have:
It ll2p,apy < CllYllizep, ap- (6.6)

Proof: It is again enough to prove the proposition for ¢ = 1/12‘7‘{(04) and 1 <n < N.
We have:
Qa(¢) < C||¢||I%2(P,dg)a

and this implies in particular that:

Sin2(0‘80) 21 112 1~ 2
| g2 ai < o, (6.7)

We now want to replace ¢ by ¢. For that purpose, we write:

o in2 in?
[ g [ Oy g— [ IO e 4
P P P

402 402 402
We infer:
/ Sin2(a¢)t2‘w|2 d~ / Sin2(a¢)t2’w‘2 d~
P 4a2 N P 40[2 - H

< ClltY — Iz, apy (It llL2p,a) + Itllizp,ap) - (6.8)
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Let us compare ||tkyHLz(p7 djp) and ||tk’l/J”L2('P7 dpp) for k= 0,1. Using the Jensen inequality

ap

and the comparison %% < sinay < ap available for any ¢ € (0, %), a € (0,7), we have

1
(denoting ¢! = [Z ¢ dy):

, 1/2 1/2 2 .
H%HL2(737dﬁ) = / / / (t,p)pde | t*sinapdtdfde
t>0 J0=0 J ¢p= p=

IN

IN

Ol 122, 4

and similarly:

2
[t} = 1/2 v P(t, )pdyp | t*sinagdtddde
YUL2(P,da)  — @Y )pap Sin o
t>0J0=0 J»=0 p=

1/2 1/2
Sm(m dg / / 2 / [W(t, o) Papdtdd dp
>0 J 0= =0

IN

IN

C”“/’HLQ(P,dﬁ)-
Then, putting together (6.7), (6.8) and (6.9), we deduce:

.2
Sin
[ g R i < Clagp, gy + Clltwhogp,an 100 — oo,y

Since 1 does not depend on the ¢-variable, we can write:

sin?(a B sin? () dp -
/ 4(2 )t2|¢|2d fO / |t1/}|2d
P 402 f2 sin(ag) dp /P

‘We notice that: )
i sin®(aup) dep
1
402 [? sin(ap) de

=272 4 0(a?).

Therefore, we get:
/73 ity dji < C\|¢\|i2(7>,dg) + ClltYllrep,amy 1Y — t¥llr2(p,ap)-
With Proposition 6.1, we infer:

#2112, az) < ClIIE2p, gy

+ Colltdllzp,am (1Wl2e, ap + 1tdlliee, ap + 102, ap)) -

We use the elementary inequality:
[tlF2p, amy < 201881 F 20, a5 + 1 = ©)|F2(p,az))-
We notice that, thanks to the support of ¢, we can write:
||t21/1\|L2(73,dﬁ) < Ca71/27n||thL2(7?,dﬂ)‘
Combining (6.12), (6.3) of Proposition 6.1 and (6.13), we deduce:
1t 1E2(p,a) < ClIE2p,az) + Ca > 01 2p, gy,
and (6.6) follows.

20
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6.3 Proof of Proposition 1.7

We have now the elements to prove Proposition 1.7. The main idea is to apply the min-max
principle to the quadratic form @, and to the space €y ().

Lemma 6.3 For all N > 1, there exist ay > 0 and Cy > 0 such that, for all a € (0, an)
and for all ¢ € En(a):

[ (00 275100 + 310,08 ) s < M@l Esgp g + O 1R,y

Proof: We recall that, for all ¢ € €x (), we have:

Qa(¥) < S‘N(O‘)‘|¢Hi2(73,dﬁ) + O(aoo)||7/’||i2(7>,dﬁ)'
We infer that:

/ <\atw|2+4(2)|w|2+ mwﬁ) 47 < (An(a) + 0(@™)) 1612, a5

We shall analyze the term [, Sm4 |tzp|2du We recall that (6.8) and (6.9) still hold.
With Proposition 6.2, we get:

sin - sin?
[ e e an- [ GOy ag] < Cllew ol an o lhoce.an

4 4
and thus:
Sinz(mﬁ) 20,12 35 SmQ(O“P) 20,12 7
/7)40[2’5 [¥[°dp > /794042t [W17di = Clity — tPllL2ep, ap ¥ llLep, ap)-
Relation (6.14) and Propositions 6.1 and 6.2 provide:
[ty — tdllr2(p,ap) < Cal/%n\WHL?(P,dg)a (6.15)
so that:

sin?(a@) o, o sin?(ap) 5 1/2—
/7)4215 |Q/)| dii >/7)42t WJ| dp — Ca/ 17H¢||L273d,u)

We recall that (6.10) and (6.11) hold. We deduce:

4
We have, for all € € (0,1):
It E2p, a5 = (1 =t L2 (p am) — € 1E¥ = D)IE2p,az)-
Due to (6.15), it follows:
112 p,am = (1 = )22, a) — C=~ 2101,
We choose € = a'/27" and get:
. a = (1= a2 6622,y — CaV2 2 . g

Proposition 6.2 and (6.16) provide:

sin _
/79(2)t2\¢!2d > (277~ Ca?) /W!Qdu Ca' 2|12 p, ay- (6.16)

sin i -
/7>4(2)t2|¢|2du > 9- 5/ [t0l? i — Ca P[0, gz
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An straightforward consequence of Lemma 6.3 is:

Lemma 6.4 For all N > 1, there ezist an > 0 and Cn > 0 such that, for all a € (0,an)
and for all ¢ € En(a):

1
2 -5 2
/73 <|at¢’ +2 |t¢| + a2t2?

0,602 i < (Rala) + Coad ) 6125,

with dji = t?pdt dp db.
Proof: It is sufficient to write for any ¢ € (0, 3):
ap

1 _ 1 2
p=- sin(ayp) sn(ag) sin(ap) (1 + O(a?)) as o — 0.

Combining Lemma 6.4 and Corollary C.3, we deduce (from the min-max principle) that
there exists ay such that

Va € (0, an), An(a) > [y — Cal/?,

This achieves the proof of Proposition 1.7.

7 Numerical simulations

In this section, we illustrate the asymptotics expansion for the low-lying eigenpairs of L, o
denoted by (l,(a),u())n>1. According to Section 3 and Theorem 1.8, we have for «
small enough

(@) = 1, + O(a?), and [un (@) = fnllL2r, ap) < Ca’.

Numerically, we compute the eigenpairs of the operator L, o on the rectangle Ry = (0, ¢) x
(0,%) with a Dirichlet condition on the artificial boundary ¢ = ¢. We denote then by Lf;’o
this operator and (I,(c, ), u,(a,f)) its eigenpairs. We use the finite elements library
MELINA ([13]) with 40 x 10 square elements of degree Q1 and ¢ = 40. Figures 2 illustrate
the convergence of the low-lying eigenvalues as « tends to 0. In particular, Figure 2(a)
displays the first term of the asymptotic expansion of the eigenvalues, whereas Figure 2(b)
confirms the asymptotic expansion in powers of a?: we represent on Figure 2(b) the
function

e
log1g () = pni(@) = loggo(Lu(@. £) = 1n).

Figure 3 illustrates the convergence of the eigenfunctions. The limit functions f, are
represented in Figure 4 for 1 <n <4.
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Figure 2: Approximations of I,(«) for 0 < o < 0.1, 1 <n <12, £ = 40.
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015 B I I I —
0.1 | I I I

005 B i | I

001 B I | I

Figure 3: First four eigenvectors of Lio on Ry, & =0.2,.15,0.1,0.05,0.01, £ = 40.

Figure 4: (t,) — fp(t) on Ry, n=1,...,4, £ = 40.

23



A Spherical coordinates
In dilated spherical coordinates (t,0, ) € P such that
(r,y,2) = ®(t,0,p) = 04_1/2(16 cos @ sin ap, tsinfsinagp, tcosay),

the magnetic potential reads

a—1/2

A(t,0,p) = (—tsin@ sinagp,tcosf sinap,0)T.

The Jacobian matrix associated with ® writes

cosfsinap —tsinfsinap « tcosfcosayp
D@(t,&,go):ofl/2 sinfsinay tcosfsinay « tsinf cosap

COos 0 —a tsinayp
We can compute
t cos 0 sin avp tsin 0 sin ap tcos ap
(D®)Ht,0, ) = o271 [ —sinf(sinop)™!  cos O(sin agp)~? 0
é cos 6 cos ap é sin @ cos ap —é sin o

Consequently, the metrics becomes

1 0 0
G=(Dd)! T(Dd»)t=a 0 t2(sinap)™2 0
0 0 (at) 2

The change of variables leads to define the new magnetic potential

2 sin? o
sin"ap. 0) ,

A(t,0,0) = TD® A(L,0,p) =a ! <07 5

Let ¢ be a function in the form domain Hj(Ca) of the Schrodinger operator (—iV + A)?
and ¥ (t,0,9) = a~V/*p(x,y, 2) (where o~ /* is a normalization coefficient). The change
of variables on the norm and quadatic form reads

[61sc0) = [ 150,60 )P sinaparas dg.

/ (=¥ + A)(z, g, ) dady d=

Ca

— / (G(~iV1pp + A, (Vg + A)D) t2sinapdtdd de
P

~ 1 t2sin? ap -~
=« Op? + —— || —i0g + ———F
/’p <‘ ad 12 sin? ap ’( 0 20 )w

2

+ a?t?

|6<p7,1~1|2> t2 sin cvp dt df dep.
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Figure 5: Normal coordinates.

B Normal coordinates

Let us introduce the system of coordinates associated with the exponential map of the
cone (see Figure 5). We can use the new coordinates (p, 6, 7) in the orthonormal basis

—sin@ sin § cos ¢ —cos § cos 0

ey = cos 0 , e,= | singsind |, e, = — cos § sin @
o : o
0 COS 5 sin §

We consider the following change of variables

sin§ — 7 cos §)sind

PSS 2

®(p,0,7) = (x,y,2) = | (psin§ —7cos§)cosd ,
pcosg + 7sin g

whose differential is given by

in @ _(psin @ — ay g —cos @
sin § cosf —(psin§ —7cos §)sinf —cos G cosb

D®(p,0,7) = | singsind (psing —7cos§)cosf) —cos§sinf
cos § 0 sin §
Thus
sin § cos ¢ sin § sin ¢ cos §
TD®(p,0,7) = | —(psin § —Tcosg)sind (psing —7cosg)cos 0 ,

—cos § cost) — cos § sin @ sin §

1 0 0

("TD®D®)'=[ 0 (psing —7cos9)"2 0 |,
0 0 1

and det D® = psin § — 7 cos 5. The considered magnetic potential writes

1 [ Y 1 —(psin§ — 7cos §)sin 6
A=— x = (psin § — 7 cos §) cos
2 0 2 0
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The change of variables leads to consider the new magnetic potential :

0
- 1
A= TD<I>A:§ (,osin‘;‘—OTcosg‘)2

Thus the quadratic form QQa becomes in the new coordinates
Qa() = [(=iV + A)d[F2(c.) = Qalt))

- 1 ~12 R
_ 2 ; 1 o )2 2 ~
/D‘1 <|8pw| + (psin g — 7cos )2 ‘(289—1—5(/)51115 —Tcos ) )w‘ + 0;9] > dji,

(B.1)
with dji = (psin § — 7 cos §)dpdfdr and
Do = {(p,0,7) €R* p>0,0 € [0,27),7 € (0,ptan $)}.
C Model operators
Proposition C.1 Let $,, be defined on L2(R,t2dt) by
1 w?
f)w - _ﬁatt2at + t2 + th
The eigenmodes of $,, are (I¥,§<),>1 given by
@ =dn—24+V1+4w2,  §.(t) = P2 e /2,
with PY a polynomial function of degree n — 1.
Proof: We recognize partially in $,, the radial part of the harmonic oscillator. We

first conjugate the operator £, by 1et’/2 with a good choice for . We have
1 1
t*’YetQ/?@w(tVe*t?/?u) = —0%u+2 <t —(y+ 1>t> Opu 4 (27 + 3)u + (w? — y(y + 1))t—2

We cancel the term in t=2 by choosing

-1+ V1 + 4w?
V= :
2

This choice leads to deal with the following operator acting on L2(752(1+7)e_1t2 dt):
1
£ PG e = 92 + <2t —(14+V1+ 4w2)t> O+ 2+ V1 + 4w?.
The change of variables r = ¢? transforms the operator on

/ 2
— 4782 + 4 (r—l— 14;4“’) O+ 2+ 1+ dw?,
acting on L2(Ry, 7™ e~"dr). This operator is symmetric and stabilizes the polynomial
functions of degree at most n — 1. Therefore it can be diagonalized on R,,_1[X] and by
identification, we determine a sequence of eigenpairs (4n — 2 + V1 + 4w?, P¥), with P¥
a polynomial function of degree n — 1. Since the family (PY) is total, the spectrum is
completely determined. |
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Corollary C.2 The eigenmodes of the operator

~ 1 1
=500 + 1%,
defined on L?(R,t?dt) are given by
[n _ 2*5/2(471 . 1)7 fn(t) _ 275/4f%(275/4t) — 275/4P£(275/4t)67t2/27/2.

Proof: It is enough to apply Proposition C.1 with w = 0 and make the change of
variable ¢ = 275/4¢. [

Corollary C.3 Let T(a) be the Neumann realization on L2(P, dji) (dii = t2pdtdfdyp):

1 2 —5,2 1

We denote by Yn(a) the n-th eigenvalue of T(ca). Then, for all N > 1, there exists ay
such that y
V1<n<N, Vac(0,ay), () = L.

Proof: Let us first realize the change of variable ¢ = 275/4¢, the operator T (a) reads
T(a) = 2752 (— L 0,20, + £ — — 8,0
(o) = —tjtt t“‘t_msﬂ?w .

Let us denote by (cp)r>1 the increasing sequence of the eigenvalues of —%docpa@ on

L%((0,4),dp). We notice that ¢; = 0 and that ¢, > 0 for k > 2. The spectrum of
() is then given by

sl 1 Ck
sp(T(ar)) = 27°/2 U sp (—tQBttQBt + % 4 a2t2> )
k=1
Applying Proposition C.1 with w = \/c/«a, we deduce

sp(T(a)) = {25/2 <4n—2—|— 1+ ZZZ“) n>1k> 1}.

This implies that the lowest eigenvalues of T(«) are the lowest eigenvalues of the operator
—t720,t20; + 27°t2, that is to say [, as soon as « is small enough. ]
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