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Ginzburg-Landau minimizers with prescribed degrees.
Capacity of the domain and emergence of vortices

Leonid Berlyand", Petru Mironescu‘®

October 14, 2004

Abstract. Let Q C R? be a simply connected domain, let w be a simply connected subdomain of
Q, and set A = Q\ w. Suppose that J is the class of complex-valued maps on the annular domain
A with degree 1 both on 02 and on dw. We consider the variational problem for the Ginzburg-
Landau energy E) among all maps in J. Because only the degree of the map is prescribed on the
boundary, the set J is not necessarily closed under a weak H'-convergence.

We show that the attainability of the minimum of E) over J is determined by the value
of cap(A)—the H'-capacity of the domain A. In contrast, it is known, that the existence of
minimizers of F\ among the maps with a prescribed Dirichlet boundary data does not depend on
this geometric characteristic.

When cap(A) > 7 (A is either subcritical or critical), we show that the global minimizers of
FE)\ exist for each A\ > 0 and they are vortexless when M\ is large. Assuming that A\ — oo, we
demonstrate that the minimizers of E\ converge in H'(A) to an S'-valued harmonic map which
we explicitly identify.

When cap(A) < 7 (A is supercritical), we prove that either (i) there is a critical value Ay such
that the global minimizers exist when A < A and they do not exist when A > A, or (ii) the global
minimizers exist for each A > 0. We conjecture that the second case never occurs.

Further, for large A, we establish that the minimizing sequences/minimizers in supercritical
domains develop exactly two vortices—a vortex of degree 1 near 0f) and a vortex of degree —1
near Jw.

1 Introduction

Consider the following problem
1 A
A A

Here, A is a nonnegative real number, F) is a Ginzburg-Landau (GL) energy, A is a two dimensional
annular domain, i.e. A =Q\w, wCQ, where Q and w are simply connected, bounded smooth



domains. The class J of testing maps is
J={uec H'(A;R?) ; |u| =1 a.e. on JA,deg(u,0N) = deg(u, dw) = 1}. (1.2)

The definition of 7 is meaningful. Indeed, let T' be 92 or dw (with the counterclockwise orien-
tation) and set X = HY*(I'; S1). If u € H' (A ;R?) and |u| = 1 a.e. on 9A, then g := up € X
(here, the restriction is to be understood in the sense of traces). Maps in X have a well-defined
topological degree (winding number), see [11]. This degree is defined as follows: every map g € X
is the strong H'/2-limit of a sequence (g,) € C*(I'; S'). Each g, has a degree (with respect to
the counterclockwise orientation on I') given, e.g. by the classical formula

1
deg gn = % /gn X Gn,r- (13)

r

Then lim deg g, exists [18] and the degree of the map g can be defined as deg g = lim deg g,,. Note

that the formula (1.3) is still valid for arbitrary maps in X, provided we interpret the integral via
an H'Y? — H='/2 duality.

We now address a natural question concerning the minimization problem (1.1)-(1.2)
Question 1. Is m, attained ?

We start by recalling the most extensively studied minimization problem for the GL functional
ex := Inf{ Ex(u) ; v = g}, (1.4)

see [9]. Here, G is a smooth bounded domain in R? and g € HY2(0G; S') is fixed. In this case,
ey is obviously attained, since the class {u € H'(G) ; wae = g} is closed with respect to weak-H*
convergence.

The situation is more delicate when, instead of the Dirichlet boundary condition, only a degree
of a map is prescribed on the boundary as shown by the following

Example 1. (Inf is not attained) [6] Let
ny = Inf{E\(u) ; u € M}, (1.5)

where

M={uec H(D)); |u =1 ae. on S', deg(u,S") =1}, (1.6)

D, is the unit disk and we consider the counterclockwise orientation on S*. Then, for each A > 0,
ny = 7 and n, is not attained.



In particular, this example implies that the class M is not closed with respect to weak-H*
convergence. It is possible to construct an explicit example of a sequence in M weakly converging
in H' to a map which is not in M:

Z—ap,

Example 2. [7] Let (a,) C (0,1) be such that a, — 1. Set u,(z) = 7 , 2 € Dy. Then
— apz

U, — —1 weakly in H*.
Example 2 can be easily extended to J:
Proposition 1. [6] The class J is not closed with respect to weak-H"' convergence.

The immediate consequence of this proposition is that the existence of minimizers of (1.1)-(1.2)
cannot be established by using the direct method of Calculus of Variations.

Before discussing Question 1 further, we mention some useful a priori bounds on m). Recall
that, in the case of a prescribed Dirichlet data with non-zero degree [9], the GL energy tends
to infinity as A — oo. However, a straightforward calculation shows that the energy remains
bounded (with a bound independent of A and A) when only the degrees of the boundary data are
prescribed:

my < 2w y (17)

see [7].
There is yet another upper bound, which is obtained by considering all S*-valued maps in J.

Set
K={ueJ;u=1ae. in A}. (1.8)

KC is not empty: if @ € w, then (x—a)/|z—a| € K. It is known that the minimum of F) is attained
in K [9]. Define

1
Iy = Min{E)(u) ; u € K} = Min {5 / IVul?; u e IC}. (1.9)
A

Proposition 2. We have
my < Iy. (1.10)

Clearly, (1.7) and (1.10) imply that my < Min {Iy, 27}. This bound is almost optimal when A
is large:
Proposition 3. The asymptotic behavior of my is given by the equality

lim my = Min {/y, 27}. (1.11)

A—00

It turns out that Iy has a simple geometrical interpretation via capacity:



Proposition 4. [6] Iy and the H'-capacity, cap(A), of the domain A are related by

272
Iy = . 1.12
" cap(4) (112
Recall that the H'-capacity is given by
cap(A) = Min{ / [Vul?; u € H'(A), upo =0, up, =1 } .
. 2m
For example, if A = {z ; r < |z| < R}, then cap(A) = m In general, as of a measure of
n(R/r

the ”thickness” of A.

Formula (1.11) and the subsequent discussion on capacity suggest that there are three different
types of domains:
a) "subcritical” or "thin”, when cap(A) > 7 (or, equivalently, Iy < 27) ;
b) ”critical”, when cap(A) = 7 (or, equivalently, Iy = 27) ;
¢) "supercritical” or ”thick”, when cap(A) < 7 (or, equivalently, Iy > 27).

We now return to the question of existence of minimizers. The main tool in proving the
existence is the following
Proposition 5. Assume that my < 2w. Then my is attained.

The results of this type were first established for the Yamabe problem by Th. Aubin in [4]
and subsequently proved to be extremely useful in minimization problems with possible lack of
compactness of minimizing sequences; see [18], [15], [16], [12] and the more recent papers [17], [22]
and [28]. The proof of Proposition 5 relies on the following

Lemma 1. (Price lemma) Let (u,) be a bounded sequence in J such that u, — u in H'(A).
Then:

1 1
liminf§ / Vu,|? > 5 / (Vul? + 7(|1 — deg(u, 0Q)| + |1 — deg(u, dwy)|). (1.13)
A A

In addition,

%/|VU|2 > 7|deg(u, 0Q) — deg(u, Ow)|. (1.14)
A

The argument we use here works for arbitrary fixed degrees [6]. The general form of the estimate
(1.13) shows [6] that the minimal energy needed to jump from the degree d (for the maps u,) to
the degree § (for the map u) on a given connected component of 0A is m|d — J|.

As an immediate consequence of Proposition 5 and the upper bound (1.10), we obtain the
following



Figure 1: my vs. A

Theorem 1. Assume that A is subcritical or critical. Then my is attained for each \ > 0.

In the subcritical and critical case, we further address the following natural
Question 2. What is the behavior of minimizers uy of (1.1)-(1.2) as A — oo ?

The answer is given by

Theorem 2. Let cap(A) > 7, i.e., A is subcritical or critical. Let uy be a minimizer of (1.1)-
(1.2). Then |uy| — 1 uniformly in A as A — oo. In addition, up to a subsequence, uy — Uy in
HY(A), where uy, is a minimizer of (1.8)-(1.9).

Theorem 2 combined with the method developed in [8] yield the stronger convergence uy —
Us € C(A), 0 < a < 1; see [6]. We also prove in [6] that, for large A\, minimizers are unique
modulo multiplication by a constant in S and are symmetric if the domain itself is symmetric.
Whenever minimizers wuy exist, they are smooth [6]. This is not a standard regularity result,
because the boundary conditions satisfied by the u,’s are of mixed type— Dirichlet for the modulus
|uy| and Neumann for the phase arg .

We now turn to the supercritical case cap(A) < w. Concerning existence of minimizers, we
prove that there are exactly two possibilities (see Fig. 1).

Theorem 3. Let cap(A) < 7, that is let A be supercritical. Then either
a) my is attained for all X ( my < 27);
or

b) there exists a critical value Ny € (0,00) such that my is attained when A < A\; while it is not
attained when A > \1.

In contrast with supercritical /critical case, we prove that minimizing sequences (or minimizers,
if they exist) must develop vortices (zeros of non-zero degree). If A is a circular annulus, the
presence of vortices indicates the “breaking of symmetry” of the minimizer— similar phenomenon
in problems for harmonic maps was studied in [1] and [10]. The inheritance of symmetry of the
domain by minimizers of the GL functional was considered in [27].

Theorem 4. (Rise of vortices) Let A be supercritical.

In case (a) of Theorem 3, let uy be a minimizer of (1.1)-(1.2). Then, for large X, the map uy
has exactly two simple zeros ( and &\ of degrees 1 and —1 respectively, such that {, — 9 and
& — 0w as A — o0.



In case (b) of Theorem 3, fix X > Ay and let (u}) be a minimizing sequence for (1.1)-(1.2). Then
uf = ok +wk, where w§ — 0 in H'(A) as k — oo and v} is smooth. Further, the map v¥ satisfies
the GL equation and has exactly two simple zeros (i and & of degrees 1 and —1 respectively, such
that ¢, — 02 and & — Ow as k — oo.

We introduce the decomposition u§ = v§ + w¥ because uf belongs merely to H' and thus need

not be continuous. Although there is no natural notion of zeros of u%, it is meaningful to consider
zeros of v§, because it is a smooth map. An intuitive interpretation of this statement is that u}
essentially has two zeros for large k.

Further, in case (b) we prove (Step 5 in the proof of Theorem 4 in Section 4) that, near (i, the
map u} essentially behaves as a conformal map @, from € into D; with @, (¢x) = 0 and, near &,
as an anti-conformal map ¥y, from C\ @ into D; with Uy, (&) = 0. A similar conclusion is valid in
case (a) as well.

We believe that case (a) never occurs, hence we propose the following

Conjecture. In the supercritical case, there exists a finite value \; > 0 such that m, is never
attained when \ > A;.

A formal argument in support of this conjecture is as follows. Assume that case (a) holds. For a
large A, let d =dist({(y, &0}, 0A) (cf. Theorem 4). It is easy to verify that

)\/4/(1 — |ux|?)* > C1Ad*. On the other hand, various examples suggest that 1/2/ |Vuy)? >

2m — 02d2 where C and C do not depend on \ or d. If it can be proved that the second inequality
does indeed hold, then the upper bound (1.7) contradicts the existence of minimizers for large .

Finally, we discuss specific features of the critical case. It is known that, for variational problems
with lack of compactness, the critical case could inherit the properties of either the supercritical
or the subcritical case ([19], [14], [10], [17]). In our problem, the results are the same in critical
and subcritical case, the supercritical case being qualitatively different. However, while the proof
of the existence is the same in both subcritical and critical cases, the proof of H'-convergence of
the minimizers u, as A — oo for the subcritical case cannot be extended to the critical case and
a more subtle argument is required.

We conclude the introduction with a brief review of existing work on minimization of GL
functionals related to the problem considered in this paper.

The GL functionals have been extensively studied for general domains. The asymptotics as
A — oo of global minimizers for the GL functional and their vortex structure for the Dirichlet
boundary data (for which the degree is fixed) was considered by Bethuel, Brezis, and Hélein in [§]
and [9]. The existence and the qualitative behavior of minimizers in [8] and [9] do not depend on
the size (capacity) of the domain.



A minimization problem for the GL functional with the magnetic field in simply connected
domains for classes of functions with no prescribed boundary conditions was studied by Serfaty
[31]-[32] and by Sandier and Serfaty [30]. In this case, the qualitative changes in the behavior
of minimizers are described in terms of a parameter defined by the external magnetic field. In
particular, the existence of a threshold value for this parameter corresponding to a transition from
vortex-less minimizers to minimizers with vortices was proved in [31] . For non-simply-connected
domains, a similar result for Bose-Einstein condensate was established by Aftalion, Alama and
Bronsard [2].

The existence of local minimizers for the GL functional with the magnetic field over three-
dimensional tori was considered by Rubinstein and Sternberg [29]. Their approach relies on the
fact that, when the GL parameter A is large, the boundedness of the nonlinear term in the GL
energy forces the minimizing maps to be, in some sense, “close” to S'-valued maps. The first step
in their proof consists of finding, for A = oo, local minimizers for the GL functional in different
homotopy classes of S'-valued maps (existence of these homotopy classes is due to White [33]).
This step is reminiscent of the method used by Brezis and Coron in [16] for harmonic maps.
The next step consists of proving, for \ large, the existence of local minimizers close to the ones
obtained for A = oo. These existence results are not influenced by the domain size (capacity). Note
that [29] generalizes the earlier results of Jimbo and Morita [25] obtained for solids of revolution
with a convex cross-section.

If adapted to our case, the methods of [29] yield, for large A , the existence of local minimizers
in J that are H'-close to the minimizers of Fy in K. If A is subcrticial or supercritical, it can be
proved that these critical points are, for large A, the genuine minimizers [6]. However, they are
not minimizers when A is large and A is supercritical

The minimization problem for GL functional with the degree boundary conditions in a special
case of a narrow circular annulus was studied by Golovaty and Berlyand [24] . The techniques
developed there rely on the radial symmetry and cannot be applied to general domains.

Acknowledgments. The authors thank H. Brezis for valuable discussions. They are also greatful
to D. Golovaty for careful reading of the manuscript and useful suggestions. The work of L.B. was
supported by NSF grant DMS-0204637. The work of P.M. is part of the RTN Program ”Fronts-
Singularities”. This work was initiated while both authors were visiting Rutgers University; part of
the work was done while L. B. was visiting Université Paris-Sud and P. M. was visiting Penn State
University. They thank the Mathematics Departments in these universities for their hospitality.

2 Existence of minimizers

The following simple fact will be repeatedly used in the sequel. Let (u,) be a bounded sequence
in H'(A) such that for every n we have |u,| =1 a.e. on 9A. If u, — w in H, clearly |u| =1 a.e.
on 0A and both deg(u,99Q) and deg(u, dw) are well-defined.



Proof of the Price lemma: Set v,, = u,, — u. We have

[Vl = [19up+ [ 190, +o0(1), 2.1)
A A A

as n — o0o. Given an arbitrary f € C*(A ;[—1,1]), we integrate by parts the pointwise inequality
|Vv,|? > 2 f Jac v, to obtain

/|V1jn|2 > Q/fJac Uy = /fvn X Upr + /(fxvn,y X Uy = fyUna X Up), (2.2)
A

A A DA
where 0A has the counterclockwise orientation. The above equality follows from the identity
2Jac v, = (Vp X Uny)w + (Vg X Un)y,

when v, is smooth. The same inequality for v, € H! follows by approximation. Since v, — 0 in
H', (2.1) and (2.2) yield

/]Vun\z > /\Vu|2 —i—/fvn X U, + 0(1), (2.3)
A A oA

via an embedding argument. On the other hand, if I' is any connected component of 0A, then

/Un X Uy = /un X Upr — /u X ur +o(1). (2.4)

r r T

Indeed, if g, — ¢g in H'?(T') and h € H'/?(T"), then

/gnhr = /g X hT + O<1) and /h X Onr = /h X gr + 0(1)a (25)
r

r Tr r

where the integrals are understood in the sense of an H'Y? — H~'/2 duality. Then (2.4) follows
easily from (2.5) and the fact that w,r — wyr in H'*(D).
Now choose f such that f = sgn(1 — deg(u,d?)) on 0f2, f = —sgn(1l — deg(u, dw)) on dw, and
—1 < f <1lin A. By combining (2.1), (2.3), (2.4), and the degree formula (1.3), we obtain (1.13).
Equation (1.14) relies on the pointwise inequality |Vu|*> > 2|Jac u|, which yields

/|Vu|222/|Jacu|22'/Jacu :‘/uqu
A A A 9A

following an integration by parts and taking into account (1.3).

= 2m|deg(u, 0N2) — deg(u, dw)|, (2.6)

8



Proof of Proposition 5: Let (u,) be a minimizing sequence for Fy in J. Up to a subsequence,
we can assume that u, — u for some u € H'(A). Set D =deg(u,dQ) and d =deg(u,dw). If

d=D =1, then v € J and u is a minimizer of (1.1)-(1.2). If both D # 1 and d # 1 then (1.13)
implies that

1
21 > my = lim E)(u,,) > liminf§ / |Vu,|* > 7(|]1 —d| + |1 — D|) > 2, (2.7)
A

which is a contradiction. Finally, if only one of two integers d and D is equal to 1, then |d— D| > 1
and |1 —d| + |1 — D| > 1. By combining (1.13) and (1.14) we obtain m, > 27 once again— this
is impossible.

Proof of Proposition 2: Let u be a minimizer of (1.8)-(1.9) and set g = ujga. If v minimizes E)
among all the maps w € H'(A) such that wjpsa = g, then v € J and my < Ey\(v) < E\(u) = .
We claim that the last inequality is strict. Arguing by contradiction, assume that E\(v) = E\(u).
Then u minimizes F) with respect to its own boundary conditions; in particular, u satisfies the
GL equation —Au = Au(1l — |ul?). Since |u| = 1 a.e., we find that u is harmonic and has the
modulus 1. Thus u has to be a constant, which contradicts the fact that u € K.

Proof of Theorem 3: The mapping A — m, is clearly both non-decreasing and continuous.
In view of the upper bound (1.7), there is some A; € [0, 00] such that my < 27 if A\ < Ay, and
my = 2m if A > ;. We first claim that m, is not attained if A\ > \;. Arguing by contradiction,
we assume that there are some A > A\; and u € J such that Ey(u) = my = 27. As in the proof of

Proposition 2, we cannot have |u| =1 a.e. Thus/(l — |u[*)? > 0 and, therefore, Ey (u) < E\(u)

A
if N < A. For any X such that A\; < X < A, this implies that my < Ey(u) < 2w, which is a
contradiction.

In view of Proposition 2, m, is attained for all A < A\;. Case (a) in Theorem 3 corresponds to
A1 € (0,00) and case (b) to A\; = co. Therefore, in order to complete the proof of Theorem 3, it
remains to rule out the possibility that A\; = 0. This amounts to proving the following

Lemma 2. We have mg < 27.

Proof of Lemma 2: We start by considering a circular annulus, A = {z € R? ; r < |z| < R}.

R
Set u(z) = Rj— . + (R:— e It is easy to check that u(z) = é on 0A, so that u € J. On the
other hand, it is also straightforward to verify that Ey(u) = 27 7 :L r
”

Consider now the case of a general A. Recall that there is a conformal representation ® of
A into some circular annulus A; moreover, ® extends to a C!-diffecomorphism of A into A and

< 27, hence mgy < 2.



we may choose ® in order to preserve the orientation of curves [3]. Let F : H'(A) — H'(A),
F(u) =uo®. If J(A) and J(A) stand for the corresponding classes of testing maps, we claim
that F'is a bijection between J(A) and J(A). In order to prove this statement, we have to show
that the degrees on the connected components of the boundary are preserved by ®. Indeed, let I’
be a connected component of JA and let v = ®(I"). Since ® is orientation-preserving, we have

deg(g,7) = deg(g o @,T) (2.8)
for g € C*°(y; S'). Using the density of C*(v;S') in HY?(+;S') and the continuity of the map
g+ go® from HY2(r;SY) into HY/2(T'; S'), we find that (2.8) is still valid for g € HY?(v; S1).
Thus F maps J(A) into J(A). Similarly, F~! maps J(A) into J(A). So F is a bijection between
J(A) and J(A).

Using the conformal invariance of the Dirichlet integral, we find that mg has the same value
for both A and A. Since my < 27 for circular annuli, the proof of Lemma 2 is complete.

3 Proof of Theorem 2

Let uy be a minimizer of (1.1)-(1.2) for a given A > 0. We start by observing that a sequence (u,)
is bounded in H'(A). Indeed, the upper bound (1.7) implies that (Vuy) is bounded in L?(A).

Thus, by a Poincaré type inequality, (uy —ay) is bounded in H*(A), where ay = uy. Since

|09
B
luy| =1 a.e. on 99, a, is bounded, so that uy is bounded in H'(A).

Let us € H'(A) be such that, up to some subsequence, uy, — us in H'(A). In view of (1.7),
we have /(1 — ux|?)? — 0, and thus u, € H(A; S1).

A
In the subcritical case, we identify u., using the Price lemma and the following simple

Lemma 3. Let u € H'(A;S"). Then deg(u, 0)=deg(u, dw).

Proof of Lemma 3: Differentiating the equality |u|> = 1 a.e. we find that v - u, = u-u, = 0
a.e., so that Jac u = 0 a.e. On the other hand, an integration by parts used in conjunction with
the degree formula (1.3) yields

0= /Jac u= %/u x u, = m(deg(u, 0?) — deg(u, Ow)). (3.1)

A 0A

For the convenience of the reader, we divide the remainder of the proof of Theorem 2 into five
steps.

10



Step 1. Identification of u,, and strong-H'(A) convergence in the subcritical case

By combining the Price Lemma, Proposition 2, Lemma 3, and the upper bound (1.10), we have

1 1
o > Ip > liminfmy, > liminf§/|VuAn|2 > 5/|wmy2 +2r[l — deg(um, 00|, (3.2)
A A

in the subcritical case Iy < 2m. It follows from (3.2) that deg(uws, 0Q)=deg(ts,dw) = 1, that

1
IS U € K, and Iy > §/|Vuoo|2. Recalling the definition of Iy, we find that u., minimizes

A
(1.8)-(1.9). Then it follows from (3.2) that

1 1
A A

which implies that uy, — us in H'(A).

Step 2. An improved upper bound for m
The following result is a slight improvement of the upper bound (1.10).

C
Lemma 4. There exist constants C' > 0 and g > 0, such that my < Iy — 5 for A > Xg.

Proof of Lemma 4: Let u minimize (1.8)-(1.9), then u € C*(A) [9]. Consider an arbitrary
f € C°(A;R) and set vy = (1 — f/A)u. The map vy coincides with v on 0A and thus belongs to
J. Tt is easy to observe that |Vuy|?> = (1 — f/A)?Vu|*> + |V f|>/\?, since u is S'-valued. Thus

mx < Bx(vy) = %/\Vu\Q - %/mw? _ +0<%>. (3.4)

The conclusion of Lemma 4 follows from (3.4) by choosing f such that 0 < f < |Vu|? in A and
0 < f < |Vul? in some nonempty open subset of A.

Step 3. Candidates for u., in the critical case

Lemma 5. Assume that A is critical. Then either us, minimizes (1.8)-(1.9), or u is identically
equal to a constant of modulus 1.

11



Proof of Lemma 5: We rely on the Price Lemma, Lemma 3, and the upper bound (1.7). As in
(3.2), we have

1
o = Iy > liminfms, > o / Ve |? + 271 — deg(un, D9)]. (3.5)
A

If deg(too, 0Q?)=deg(too, Ow) = 1 then, as in Step 1, we find that u, minimizes (1.8)-(1.9). On
the other hand, if deg(uy, 02)=deg(tn, Ow) # 1, then (3.5) implies that u,, must be identically
equal to a constant. Since |us| =1 a.e. on A, this constant is of modulus 1.

Step 4. Identification of u,, and strong-H'(A) convergence in the critical case

We rely on the following

Lemma 6. [26] Let (vy) be a family of solutions of the GL equation —Auvy = Avy(1 — |vx]?) in
A. Assume that [vy] < 1 and E\(vy) < C uniformly in A. Then (vy) is bounded in C2.(A). In
addition, the following pointwise estimates hold:

D
1— 2 < A )
[ua(2)]” < Gy C€ (3.6)
and
Duy(2)| < 25 se A keN (3.7)
)\ — dk(z)’ ) b M

here, d(z) =dist(z, 0A) and the constants D, Dy depend only on C.

In order to identify u., we rule out the possibility that u., is a constant. We argue by
contradiction. Let I' be a simple curve in A enclosing dw. Let U be the domain enclosed by 0f2
and I' and set V = A\ U. Integrating the pointwise inequality |Vuy|> > 2 Jac uy over U and using
the degree formula (1.3), we find that

1 1
5/’VU)\‘2 > T — 5/’&)\ X UN (38)
U

r

where T is counterclockwise oriented. Similarly, the inequality |Vuy|? > —2 Jac uy yields

1 1
§/WuA\2 > T — §/U)\ X UN 7 (39)

\% r
Thus

1
my > §/|Vu,\|2 > 2m — /u,\ X Uy ;. (3.10)
A T

12



Next we observe that u, satisfies the assumption of the Lemma 6 for every A. Indeed, any
minimizer of (1.1)-(1.2) satisfies the GL equation. Since |uy| =1 a.e. on 0A, we have |uy| <1 in
A, by the maximum principle [8]. Finally, we have E,(u,) < 27 for each .

Since us, is a constant, in view of Lemma 6, we have for large A\ that 1/2 < |u,| < 1 on
I' and deg(uy,[') = 0. Thus u, admits the representation u, = pye'?* on I' for large A. Here
1/2 < px <1 and ¢, is single-valued. Therefore, we have

/U)\ X Uy, = /piw,f = /(pi — Doas (3.11)

r r r

On the other hand, the assumption that u., is a constant and Lemma 6 imply that Vi, — 0
uniformly on I'; as A — oo. This fact in conjunction with (3.11) and the estimate (3.6) yield

1
/u,\ X Uy, = O<X>7 (3.12)
T

The equation (3.12) along with (3.10) imply that
1
my > 27 — O<X) as A — oo. (3.13)

Since the inequality (3.13) contradicts the conclusion of Lemma 4, for large A, it follows that us
is not a constant. In view of Step 3, the map u,, minimizes (1.8)-(1.9), hence u,, — u strongly
in H' (cf. Step 1).

Step 5. |uy| — 1 uniformly in A as A\ — oo

As we have, the sequence (uy) is bounded in H'(A). Moreover, if uy, — Uy weakly in H?, it
follows from Step 1 and Step 4 that uy, — us strongly in H' and ., minimizes (1.8)-(1.9) . For
such a sequence (uy, ), it remains to prove that |uy,| — 1 uniformly in A as n — oo.

Fix some a € (0,1). We have to establish the inequality

luy, (2)] > a  in A for large n. (3.14)

Recall the following

Lemma 7. [19] Let g,,g €VMO(9A; S') be such that g, — g in VMO. Let g,, g be the corre-
sponding harmonic extensions to A. Then, for each e > 0, there is some 6 = () > 0 (independent
of n) such that

G >1-c  ifdE) <o (3.15)
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Lemma 8. [8] Let v € HL(A) be such that Av € L. Then, for some C' depending only on A,
we have » )
[Vell < CllolZ2 )1 Av] . (3.16)

Set gn = Un, 940 § = Uscjpa. Since HY2(0A) cVMO(0A) and uy, — us in H'(A), we find
that g, — g in VMO. We consider a decomposition uy, = g, + vy,, where vy, € H(A) is the
solution of —Awvy, = Auy, (1 — |uy,|?). Observe that

x| < Gnl + Jua, | < 2. (3.17)

Here we rely on the inequality |uy, | < 1 and on the fact that, g, being the harmonic extension of a
map of modulus 1, itself has the modulus that does not exceed 1. Using Lemma 8 in conjunction
with (3.17) and the definition of vy, we find that

|Vouy, | < Cv2\,. (3.18)
Then
lua, (2)] < Civ/ And(2) (3.19)

for some C independent of n, since vy, = 0 on JA. Combining (3.19) with Lemma 7 we obtain
that there exist constants Cy = Cs(a) and ng = ng(a), such that

Cs
vV

Returning to the proof of (3.14), we proceed as in [8]. We argue by contradiction. Suppose that
(up to a subsequence) there are points z, € A such that |uy, (z,)] < a. In view of (3.20), we have

&
VA

lur, ()] > a  ifd(z) <

and n > ny. (3.20)

d(zn) = (3.21)

for large n.
By (3.7), given an arbitrary C3 € (0, Csy), there exists a constant Cy > 0 independent of n and

such that |Vuy, (2)| < Cyv/ A, when |z — z,| < Cs . Since |uy, (2,)| < a, we thus have

VAn
1 —|— a . Cg
flz—2z,] <
5 if |2 — z,| < W
provided we choose Cf sufficiently small. For such C'5 and for a sufficiently large n, we have

An / (1= Jux,|?)? > A\, / (1 — |uy,[})? > Cs, (3.23)

A Iy

jux, ()] <

and n is large, (3.22)
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where II,, := {2; |z — 2,,| < C5/4/\,,} and Cj is independent of n.
On the other hand, the upper bound (1.10), the strong-H' convergence uy, — Uy, together
with the fact that u., minimizes (1.8)-(1.9) yield

1
Iy > lim (§/|Vu)\n|2 n %/(1 _ |ukn|2)2) _ 10+nm%/(1 s, P (3.24)
A A A

Thus we must have \
limzn /(1 — \u,\n]Q)Q =0. (3.25)
A

For large n, the equations (3.23) and (3.25) contradict each other. Therefore, (3.14) holds and
the proof of Theorem 2 is complete.

4 Rise of vortices

Except when otherwise noted, we assume that the domain A is supercritical throughout this
section. First suppose that case (a) in Theorem 3 holds. As noted at the beginning of the proof
of Theorem 2, the family (uy) is bounded in H'(A). Thus, up to a subsequence, uy, — Us,, Where
Uso € H'(A; S1). Next suppose that case (b) in Theorem 3 holds. Consider a minimizing sequence
(uF) for a fixed A > \;. By the same argument as above, (u*) is bounded in H*(A) and, up to a
subsequence, uf" — u.,, where us, € H'(A;C). We begin by identifying .

Lemma 9. In both cases in Theorem 3 the map us is identically equal to a constant of modulus
1.

Proof of Lemma 9: Assume first case (a). By combining the Price Lemma, the upper bound
(1.7), and Lemma 3, we find that

1 1
2 > liminf§ / |Vuy, |2 > 5 / |Vt | + 27|1 — deg(us, O)). (4.1)
A A

If deg(teo, 0€2) # 1, then Vuy, = 0 a.e. and uy, has to be a constant. This constant is of modulus
1, since |us| = 1 a.e. on JA. On the other hand, if deg(us,d) = 1, then us € K and (4.1)
yields

1
2 > 5 / (Vuse|? > 1o, (4.2)
A

but in the supercritical case Iy > 2m. Thus u., is a constant of modulus 1.
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Next assume case (b). As the proof of Theorem 3 shows, m, = 27 for A > A;. The Price
Lemma implies that

21 = my = lim E)\(u*) > E)\(uso) + 7(|1 — deg(tes, 0Q)| + |1 — deg(toe, Ow))|). (4.3)

If deg(too, 02) = deg(tno, Ow) = 1, then uy € J and u. minimizes (1.1)-(1.2) by (4.3). This,
however, is impossible, since m, is not attained for A > A;. If deg(uq., 9Q2) # 1 and deg(uy, Ow) #
1, then (4.3) implies that u., has to be a constant (of modulus 1). Finally, if exactly one among
deg(too, 0§2) and deg(us, Ow) equals 1, then (4.3) combined with (1.14) yields

A
2 > 21 + 1 /(1 — |uso]?)?. (4.4)
A

Therefore, u., is a constant of modulus 1, which is in contradiction with the assumption on the
degrees of u,,. We conclude that u,, is a constant of modulus 1.

As a byproduct of the above lemma, it is easy to establish Proposition 3.

Proof of Proposition 3: Since m, is not decreasing, for each sequence A\, — oo we have

lim my = hm my, .
A—00

Assume ﬁrst that A is subcritical or critical. Consider a sequence (A,) such that uy, — us
strongly in H'(A), where ., minimizes (1.8)-(1.9). By combining the upper bound (1.10) with
the definition of I, we find that

Iy > lim my = lim B, ( /|Vuoo|2 = I. (4.5)

A—00

Thus lim m, = Iy, as claimed.

A—00

Assume next that A is supercritical. In case (b), we have my = 27 for large A and, thus, (1.11)
holds. In case (a), consider a sequence (),) such that uy, — s weakly in H'(A), where u, is a
constant of modulus 1. Using the Price lemma and the upper bound (1.7), we obtain

21 > lim my = hm E,, (uy,) > 2w, (4.6)

A—00

which yields /\lim my = 27 and (1.11) follows.

Proof of Theorem 4. Case (b): For A > A\, we consider the behavior of a minimizing sequence
(u*). For the convenience of the reader, we divide the proof into six steps.

Step 1. Decomposition of u*
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Suppose that v¥ minimizes the GL energy E, among all maps v € H'(A) such that v = u* on JA.
Clearly, (i) v* satisfies the GL equation —AvF = M*(1 — [v*|?), (ii) [v*] < 1 (by the maximum
principle), (iii) v* € J, and (iv) the sequence (v*) is still a minimizing sequence for Ej in 7, since
E\(vF) < E\(u). Set w* = u* —ov* € H}(A).

Lemma 10. We have w* — 0 in H'(A) as k — oo.

Proof of Lemma 10: In view of Lemma 9, we may assume that, up to a subsequence, u* — u
and v¥ — v weakly in H'(A), where u, v are constants of modulus 1. Since u* = v* on 9A we
have u = v and, hence, w* — 0. In fact, since this conclusion holds for every subsequence of the
original sequence, it follows that w* — 0 weakly in H'(A).

Inserting the equality u* = v*¥ + w* into the expression for Fj(u*) and using the fact that
wk — 0, we obtain

1
E\(uf) = Ex(®) + = [ [Vw*? + | Vo* - Vu + o(1). (4.7)

Furthermore,
1
3 / IVwk|? + /Vvk -Vur — 0 as k — oo, (4.8)
A A

since both (u*) and (v¥) are minimizing sequences. On the other hand, if we multiply by w* the
GL equation satisfied by v* and integrate, we find that

/Vvk - Vuwk /)\vk w1 — [o*]?)
A A

by an embedding argument. Equation (4.8) when used in conjunction with (4.9) yields
hin/ |Vw*|> = 0.
A

Since w* = 0 on A, we find that w* — 0 in H'(A) by the Poincaré’s inequality and Lemma 10
follows.

§A/|wkl—>0 as k — oo, (4.9)
A

In conclusion, modulo a small remainder wy in H'(A), we may replace a minimizing sequence
(u¥) by the minimizing sequence (v*), having two additional properties (i) and (ii). In the rest of
the proof, we will study the behavior of the sequence (v*).

Step 2. Concentration of the energy near 0A

We fix two simple curves v and I' in A, such that v encloses dw and I" encloses 7. Let U be the
domain enclosed by 092 and I', V' be the domain enclosed by v and dw and set W = A\ (UUYV).
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Lemma 11. When k — oo, we have
- =0
A
HV“kHLw(W) — 0,

|0z

kHLQ(U) — 0 and H@ZU]“HB(V) — 0,

1
§/|V1}k|2 — 7 and /Jacvk —
U U

1
5 / |Vo*|? — m and /Jacvl’C — —T.
v v

Proof of Lemma 11: We integrate the identities
1
5 ‘Vvklz = Jaco® 4+ 2 ’@ka

and ]
3 ‘Vvk|2 = —Jaco® + 2 ‘ELURF

over U and V', respectively. We find that

Eyob) = /Jacvk—/Jacsz/@m?
U Vv U

1 A
w2 [loatpa g [oop+ g [a- oy
w

% A
An integration by parts combined with the degree formula (1.3) yields,
k 1 koo ok k 1 koo ok
Jacv =m—g [V Xy and — [ Jacw =m—g [V XU
U r U 8!

for the counterclockwise orientation on v and I'.
We claim that,
Vb — 0 in CP.(A),
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as k — 0o. Then the conclusions of Lemma 11 can be obtained as follows. Using (4.17) we pass
to the limit in (4.16) and, in turn, in (4.15). Here we take into account the facts that |v*| < 1 and
lilgn E\(v*) = 2m.

It remains to establish (4.17). Since |v*| < 1, we have that |Av*| < A. Since the sequence
(v*) is bounded in H!, it follows from standard elliptic estimates [23] that (v*) is bounded in
WZP(A) for every 1 < p < oo. Furthermore, (v*) is relatively compact in C_(A) due to the
Sobolev embeddings. In view of Lemma 9, each subsequence of (v*) contains a further subsequence
converging weakly in H! to a constant map of modulus 1. It is easy to see that this property,
along with the fact that (v*) is relatively compact in CL_(A), implies (4.17). Note for further use,

that the same argument implies that [v*| — 1 in CL_(A).
Step 3. Existence of zeros

Lemma 12. There s some kg € N such that, for k > ko, the map v* has at least one zero (j, in
U, at least one zero & in'V, and no zeros in W. In addition, for every zero (' in U and &' in
V', we have dist(¢;',0Q) — 0 and dist(&,, Ow) — 0, respectively, as k — oo.

Proof of Lemma 12: Non-existence of zeros in W for large A and the last property follow from
the fact that [v*| — 1in C_(A). It remains to establish existence of zeros in U and in V for large
A

We argue by contradiction. Assume, for example, that, up to a subsequence, v* # 0 in U.
Then we claim that, for every k, there exists C}, > 0 such that C, < |[v*| < 1 in U. Since
[v¥] — 1 in CL (U), it remains to show that v* is bounded away from zero near 9. Indeed,
Lemma 7 applied to g = v*|54, g, = g, implies that there is some §; > 0 such that g(z) > 3/4 if
d(z) < &;. On the other hand, if we set w* = v* — g(z) € H}(A), then Aw* € L°(A) and thus
w® € C}(A). Therefore, there is some d, > 0 such that |w*(2)| < 1/4 if d(z) < d,. We conclude
that [v*(2)| > 1/2 if d(z) <Min(dy, d) and the claim follows.

Set yr = v*/[vF|. This map belongs to H'(U;S%), since Cp < [vF| < 1 in U. Due to
Lemma 3 we have deg(yx, I') =deg(yx, 9Q), hence deg(yx, I') = 1 since y, = v* on 9Q. Therefore
deg(vg, I') =deg(yx, ') = 1. This is impossible since, up to a subsequence, v* — v in C*(T), and
v is a constant of modulus 1. The proof of Lemma 12 is complete.

Step 4. Rescaling of v*

Recall that Vo* — 0 and [v*| — 1 in C}(I"). Thus, we can extend v*;; to € so that the extension
of satisfies | Vo]l p<@uy — 0 and 1/2 < |o¥| < 11in Q\ U for large k. Similarly, v*); has an
extension v§ to C \ @ satisfying || Vo5 ||z — 0 and 1/2 < |[v§] <1in C\ V for large k.

Let ® be a fixed conformal representation of € into ID;. It is well-known that conformal represen-
D(z) — (¢
- B(G)a(:)

tations @y of Q into D satisfying the property ®5((x) = 0 are given by ®x(z) = «
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where o € S*. Set y, = v¥ o (ID,;l. By construction, y, maps Dy into ID; and vanishes at the origin;
moreover, the trace of y; on S' has modulus 1 and degree 1 (since ®; preserves the orientation of
curves). It is easy to see that, for an appropriate choice of «, we may assume that 0,yx(0) > 0.
Similarly, we may construct a conformal representation Wy of C \ @ onto D; vanishing at &, and

such that 2, = v§ o \If,gl has the same properties as yy.

In the remaining part of the proof, we study the asymptotic properties of y, and z, and relate
these properties to the asymptotic behavior of v*. The reason we prefer to deal with y; and 2
instead of v* is a lack of strong-H' convergence: as we have already seen, up to a subsequence,
vPn — v, where v is some constant of modulus 1. In particular, (v**) is not strongly convergent
in H', since the degrees change in the limit. However, as we will establish below, 3, and 2, do
strongly converge in H'(ID;). We focus on the behavior of y;; the analysis for zj is the same.

Recall some elementary properties of the ®,.

Lemma 13. [6] For every r € (0,1), there are constants C; = C;(r) independent of k and such
that:

(i) ®.'(D,) C {z € Q; |z — G| < Cid($, Q) and d(z,0Q) > Cod(Cr, ON)};

(i) |VO,. | < Cad(Cr, 09) in D).

For each Ry, Ry > 0, there is an r € (0, 1) independent of k such that

(111) Pr.({z € Q; |z — G| < Rid(Cr, 02) and d(z, 02) > Rad((x, 0N)}) C D).

Lemma 14. We have y; — id and z;, — id strongly in H'(Dy) and in C} _(Dy).

Proof of Lemma 14: Since the Dirichlet integral is conformally invariant, using Lemma 11 we

have
/|Vyk\2 :/mﬂ?:/wm / Vo2 = 27 4 o1). (4.18)
Dy Q U oU
as k — co. Similarly
/ (Yl = 2 Jac ) = o(1), (4.19)
Dy

as k — 00.
The fact that |yx| < 1, combined with (4.18) implies that (y;) is bounded in H'(D;). Let
y € H'(D) be such that, up to a subsequence, y;, — 3. Then |y| =1 a.e. on S'.

Since the map u — [(|]Vu|*> — 2Jacu) is convex and continuous for u € H*(D;) (and, thus,
Dy
weakly l.s.c.), equation (4.19) and the fact that y,, — y imply

/(|Vy|2 —2Jac y) = 4/ |0zy|*> < 0. (4.20)
Dy

D1
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Thus dsy = 0 a.e. in Dy, that is s y is holomorphic in ;. Set g =y € HY?(S'; S1), whose Fourier

expansion is of the form g = Z @™ Then deg g = Z l|a;]* (when g is smooth, this equation is
1=0 1=0

equivalent to the degree formula (1.3); the same equality still holds for a general g € H'/?(S*; S')

[13]). On the other hand, since y is holomorphic, it is the harmonic extension of g, hence

/|Vy]2 = 27TZl|al\2 =21 deg g < 2m, (4.21)
1=0

where the last inequality follows from (4.18). Therefore, either deg g = 0 and y is a constant of
modulus 1 or deg g = 1.
First, we rule out the possibility that y is a constant. For a large k, the set

My ={z€Q; |z — | < CLd(C, Q) and d(z, Q) > Cod(C, 02)}

is contained in U and thus |[Avf| = Av*(1 — [v*]?)] < X in M. Using Lemma 13 (ii) and Lemma
12, we find that

1
|Ayg| = §|V(I>,;1|2|(Avlf) 0®. ' —0 uniformly in D, as k — oo. (4.22)

Since (yx) is bounded in H', it follows from standard elliptic estimates that (yj) is relatively
compact in C, (D). In particular, y;, — y uniformly in Dy /5. Recalling that y;(0) = 0, we find
that y(0) = 0, that is, y cannot be a constant of modulus 1
Next, we identify y. Lemma 7 applied to g, = ¢ implies that |y(z)| — 1 uniformly as |z| — 1.
We recall that a holomorphic map y in D satisfying |y(z)| — 1 uniformly as |z| — 1 is a Blaschke
d

product, i.e., y(z) = | | f Y for some a € ' and ay,...,ag € D [20]. Here d is the degree
—ajz
j=1 J

of yjs1. In our case d = 1 and y(0) = 0, thus y = «id with o € S*. Since 9.yx(0) > 0, we have
a = 0,y(0) > 0, hence a =1 and y = id.
The uniqueness of the weak limit implies that 3, — id in H'. Formula (4.18) combined with

the fact that / |V id|* = 27 yields y, — id in H'. Further, since the sequence (i) is relatively

compact in Cl (D), it follows that y — id in C (D).

loc

Step 5. Holomorphic (anti-holomorphic) behavior of v* near 9Q (dw)

As an immediate consequence of Lemma 14, we obtain the following

Lemma 15. We have v¥ — &, — 0 in L3 _(A\ 0w) and v* — ¥}, — 0 in L2 (A\ 09).
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Proof of Lemma 15: We prove the first assertion. Fix a compact K C A\ dw. Since the curves
~v and I' introduced in Step 2 are arbitrary, we have, thanks to Lemma 11,

/ Vor2 — 0 as k — oo. (4.23)

K\U

On the other hand, Lemma 13 (i) and the fact that d(x, 02) — 0 imply that & (K \U) C D\D,,

for some sequence r;, — 1. The conformal invariance of the Dirichlet integral yields

/ V|2 = / |V id|* < / |V id|* — 0 as k — oo. (4.24)

K\U @ (K\U) D\D,.,

Finally,

/ |V, — VoF|? < /|v<1>k—wk|2 = / |V id — Vy|* — 0 as k — oo, (4.25)

KnU U o, (U)

by Lemma 14 and the conformal invariance. The conclusion of Lemma 15 follows by combining
the estimates (4.23)-(4.25).

Step 6. Uniqueness of zeros of v* and their degrees of for large k.

We argue by contradiction and assume that, possibly up to a subsequence, v¥ has two distinct
zeros ( and (;, in U. Without loss of generality, we may further assume that

(G, 09) > d(Ce, O). (4.26)

Let &, and Cf};c be the corresponding conformal representations. Given any r € (0, 1), we claim that
~_1 ——

o, (D) NP, (D,) = 0 for a sufficiently large k. Indeed, suppose that z € ®,'(D,) N Py, 1(DT)

and let C be as defined in Lemma 13. We have

by Lemma 13 (i) and, therefore

G — Gl < 2C1d(&, D). (4.28)
Equations (4.26) and (4.28), along with Lemma 13 (iii) imply the existence of some fixed p € (0,1)
such that ®,((;) € D, for every kK € N. However, this is impossible for large &, since on the one
hand g, = v* o @' — id in C'(D,) (and thus, for large k, yyp, is into), while on the other hand
Yk (Pr(Ck)) = yp(Pr(¢x)) = 0 for each k. The claim is proved.
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Now fix 7 € (1/4/2,1) so that /|V id|* = 27r* > 7. Setting 7 = v¥ o C/};_/l, we obtain from

D
Lemma 14 that

1 1 1 1 -
s [1vee=g [ wer =g [owe g 1957 - 2 (4.29)
U D, D,

o, (D,)UP, (D)

as k — oo. Given our choice of r, equation (4.29) contradicts equation (4.13) thus proving the
uniqueness of (.

Next, we determine, for large k, the degree of v* around (. Since y, — id strongly in C,
and yx(0) = 0, it follows for large k that y; has a zero of degree 1 at the origin. Since the
diffeomorphism ®,, is orientation preserving, we find that v* has a zero of degree 1 at ¢ for large
k. Similarly, v* has a zero of degree —1 at &, for large k.

Proof of Theorem 4. Case (a): Our purpose is to describe the behavior of a family (u,) of
minimizers of (1.1)-(1.2) as A — oo. The proof follows essentially the same lines as the one in case
(b). We point out the changes that have to be made.

Step 1 is not needed here, since the minimizers already satisfy the GL equation and the property
|uy| < 1. The equations

)\/ (1— [ur?)* — 0, (4.30)

A
IVl oo gy = 0, (4.31)
||35U>\||L2(U) — 0 and ||azu>\||L2(V) — 0, (4.32)
1 2
5 |Vuy|* — 7 and Jacuy — m, (4.33)
U U
1
3 / |Vuy|* — 7 and /Jacu,\ — —T. (4.34)
v 1%

correspond to (4.10)-(4.14) in Step 2. However, while (4.10)-(4.14) were obtained via (4.17), the
estimate (3.12) has to be used in case (a). Note that, although we established (3.12) in the critical
case, the only assumption that needed there was that all possible weak-H' limits of sequences
(uy,) are constants. Hence (3.12) is still valid in the present context.

Using the same proof as in Step 3 in case (b), we find for large A that u, has zeros () and &,
in U and in V, respectively. Moreover,
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Lemma 16. We have that \'/2d((y, 0Q) — 0 and \/2d(€y, 0w) — 0 as A — oo.

Proof of Lemma 16: We establish the first assertion. By (3.7), we have for some constant C
independent of large A\ that

C 1
<« Y — Gl <= . .
Vuy(2)] < ) it |z—-0| < Qd(C)\,ﬁQ) (4.35)
Thus, choosing ¢\ = %Min{l, 1/C}d(Cy, 092), we have D, (()) C A and |uy| < 1/2 in D, ()).

Therefore,

2
dfa-tmPrza [oa- ez

A Dc)\ (Cz\)

The conclusion of Lemma 16 follows by combining (4.30) with (4.36).

(4.36)

Next, we consider the rescaled maps yy = uy o CI>;1 and z), = uy o \If/(l, where ®, and V¥, are
suitable conformal representations vanishing at ¢, and &), respectively. Step 4 works using the
same proof as before except when establishing the analog of (4.22), which is

|IAyy| — 0 in C.(D). (4.37)
The argument that leads to (4.37) is as follows. Let r € (0,1) be given. By combining Lemma 13

(i) and (ii) with Lemma 16, we have

1 _ _
1AM ey = SIVELPI(Aw) © O | 101, < C5AA* (G2, 02) — 0, (4.38)

—1
A

as A — 00.
Finally, Steps 5 and 6 are the same, and no changes are needed in the proof.
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