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Abstract
Let Q c B2 be a smooth bounded simply connected domain. We consider the simplified Ginzburg-
Landau energy E.(u) = %/ IVuI2 + 4—;/0(1 — |u|2)2, where u : QQ — C. We prescribe |u| =1 and
deg (u,0Q) = 1. In this setting, there are no minimizers of E.. Using a mountain pass approach,

we obtain existence of critical points of E. for large €. Our analysis relies on Wente estimates and
on the study of bubbling phenomena for Palais-Smale sequences.

1 Introduction

We consider a smooth bounded simply connected domain Q c R? and set I' = 0Q. Let
& ={ue HY(Q;0); tr u| =1}.

Here, tr u denotes the trace of u onI'. If u € & and we let g =tr u, then ge H 2(T:s1) and therefore
we may define the winding number (degree) of g [15, Appendix], denoted by deg (u,T) or deg (g,I').}
In particular, for d € N* we may define the class

8aq ={ue H(Q;C); Itr ul=1onT,deg (u,I)=d}.

For € € (0,00], we consider the simplified Ginzburg-Landau energy

1 2 1 2\2
Es(u)ZE/QWW +@/Q(1—|u| ).
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Our paper is devoted to the existence of critical points of E. in &4, with special focus on the case d = 1.

Boundary condition [tru| = 1 can be regarded as a relaxation of the S'-valued Dirichlet boundary
condition. This latter condition was considered in detail in the classical work [11], where the asymp-
totic behavior of critical points of E. was studied in the limit € — 0. It was shown, in particular, that
zeroes (vortices) of critical points are distant from the boundary, i.e., boundary “repels” vortices. The
Ginzburg-Landau equation with the Neumann boundary condition presents another extremal effect —
“vortices flow through the boundary outside the domain”, more precisely, there are no stable (global)
minimizers with vortices [40]. The semi-stiff boundary conditions were introduced and studied in
[10], [6], [9]. These conditions are intermediate between the Dirichlet and Neumann conditions in
the following sense: the Dirichlet condition |u| =1 is assumed for the modulus and the Neumann one
for the phase of u on the boundary.

In order to obtain nontrivial (nonconstant) critical points one can prescribe nonzero degree on
the boundary. Note that the topological degree is continuous with respect to the strong convergence
in H1(Q;C) and one can show that the sets &; are the connected components of & (in the topology
inherited from H'(Q;C)). Thus minimizers of E, in &; (if they exist) are local minimizers in &.

A first natural issue is existence of minimizers of E. in &;. When € = oo, it is easy to see that the
minimizers of E, in &7 are precisely the conformal representations of {2 into the unit disc D; it is
also possible to characterize the minimizers E, in &; for d = 2 (Corollary 3.2). When € < oo, E, does
not attain its minimum in &; unless d = 0 (Lemma 3.4). This contrasts with the case of thin doubly
connected domains, in which minimizers of E, with prescribed degrees one and one do exist [28], [6].2

Next natural question is existence of critical points. Our main result is the following.

1.1 Theorem. There exists some €y > 0 such that, for € > g, E . has critical points in &.

The interesting features of existence/nonexistence of critical points were observed in [10]. Next a
nontrivial result on the existence of critical points for the Ginzburg-Landau functional with semi-stiff
boundary conditions was obtained in [28] for annuli by minimization of E,. with prescribed degrees
d on both connected component of the boundary. This result (in the case d = 1) was improved and
extended in [6] to general doubly connected domains. The existence/nonexistence study for doubly
connected domains was completed in [4]. Works [6] and [4] show that the existence of minimizers
crucially depends on the upper energy bound obtained by minimizing the Dirichlet energy among
Sl-valued maps.? Namely, if this bound does not exceed a certain threshold then minimizers exist
for all €, otherwise they exist for large € and do not exist for small €. It can be conjectured on the
basis of aforementioned works that global minimizers with prescribed degrees either do not exist
or, if they exist, have no zeroes (vortices). However, in [9] it was shown that critical points with
zeroes (vortices) do exist (for small ¢) for all prescribed degrees on components of a doubly connected
domain. The method in [9] makes use of nontrivial topological structure of energy sublevel sets
in the case of doubly connected domain, and critical points found in [9] are local minimizers. This
approach extends to general multiply connected domains [23], but cannot be applied to find critical
points in simply connected domains. An important tool in the construction of [9] is the approximate
bulk degree functional, introduced in that work for doubly connected domains. The latter notion can
be generalized to multiply connected domains [23]; however, it does not have an analogue for simply
connected domains.

The techniques developed in the works cited above for semi-stiff boundary conditions do not lead
to (locally or globally) minimizing solutions in simply connected domains. Thus a natural question

2A well-known similar situation occurs for the equation —Au = u*2/"=2 jn ) c R” with n = 3, where a non trivial
topology leads to the existence of critical points [22], [3].
3In turn, this bound can be explicitly expressed in terms of the H!-capacity of the domain.



arises: can one find minimax (saddle) critical points for semi-stiff boundary conditions? This question
motivated the present work.

By contrast with the above references and especially [9], our approach is not based on the direct
method: in Theorem 1.1, critical points are minimax type ones; their existence is obtained via the
Mountain Pass Theorem of Ambrosetti and Rabinowitz [1] combined with an asymptotic analysis of
the Palais-Smale sequences. This analysis is rather delicate, since our problem is non compact. Non
compact problems have been broadly considered in the PDE literature for more then three decades.
They include nonlinear problems with critical growth (in particular, the celebrated Yamabe problem),
three body problem, Yang-Mills equations, harmonic map problem etc. (see e.g. the references in
[16]). In non compact problems, analysis of Palais-Smale sequences and the validity of the (PS).
(Palais-Smale condition at the energy level ¢) condition of Brezis, Coron and Nirenberg [18] play a
crucial role. This analysis is also at the heart of the proof of Theorem 1.1.

After our work was completed, our analysis for large € was complemented in [32] by several exis-
tence results for small €. The main results in [32] assert that, for small ¢, E. has critical points with
prescribed degree one provided:

1. Either Q is close (in a suitable sense) to a disc.
2. Or Q is a generic (in a suitable sense) simply connected domain.

Unlike the methods we develop here, the approach in [32] relies on inverse function techniques, in
the spirit of the construction of critical points of E, with Dirichlet boundary condition performed by
Pacard and Riviere [36]. However, the two approaches have something in common: they are restricted
to the prescribed degree one. The proof in the present paper is based on a contradiction argument
which works only for relatively small energies (less than 27); this is why we consider here only the
case of degree one. More specifically, the argument goes as follows. We first establish existence of a
mountain pass geometry for the energy functional E, for an appropriate choice of the function space.
Using the Mountain Pass Theorem [1], this leads to the existence of sequences of almost critical
points of E.. The key point is then to prove the following compactness result: any possible weak limit
u of such a sequence still has degree one.* The above compactness is obtained by contradiction. To
be more precise, we prove that, up to a subsequence, a non compact sequence (u,) has exactly one
vortex approaching the boundary and that the energy E.(u,) asymptotically splits into the sum of
two terms: the first one equals 7 and corresponds to the energy concentrated near the vortex, while
the second term is E.(u) (the energy of the weak limit u of the sequence). When the energies of the
u,’s are asymptotically below the critical value 27, the weak limit u turns out to be a critical point of
E. whose energy lies in the interval (0,7). We complete the proof by proving that there is no such a
critical point minimizing the functional with respect to its own boundary conditions.

This approach however cannot be directly applied for finding critical points with degrees greater
than one; this remains an interesting open problem.

Our paper is organized as follows. In Section 2, we recall the existence and the basic properties
of the boundary degree for maps in &, as well as some applications of the Wente estimates, which
are crucial in the analysis of the Palais-Smale sequences. In Section 3, we prove the (non)existence
of minimizers of E.. The basic objects involved in this analysis are the Blaschke products, that play
a crucial role in what follows. Section 4 gives the structure of maps close (in a suitable sense) to
Moebius transforms, and more generally to Blaschke products. The results in Section 4 are used in
Section 5 for establishing a mountain pass geometry (in a suitable functional setting). In Section 5,
we rely on the Mountain Pass Theorem in order to obtain sequences of almost critical points of E. and
an almost critical level ¢ > 7. In Section 6 we prove Theorem 1.1. The rather simple proof requires

4Such a limit is a critical point of E, with degree one.



both € large and ¢ < 27. Once the existence of critical points is established, we determine in Section 7
their behavior as € — co. We next turn to the task of generalizing Theorem 1.1 to a larger range of €’s.
This relies on a careful analysis of the Palais-Smale sequences. Although Theorem 1.1 is about degree
1 and simply connected domains, we found interesting to present in Sections 8 and 9 the analysis of
the Palais-Smale sequences when the boundary degree is arbitrary and the domain is allowed to
be multiply connected.? We next rely on this analysis in order to obtain a slight generalization of
Theorem 1.1; see Theorem 8.14. In Section 9, we present an application of the bubbling analysis in
multiply connected domains. More specifically we obtain, in thick circular annuli and for large ¢,
existence of critical points with prescribed degrees one and zero (Theorem 9.6).
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2 Functional setting

We start by specifying some notation used throughout the paper.
1. D, respectively S!, denote the unit disc, respectively the unit circle. More generally, we will

denote {z € C; |z| < r}, respectively {z € C; |z| = r}, by D,, respectively C,.

2. w and Q will usually denote smooth open subsets of RZ.

0
3. When o c R? is smooth, 3 stands for the tangential differentiation on dw endowed with its
T

natural orientation (counterclockwise on the outer boundary of w, clockwise on the inner com-

0
ponents of dw). The notation Y stands for the differentiation with respect to the outward
%

normal.

5If we specialize to simply connected domains, some of our arguments can be substantially simplified. See e.g. Lemma
2.24 and Remark 2.25.



4. If w c R? is a smooth bounded open set and if g € L1(dw;C), then we let u(g) denote the harmonic

Au(g)=0 inw

extension of g, i.e., u(g) € Wh(w) satisfies { . If in addition g € H2(0w;C),

tr u(g)=0 on odw
then we define a semi-norm in H2 via the formula

1
8l =5 / IVu(g)l?. (2.1)
w

As well-known, this semi-norm is equivalent to the standard (Gagliardo) semi-norm
1/2

(x) - g(y)|?
gH(/a B dsids,| . geH™0w0)f
(] (]

5. A stands for the vector product of complex numbers: (a1+1a2)A(b1+1b2) =a1bs—agbi. Similarly,
the notation u A Vv, with u and v complex-valued functions, stands for the vector-field u1Vuvg —
uzvvl.

6. If u e Cl(w;C), u = uq +1ug, then Jac u = Vui AVug =0,u A Oyu is the Jacobian determinant of
u. When o is smooth bounded and u € C1(w), we note the integration by parts formula

1 0
/Jacu:—/ un 2. (2.2)
w 2 ow ot

Formula (2.2) extends to H! maps; see Lemma 2.3.

7. If (a,b) € R2, then (a,b)* = (-b,a). With complex notation, z+ = 1z. In the same vein, for
functions f = f(x,y), we let V- f = (=0yf,0xf).

8. With the above notation, we have Jac (f,g) = -Vf-V'g.

9. - stands for the real scalar product. E.g., we have (a1 +1tag)-(b1+1bg) = ai1b1 +agbs, and if
u=ui+1iug and v =vq +1vg are complex vectors, then u-v=u7-vy+usg-vs.

10. Several function spaces will appear frequently:

a) &={uec HYQ;C); |tr u| =1}. If, in addition, Q is simply connected and d € Z, then &; = {u €
&;deg (u,0Q) =d}.
b) When Q =D, the two above spaces are denoted ¥, respectively ¥;.
c) We let # = HY2(S1;S) and #,; = {g € #; deg g =d}.
We next turn to the description of a functional setting adapted to the study of critical points.

IfgeH 1/ 2(S1;C), then the semi-norm |g| 12 is easily expressed in terms of Fourier coefficients: if
we write g = Y a,e™, then

g2 =Y Inllanl. (2.3)

As noticed first by Boutet de Monvel and Gabber [15, Appendix], a map g € HY3(S;S!) has a
well-defined winding number (degree), denoted deg (g,S'), or simply deg g. This degree is defined as

6When w is simply connected, this equivalence is already implicit in Gagliardo’s paper on trace theory [25].



follows. On the one hand, C®°(S!;S) is dense in HY2(S1;S1) [15, Appendix].” On the other hand, if
we write in Fourier series a smooth circle-valued map g as g =) a .e™?  then

deg g=) nla,l* (2.4)

Via (2.3), we easily obtain that the degree of smooth maps is continuous with respect to the H?2
convergence. This implies that the right side of (2.4) is an integer for each map g € HY2(S!;S1); this
integer is the degree of g.

When S! is replaced by a smooth simple closed planar curve T, the degree of a map g € HY2(I';S1)
can be defined using the above procedure: we first establish density of C°(I';S?!) into HY2(I';S1),
next prove continuity of the degree of smooth maps for H2 convergence. An alternative equivalent
approach is the following. Let Q be the domain enclosed by the curve I'. We fix some conformal rep-
resentation ® € C°(Q;D). Let ¥ = ®Or:I'— sl.Ifge HY2(T';S1), then we have go¥le HY2(st s
and thus we may set

deg (g,T)=deg (go ¥~ 1,S1). (2.5)

Formula (2.5) reduces the study of degree to the case where I' = S! and Q = D. Existence of the
degree suffices to describe the functional setting we need. However, in subsequent sections we will
use further properties of the degree. For the convenience of the reader, these properties are recalled
below. The results we present are well-known to the experts but difficult to find in the literature. We
follow mainly unpublished lecture notes of a graduate course of H. Brezis at Paris 6. Some of the
results in this section are also presented in [15, 20, 21, 14, 19]. Proofs of Lemmas 2.1-2.3 and 2.5-2.8
are part of Ginzburg-Landau folklore, but most of them unavailable; see however [37, p. 37—41] for
some proofs.

2.1 Lemma. 1. C®(T;S!) is dense in HV%(T';SY).

2. The degree of HY2(I'; S') maps is continuous with respect to the strong HY2-convergence.

3. The degree of HY2(T';S') maps is not continuous with respect to the weak HY?-convergence.

Proof. The first two items rephrase the beginning of this section. For the third one, we let ' =S and

proceed as follows: let g,(z) = 12 ¢ ,z€S! a€(0,1). Then g, — -1 as a — 1 and deg g, =1, but
deg (-1)=0. O

The lack of continuity of the degree with respect to weak convergence makes the minimization of
E. in &4 non trivial.

We continue with a result relating the degree of H2 maps to the more familiar degree of contin-
uous maps.

2.2 Lemma. Let u € HY(D;C) N C(D;C). Assume that 0 < ¢ < |u| < C < oo in a neighborhood of S' and
that |tr u| = 1. Then, for r close to 1, we have

deg (tr u,Sl) =deg (u,C,) =deg (u/|lu|,C;). (2.6)

In the remaining part of this section, unless otherwise stated, (2 is a smooth bounded simply
connected domain and I' = 0Q).

We continue with two useful formulas giving the degree. The first one is merely an interpretation
of (2.4).

"The point here is not density of smooth maps, but density of smooth circle-valued maps.
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2.3 Lemma. Let g € HY2(I';S!) and let u € HY(Q;C) be such that tr u = g. Then

1 /og 1 0g
d I -1 - A2 2.7
6 8= o <61’g>H—1/2,H1/2 27 rg ot 2.7)
and
1
deg g = —/ Jac u. (2.8)
T Ja

The second equality in (2.7) is valid only when g is sufficiently smooth, say g € C!. In this paper,
we often use this equality, but the integral has to be understood in the sense of the HY2 — H~12
duality.

2.4 Corollary. Let u € H(Q;C).

1. If lu| =1 o0n 0L, then

/ IVuI2 = 27| deg (tr u,0Q)|. (2.9)
Q

2. If lul = p>0on 0Q, then

/ IVu|? = 27p%| deg (tr u,0Q)|. (2.10)
Q

Proof. The first conclusion above is obtained by combining (2.8) with the pointwise inequality 2|Jac u| <
zlp, ifl|zl<p

|Vu|2. The second one is obtained by applying (2.9) to ®(x), where ®(z) = ] .
z/lz|, ifl|z|>p

As one may expect, the degree of H2 maps inherits some well-known properties of the degree of
continuous maps.
2.5 Lemma. deg is locally constant in HY2(I'; S1).
2.6 Lemma. Let g,h € HY2(T';SY). Then the following hold.

1. If g is continuous, then the degree of g in the sense HY2 maps is the same as the degree of g in the
sense of continuous maps.

2. deg (gh)=deg g +deg h.
3. deg (g/h) =deg g —deg h.

4. deg g =0 <= g =e" for some v € H2(T';R).
More generally, deg g =d <> g = goe'V for some v € H'2(I';R) and a fixed smooth reference map
20 € C(T';SY) of degree d.

Item 4. above gives a first characterization of maps with zero degree. Further characterization
are related to the existence of circle-valued extensions.



2.7 Lemma. 1. Let u € HY(Q;C) be such that essinf |u| > 0. Then we may write u = pe'?, where
p = lul € HY(Q;R) and ¢ € H(Q;R).

2. Let g« HV2(I';SY). Then

deg g=0 < g=tr u for some uc H'(Q;S")
< g =tr u for some u € HY(Q;C) such that essinf |u|> 0.

3. Let g € HY2(I';SY) be such that deg g = 0. Write g = eV, with w € HV2(I';R) and define H;(Q;gl) =
{ue Hl(Q;C); lu| =1 and tr u = g}. Then we have

1lio.qly— . 1. —
H (Q;SY) ={e"’; e H(Q;R) and tr ¢ =y}.
Similarly, for C >0 we have the equality

{u e HY(Q;C); essinf |u| = C, tr u = gt={pe'?;p,p¢€ HYQ;R), tr ¢ =,essinf p = C}.

Let us also note that, if we may write u = pe'” for some ¢ € H! and for some p € H' nL* such that
essinf p >0, then we have the identities

1
Vul® = Vo2 +p2|Ve® and V= (%) AV (%) = uAvu. (2.11)

Like for continuous maps, in a multiply connected domain w a circle-valued H' map u need not have
a global phase ¢ as in Lemma 2.7. However, as a consequence of Lemma 2.7 1, if essinf |u| > 0 then
we may locally write

u=pe'?, with p = |u| and such that (2.11) holds. (2.12)

In particular, Vg is globally defined. Global existence of ¢ itself is governed by the next result, which
is the H'-counterpart of a well-known property of continuous circle-valued maps.

2.8 Lemma. Let w c R? be a smooth bounded domain. Let u € H (w;C) be such that essinf |u| > 0.
Then

u=lule'”, with ¢ € HY(w;R) < deg (%,y) =0, Vy component of dw.
u

2.9 Corollary. Let w < R? be a smooth bounded domain. Let u; € HY(w;C), j € [1,2], be such that 0 <

u u
essinf |u | < esssup |uj| <oo, j€[1,2]. Assume that deg (ﬁ,y) =deg (—2,)/), for each component
ui

lual
Y of dw.

. ug
Then we may write ug = uine'?, where n=|—

ui

€ HY(w;R) and ¢ € H'(w;R).

By Lemma 2.1, the class &; (and in particular ¥;) is closed with respect to strong H! convergence,
but is not closed with respect to the weak H! convergence. However, we do have weak closedness in
absence of vortices, as explained in the next couple of results.

Let w c R? be smooth and bounded. Let T’ i, J €[1,k], be the components of dw. Consider, for A >0,
the class #M :={u e Hl(w;C); lu| = A}. For u € M, et d(u) € Z*, d;(u) :=deg (u/|ul,I')).

8



2.10 Lemma. Let (u,) c #M be such that u, — u weakly in H'. Then, for large n, we have d(u,) =
d(uw).
In particular, for every d € 7, the class

AV = {ue 7V;dw) = d}

is weakly closed.

Proof. The above lemma follows essentially from the results of White on the existence of homotopical
invariants [43], but we present below a simple direct proof.

u
It is straightforward that, if u, — u, then | nl — ﬁ Therefore, we may assume that all the maps
u u
are circle-valued. "

Let f € C*°(w). Then we have the identity [6, (2.2)]

Oou, of ou, Of Oun)
2 J = AN—+ —u, A ——u, AN—|. 2.13
/wf ac un awfun P /w(ay Un ox ox Un 6_’)/ ( )

Since u,, is circle-valued, we have Jac u, =0 [19]. Combining this fact with (2.7) we find that, if f is
such that f =1onT; and f =0 on 0w \T';, then (2.13) becomes

1 [(0f  ou, of aun)
d I')=+— — Uy N—— — Uy N — 2.14
eg (un, ]) o /w (ay Un ox o Un ay s ( )

where, according to the orientation of I';, the minus sign corresponds to the outer component of dw,
and the plus sign corresponds to all other components of dw. We conclude via the fact that the right-
hand side of (2.14) is continuous with respect to the weak H! convergence of uniformly bounded
maps. O

By combining Lemma 2.10 with Corollary 2.9 and with (2.11), we obtain the following straightfor-
ward consequence, whose proof is left to the reader.

2.11 Lemma. Let w be as above. Let (u,) c AW satisfy u, — u and |u,| < A.
Then, for large n, we may write u, = un,e'¥», with A/N<n, <AAandn, —1, v, —0in Hl(w;R).

The next result is essentially due to Brezis and Nirenberg [21, Theorem A3.2].

2.12 Lemma. Let u EHl(Q;C) satisfy Au € L* and |tr u|=1. Then
lim |u(z)| =1. (2.15)

z—0Q)

Proof. When Au = 0, (2.15) follows by combining [21, Theorem A3.2] with the embedding HY2(T') —
VMO.

In the general case, we write u = v + w, with v harmonic and tr w = 0. Then w € C°(Q) and thus
Zlirglgw(z) = 0. We conclude via the fact that zli%nQ lv(z)| = 1. O

We will also need the following version of Lemma 2.12.

2.13 Lemma. Let uj,u € HY(Q;C) be such that |tr ujl=L u;—uin H! and |Aujl <C. Then

lujl — lu|l uniformlyin Q. (2.16)



Proof. By standard interior estimates [27, Theorem 9.11, p. 235], we have u; — u uniformly on
compact subsets of Q.

In order to describe the boundary behavior of u j, write, as in the previous lemma, u; =v;+w; and
u =v +w. The proof of [21, Theorem A3.2] gives the following uniform convergence:

lim inf|v;(z)| = 1. 2.17)

2—0Q j

On the other hand, w; — w in W2P(Q), Vp € (1,00), by standard elliptic estimates [27, Theorem 9.15,
p. 241], and thus w; — w uniformly in Q.
We conclude by combining this uniform convergence with (2.17). O

We next return to our initial problem of finding critical points of E. in &; and transfer it from
Q to D. To this end we consider a fixed conformal representation ® : Q@ — D. Let w =dJac ® ¢

_ 1
C*(D;(0,+00)) and set f = —w. We associate to @ and ¢ the energy
€

1 1
Fpw =3 / 'V“'2+z / Bl —ul®)?, (2.18)
D D

and to & and &y the classes ¢ = {u € HY(D;C); |tr u| = 1}, respectively
Gy ={u € H\(D;C); |tr ul=1,deg (u,S") =d}. (2.19)

In view of the conformal invariance of the Dirichlet integral, it is easy to see that finding critical
points (or minimizers) of E, in &y is equivalent to finding critical points (or minimizers) of Fg in %;.
It will be convenient to consider the energy Fy for more general weights. In what follows, we always
assume that

B is non negative and essentially bounded. (2.20)

We continue with a brief discussion concerning the critical points of Fz (with respect to the pre-
scribed degree boundary condition, but this is implicitly assumed and will not be specified).

2.14 Definition. By a critical point of Fg we mean a solution of

-Au = Bful-lu? inD

[tr u] = 1 on St
/(u/\Vu)-V( =0 V(e HYD) - (2.21)
’ degw,SY) = d

The above definition is motivated by the fact that (2.21) consists of the Euler-Lagrange equations
obtained by variations of u with compact support in D and by variations of the type ue'/, where
f € C°(D;R).

We warn the reader that there is another natural notion of critical point of Fg, when g =tr u is
prescribed. In this case, u satisfies

p— — 2 1
{—Au = pu@—Iul®) inD (2.22)

u = g onS! -

A solution of (2.22) will be referred to as a critical point of Fg with respect to its own Dirichlet
boundary condition.
Problems (2.21) and (2.22) transpose steadily to multiply connected domains.
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2.15 Lemma. Let u belong to 44. Then u is a critical point of Fig if and only if u € W2P(D), Vp €[1,00),
and

-Au = Pul- |u|2) inD
ltr u| = 1 on St
ou 1 - (2.23)
un— = 0 onS
v
deg (u,S") = d

In addition, if  is smooth, then so is u.

Proof. Follow the argument in [5, Lemma 4.4]. O

2.16 Remark. Let us comment the condition u A 0u/0v =0 on S!. Since u belongs to WP, p < 0o, we
have u € C1(D). Given some point z € S!, we may write, locally near z, u in the form u = pe*?, and
then the conditions |u| =1 and u A du/dv = 0 read, locally near z:

9
p=1and 2 -0, (2.24)
ov

We also note the that (2.24) holds for critical points of the original energy, E., in Q2.
For further use, let us mention the maximum principle, essentially established in [11].

2.17 Lemma. Let u € 4 be a critical point of Fg with respect to its own boundary condition g €
Hl/z(Sl;Sl). Then |lu|<1in D.

In our analysis we also rely on the following Price Lemma [6, Lemma 1].
2.18 Lemma. Let w c R? be smooth and bounded. Let T j» J € [1,k], be the components of 0X). Let
(u,) € HY(w;C) satisfy: u, — u in HY(w), |tr u,| =1, deg (un,I'j)=d;. Let p€ L>®(w). Then

k
limianﬁ(un)zFﬁ(u)+nZ |dj —deg (u,I';)|. (2.25)
=1

We complete this section by recalling one of the important tools in our proofs, the Wente estimates
[42] in the sharp form of Bethuel and Ghidaglia [12], and some of their applications.
In the remaining part of this section, w c R? is assumed to be smooth and bounded.

2.19 Lemma. Let f € Hy(w;R) and g,h € H'(w;R). Let u € W)™ (w) be the solution of Au = Jac (g,h).
Then:

1. We have u € C(w)n HYw) and

lullze < 21VgIlL2lIVAILe, (2.26)
IVulze < V2IVgllL2l VA 2. (2.27)

In particular, the map
[HYD;R)I% 3 (g,h) — u e C(@)NnH(w)

1S continuous.

11



2. We have

/fJac (g,h)‘ < V2IVFl 2Vl 2 VAl 2. (2.28)

2.20 Lemma. Let
H:={h € H(w;R); Ak = 0}. (2.29)

Let f EHé(w;IR), g€ HY (w;R) and h e H. Then

/fvg-Vh sCIVFlL2IVElL VA 2. (2.30)
w

Proof. We start with the simpler case where w is simply connected. If 4 € H, let 2™ denote the

harmonic conjugate of 4, normalized by / h* =0. Recall the identity
0w

Jac (g,h):=-Vg-V*h.S8 (2.31)

Using (2.31) and the fact that VA* = VA, we have /ng -Vh = - / fdJac (g,h™). By this equality
w w

and (2.28), we obtain (2.30) with C(w) = v/2.
We next turn to a multiply connected domain. Let wj, j € [1,k], be the bounded components of

1
R?\@. Fix a; € w; and let X (x) := Py (VIn(x — aj))i. Note that each X is closed. Let X :=(Vh)!. By
n

a standard mean value argument, we may find curves I'; c w, j € [1,%], such that the following hold:
1. T'; is homotopic in w to dwj.g

/X-T
r.

J

2. <C|Vhle.

Let cj:= / X-tandsetY :=X -3} ;c;X;. By construction, the vector field Y is closed, and satisfies
Lj

IYlz2 < ClIVh];2 and / Y -t1=0, ‘v’j.lo Since the I';’s span the homotopy group 71(w), this implies
L

that / Y -7 =0 for each smooth closed curve I' c w. Thus we may write Y = Vu for some u, and it is

r
easy to see that |Vul;2 < C||VA| ;2. Using (2.28), we find that

/wng-Vh' =

Recall that, given a function f on dw, we let u(f) denote the harmonic extension of f.

= CIVFlzlIVEl2lVAll L. [

/fJac(g,u)+ch/ng-le
w J w

8Recall that (a,b)* = (=b,a).
91n particular, these curves span the homotopy group 71 (w).

10 . . 1, ifj=1
The latter property follows from the identity [ X; = T
T; 0, if J # l

J
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2.21 Lemma. If f,g € HY2(0w), then u := u(fg) — u(f)u(g) belongs to C(@) N H}(w) and we have
lulleo < Cw)If |12 812 (2.32)
and

lullgr < C()If |gi2lglge. (2.33)

Proof. It suffices to establish the above estimates when f and g are smooth. In this case, u is smooth
and we have!l

{—Au =2Vu(f)-Vu(g) inw (2.34)

u=0 on 0w

If we multiply (2.34) by u and use (2.30), we find that

/ IVul? < C)IVull 2 IVu(H)l 2| Vu@liLe < C@)IVull g2l f 1z lgl e,
w

whence (2.33).
On the other hand, by the proof of Lemma 2.20, we may write Vu(g) = -Vv — chjl, with |[Vullz2 <
Clglyvz and |cj| < Clg|yve. We find that

Au =2Jac (u(f),v)-2)_ c;(Vu(F)HAX;. (2.35)
Then using Lemma 2.19, we obtain that

lulize < C) (IVu(l2IVoligz + ) leIIVa(Hl 21X liLe) < C@)If gzl glgue. O

From the above, if f, — f and g, — g in H"2, then for the corresponding u’s we have u, — u in
HY(w). This conclusion can be strengthened as follows.

2.22 Lemma. Let f,g,,g € H"2(0w) be such that g, — g in HY2. Then u(fgn)—u(f)u(g,) — u(fg) -
u(fu(g) strongly in HY(w).

As a consequence, if f, — f and g, — g in HY? then u(fog,) — u(f)ulg,) — u(fg) — u(f)ulg)
strongly in H ().

Proof. Let u, :=u(fg,)—u(fu(g,)—u(fg)+u(f)u(g). By Lemma 2.21, we have |u,|<C and u, — 0
in H(w). Thus u,Vu(f) — 0 in L%(w). Since —Au, = 2Vu(f)- (Vu(g,) - Vu(g)), we find that

/IVun|2:2/(unVu(f))-(Vu(gn)—Vu(g))—>0 as n — oo. O

2.23 Remark. Lemma 2.22 can be restated as follows: if g, — g weakly in HV2, then Vu(f)-Vu(g,) —
Vu(f)-Vu(g) strongly in H~1(w). The above proof leads to the following more general fact: if u € H(w)
and v, — v in HY(w), with v, harmonic, then Vu - Vv,, — Vu - Vv strongly in H 1(w).2

HFor further use, let us note that a byproduct of the proof is that (2.34) still holds for arbitrary f and g.
12For a cousin assertion when w is simply connected, see [24, Lemma 4.2].
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2.24 Lemma. Let [, g, € H'2(0w;S'). Assume that g, — 1 in HY2. Then
/ IVu(fgn)l? = / IVu(f)I? +/ IVu(g,)I?+0(1) asn— oo. (2.36)
w w w

Equivalently, |f gn|%s = |f 125 +18nl 31, + (D).

Proof. Let u:=u(f)and v, :=u(g,). In view of Lemma 2.22, (2.36) is equivalent to

/Iqun+vnVu|2:/|Vu|2+/|an|2+o(1). (2.37)
w w w

Using the maximum principle Lemma 2.17 combined with the fact that v,, — 1 a.e. in w and Vv, — 0
in L%(w), we find that

/(qun)-(vnVu):/an~(vnﬁVu)—>O.

Then (2.37) amounts to

/|u|2|vUn|2+/|vn|2|Vu|2:/|vUn|2+/|Vu|2+o(1). (2.38)
w w w w

In turn, (2.38) is easily obtained by combining the following ingredients:

1. |u(z)| — 1 uniformly as dist(z,0w) — 0 (¢f Lemma 2.12).
2. / Ian|2 — 0 on each compact subset K c w.
K

3. lvpl <1 (¢f Lemma 2.17).
4. v, — 1 uniformly on compact subsets of w. O

2.25 Remark. The proof of (2.36) is much simpler when w is simply connected. Indeed, by conformal
invariance of the quantities we consider, we may assume that w =D. In this case,if f =) a ne then
Parseval’s identity combined with (2.3) yields

B 2
/1 1dedyzélnzzmllanlz:4ﬂ|f|2 (2.39)
StJS

|x _ ylz H1/2 .
Thus (2.36) amounts to

/ |f ()8 (%) = F(3)gn(y)? Jdy = / If (x)— f()I?
xdy = Y,
slJ/s! sl /sl

|2 — y|2 lx — |2

dxdy
(2.40)

_ 2
+/ 18n(x) g’;(yn dxdy+o(1).
stJ/st lx— I

Using the fact that |f| = |g,| =1, we obtain

F@gn(®) = FWZW? _ If)gn(®) = gny)+ (F) — F)gn()P

P2 6= yI2
_ =& O FO-TOW  op, g,
lx — yl lx — I
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f)—1F) and G, (x,y) = gn(x)—gn(y)
lx— I lx— I

//Fn-Gn—>0. (2.41)
stJst

fle)—f(y)

lx =yl

where F,,(x,y) = f(x)gn(») . Thus (2.40) is equivalent to

We obtain (2.41) using the fact that F,, — F(x,y) = f(x) strongly in L%(S! x $') and G,, —

0 weakly in L%(S! x $1).13

3 The basic example

We discuss here the minimization of Fig in ¢, with d € N* 14
Recall that a Blaschke product is a map of the form
d z-aj

Boa,..a,(2) =« — 2eD,deN*,aeS', a;eD,Vje[1,d].
j=11l-a;z

More specifically, we will call such a product a d-Blaschke product. In the special case d =1, a
Blaschke products reduces to a Moebius transform

z—a —
Myo(2)=a——, zED,a€§1,a€lD.
l-az

For further use, let us also define M, = M , and the restriction of M, to st

Ng:S'— St Nu(2)=My(2), zeSh (3.1)
3.1 Lemma. Assume that f=0. Then u minimizes Fy in 9, if and only if u is a d-Blaschke product.

Proof. We argue as in [5, Section 4.1]. Since |Vu|? = 2Jac u, we have
1
Fo(u) = 5/ IVu|? z/Jac u =ndeg (u,S') =nd, (3.2)
D D

the second equality following from (2.8). Equality in (3.2) requires |Vu|? = 2Jac u a.e., which implies
that u is holomorphic. In particular, if g =tr u, then u = u(g).

On the other hand, if g € H2($';S') and if u = u(g) is the harmonic extension of g, then Lemma
2.12 implies

Ihimllu(z)l =1. (3.3)

In order to complete the proof of Lemma 3.1, it suffices to combine (3.3) with the holomorphy of u and
with the following well-known result: let v € Hol(D).!® Then

Ihim1 |u(z)| = 1 uniformly < u is a Blaschke product.
2l—

13The first convergence is obtained by combining the fact that f,, — f in HY2 with dominated convergence. The second
convergence follows from the fact that g, — 1 — 0 in HY2,

14The reader may wonder what happens when d < 0. When d = 0, it is clear that minimizers of F, are precisely the
constants of modulus 1. The case d < 0 is obtained from the case d > 0 by complex conjugation.

5We denote by Hol(Q) the class of holomorphic functions in Q.
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For the sake of completeness, we recall the proof of "=" (implication "<=" being obvious). Let
d

.y
Z1,...,24 be the zeroes of u in D, counted with their multiplicities. Let v(z) = H =/ and set
J'=1 - ZJZ
w= d € Hol(D). Then w #0in D and |lilm1 |lw(z)| = 1 uniformly. Thus w = ef, where f € Hol (D) satisfies
v z|l—

|lilm1 Re f(z) =0. By the maximum principle, we have Re f =0, and thus Im f = const. Therefore,
Z —_—

u = av for some a € S1. O

3.2 Corollary. Let g € H2(S!;S') have degree d > 0. Then Igllqu,2 > nd, with equality if and only if g
is a d-Blaschke product.

Fix now a smooth simply connected domain (2 and a conformal representation ®: Q) — D. Then we
define a (generalized) d-Blaschke product!® by the formula

d O(z)-a;

€Q,deN*,aeSt, a;eD,Vje[1,d
jzll_(l_j(D(Z)’ 4 > ,(X aa_] > .] [[) ]]7

Ba,al,...,ad,QJ(Z) =a

and a (generalized) Moebius transform via

D(z)—a

—_— ZEE,(XESI, aeD.
1-ad(z)

My,0(2)=a
Using Lemma 3.1 and the invariance of the Dirichlet integral under conformal representations, we
obtain
3.3 Corollary. The minimizers of E , in & are precisely the d-Blaschke products.

The next results implies, in particular, that the infimum of E, in &, is not attained when ¢ < oco.

3.4 Lemma. Let f#0. If d # 0 then Fg does not attain its minimum in 9.

Proof. Let u € %y. Then Fg(u) = Fo(u) = nd. We find that iélf Fg = nd. On the other hand, consider
d

d
the d-Blaschke product u = [ ]
j=1
Fg(u) — nd. We find that iélf Fg=nd. In order to prove that the minimum is not attained, argue by
d

1-a;

andletaj— -1,V j. Thenu —1in H(Q), and in particular

contradiction: assume that v minimizes Fg in 9. Then Fs(u) = Fo(u) = nd. Thus u is a d-Blaschke

product and /Qﬁ a- Iulz)2 = 0. This is impossible, since |u| <1in D and thus g (1— lu|2)? 0. O
We complete this section with the following strong improvement of Lemma 3.1.

3.5 Lemma. The critical points of Fo in 4, are precisely:

a) the d-Blaschke products if d > 0.

b) the conjugates of (—d)-Blaschke products if d < 0.

¢) constants of modulus 1if d =0.

After our work was completed, we learned that the same result has also been obtained indepen-
dently by V. Millot and Y. Sire [35].

16In Q and with respect to @, but this will be tacitly understood in what follows.
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Proof. We rely on the properties of the Hopf differential in arbitrary domains Q c R2, for which we
send the reader to [30, Chapter 4]; in particular, the reader will find there calculations similar to the
ones leading to (3.5) or (3.6). If u : Q2 — C is a smooth function, then the Hopf differential ¢ of u is
defined by the formula

§:Q—C, &(2)=40,u)0,u) =0 u—10,u)(0xu —10,u). (3.4)

If, in addition, u is harmonic, then ¢ is holomorphic, and the equality ¢ = 0 is equivalent to either u
being holomorphic or u being anti-holomorphic.

We next derive some identities valid when Q or u have additional properties. Assume first that
) is smooth and that u is smooth near some point z € d€2, and let v = v, +1v, denote the outward

0
normal to 0Q2. Let — and — denote respectively the normal and the tangential derivative on 0Q2

T %
(with respect to the counterclockwise orientation). Using the equalities

d d 0 49 0 0
— =Vyxy——Vy—and — =V,— +Vy—U,
ox Tov Yor oy Yov  tor

definition (3.4) can be rewritten as

(3.5)

ou 0u) (OE aﬁ)
1 .
ov ot

_ _ 212 7%

é(z)—(vx lvy) (av la‘[

If, in addition, u is a critical point of E. in Q (or of Fg in D), then we have 0p/07 = 0 on d{2. Therefore,
(2.24) combined with (3.5) leads to

(5 (5]
ov ot
We now complete the proof of Lemma 3.5. Since problem (2.23) with =0 is invariant by conformal

representations, we may assume that Q = D. When u is harmonic, the map n:D — C, n(z) = 22¢(2), is
holomorphic. If in addition Q =D and u solves (2.23), then (3.6) becomes

ap\? (0¢p)?
n:(ﬁ) —(%) eR onSh (3.7

&=y —1v,)? on 0Q. (3.6)

By (3.7), n is constant in D. On the other hand, n vanishes at the origin. It follows that { = 0, and
therefore u is either holomorphic or anti-holomorphic. Since |u| =1 on Sl, we obtain the desired
conclusion as in the proof of Lemma 3.1. O

4 Moebius and almost Moebius transforms

In this section, we describe harmonic maps u which are “close” to Moebius maps. Recall that we
defined the class

H; ={g e H2(S';S1); deg g = d}.

Recall that we denoted by N, the restriction to S' of the Moebius transform M 1,a- Recall also Corol-
lary 3.2: for g € #; we have Igliﬂ/2 = n, with equality if and only if g = aN, for some a € D and
aeSl
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4.1 Theorem. There exists some 6y > 0 and a function f :(0,6¢) — (0,00) such that (lsin(l) f(6) =0 with

the following property: if g € # satisfies | glilm <m+0 for some d < dg, then:
1. The harmonic extension u = u(g) of g has exactly one zero, a = a(u) = a(g).
2. If we write g = Nye"¥ with w € HV2(SY;R), then |y|gi2 < f(5).

3. The map g — a is continuous.

4. In addition, given r € (0,1) and u > 0, we may pick d¢ such that |lauoM_, — Id”c2(Dr) < u for some
appropriate a € S

Before proceeding to the proof, let us make two comments. First, using repeatedly Lemma 2.6, we
find that ]% has degree zero, and thus we may write g = Nye'V for some v € HVY2(S1:R). The point

a
in item 2. is that [y|g12 is small when | gliﬂ,2 is close to 7. Second, an equivalent and possibly more

illuminating formulation of item 4. is the following: for sufficiently small §y and for g as above, we
have ||u OM(;}I — Id”C?(Dr) < u for some a € S!; that is, u is close, in an appropriate sense, to a Moebius
transform.

Proof. Step 1. u has at least one zero in D.
Indeed, otherwise we have u € C(D;C\ {0}) and |lilm1 |lu(z)| = 1. Thus |u| = a > 0 for some a. By Lemma
Z _—

2.7, we may write u = |ule'?, with ¢ € HY(Q;R). The fact that tr ¢’ = g combined with the degree
formula (2.8) leads to the contradiction

1
1=deg (g,Sl):—/Jac (e'?)=0.
TJo

Let now a € D be one of the (possibly several) zeroes of u. Set v =uoM_, = uoM_'. Then v is
harmonic, v(0) =0, and v|s1 = A, with h = goN_,. In addition, we have |h|g12 = |g|g12, by conformal
invariance of the H'2-semi-norm.

Step 2. Proof of 4.
Argue by contradiction: there are some u >0, r € (0,1) such that

inf lav, —Idlle2p,) = p
aeS!

for some sequence (v,) of harmonic maps such that

vn(o) =0

hn :=vp 51 has modulus 1 and degree 1.
hul? n<m+=
| n|H1/2 n

We find that, possibly up to a subsequence, v, — v in C;’;’c([D), and h, — h € HY2(S1;S1). In addition,
we have v = u(h). The limit v satisfies

lav —Idllczp,) = p, VaeS?
v(0)=0
|h|?{1/2 =n

18



We consider first the case where deg (A,S!) = 1. Since |h|?11/2 < n, Corollary 3.2 combined with

v(0) = 0 leads to v =y Id for some y € S! and this is impossible.
Thus deg (h,S') # 1. Then the Price Lemma 2.18 gives:

1 1 1
nzlimé/Ian|22§/|Vv|2+n|deg (hn,Sl)—deg(h,§1)|:§/IVUI2+n|1—deg(h,§1)|. (4.1)
D D D

Therefore, v is a constant of modulus 1. This contradicts v(0) = 0.

In the remaining part of the proof, we assume that | gliﬂ/2 <n+9, where 6 < 6y and d; is to be
chosen later.

Step 3. For 0 <s <r <1 and for sufficiently small §y (depending on s and r), we have |[v| =s on D\ D,.
Indeed, let u >0 and let R € (r,1) to be specified later. By Step 2. we have

1 _
5/ IVv|2 = 7R? -y and |v(x)| = |x| — u in Dg (4.2)
Dr

provided d is sufficiently small. In particular, we have

1 _
—/ |Vv|2S7r—nR2+,u+5o and [v|=R —p on (D \ Dg). 4.3)
2 [D\BR

We next invoke the following special cases of [24, Theorem 3.6] combined with [24, Example 3.5 c)].

42Lemma. 1. Let 0<R <1 and set w:=D\Dg. Let v e H(D) be a complex-valued harmonic
function. Assume that t < |v| <1 on dw, for some t =0, and let s = iBf |v|. Then we have

/ IVl? = 4, 4,
w

where o ; is the area of the region {z €D; |z| < ¢,Re z = s}.
2. Same conclusion if v =D.

3. Same conclusion if v =D or D\Dg and if v minimizes Fgin D with respect with its own boundary
condition.

4. Special case: if v is as above and satisfies [v| =1 on S, and if f[D IVv|? < ¢ < 27, then there exists
some A = A(c) > 0 such that |v| = A in D.

Step 3 continued. Note that </ ; does not depend on R. Therefore, by combining item 1. of Lemma
4.2 with (4.3), we obtain the following: if R is sufficiently close to 1 and if p and §¢ are sufficiently
small, then |v| = s in D\ Dgr. We conclude by combining this fact with the second assertion in (4.2).

Step 4. The map u has exactly one zero.
Indeed, by combining Step 3. with Step 2., we find that v has exactly one zero for small §¢ (and that
this zero is located near the origin). Whence the conclusion for u.

Step 5. The continuity of g — a.
This follows essentially from uniqueness, but some care is needed, since in principle zeroes could
escape to the boundary. Let g, — g in H2(S!;S'). Then there is some r > 0 independent of n such

1 _
u(gn) =5 inD\D,,Vn. (4.4)
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This uniform version of (2.15) can be easily obtained by following the proof of [21, Theorem A3.2].
The continuity of g — a is a straightforward consequence of (4.4).

Step 6. We prove 2.
Since | |12 is invariant by composition with restrictions to S of Moebius transforms and by multi-
plication with unimodular constants, we may assume that u(0) = 0, and that the conclusion of item
4. holds with a =0 and a = 1. Let 6 denote the polar angle and let r € (1/2,1). By item 4., for small
we are in position to apply Corollary 2.9 with w =D\D,, u1 =1d, us = u = u(g). Therefore, for small &
we may write, in D\D,, u = Idne'? = lue’@*+9) with n,¢ € H(D\D,;R). By Step 3. and the maximum
principle Lemma 2.17, we can assume that 1/2 < |u| < 1.

We denote by o(1) a quantity which tends to 0 uniformly in g as § — 0. We will next prove the
estimate

||V(P”L2(|D\@r) = 0(1) (45)

Assuming (4.5) proved for the moment, item 2. follows from (4.5) by taking the HY2 semi-norm of the
trace y of ¢ on S.

In order to prove (4.5), we first note that |[u —Id|lz1 = o(1). Indeed, consider a sequence (u,),
u, =u(gy,), such that 6, :=| gnllqu/2 — 71— 0 as n — oo and that the conclusion of item 4. holds with

a=0and a = 1. Then we have u, — Id weakly in H'(D), and

1 1
—/|Vun|2:|gn|H1/z—»n:—/|v1d|2 as n — oo.
2 Jp 2 /b

Therefore ||u, —Id|z1 — 0. Next we write

Vo 'v'IdW inD\D
=|V——| in
¢ | 1d r

and obtain (4.5) by comhining the fact that ||u —Id|lz1 = o(1) with the pointwise bounds 1/2 < [u| <1
and 1/2<|Id|<1 on D\ D,.
O

4.3 Remark. Theorem 4.1 comes with no estimate of the function f(6) in item 2. It would be inter-
esting to have a quantitative form of this result.

We continue with a result similar to Theorem 4.1, in which a loss of information on the zero a of
u(g) is compensated by the control of the phase y at higher energy levels of g.

4.4 Theorem. There exists a non increasing function h :(0,7] — (0,00) such that: if g € A satisfies
Igliﬂ/2 <2m—0 for some 6 € (0,7], then:

1. We may write g = Nye'V for some v € HY2(S:R) such that w12 < h(5).

2. In addition, we may take the point a to be a zero of u(g), and the zeroes of u(g) are mutually close,
in the following sense: there exist some R =R(5)€(0,1) and pu= u(6) € (0,1) such that, if a is a zero
of u(g), then |u(g)| = uin D\ M (Dg).

Before proceeding to the proof, let us note the following more informative form of item 2.:

if u(g)(0) = 0, then |u(g)| = i outside Dg. (4.6)
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Proof. As in the proof of Theorem 4.1, Step 6., it suffices to establish item 2. in the special case
where u(g)(0) = 0. We argue by contradiction: we assume that there exist a sequence (g,) < #; and
a sequence (z,) c D such that:

|8nl1n S 27— 8, |2n]l — 1, Uy :=u(gy) satisfies u,(0) =0 and |un(2,)] — 0. 4.7)

Possibly after passing to a subsequence, we may also assume that, for some D € Z, g € #p and
u=u(g), we have

u, — uin C° (D), u(0)=0. (4.8)

loc

We first prove that D = 1. Indeed, by the argument leading to (4.1) we have

1
2n>2n—62§/|Vu|2+n|1—D|. (4.9)
D

By combining (4.9) with Corollary 3.2, we find that D =0 or D =1. If D =0, then / IVu|? < 207 - 6).

This inequality combined with Lemma 4.2 4. implies that |u| = A in D for some 1 > O.DThis contradicts
(4.8). Thus D =1.

Let s €(0,1) to be chosen later. By Lemma 2.12, there exists some R € (0,1) such that |u(z)| > s
on Cg. Then, thanks to (4.8), we have |u | = s on Cr when j is large. On the other hand, we have
deg (u,Cgr) =1 provided R is chosen sufficiently close to 1; this follows by combining Lemma 2.2 with
Lemma 2.12. By (4.8), for large n we have deg (u,,Cgr) = 1. Using (2.10), we find that

1

—/ IVun|? = ns?. (4.10)
2 Jop

On the other hand, since |u,(z,)| — 0 and |u,| = s on d(D \ Dg), we obtain, by applying Lemma 4.2 1.,
that

n—oo

1
liminf—/ IVu,|? = ns?. (4.11)
[D\ﬁR

For s sufficiently close to 1, we obtain a contradiction by combining (4.10) with (4.11).

Once the existence of R and u as in item 2. is established, item 1. is obtained as follows. By
conformal invariance, we may assume that u(0) = 0. By Lemma 2.2, we have deg (u,Cgr) = 1. Arguing
as at the beginning of Step 6. in the proof of Theorem 4.1, we may globally write, in D \ D,

u = |ule'?+®. (4.12)

By (2.11), (4.12) and the bound fD |Vu|? < 47, we obtain that

/ IVo|% < C. (4.13)
D\Dp
Item 1. follows from (4.13). O
4.5 Remark. It is not clear whether the restriction | glin,2 <27 is optimal in Theorem 4.4. However,
NN,
some bound is required. Here is an example with a sketch of proof. Let g =gpcq = JZ\} ‘. Then
d

Igliﬂ,2 <9n. If we let, say, b — 1, c — —1 and d — 1, then we claim that there exists no a = a(b,c,d)
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such that Theorem 4.4 1. holds. Argue by contradiction: otherwise, after passing to a subsequence,
we have a — a € D. The limit a cannot be close to 1, —1 and : at the same time; say that we have a # 1.

Then, near z =1, £ is close to aNp for some a € S'. Using the fact that the H 12_semi-norm of the

phase of Ny (compuged near z = 1) tends to co as b — 1, and the fact that the phase is unique modulo
27 [14], we find that Theorem 4.4 does not hold for g as above.

The next result explains that, at low energy, the lack of weak compactness of the class /# is due
solely to Moebius transforms.

4.6 Corollary. Let t < 2m and let Ji/l(t) ={g e S, Igliﬂ/2 <t}
Then J,/l(t) is weakly closed modulo Moebius transforms: If (g,) c Ji’l(t), then there exists N, such

that the sequence (g, oN ;nl) is weakly compact in Jfl(t).
In addition, we may take a, to be any zero of u(g).
In particular, for every t < 2m and ag €D, the class

{g e A, |g|?{1/2 <t, u(g) vanishes at ag}
is weakly compact.
We continue by presenting another consequence of Theorem 4.4.

4.7 Lemma. Let
peL>®D), =0, p£0. (4.14)
Consider a Lebesgue point ag € D of  at which the approximate limit of B is b >0. Then

c(B,ap):= inf{Fﬁ(v); g=tr ve A, u(g)vanishes at ao} > 7. (4.15)

Proof. If c(B,a) = 27, there is nothing to prove. Otherwise, we apply Corollary 4.6 and obtain that the
minimum is attained in (4.15). Argue by contradiction and assume that c(f8,a¢) = 7. If v attains the
minimum in (4.15) then, by Corollary 3.2, v =M, , and

/ﬁ(1—|v|2)2 =0. (4.16)
D

Our choice of @ implies that

lim B(1—v%)? =b(1-v|??(a). (4.17)
=0 JB(a,r)
We obtain a contradiction by combining (4.16) and (4.17). O

Though this will not be used in the subsequent analysis, we found useful to mention that part of
Theorem 4.1 still holds for higher degrees.!”

170r for negative degrees, but this is simply obtained by complex conjugation.
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4.8 Theorem. Let d € N. Then there exists some 6y > 0 and a function [ :(0,6¢) — (0,00) such that

%iné f(6) =0 with the following property: if g € #, satisfies Igliﬂ/2 <nmd+90 for some d <y, then we can

write g =Ng,...Ng, €'V for some ay,...,aq €D and for some v e HY2(SL;R) such that lWlgie < £(6).
1
Consequently, if u € 95 is a harmonic function and if 5/ \Vul? < nd + 6, with & < 8¢, then u =
D

Bia,,..aqu(e™¥)+w, where y e H2(SLR), w eHé([D;C), lWlgie < f(6) and |lwllg < h(5). Here, h(6) — 0
as 6 — 0.

Proof. The last part of the theorem follows by combining the first part of the theorem with Lemma
2.21.

In order to prove the first part, it suffices to establish the following fact: if (g,) < A4 is such that
Ignliﬂ,2 — nd, then, possibly up to a subsequence and for large n, we may write g, = Ng,(n). .. Nayn) €'¥",
with [y, |12 — 0 as n — oo. The proof of this fact is by induction on d.

Step 1. The case where d = 0.
By Lemma 2.13, we have |u(g,)| — 1 uniformly in D. By Lemma 2.7 and (2.11), for large n we may
write u(g,) = ppe'?", with Vg, — 0 in L2(D). We conclude by letting Wy =tr @,.

Step 2. The case where d = 1.
By Step 1. in the proof of Theorem 4.1, the map u(g,) has to vanish somewhere. Since our hypotheses
and conclusions are invariant by conformal transforms, we may assume that u(g,)(0) =0. Up to a
subsequence, we have g, — g, with g € #p for some D € Z. By combining (2.9) with the Price
Lemma 2.18, we find that D € [0,d] and that Iglfqy2 =nD. By Corollary 3.2, u(g) is a D-Blaschke
product. Since in addition we have u(g)(0) =0, we find that D € [1,d]. If D = d, then we actually have
gn — g strongly in H2,18 and thus g,/g — 1.1° In this case, Step 1. implies that g, = ge'¥», with
|Wnlg1e — 0, and we are done.

We next turn to the more delicate case where D < d. Let h, := g,/g, so that h, € #;_p and

h, — 1. By Lemma 2.24 combined with the fact that Igliﬂ/2 =nD, we have Ihnliﬂ/2 — n(d — D). By

the induction hypothesis,?’ we may write, for large n, h, = Naytn)---Nay pmye™?, with |y, g2 — 0.
We obtain the desired conclusion by noting that g, = gh, and that g is the trace of a D-Blaschke
product. O

5 Mountain pass approach

In this section and in Sections 8 and 9, we will prove existence of (almost) critical points of Fj in
different situations. Each case we examine will require a different functional setting; however the
general strategy is the same, and is based on the existence of a mountain pass geometry. So let us
start by recalling the standard mountain pass framework; see e.g. [34, Chapter 4]. This framework
requires five objects and an inequality. The five objects are: two compact metric spaces Ko c K, a
Banach space or Banach manifold X, a map o : X — R (usually assumed C'), and a fixed continuous

2 2
H2 H2®
19Here, we use the fact that multiplication is continuous in HY2(S1;S1). This is folklore and is a special case of the

following more general fact. If u,,u,v e W NL*®, with 1< p <ooand s >0, and if u,, — v in WP and |lu, ||z~ < C, then
u,v — uv in WP,
20Recall that D =1 and thus d - D < d.

18Since g, — g and |g|?,,, =lim|g,|
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map y € C(Ko;X). 2! We associate to these objects the minimization problem
c= inf{ml?xJOF;F € M} , where M ={F e C(K;X),;F =y on Ko}. (5.1)

Mountain pass geometry is characterized by the strict inequality
¢ >c1 =maxd(y(¢)). (5.2)
teKy
We next recall the Mountain Pass Theorem of Ambrosetti and Rabinowitz [1], which will be used in
the following form [34, Theorem 4.3, p. 77].

5.1 Theorem. Let Ky, K, J, X and x be as above. Assume that (5.2) holds. Assume that X is a Banach
space and that J € C1(X;R). Then for every § > 0 there exists x5 € X such that

c—0<Jxs)<c+0b (5.3)
and

| (xp)ll < V6. (5.4)
Equivalently, there exists a sequence

(x,) < X such that J(x,) — c and J'(x,) — 0 as n — oco. (5.5)
The same holds when X is a Banach manifold and J € CL.

A sequence as in (5.5) is a “Palais-Smale sequence”, and the x,,’s are “almost critical points of J”.22
Under the additional assumption

(PS). each sequence (x,) satisfying (5.5) contains a convergent subsequence (5.6)

(the (PS).) condition of Brezis, Coron and Nirenberg [18]), (5.2) leads to the existence of a critical
point x of J such that J(x) =c.
In practice, we will always take

K=D,, Ky=C, for some appropriate r € (0,1). (5.7)

The underlying idea (in this section and in Section 8) is to create mountain pass geometry by letting
x@)=M,,VaeC,, and J = Fg. While the above choice of y is not straightforward, and is one of the
main ideas of this paper, the natural choices for  and X are J = Fg and X = % (the set of complex-
valued H! maps with modulus 1 on the boundary) or possibly X = %;. However, ¢ and %; do not have
a straightforward manifold structure. In this section, we present a first way of circumventing this
difficulty. The approach we develop here allows us to prove the main result of this paper (Theorem
1.1), but has the drawback of working only for large values of ¢.23

Thus we address the question of the existence of critical points under the assumption that g is
small.?* More specifically, we assume that the first eigenvalue 1;(—A — f) of the operator —A — 8
satisfies

AM(=A-p)>0, (5.8)

21Tn order to distinguish the different constructions we will perform later, we will denote the corresponding function
spaces X by X*, respectively X*. We distinguish similarly the other objects.

22 At the level ¢, but this will be omitted.

23 A second, more subtle, approach will be presented in the next section.

240f particular interest for us is the fact that the assumption (5.8) is satisfied when in the original problem of finding
critical points for E, we take a large ¢.
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i.e., there is some & > 0 such that
1 —5)/ IVo|? > / pv?, YveHi(D;R).
D D

For such B and fixed boundary condition g € H'2(S!;C), the energy functional Fg is continuous,
coercive and strictly convex in the affine space

Hy(D;C) = {u e H\(D;C); tr u = g}.

Therefore, 'z has exactly one critical point in the above space. Equivalently, the problem

— = —_ 2 i
{ Au=pu(l-|ul®) inD (5.9)

u=g on S’
has a unique solution, which we denote T'(g).

With this in mind, the role of the space X is played by X* = HY2(S1;R), and the role of the
functional J by

J X" =R, J () =Fp(T (Noe')), VyeX™.

Recall that we let K =D, and Ky = C,, where 0 < r < 1. It remains to define the map y* playing
the role of y. For this purpose, we note the following. If a € C,, then the restriction N, of M, to st
can be written as N, = Nge!Ve = ¢!@+¥a) for some 1, € HY2(S!;R). The idea is to let, for any a € C,,
1*(a) = w,. The next result shows that, when v, is properly chosen, y* is a continuous map from C,
into X*.

5.2 Lemma. There exists a map H € C®(D;C®(S';R)) such that N, = Noe@ vqeD.

Proof. Let g, =N,/Ny and let

0 _0
F(a,)=gaN Ea = _Lgaﬁ-25
ot ot
Then clearly F € C®°(D x S';R), and f§1 F(a,z)ds, = 0. Therefore, if we let n(a,-) be the primitive of
F(a,-) with zero average, then 7 is smooth in both variables. In addition, we have

0 (e @) [— O 0

= (gae u)(a, )) =gge u(a,) (gaa_rga _ lan(a,.) =0,

ie., gae %) is constant. Define L(a) := gq(1)e 1@V Then L € C®(D;S'), and thus we may write
L = e¥ for some { € C®°(D;R). Finally, if we let H =1+, then H has all the required properties. O

In what follows, we let v, = H(a), a € C,..
We next prove that we do have a mountain pass geometry.

5.3 Lemma. Assume (4.14) and (5.8). Then, for r sufficiently close to 1, we have

c* ::inf{m_axJ* oF;F € C(D,;HY*(S};R)), F = y* on C,} > ::I%axJ* ox*. (5.10)
D,

r

0
=1, and thus g, - Sa _ 0.
ot

25The last identity is easily checked using the fact that |g,|?
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Proof. 1t is easy to see that |[M,| — 1in L4(D) as |a| — 1, and thus c; — mwasr— 1. We claim that, if
is sufficiently large, then c¢* is bounded from below by a constant larger than 7; this implies (5.10).

In order to prove the claim, we fix a Lebesgue point a( of f where the approximate limit of f is
(strictly) positive. We assume that ¢* <7+ ¢, with §y as in Theorem 4.1, for otherwise we are done.
Let r > |ag|. For such r, consider any competitor F in (5.10), i.e., an F € C(D,; H/2(S!;R)) such that
F =y* on C,. Then we claim that there exists some z( € D, (depending on F) such that the harmonic
extension u(tr F(zg)) of tr F(zg) has a zero at ay. Indeed from Theorem 4.1 and using the notation
there, the map

G:D,—D, D 3z%altrFz)eD

is continuous. Since G coincides with the identity on C,, G must take the value a¢ in D,, by the
Brouwer fixed point theorem.

Next, from Lemma 4.7 we find that J*(F(z¢)) = ¢(B,a¢) > 7, and thus ¢* > ¢(B,a¢) > 7. We obtain
the desired conclusion by choosing r sufficiently close to 1 in order to have c] <min{c(f,a¢),7+o}. [

We now prove that J* is C! (Lemma 5.8). As an immediate consequence, we will characterize the
Palais-Smale sequences associated to (5.10) (Corollary 5.12). Before proceeding, let us recall a useful
elementary fact.

5.4 Lemma. Let &, % be normed spaces. Let Z be a dense subspace of . Let F € C(¥X ;%) and
T e C(X;B(X;%)) be such that

%(x) =T (x)z), Vx,zeZ. (5.11)

Then & € C and (5.11) holds for every x,z € %.

Here, B(%';%') denotes the space of bounded linear operators from & into . In practice, we will
apply the above with Z = C*°, and the point will be to check the continuity of & and .

We start with a straightforward consequence of the embedding H(D) — L4(D).

5.5 Lemma. The map Fgis Clin HYD;C) and
Fg(u)(v):/Vu-Vv—/,Bu-v(l—Iulz), Yu,ve H(D;C). (5.12)
D D
Similarly, the map

1
G:H'D;0)—R, H'(D;C)2u— Z/ﬁ(l— ul®)?,
D

is C1, and G'(w)v) = —/,Bu-v(l —ul?).
D

Recall that - denotes the real scalar product.

5.6 Lemma. Assume that (5.8) holds. Then the map g — T(g), where T(g) denotes the unique solution
of (5.9), is C' in a neighborhood of H.
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Proof. Consider the maps
U:HY2(s50) — H'(;0), g2 ulg)
and
V :HY(D;0) x HA(S0) — HUD;0), (v,8) ~ —Av— v +u(@)(1- v+ u(@)?).

Thanks to the embedding H(D) — L*(D) and to the continuity of U, it is easy to see that V € C! and
that the partial differential of V (v, g) in the v variable is given by

ov
E(v,g)(w) =—-Aw-p(1-|v+ u(@)®)w + 2w -(v+u(@))w+ulg)), Ywe Hé([D;C).

The conclusion of the lemma follows via the implicit function theorem if we prove that the opera-
ov

tor W = O_(U’ g) is invertible at each couple (7'(g) — u(g),g) with g € #. Since W is symmetric in
v

H é(ID;(C),% it suffices to prove that the quadratic form @ associated to W is definite positive. We note
that

Q(w)z/|Vw|2—/ﬁ(l—|T(g)|2>|w|2+2/ﬁ(w-T(g>)2z/|Vw|2—/ﬁ(1—|T(g)|2)|w|2,
D D D D D

and positivity follows from (5.8) combined with the maximum principle Lemma 2.17. O

The next result is reminiscent of the fact that H! harmonic functions have traces of the normal
derivative on the boundary.

5.7 Lemma. Let g € /€ and let u satisfy (5.9). Then the vector field u A Vu has a trace tr (u AVu) on
S, and this trace belongs to H 12(S1).
If; in addition, (5.8) holds, then the map

Y #—HVYASYH, #3585 tr (T(g) AVT(g) e HV2(SY),

1S continuous.

Proof. The vector field u A Vu belongs to L2 and (by (5.9)) is divergence free. Existence of the trace is
then standard; let us briefly recall the argument. By the (L2-version of the) Poincaré lemma, we may
write u A Vu = —V+A for some & € H(D). We then set

) d
tr (u A —”) = —tr he H2sh).
ov oT

0 ou
When u is smooth, say u € C1, 3 tr A is nothing else than u A a—; with an abuse of notation, we keep
T %

ou
the notation u A — even if u is merely H'.

%
We note the integration by parts formula

ou ou
(wAVu)-Vi=(un—,tr ( = un—
D ov -2 g2 Jst ov

26Here, we endow C with the scalar product of R? and we identify H é(ID;C) with a space of R2-valued functions.

{, Y{e€H'(D;R). (5.13)

27



Although the last integral in (5.13) is defined only when u is sufficiently smooth, we will use the
integral notation for a general u.

The second part of the lemma is obtained as follows: let g,, — gin . Set u, = T(g,) and u = T'(g).
Then u, — u in H! (since T is continuous). Using the fact that |u,| <1 (Lemma 2.17), we find that

un AVu, — u AVu in L?. If we normalize the corresponding potentials %, such that / h, =0, then
D
h, — h in H'. This implies convergence of tr (u, A Vu,) to tr (u A Vu) in H 2, O

5.8 Lemma. Assume (5.8). Then we have J* € C and, if u:= T (Noe'¥), then

J* (p)(1) :/ (u A —) /(u/\Vu) V¢, Vy,ne HY2(SYR), Vi e HY(D;R) such that tr { =7. (5.14)
sl
More generally, the same holds if we consider the map

J*
HY2SLR) sy —% Fﬁ(T(Ng e'V)), wheredecZ.

Proof. Note that the equality of the two integrals in (5.14) is a consequence of (5.13). In order to prove
(5.14), we rely on Lemma 5.4. Clearly, J* is continuous. On the other hand, if we let { = u(n) in (5.14)
and we use the continuity of the map H'2 3 w— u AVu € L?, then we see that the second integral in
(5.14) defines a map

I e C(HY(SLR),H Y2(SYR), T @) = / (u A V) - Vu(n).
D

Therefore, it suffices to prove that (5.14) holds when ¥ and 1 are smooth and when ¢ = u(n). For such
v and 7, let g; = Ny "W+ and set u, = T(g;) (so that u = ug). It is easy to see that t — g, € A is
smooth. By Lemma 5.5 and Lemma 5.6, the maps ¢ — u; and ¢ — J*(y + tn) are C!, and

d d d
E[J*(u/—ktn)]:/DVut-V(aut) /ﬂut (—tut)(l Iut|2). (5.15)

On the other hand, if v € HY(Q;C) is such that v = 1u{ on S!, where { € C1(SL;R), and if u solves (5.9),
then

/Vu Vv—/,B(u v)(1-ul?) = / (u/\—) (5.16)

Indeed, when u is smooth, this is a consequence of (5.9) and of the identity

ou
v (tul) =

ou
u/\a—)( on S'.

The general case follows by approximation, using Lemma 2.1 1. and the following fact: given p
satisfying (5.8), we may find a uniformly bounded sequence (8,) of smooth function satisfying (5.8)
and such that g, — p.27

0
We next note that u; = Nge!V* on S1, and therefore aut =1um on S!. Thus, in (5.16), we may

0
take u = us; and v = FrLcs We obtained the first identity in (5.14) by combining this remark with
(5.15). O

2TFor an alternative argument not relying on (5.8), see Remark 5.9 below.
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5.9 Remark. Here is an alternative proof of (5.16), valid without the assumption (5.8). In view of
(5.9), (5.16) holds when v € H}, so that it suffices to prove (5.16) for a special v such that v = 1u{ on
S!. Consider a C! extension of ¢, still denoted {, and let v = 1u(. For this v, (5.16) is nothing else but
(5.13).

5.10 Remark. Lemma 5.8 hides a small miracle. Recall that J* is constructed as follows:
F
J*=FgoToS, HYASLR)3y > g=Noe" L u=T(g) % Fyu).

By Lemmas 5.6 and 5.5, we know that T" and Fg are Cl. We also know that J* is C! (Lemma 5.8).
However, S is not C!; see Lemma 5.11 below. Since J* is the composition of two operators, one,
FgoT, smooth, the other one, S, non smooth, the conclusion of Lemma 5.8 is that the smoothing
effect prevails. Smoothness comes from the main ingredient of the proof of Lemma 5.8, which is the
existence of the boundary trace of the vector field u A Vu whenever u is a solution of (5.9). In turn,
this relies basically on the Poincaré lemma and on the maximum principle. All in all, this turns FgoT
(and finally J*) into a smooth operator. On the other hand, we note that S is almost smooth: it is
clearly Lipschitz.

5.11 Lemma. S is not differentiable. More generally, if g € #, then the map
S
Sy HY2(SLR) — 2, HYA(SL,R) 3y 5 geV e #

is not differentiable.

Proof. We start by reducing the general case to the special case g = 1. Let d = deg g and write
g=N, g e'?, with ¢ € H"2(S';R) (cf Lemma 2.6 4.). Multiplication with N g being clearly a linear con-
tinuous bijective operator in HV2, we see that S ¢ is differentiable at v if and only if S is differentiable
at v +¢.

We continue by finding functions ¥ such that S is not differentiable at . It is easy to see that, for
ne C®(Sh;R), we have

lim Sy +tn)—Sy)
t—0 t

= A(y,n) =18 y)n, (5.17)

the limit being considered in H 12 1f S is differentiable at v, then (5.17) holds for every n € H 12(g1. Ry,
and the map A(y,n) belongs to H”2. The heuristics for concluding is the following: H”2 L% is an
algebra, but H 12 is not. Thus, if we pick a function ne€ H V2~ 1% then Aly,meH 2 hut this need
not hold when 7 is merely H”2. Formally, we continue as follows: if S is differentiable at v, then
A(y,p) = 1eWy € HY2, and in particular B(y) := wcosy belongs to HY2. We recall the following
result of Bourdaud and Kateb [13]: a superposition operator v — G oy acts on H 2 if and only if G is
Lipschitz. Though the result in [13] is stated in HV2(R"), the construction of counterexamples yields,
for a non Lipschitz G, compactly supported maps v such that G oy ¢ HV2; see [38, Section 5.3.1, proof
of Theorem 1]. Thus, even on the circle, G has to be Lipschitz. We conclude by noting that ¢ — tcost
is not Lipschitz. O

We are now in position to construct sequences of almost critical points. By combining Theorem
5.1 with Lemmas 5.3 and 5.8, we obtain the following.
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5.12 Corollary. Assume that (5.8) holds. Let c* be defined by (5.10). Then, for each 6 > 0, there exists
some Ys € HY2(SL;R) such that us = T(Nye'Vo) satisfies

c*=0=<J (ys)=Fplus)<c*+6 (5.18)

folesn )
u —
S J ov n

In particular, the corollary applies if we take a large ¢ in the original energy E.. Note that, by
(5.13), (5.19) is equivalent to

and

<VoInlgwe, Vne HYA(SLR). (5.19)

<V6IV¢lz2, V{eHYD;R). (5.20)

/ (us AVug)-V(
D

5.13 Corollary. Assume that (5.8) holds. Then every weak limit of us as 6 — 0 is a critical point of Fg
in 9, i.e., a solution of (2.23).

Proof. Assume that (possibly along a subsequence) us — u in H'. Then on the one hand u satisfies
—Au = Bu(1-|u|?) (this relies on the maximum principle Lemma 2.17). On the other hand, usAVugs —
u AVu in L2, and thus (using (5.20)) u satisfies (2.21), which is equivalent to (2.23), by Lemma
2.15. O

6 Existence of critical points

We establish here the following generalization of Theorem 1.1.

6.1 Theorem. Assume that (5.8) holds and that the value c¢* in (5.10) satisfies
c* < 2m. (6.1)

Then c* is a critical value of Fg in %41, i.e., there exists a solution u of (2.23) with d =1 such that
Fgu)=c".
Before proceeding to the proof, let us note that, with the choice F(a) = Ng, a € D,, in (5.10), and for
1
p=—Jdac @' in (2.18), where @ : Q — D is a conformal representation, we find that
€
1]

1
i 24, - 2,2 1
¢ 5‘235‘(/D'VMM +482/D<1—|Ma| 2 Jac 071 <me 5

The latter quantity is < 27 for large €. Thus Theorem 6.1 generalizes indeed Theorem 1.1.

Proof. Let us be as in Corollary 5.12. Let u be such that, up to a subsequence §,, — 0, we have
us, —~uin H 1. By Corollary 5.13, u satisfies (2.23). In order to complete the proof of Theorem 6.1,
we will prove that deg (1,S') = 1 and that Fg(u) = c*. In order to prove the former assertion, it
suffices to obtain the existence of some r € (0,1) and of some A > 0 such that (possibly along a further
subsequence, still denoted (6,))

lus,(2)=A when |z|=7. (6.2)
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Indeed, assume for a moment that (6.2) holds. Then deg (z,S') = 1, by Lemma 2.10. Also, condition
(6.2) is essential in the proof of the strong convergence us, — u in H 1

Validity of (6.2) is established by contradiction: assuming that there exist sequences §,, — 0 and
a, such that

us,(@,)—0 and |a,|—1, (6.3)
we will prove that
Fg(us,) — m, (6.4)

which contradicts Lemma 5.3.

Before proceeding to the proof, we introduce lighter notation: we write u, instead of us, and still
denote by (u,) any subsequence extracted from (u,), and the same for (a,).

We start by rescaling the sequence (u,): we let

1 1
®,=M_,,, v, =uo®,, B, =Bod, Jac ®,, Fn(w):§/|Vw|2+z/ﬁn(l—|wl2)2. (6.5)
D D

In particular, using Corollary 5.12 and the conformal invariance of the Dirichlet integral, we find that
the rescaled sequence (v,) c ¥, satisfies, with ¢,, — 0,

—Avy = Brvn(l—val?) inD
|tr v,|=1
; / (n AVV,)- V| < cplIVEIlLe, Y{eHYD). (6.6)
v,j?O)—»O
Fr(vp) =Fpgu,)—c*

We start by collecting some straightforward properties of 8, and v,,.

6.2 Lemma. 1. 3, — 0 uniformly on compact subsets. In particular, (v,) converges, up to a subse-
quence and in Cll(’)i(l]])), 0 < a <1, to some solution v € 4 of (2.23) with B =0 and such that v(0) = 0.
Moreover, (by Lemma 3.5) v € 4; for some d # 0, and v is either a d-Blaschke product, or the conju-
gate of such a product.

2. M(=A—py)>0. In particular, v, is a minimizer of Fg, with respect with its own boundary condi-
tion.

Proof. The fact that 8,, — 0 uniformly on compact subsets followed from the definition (6.5) combined
with the fact that |[V®,| — 0 uniformly on compact subsets. This convergence, together with the
equation (6.6), implies that Av,, — 0 uniformly on compact subsets. Let K be a compact subset of D
and let L < D be a compact neighborhood of K. By standard elliptic estimates [27, Theorem 9.13, p.
239], we have

lvnllwerx) < C(lv, 2@ + 1Av, lLe)) < C', 1< b <o,

and thus (v,) is bounded in leo’f (D), 1 < p <oco. By the Sobolev embeddings, (v,) is bounded in
Cll(’)‘Z(D), 0 <a < 1. Using (6.6) and Ascoli’s theorem, we find that (up to a subsequence) (v,) converges

in Cll(’)‘z(l]])), 0 < a <1, to some harmonic function v € ¢4 such that v(0) = 0. The last part in item 1. is
simply a restatement of Lemma 3.5.

Item 2. follows from (5.8). O
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Step 1 (in the proof of Theorem 6.1). Let v be as in Lemma 6.2. Then we claim that v = M, o for some
aeSl
Indeed, we adapt the argument leading to (4.1): we have, by the Price Lemma 2.18 and Corollary 3.2,

1 1
2n>c*zliminf—/Ianlzz—/IVU|2+ﬂ|1—d|2n|d|+n|1—d|,
2 /o 2 Jp

where d = deg (v,S!). We find that d =0 or d = 1. Since d # 0 (by Lemma 6.2 1.), we obtain the
desired conclusion by combining Lemma 6.2 1. with the fact that v(0) = 0.

Step 2. There exist r € (0,1) and A > 0 such that |v,(z)| = A when |z| = r.

In order to prove this, we argue by contradiction and assume that up to a subsequence we have
v,(2,) — 0, where the points z, € D are such that |z,| — 1. By repeating the arguments leading to
(4.10) and (4.11), we obtain that, for each s € (0,1), there exists some R € (0,1) such that

1
liminf= [ |Vov,|?>ns® (6.7)
2 /o,

and
1
liminf— / Ianl2 > 5. (6.8)
D\Dg

Indeed, (6.7) is obtained exactly as (4.10). On the other hand, if we want to reproduce the argument
leading to (4.11) we have to be in position to apply Lemma 4.2. This lemma requires that v,, minimizes
F,, with respect to its own boundary conditions. This holds indeed in our case, by Lemma 6.2 2.

1
By combining (6.7) with (6.8), we find that liminf 3 / Ianl2 > 2. But this contradicts the as-
D
sumption ¢* < 2.

Step 3. We have (the contradiction) F,(v,) — 7.
This step is a consequence of Step 2., of (6.6) and of Lemma 6.3 below.

We start by stating the technical assumptions required in Lemma 6.3. For simplicity, we will state
Lemma 6.3 when the underlying domain is I, but the same argument works for any simply connected
domain.

We consider two sequences (f,) and (v,) and two maps y and v such that:

Bn,y € L¥(D), Bn,y =0, (6.9)
Bn — 7y uniformly on compact subsets of D, (6.10)
Un,v € HY(D;0), [tr v,|=1, v, — v in HY, (6.11)
~Avp = Brva(l=[v,/*) in D, (6.12)

<cnlVlz2, V¢ € HY(D), with ¢, — 0 as n — oo. (6.13)

/(Un AVvy,)-V{
D

Unlike our next hypothesis (6.14), the above assumptions are naturally satisfied by sequences of
almost critical points obtained via the functional J* (as in Corollary 5.12).

6.3 Lemma. Assume that (6.9)-(6.13) hold. Assume in addition that there exists some A > 0 such that
v, (2)l= A VzeD such that |z|=1-A. (6.14)

Then we have

/ Vv, 2 — / Vo (6.15)
D D
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and
/ﬁn<1—|vn|2)2~/y(1—|v|2)2. (6.16)
D D

Equivalently, we have v,, — v strongly in H and

Fr(v,) — Fy(v). (6.17)
Step 3 completed. We take, in the above lemma, y =0 and v = M, o as in Step 1. O

Proof of Lemma 6.3. 1t suffices to establish (6.15)-(6.16) along a subsequence.
By the maximum principle Lemma 2.17, we have |v,|,|v] <1 in D. By standard elliptic estimates
[27, Theorem 9.13, p. 239], we have

vy —v in W2P(D), Vp <oo. (6.18)

By (6.10) and (6.18), we find that (6.15) and (6.16) hold if we replace D by D;_, for each £ > 0. On the
other hand, we have

lim (Vo2 +y@-w»?) =0.
e—0 D\ﬁl-g

Therefore, it suffices to prove that

e—0 n—oo

limlimsup/ (Vo P + Ba(1 =, 1*?) = 0. (6.19)
D\Di_,

By (6.18), v,, — v uniformly on compact subsets of D. Combining this fact with (6.14), we find that for
large n we have

v

d := deg ( C,.) — deg (”—” C,),‘v’re[l—/l,l].

2 2
vl vl

d

By Corollary 2.9 applied with ! = (|z_|) , u? =v,, w=D\Dj_,, we may write, in w, v, = pne‘(d9+"’”),
z

and similarly v = pe‘(d9+“”), with 1 < p,,p <1, and ¢,,p € HX(w). By (2.11), we find that, possibly

after extracting suitable multiples of 27, we have ¢, — ¢ and p,, — p in H!(w). On the other hand, by

(6.18), we have ¢, — ¢ and p, — p in Clloc(a)). We also note the fact that v € C1(D), by Lemma 2.15.

We next translate the properties of v, in terms of p,, and ¢,: (6.12) and (6.13) imply that

div (p2V(dO + ¢,)) =0 inw
~App = Brpn(l=03) = palV(dO + 9, inw
Jtrp, =1 on St ' (6.20)
v, AV, :p?LV(d6+(pn) in w
/D(vn/\an)-VC < cpllVCQILe, V(e HY(D)

Let 0 <e < A. Since ¢, — ¢ in Cl(C;_,), we find that that the function ¢n — @, defined in D \Dj_g, has
an extension (, € H}(D) such that |V{, lz2@, ) — 0. Using the fact that

p%V(dG) — p2V(d6) and p%V(pn —p?Vg in L%(w),
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we find that

0=1lim |/ (v, AVv,) -V(, = lim (v, AVU,)- -V,
n—oo Ip n—oo [D\ﬁl—g
=lim [ [p2V(dO+@.)]- Vg, —@)=lim [  p2|Ve,|*- / _ PVl
=00 JD\D;_, =00 JD\D;_, D\Di_,
which implies easily that
lim [ pZ|V(dO + @) :/ _ 0%V(do+ ),
=0 /D\D1_, D\D1_¢
and in particular
lim lim P21V(dO + )12 = 0. (6.21)

e—>0n—00 D\D;_,

We next multiply by 1, =1 - p, the equation satisfied by p, and find that

0
/ _ (|Vpn|2 r g |vn|2>2) = / _ paTalV(@O + )P + / Mo (6.22)
D\D1_, 1+pn D\D1_, Ci. OV
v being the normal exterior to IDl_g._
We next note that, since v € C1(D) and |[v| =1 on S!, we have
s 0pn .. op
lim 1 =1 1-p)— =0. 6.23
sl—r»r(l)nl—»lgo Cre fn ov 51—1»% Cl—g( p)av 0 ( )

By combining (6.22) with (6.21), with(6.23), and with the assumption (6.14), we find that

limlimsup/ 3 (IVpnl2 + B,(1— |vn|2)2) =0. (6.24)
D\D1_¢

e=0 p—oo

We obtain (6.19) (and thus complete the proof of Lemma 6.3) by combining (6.21) with (6.24) and with
the identity (2.11). O

By combining (6.2) (whose validity has been established in the course of the proof of Theorem 6.1)
with Lemma 6.3 applied to the original sequence (z,) and to the weights 8, = f and y = 3, we obtain
the following improvement of Theorem 6.1.

6.4 Theorem. Assume that (5.8) holds and that ¢* <2m. Then J* satisfies the Palais-Smale condition
at level c*.

7 Asymptotic behavior of critical points as ¢ — co
We describe here the asymptotic behavior, when £ — oo, of critical points of E, in &; obtained by

the mountain pass approach described in Section 5. For simplicity, we transfer the problem on D (as
explained at the end of Section 2) and consider the energy F5, where

1 1
p=pPe=—dac @' = Zw. (7.1)
&

= w
&2
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In order to emphasize dependence on ¢, we denote by c; the number ¢* associated to Fyg, i.e.,

¢t = inf{ maxFy, (T(Noe'™)); F € C®; HY*(S';R), F(a) = yq for a € C, } ; (7.2)
recall that
J* () = Fp, (T (Noe'")). (7.3)

We assume that r is sufficiently close to 1 so that Lemma 5.3 holds (at this point we also allow r
to depend on €).22 Before stating and proving our main result in this section, let us introduce some
useful notation. Given v € H(D;C),

v is the harmonic function in D which agrees with v on Sl, i.e., U =u(tr v). (7.4)
Also, given a function F € C(D,; HV2(S;R)), we let
F(a) := the harmonic extension of Nge'X'@. (7.5)

We next turn to the description of the asymptotic behavior of u, as € — co. Clearly, the Moebius
transforms M, , satisfy

/w(1—|Ma,a|2)2>o, VaeShVaeD, and Lim w(l—|Mgql*)?=0.
D al=LJo

Therefore, the maximization problem

M:= max/ w(l - Mg 41?)> (7.6)
acD D
aeS!

has a solution and, if M, , is a maximizer, then so is M, , for every y € S!. In addition, there exists
some rg < 1 such that every maximizer in (7.6) satisfies |a| < rg. In what follows, we always assume
that ro<r<l1.

7.1 Theorem. Let u, be obtained via (7.2). Then, possibly up to a subsequence, uy — My, as € — oo,
strongly in H(D). Here, M, is a maximizer in (7.6).

7.2 Remark. Equivalently, Theorem 7.1 states that, if v, is a critical point in &; obtained by the
mountain pass approach in (2 and for the original energy E., then the family (v.) converges (possibly
up to a subsequence) as £ — oo, strongly in H(Q), to a maximizer of

2.2
M::max/(l—lMa,a,<I>| )"
aeQ Jqo
1
a€eS

Before proceeding to the proof, let us note the following. Let H be the map given by Lemma 5.2.
Then the restriction H" of H to D, is a competitor in (7.2). Thus (with 8 = ;)

¢t <maxFy (T (Noe'™")| = maxFp(T (No). (7.7)
D, acD,

281t will be shown in the proof of Theorem 7.1 that for sufficiently large € the value of r can be chosen independent of ¢.
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Proof. Step 1. We have

c*:n+4—M+o(—) as € — 00. (7.8)

1

Indeed, on the one hand the upper bound ¢; < 7 + 4—2M is a consequence of (7.7) combined with the
€

fact that

Fs(T(N,)) = min{Fp(u); tr u =N} < Fp(M,)=m+ é/ w(l - M, (7.9)
D

We obtain the upper bound by considering, as a competitor in (7.7), the map a — H(a), a € D, (with
H as in Lemma 5.2), and by using (7.9).
For the lower bound, fix some ¢ € D, such that M is a maximizer in (7.6). Let F' be a competitor

1 —
in (7.7) such that J*(F(a)) < ¢} + —~ for each a € D,. Clearly, u — @ is continuous from H(D;C) into
itself. By Theorem 4.1 3., for large € the map

G :D, — D, G(a) = the zero of the harmonic extension F(a) of Nyef'®@

is continuous and satisfies G(a) = a if |a| = r. By the Brouwer fixed point theorem, we may find

1
some a = a, such that F(a) vanishes at z =¢. Since 3 IVE(a)I2 <c;, we find, via Corollary 4.6 and
D

Corollary 3.2, that F(a) (which depends on ¢) converges, as € — 0, strongly in H(D) to M a,¢ for some
a€S!. We find that

1 , 1 - 1 1
E/DNE(G)' +E/Dw(1—lﬁ(a)| ) 2n+@M+0(8—2) as € — 0o. (7.10)

The lower bound in (7.8) is obtained by combining (7.10) with Lemma 7.3 below. In order to state this
lemma, and for further use, let us introduce the following class.

1
Zg:{uE%; —Au:—Qwu(l—IuIZ)}. (7.11)
€

7.3 Lemma. Let ue Z.. Then

~ _ 1
IIVu - Vu”L2([D) + ||u - LL”Loo([D) =0 (8—2) as € — oo, (712)
2 ~2 1
/IVuI :/IVuI +O(—4) as € — 0o, (7.13)
D D €
and
1
/w(1—|u|2)2:/w(1—|a|2)2+0(—2) as & — oo. (7.14)
D D £
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Proof of Lemma 7.3. Letv=u-u. Let p > 2. By combining the equation (5.9) satisfied by every u € Z,
with the maximum principle Lemma 2.17, with the Sobolev embeddings and with standard elliptic
estimates [27, Theorem 9.15, p. 241], we have

/
IVullLem) + Ivlizem) < ClAvIiLr ) = CllAullLr@) < oL

i.e., (7.12) holds.

We obtain (7.13) by combining (7.12) with the identity [ IVu|? = Io IVi)? + b |Voul|2.

Finally, we note that (by the maximum principle Lemma 2.17) we have |u| <1, |z| < 1 and therefore
lv] < |u|+|u] < 2. We find that

~ _ 1
/w(l —lul?)? - / w(l—%%)? = —/w(Zu-v +lvhH=0 (||U||L2([[I>) + ||vlli4(n)) =0 (_2) as & —oo
D D D £
(by (7.12) and |v| < 2), and therefore (7.14) holds. O

Proof of Theorem 7.1 continued. To summarize: we have the expansion (7.8) of the energy. Using the
identity IVu|? = 2Jac u +4|(35u|2 and formula (2.8), we find that

1 1 1
2/@ 0suel® + @/Dw(maz ~1?= TzM+o (8—2) as € — oo. (7.15)
In order to complete the proof of Theorem 7.1, it suffices to show that
9 1
|0suel“ =0 —| ase—oo. (7.16)
D €

Indeed, assume for the moment that (7.16) holds. As in the proof of Lemma 6.2, Step 1., we see that
any possible weak limit of the u,’s is either a constant of modulus 1, or a Moebius map M, ,. By
(7.15) and (7.16), the former case cannot hold. By (7.8), (7.15), (7.16) and Corollary 3.2, we find that
Ug— Mgy in H(D), where M, , is a maximizer in (7.6).

Step 2 in the proof of Theorem 7.1. Proof of (7.16). This proof is similar to the analysis performed
in [7, Section 5] in somewhat different context of magnetic Ginzburg-Landau functional in a doubly
connected domain.

Introduce A, as a solution of

{VLhE =u.AVu, inD

he=0 on S
0
Existence of A, follows from the fact that (by (2.23)) we have div (u; AVu,)=01in D and u, A :E =0
v
on S'. Define
1-— 2
pe= 1l (7.17)
2

The following is straightforward and left to the reader.
7.4 Lemma. We have

Ah.=2dac u;, inlDl’ (7.18)

he=0 on'S
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w
Ave = — |ugl 21— ue|?) - 4105u.> in D
€ 82 € € zUg (719)
ve=0 on St
and
Vol = 4luel® 10zu.l?. (7.20)
The key ingredient of the proof of Step 2. is the following
7.5 Lemma. We have
||v€||LOO([D) —0 ase—o0. (721)

Proof of Lemma 7.5. For large ¢, let a = a, be the unique zero of u; (¢f Theorem 4.1 1.). Set U, =

1-|U|?
usoM_, and H, = h,oM_,. In view of (7.17), we have v,oM_, = % + H,, and thus (7.21)
amounts to
1-1U,? . .=
—5 +H, — 0 wuniformlyin D as € — occ. (7.22)

As in Step 1., Corollaries 4.6 and 3.2 combined with (7.8) imply that, up to a subsequence,

l/]vg —Myo=yId strongly in H'(D) as ¢ — oo. (7.23)
By (7.12), we also have

Us—M,o=vId stronglyin H'(D) as ¢ — co. (7.24)
Using Lemma 2.19 1. combined with (7.24) and with the fact that (by (7.18)) H, satisfies

{AHE =2dJac U, inD

H,=0 onS!’
we find that
1 _
H.(z)— §(|z|2 —1) uniformly in D as ¢ — oo. (7.25)

On the other hand, by combining Lemma 2.13 with (7.23), we find that
|l7;(2)| — |z| uniformly in D as € — oo.
The above convergence combined with (7.12) implies that
|Ug(2)] — |z| uniformly in D as € — oo. (7.26)

Assertion (7.22) (and thus also assertion (7.21)) is obtained by combining (7.26) with (7.25). O
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Step 2 continued. If we multiply (7.19) by v, and take (7.15), (7.20) and Lemma 7.5 into account, we
find that

1
/Iug|2|65u5|2:o(8—2) as € — oo. (7.27)
D

In view of (7.26) and of the conformal invariance of the integral in (7.27), estimate (7.27) implies in
particular that

1
/ 10:Uc> =0 (—2) as £ — co. (7.28)
D\Dyg €
Therefore, in order to complete the proof of Step 2. it suffices to prove that
9 1
[0:U:|“ =0 —| ase—oo. (7.29)
D12 €
Estimate (7.29) is obtained via the equation satisfied by d;U,. In view of (5.9), we have

1
A@:U,) = —0:(BoM_q,Jac M_o Us(1~|U,?) inD. (7.30)
g N J

Ye

We next invoke the following standard estimate. If w is relatively compact in , and if —Au = f in Q,
then

IVl 22 < Clliullzzonw + Cllf Iiz2q)-2 (7.31)

Noting that y, is uniformly bounded on compact subsets of D, we find, via (7.28) and (7.31), that

1 1
||a§Ug”L2(D1/2) < C”A(agUg)“L2([D3/4) + C“62U5”L2(DS/4\[D’1/2) < Cg_2 +0 (E) as € — Q.

This implies (7.29). The proof of Theorem 7.1 is complete. O

7.6 Remark. The construction of critical points of E, in §; and Theorem 7.1 can be generalized to
the case of magnetic Ginzburg-Landau functional, whose minimizers with prescribed degrees were
studied in [8] for € = v/2. This shows that critical points with prescribed degree one still exist when
€ < V2. However, their type changes when passing the critical value v'2, namely when € > v/2 we
have minimizers while for € < v2 they become minimax critical points.

29 This estimate is obtained as follows. We assume for simplicity that u is real-valued. We multiply the equation
-Au=fby( 24, where ( € CP(Q;R) is fixed such that { =1 in w. After some straightforward calculations, we find that

/IV(Cu)I2=/(2fu+2/(uVu-VC,
Q Q Q

and this leads to
/ IVEWI? < C1llulF o) +ENC-IT 2 o) + COIF 72 (7.32)
Q

We obtain (7.31) by combining (7.32) with Poincaré’s inequality [|{ullz2q) < CIVw)lL2q).-
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8 Bubbling analysis for small ¢

When ¢ is small instead of large, our proof of Theorem 1.1 breaks down, although we expect its
conclusion to remain true. In fact the very definition of J* is valid only for large ¢ since it requires
the uniqueness of solutions of (5.9).

Nevertheless we present in this section an alternative minimax setting which is valid for any
€ > 0, and for which the proof of Theorem 1.1 can be carried out up to and including the analysis of
Palais-Smale sequences, i.e., the analog of Corollary 4.6. We believe this result is interesting in its
own right.

Let X*:= HX(D;C) x HY*(S;R) and

U:X'— H\D;C), X's3@,)—Uw,y):=v+u(Noe).

Recall that Ny is the identity of S' and that u(w) is the harmonic extension of w. Set J ﬁ(v,t//) =
Fg(U(,y)). B
As in Section 5, we let K =D,., Ko = C, and we write N, = Nge'¥e. Define

Cr =X Craa— yia)=(0,v,).

We have U o y*(a) = M,,.
We also define

¢t = inf{mlz{axﬂ oF;FeC((K;X",F=y"on Ko}, ¢! :=maxdJtoyt. (8.1)

Ky
8.1 Remark. Assume, just in this remark, that (5.8) holds. Then we clearly have ¢! = ¢* and cﬁ1 =cj,
with ¢* and ¢] as in (5.10).
By repeating the proof of Lemma 5.3, we find the following
#

8.2 Lemma. Assume (4.14). Then, for r sufficiently close to 1, we have ¢! > cy-

We next establish the analogs of Lemma 5.8 and of Corollary 5.12 when J* is replaced by J¥; this
will require more involved arguments. We start with some straightforward consequences of Lemma
5.4.

8.3 Lemma. Let 1< p <oo. Let ug € H2nL>(S;C). Then the map
F1: H2(SLR) — LP(S10), HY2SLR) 3w 2 uge'?,

is C1, and F1'(y)(n) = 1uge¥n.

Proof. The point to be checked is that I ()(n) := 1uge'¥n defines a map I € C(HY2;B(HV2;LP)).
This follows from

1T ) -T (= sup y1—yomler = sup ly1—vallpzlnlze < Cllys -yl gue,

Il f1/2=<1 Il 12=<1

by the Sobolev embedding HY2(S1) — L2P(S1). O
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8.4 Lemma. Let 1< p <oo. Let ug € H”2nL*(S;C). Then the map
Ty HY(D;€) x HY2(SL;R) — LP(D), HAD;C0) x HYASLR) 3 (v, 1) 22 v+u (wge'),

is CY, and ', v)w,n) =w +u (tuge™n).

Proof. Tt suffices to combine the previous lemma with the embedding H(D) — LP(D) and with the
continuity of the map L2(S') 3 f — u(f) € LP(D). O

By combining the above result with Lemma 5.5, we obtain

8.5 Lemma. With ug as above and € L>(D), the map

1 2
F3: HY(D;C) x HY2(S';R) — R, Hg(um;c:)xﬂl/Q(gl;R)a(u,w)ﬁZ/ﬁ(1—|v+u(uoe”ﬂ)|2) ,
D

is C1, and, if we set u:=v+u (uo e””), then

%’(v,w)(w,n)=—/ﬁu-(w+u(zuoe‘wn))(1—|u|2).
D

8.6 Lemma. The map

2

1
g‘L :H1/2(§1;|R) —R, Hl/z(SI;R) Sy ﬂ 5/ |vu (uoelW) 2
D

is C1, and, if u = u (u¢e'), then

F4 (y)) = /

0
(u A a—u) n= /(u/\Vu)-V{, Vy,ne H2(SL;R), V{ € HY(D;R) such that tr { =1. (8.2)
st v D

Proof. The equality of the two integrals in (8.2) is justified as in the proof of (5.14).
In order to prove that &, (y)(n) = T (v)(n), where T (y)(n) := /(u AVu)-Vu(n), we rely on Lemma

D

5.4. The map v —uAVu e L2(D) is continuous,?® and thus I € C(HY2; H-12). On the other hand,
it is clear that %, is continuous. Therefore, it remains to prove that (8.2) holds when y and 7 are
smooth. By replacing uo with uge'¥, we may assume that v = 0. We have

woe'™ = uo(L+1tm)+R(t),  with |R(®)l e < Ce as t -0,

and thus
1
Fy(tn) = 5/ IVuI2 + t/ Vu-Vu (Lu(m) +8(), with [S@)llgue < Ct?ast—0. (8.3)
D D

Using (8.3) and (5.16) with =0, we find that

?(O)Z/Vu-wzuon):/ (u/\a—u)n:ﬂ‘(O)(n). O]
n D S ov

30This argument was already used in the proof of Lemma 5.7.
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An immediate consequence of Lemma 8.6 is the analog of Lemma 5.8.

8.7 Lemma. The map J' is Cl. In addition, with u =v+u (Noe') and with U = u (Noe'V), we have
I, ) w,n) = / Vu-Vw + /(U/\VU)-V(— / Bu - (w+u(:Noe'n)) (1 - ul®) (8.4)
D D D

for every { € HY(D) such that tr { =1.

1
Proof. 1t suffices to note that Jﬂ(v,w) =F4(p)+ 5/ |Vv|2, with %, as in Lemma 8.6.3! O
D

We next turn to the properties of the Palais-Smale sequences associated to J¥. Note that an
application of Theorem 5.1 in conjunction with Lemma 8.2 leads to a sequence (v,,y,) such that,
with u} := v, +u (Noe'¥") € 4, we have

TV Wn, ) = 0, JHp,wp) — ¢*, ul —uin H as n — oo. (8.5)

In the asymptotic analysis of the Palais-Smale sequences, the smoothness of u, is not sufficient.
In the remaining part of this section, we find a better Palais-Smale sequence and establish its main
properties. More specifically, we let u, :=v+u (Noe“”"), wherev e H é(D) is such that v,, — v as n — co.

In the original variables of J¥, this amounts to replacing v,, by v. The next result is the analog of
Corollary 5.12.

8.8 Lemma. Assume that (v,,y,) satisfy (8.5), with u, :=v,+u (Noe”"”), and that v, — v as n — oo.
Then, letting

up :=v+u(Noe'),
the sequence (u,) has the following properties.
1. u is a solution of (2.23), and we have —Av = fu(1— lu|?).
2. luyl=C.

3. —Aup,—Pu,(1- lun?) — 0 as n — oo in every LP, p < co.

o

Up—u, —0asn—ooin HY(D). In particular, u, — u and Fp(uyp) — ctas n — co.

(uy) is a Palais-Smale sequence.

SR

There exists a sequence c, — 0 such that

<cnlVil2, V{eH'(D;R). (8.6)

D

31With ug = Np.
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Proof. All items except item 6. are straightforward. Indeed, let U,, :=u (N oe“”n). Sinceu, =v,+U, —
u, we find that U, — U as n — oo for some harmonic U € ¢4, and thus and v, —v:=u-U as n — oo.
Using the fact that (u)) is a Palais-Smale sequence, we find, by passing to the limits in (8.4),32 that
—Av = Bu(l —|u|?), whence the last assertion in item 1. Item 2. follows by combining the inequality
|U,| <1 with the fact that v is smooth.?? Item 3. follows from the fact that u, — v as n — oo in L?
for every p < oco. This item implies that u, — u in W?P as n — oo, ¥V p < 0o, and thus item 4. Item 5.
is an easy consequence of the fact that v, — v in H' as n — oo (which in turn follows from item 4.)
combined with the fact that u, —u, — 0 as n — oo in every L”.
We now turn to property 6., which is at the heart of the lemma. Since AU,, =0 in D, we have

ou,,
1 0V

/(Un/\VUn)-VCZ/div((Un/\VUn)():/ '(lUnﬂ)Z/VUn'Vu(zNoe“’/”ﬂ).
D D s D

We plug this into (8.4) and integrate by parts to find, with { € HX(D) such that tr { =7, that
Jﬁ'(v,wn)(O,n) = / VU, -Vu(iNge'V"n) — / Buy - u(:Noe™n)(1- lunl?)
D D
= / Vu, -Vu(Nge'V"n) - / Bun -u (:Noe™V 1) (1 - un,l|?)
D D

0
:/ Uy A unn—/(Aun+,6un(1—Iunlz))-u(LNoe‘”’”n)
sl 6V D

=/(un/\vun)'V{+/un/\Aun5_/(Aun+ﬁun(1—|un|2))'u(zN0e“””17).
D D D

The above calculation is valid for smooth 1 and {. By density, it still holds for every n € H2(S';R)
and every 1 € HY(D;R) such that tr { =7. In particular, we have

D

S‘Jﬁ’(v,wn)(o,n))+/Iun/\AunIIC|+/|Aun+ﬂun(1—|un|2)||u(lN0elu/nn)|.
D D

We take, in the above inequality, { with zero mean and such that n = tr {. With this choice, if we
invoke Poincaré’s inequality, combined with the bounds

Inlgve < ClIVC|z2 and |lu (:Noe™"n) lIiLe < Clnlge, ¥ p < oo,

and with items 3. and 5., then we obtain item 6.
Finally, the first assertion in item 1. follows by combining 6. with the second part of item 1. O

8.9 Definition. In the following we will denote by the term bubble either a Moebius transform or
the conjugate of a Moebius transform. We will denote such a bubble by %8,, with a € D. Thus either
By =M, or B, =M,.

A multi-bubble is either a (non trivial) Blaschke product, or the conjugate of such a product.

The key result in the analysis of the Palais-Smale sequences associated to ! is the following.

32(8.4) is applied to the couple (v,,¥,), with n = 0 and for fixed w.
33Here, we use Lemmas 2.17 and 2.15.
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8.10 Lemma. Let (v,) € ¥ be a sequence of harmonic functions with the following properties:
v,—1 in HYD) as n — oo; (8.7)

1
—/Ian|2—>Kn as n — oo; (8.8)
2 /o

<cpllVel2, V{eHYD;R), with ¢, — 0 as n — oo. (8.9)

/(Un AVvy)-V(
D

Then K is an integer and, up to a subsequence, there exist points a1(n),...,ag(n), corresponding bub-
bles By n), J € [1,K] and a constant y € S', such that

laj(n)l = 1lasn—oo, Vje[1,K]; (8.10)
K

v —v][] B ;(n) — 0 strongly in H(D) as n — oo. (8.11)
j=1

Proof. The proof is by induction on the integer part [K] of K.

Step 1. Case where K < 1.
In this case, we will prove that v, — 1 strongly in H(D) as n — co. By Lemma 4.2 4., if K < 1 then
vyl = a >0 for large n and some constant a. Thus we may write, globally in D, v, = p,e'?* (Lemma
2.7 3.). If we take { = ¢, in (8.9), then using (2.11) we find that V¢, — 0 in L? as n — oco. Since vy,
Apn = Pn|V(Pn|2 inD

st’

and therefore p, — 1 strongly in HY(D) as n — co.34

is harmonic, we have {
on=1 on
Using (2.11) and the facts that V¢, — 0 and Vp,, — 0 in L2, we obtain that v, — 1 as n — oo strongly

in H1, i.e., that (8.11) holds with K =0.

Step 2. Induction step.
Assume that [K] = 1. Then the H' convergence of (v,) (or any subsequence of (v,)) to 1 is weak,
but not strong. By the argument developed in Step 1., there exists no a > 0 such that |v,| = a holds
along a subsequence. Thus we may pick z, € D such that v,(z,) — 0. In view of (8.7), we have
|zl — 1 as n — oco.

Let w, =v,oM_, . The new sequence (wy,) satisfies (8.8), (8.9) and w,(0) — 0 as n — oco.

Let w be the weak limit of (w,) (possibly along a subsequence). Then w is harmonic, w(0) = 0 and,
by (8.9), w satisfies (2.23) with f=0. In view of Lemma 3.5, there exist ay,...,ar, in D and a constant
y € S! such that

w=yMy,...M,,, or w=yM, ..M. (8.12)

1
In particular, 5/ Vw|? = Lz, with L a positive integer. Let f :=tr w and g, :=tr (w,w). Then g, — 1
)

in H2(S';S!) as n — co. We also note the following. On the one hand, we have w, = u(fg,). On
the other hand, if we set &, := u(g,), then 2, — 1 in H'(D) as n — oo (and also %, — 1 in Clloc(ID) as

1
n — 00.) By Lemmas 2.22 and 2.24, we have w, —wh, — 0 in H(D) and 5/ IthI2 —(K—-L)masn—
D

co. We now turn back to the original sequence (v,). Set ¢, :=y,woM, , y,:=hpoM, , where
Yn=woM, (0)|woM,, (0) (note that [woM, (0)| =|w(-z,)— 1as n — oco). Then we have:

34This is obtained by multiplying by p, — 1 the equation of p,.
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1. v —Yntnyn—0in H(D) as n — .

2. Letting a;(n) := M_,, (a;), we have |aj(n)]| — 1 as n — oo, and either ¢, = ﬁy]_[jMaj(n), or t, =
YnY i Ma;n)-
1 2

3. = | IVy,|" = (K —-L)r as n — oo.
2 /b

4. y, —1in HY(D) as n — oo (since v, — 1 and y,woM, — 1asn— oo).

In order to complete the proof of Lemma 8.10, we apply the induction hypothesis to the sequence (yy,).
To this end we need to establish the validity of (8.9) for the sequence (y,). This is done as follows. By
conformal invariance of (8.9) and the fact that (8.9) holds for (v,), we find that (8.9) holds for (w,).
On the other hand, (8.12) implies that fD(w AVw)-V{=0. We next recall that w,, = wh,, + r,, where
rp, — 01in HY(D) as n — co. Since Ar,, = —2Vw - Vh,, is bounded in L2(Q), the sequence (r,) is bounded
in WLP(D), Vp €[1,00), and thus r, — 0 in L°°(D) as n — co. Therefore, we have

Wy AVwy, = |hy? AVw) + |w|?(hy AVh,)+F,,
with F,, € L2(D;R?) satisfying |F, [l 2 — 0 as n — co. From this we find that
/(hn/\th)VC:/(wn/\vwn)v(+/(1_|w|2)(hn/\th)vc
D D D
+/(1—Ihnlz)(w/\Vw)-V(—/(w/\Vw)-V(—/Fn-V(
D D D (8.13)
D D
+/(1—Ihnlz)(w/\Vw)-VC—/Fn-VC.
D D

The fact that A, — 1 in Clloc(ﬂ])) and in L*(D) as n — oo and the fact that |w(z)| — 1 as |z| — 1 easily
imply that

+

/(1 —w|?)(h, AVA,) -V
D

/(l—lhnlz)(w/\Vw)-V( <cuplVQlz2, withec, —0asn—oo. (8.14)
D

It follows from (8.13) and (8.14) that (h,) satisfies (8.9). By conformal invariance of (8.9), the same
holds for (y,). O

8.11 Remark. Lemma 8.10 is about bubbling of harmonic functions in the unit disc D, and clearly
this analysis extends to the case of simply connected domains. It is still possible to study the case of
multiply connected domains. Such analysis, which is not relevant for the subsequent results in this
section, is postponed to Section 9.

8.12 Lemma. Let (v,,y,) be a Palais-Smale sequence associated to JY and set Up:=Up+u (Noe””").
Assume that u, —uin H'(D)as n — oco. Set g, = tr(u,u) and w, = u(g,). Then

1. u* —uw, — 0 strongly in H'(D) as n — co.

n
" 1 2 .
2. Fg(u,)=Fp(u)+ 3 [Vw,|” +c¢,, with ¢, — 0 as n — oo.
D

3. The sequence (w,) satisfies the assumptions of Lemma 8.10.
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Proof. Let u, =v+u(Noe'¥"), where v =lim, v, as in Lemma 8.8. By Lemma 8.8, item 1. amounts to
proving that z, := uw, — u, converges strongly to 0 in HX(D) as n — co. By combining the fact that u
solves (2.21) with Lemma 8.8 (which implies that —Au, = —Av = fu(1 - lu|?)), and with the fact that
wy is harmonic, we find that the map z,, solves

Az, = fulw, - 1A - |ul|?)-2Vu-Vw, inD
z2p,=0 on St

Then, by Remark 2.23, we obtain that z, — 0 in HX(D).

We turn to item 2. By combining item 1. with the fact that w, — 1 weakly in H' and w, — 1
strongly in L? as n — oo, Vp €[1,00) (p = 1), we find that item 2. amounts to proving that, as n — oo,
we have

/|V(uwn)|2:/|Vu|2+/|an|2+o(1). (8.15)
D D D

The starting point in the proof of (8.15) is the identity
IV@wn)? = [ul? Vi, |* + Vul*lwa|? + 2 Vw,) - (w, Vu).

Since w,, is harmonic and w, — 1 in H! as n — oo, we have w,, — 1 in Clloc as n — oo. On the other
hand, we have |u(x)| — 1 uniformly as x — 0D. Therefore

/|u|2|an|2:/|an|2+o(1) and /IVu|2|wn|2:/|Vu|2+o(1) as n — oo.

Finally, since zw, Vu — uVu strongly in L%(D) and Vw,, — 0 weakly in L?(D), we see that
/(qun)-(anu) =o0(l) asn— oo

This proves (8.15) and item 2.
As for item 3., we start from the identity

/«uwn)AV(uwn»-vc:/(|u|2—1>(wnAan)-vc+/(wnAan)-vc+/|wn|2(uAVu)-vc,
D D D D

and argue as in the proof of Lemma 8.10. O

A straightforward combination of the two preceding lemmas implies the main result of this sec-
tion.

8.13 Theorem. Let (v,,y,) be a Palais-Smale sequence associated to J and set Uy :=Up+tu (Noe”/’").
Then, up to a subsequence, there exist: a critical point u of Fgin 9, an integer K, points a1(n),...,ax(n),
corresponding bubbles B ), j € [1,K] and a constant y € S, such that

laj(n)l = 1lasn—oo, Vje[1,K]; (8.16)
K

u,—yu H PBa;(n) — 0 strongly in H(D) as n — oo; (8.17)
j=1

Fp(u,)=Fpsu)+Kn+c,, withc,—0asn— oco. (8.18)

In particular, we have (with c! given by (8.5))
! =Fp(u)+Kn.% (8.19)

35Thus we have the following obvious upper bound on the number K of bubbles: K < c¢!/x.
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Proof. From Lemma 8.12, we have |u, —uw,llz1 — 0 as n — oo, where (w,) satisfies the hypotheses
of Lemma 8.10. In order to conclude, it suffices to apply Lemma 8.10 to (w,). O

Results in the spirit of Theorem 8.13 has proven useful in many variational settings, especially
in geometry. Let us simply mention the pioneering work of Sacks and Uhlenbeck [39] about minimal
2-spheres, the analysis of Brezis and Coron [17] of constant mean curvature surfaces, or the one of
Struwe [41] of equations involving the critical Sobolev exponent. There are also abstract approaches
to bubbling as in the work of Lions [33] about concentration-compactness or the characterization of
lack of compactness of critical embeddings in Gérard [26], Jaffard [31] or Bahouri, Cohen and Koch
[2].

We conclude with the following obvious consequence of our analysis of the Palais-Smale sequences.

8.14 Theorem. Assume that c! given by (8.1) satisfies c' < 27. Assume in addition that
there exists no solution u € 9 of (2.23) such that Fg(u) = - (8.20)

Then Fg has a critical point u € 9.
In addition, under the above assumptions the functional Fpg satisfies the (PS). condition given by
(5.6) at the level ¢ = c".

Note that, by Remark 8.1, our assumption on ¢! generalizes assumption (6.1).
Theorem 8.14 combined with our next result implies Theorem 6.1 (and thus Theorem 1.1).

8.15 Lemma. Assume that (5.8) and (5.10) hold. Let u be a critical point of Fg in 4 such that
Fg(u) <m. Then u is a constant (and thus Fg(u) =0).

Proof. Assumption (5.8) implies that critical points of Fg are actually minimizers of Fg with respect
to their own boundary conditions. We next argue as in Step I. in the proof of Lemma 8.10. If u
is such a minimizer and Fg(u) < 7, then there exists some a > 0 such that |u| = a (Lemma 4.2 4.).
Then we may write, globally in D, u = pe'¥ (Lemma 2.7 3.). Assume, in addition, that u is a critical
point of Fg. If we take { = ¢ in (2.21), then we find that ¢ is constant, say ¢ = 0. Thus p satisfies

{—Ap =Bp(1-p?) inD

1 St By multiplying this equation with p — 1, we find that p = 1. O
o= on

Open Problem 1. Let u € ¢ be a critical point of Fg. Assume that Fs(u) < 7.3 Is it true that u is
a constant? More generally, does the same hold if we replace the smallness assumption Fg(u) <7 by

1
the weaker assumption 3 / IVuI2 <m?
D

9 Bubbling analysis in multiply connected domains

In this section, we establish the analog of Theorem 8.13 in multiply connected domains Q. To start
with, this requires defining Palais-Smale sequences and bubbles. In defining Palais-Smale sequences,
we can take as a starting point either Lemma 8.7 (and define a sequence (u})) or Lemma 8.8 (and
define a sequence (u,)). We adopt here the latter point of view.

36But we do not make any smallness assumption on f. In particular, we do not assume (5.8).
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9.1 Definition. Let € L>(Q). A sequence (u,) < & is a Palais-Smale sequence for Fg if there exists
a sequence c, — 0 as n — oo such that

/Vun‘Vw—/ﬁun-w(l—Iunlz) <cullVwllyz, VwEHé(Q;(C); 9.1)
Q Q

<cnllVElg2, Y{eH(Q;R). (9.2)

Q

We next define bubbles.

9.2 Definition. Let I'y, £ € [1,L], be the components of 0Q). We assume that I'; encloses Q. Let w1 be
the simply connected domain enclosed by I'1, and for ¢ = 2 let w, be the exterior domain bounded by
I'y in the extended plane C U {oo}. For each ¢, fix a conformal representation ®,:w, — D . Fora e D
and ¢ € [1,L], the corresponding bubble % is defined as either B’ = M1 4 ¢,, or B = M1 4.0,

Note that, unlike the case of simply connected domains, bubbles do not belong to &. However, as
a — I'y, the trace of %5 almost fulfills the condition |tr 935| =1.

The analog of Theorem 8.13 is

9.3 Theorem. Let (u,) be a Palais-Smale sequence. Then, up to a subsequence, there exist: a critical
point u of Fgin &, an integer K, indices (1,...,lk € [1,L], points a1(n),...,ag(n) € Q, corresponding

bubbles %sj j€[1,K] and a constant y € S, such that

j(ny

dist(a;(n),T;,) — 0as n— oo, Vje [1,K]; (9.3)
K

Up—7yu H e%i"(n) — 0 strongly in H(Q) as n — oo; 9.4)
=1

Fg(up)=Fgu)+Kn+c,, withc,—0asn— oo. (9.5)

Proof. Up to a subsequence, we have u,, — u € & as n — co. We define gfl :0Q — S by

¢ Jtr(wy/u) onTy
&1 on 0Q\T,’

so that g, := tr (u,/u) satisfies g, = H’;:lgf;. Let v, := u(g,) and vf; = u(gfL). An inspection of the
proof of Lemma 8.12 shows that the conclusions of this lemma hold in our case.?” That is,

1
Uy, —vpu — 0 strongly in Hl(Q), and Fg(u,) = Fp(u)+ 5/ Ian|2+cn, with ¢, — 0 as n — co. (9.6)
Q

Moreover, the sequence (v,) satisfies (9.2).

We next prove an analogue of Lemma 8.10.

We first introduce two useful objects. Let w’, denote the harmonic extension to w; of the trace of
gnonly. We also set W,f :D—C, W,f = w,’; o(®,)~ L.

3TWith u, instead of u.
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9.4 Lemma. We have

L
/ IanI2 = Z / IVwil2 +c,, withc,—0asn— oo, 9.7
Q =1/Q
and
L
Up — H w,’; —0 strongly in H{(Q) as n — oo. (9.8)
/=1

Proof. By standard interior estimates [29, Proposition 1.13, p. 6] and global estimates [27, Theorem
9.19, p. 243], the fact that g/ — 1 in HY2(Q) as n — oo and the fact that g£ =1 on dQ\T'; imply

v/ =1 inCF (Q\T,) asn—oo. (9.9)

loc

The same holds for w’. It is then clear that v, —v’ — 0 in Cfoc(ﬁ\ Ujzel';) as n — co. Combined with
(9.9), this fact leads to the expansion

L
/Ian|2:Z/IVv,’;|2+cn, with ¢,, = 0 as n — oo
Q =1JQ

and to the strong convergence

L —_—
vp—[Jvi—0 inC®Q) asn—co. (9.10)
/=1

By the above, in order to conclude it suffices to invoke the fact that |w’| < 1 (Lemma 2.17) and to
prove that

w’ vfl —0 stronglyin HY(Q) asn — oo. (9.11)

n=

In turn, (9.11) is obtained by noting that y’ := w’ —v’ is harmonic and that tr y’ — 0in H"2(0Q) as n —

0. O]

9.5 Lemma. Up to a subsequence, the sequence (W,f )n satisfies the assumptions of Lemma 8.10.
As a consequence, up to a subsequence there are integers K(¢), points ai(n),...,age)(n) € Q and a
constant y € S' such that:

1. dist(a;(n),['¢) = 0as n—oo, Vje[1,K(0)].
1

2. —/IVw,l;|2—>K(€)nasn—>oo.
2 Ja

3. wl - )/]_[5{2(? %5j(n) — 0 strongly in HY(Q) as n — oo.

Proof. We have to prove that the sequence (W,f )» satisfies (8.9). By conformal invariance, it suffices
to check the same property for (w),. By (9.11), we are reduced to checking the same for (v%),. Let
Qy = C be an open set such that Q,n0Q =T",. Let ny € C2°({2¢;R) be such that n, = 1 in a neighborhood
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of Tp. If { € HY(Q;R), set & := 1y, Ao := { —&,. Assuming in addition that /( = 0, we have the
Q
Poincaré type inequality

IVEellzz +IVAllL2 < CIV | 2.38 (9.12)
Using Lemma 8.12, (9.9) and (9.10), we find that

/ W4 AVvl)-veE,
Q\Qyp

+cn/|Vg‘g|<cnIIV€glle, with ¢;, — 0 as n — oco.

Wi AVLY)-VE | +

/Q(vﬁ /\Vvﬁ)-Vfg <

e (9.13)

(Un A vvn) V¢,
Qp

Similarly, we have

<cplVAsllz2, withe, —0asn— oo. 9.14)

/(u,’; AVVE)- VA,
Q

We obtain (8.9) for the sequence (vﬁ) by combining (9.12)-(9.14).
Items 1. and 3. are obtained from the analog results for W,f via composition with ®, . As for item
, it follows from (8.8) once we note that

/IVw | —/IVW[ / |VW,€|2:/|VW,{|2+C,“ with ¢,, — 0 as n — oc;
D\(@,)1(Q) D

here, we use the fact that W/ — 1 in Cf’oc([[l)) as n — oo. O

Proof of Theorem 9.3 completed. By combining Lemma 9.4 with Lemma 9.5, we obtain an analog of
Lemma 8.10, i.e.,

K 4 1
Un—Y Hl‘%jj'(n) — 0 strongly in HYQ) as n — oo, and §/Q|an| — Km as n — oo,
J:

for some integer K, for some constant y € S! and for some points a1(n),...,ax(n) € Q satisfying (9.3).
Using this fact in (9.6), we obtain (9.4) and (9.5). O

We conclude with an application of the above analysis to the existence of critical points in doubly
connected domains. For simplicity, we assume that we have circular symmetry and we let Q =D\ Dg,
with 0 < R < 1, but Theorem 9.6 below extends to arbitrary doubly connected domains. With d =
(d1,d2) €72, we let

a:={u € &;deg (u,S") = d1, deg (u,Cr) = d3}.
Our result is the following.

9.6 Theorem. Assume that R is sufficiently small. Then there exists some € such that, for € € (gg,00],
E; has critical points in & ).

The above result is reminiscent of Coron’s result on the existence of non trivial solution of the
equation —Au = u*2("=2) in domains Q ¢ R” with small holes [22]. Since later Bahri and Coron [3]
proved that the size of the hole is irrelevant for existence of such solutions, we address the following

Open Problem 2. Let R € (0,1). Does there exist some ¢¢ > 0 such that E, has critical points in &1 o)
for € € (¢g,00]?

38This is easily obtained by contradiction.
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Proof of Theorem 9.6. We start by describing the functional setting. We let, with 0 <r <1,
K =D,, Ko =C,, X' = H}(Q;C) x H?(0Q;R).

. . |z, iflzl=1
Let N:0QY —S*, N(2) = ) . Then we define
1, if|z|=R

#
JUXP R, HNQ;C) x HY200;R) 5 (0,9) L E, (v +u (Ne™)).

Note that v+ u(Ne'V) € &1,0). For a € D, we write, as in Section 5, N, = Nge'¥, and let n, =

U/a, on §1
0, onCg

. We then set

f
1P e CKo; XY, Kova(0,14)
and define

C=CRye= inf{ml?xJﬂ oF;FeC(K;X"), F=y"on KO}.

The plan is to prove that, for small R and large ¢, the compactness condition (PS). described in (5.6)
is satisfied. This will imply existence of critical points of E, in &1 ).
To start with, note that, as in the proof of Lemma 3.1, we have

1
Eg(u)z—/IVul22/|Jac ul = /Jacu
2Ja Q Q

Before proceeding further, we establish few auxiliary results.

=T, VuEg(l’()). (9.15)

9.7 Lemma. Let 6 > 0. Then there exist Ro <1, ro <1, and €9 > 0 such that ¢ = cg , <7 +0 provided
R <Ry, r>rgand € > .
We also have

limmaxJ* o y* = 7. (9.16)
r—1 KO

Proof. Let 8 > 0 to be fixed later. Pick R¢ such that for R < R there exists some (g € C®(Q;[0,1])
such that {r = 1 near S', (g = 0 near Cg and / IV(g|? < 6'. This is always possible provided R is
Q

sufficiently small, since the H'-capacity of a point is zero. Define
P:D—8u1y, D3al(rM,+1-(g.
Let also F(a) =(0,n,), a € K. Then tr P(a) =tr u(Ne'¢), and a straightforward calculation leads to

¢ <maxJ*oF =maxE, (u(Ne'™)) < maxE.(P(a))
K acK aeK
1
smax(é/(1—(R)2|VMG|2+C(5'+\/§+g-2) <7+C(6' +V& +e72).
Q

This implies the first part of the lemma. For the second part, let us note that, when |a| — 1, we have
aM, — -1in Cfoc([[])), and this leads to

limsupE . (P(a)) <m. 9.17)
la|]—1
We conclude by combining (9.17) with (9.15). a

51



The next result is the content of [5, Lemma D.3].

9.8 Lemma. We have

1-R
inflE (u); u € &1,1)} 2 min{E (v); u € 81,1y} =27 T R (9.18)
9.9 Lemma. Consider the minimization problem
me =inflE (u); u € §1,0)}. (9.19)

Then

1. m.=m and m; is not attained.

2. If (uy,) is @ minimizing sequence in (9.19), then, up to a subsequence, u, — a € S' in HX(Q).

z/t, if|z|<t .
Proof. Let ®;:C — C, Ou(z) = ] . It is easy to see that, when a € D and |a| — 1, we may
z/|lz| if|z|=¢
pick some ¢ = t(a) — 1 such that we have ®;0 M, € &19) and E(P;0M,) — 7. This together with (9.15)
implies that m, = 7. As in the proof of Lemma 3.1, if E.(z) = 7, then u is holomorphic. However, we

claim that there is no holomorphic map in &(; o). Indeed, otherwise we have:
a) u(Q)cD (by the maximum principle).

b) u(2) > D (since the total degree of u on 02 is one).

c) / |Jac u| = 7.
Q

By the above and the area formula, for a.e. a € D the set u 1(a) is a singleton. The latter fact
combined with the open mapping theorem for holomorphic functions implies that u is one-to-one. In
conclusion, u : 2 — D is a homeomorphism, which is the desired contradiction (since 2 and D are not

homeomorphic).
Consider now a minimizing sequence (u,) and assume that u, — u as n — oco. Since u ¢ &1 o), we
find that u is a constant, by the Price Lemma 2.18. This constant has to be of modulus one. a

The next result is the analog of Theorem 4.1 in doubly connected domains. If u € HX(Q), then we
define u as the harmonic extension to D of the trace of u on S!. In particular, if u € &(1,0), then u € &1.

9.10 Lemma. There exists some 6y =0¢(R) >0 and a function f :(0,6¢) — (0,00) such that (lsin(l) f(6)=0

1 1
with the following property: if u € &) satisfies 5/ \Vul? < m+6, with 6 < 8, then 5/ IVgl2 <
Q D
7+ f(0).

In particular, if 8¢ is sufficiently small then there exists a continuous map
1 9 H
H: ueg(l,o);g Vul*<n+60p =D, u—alu), (9.20)
Q

where a (u) is the unique zero of u.
Moreover, we have

1
|[H(u)| — 1 when 5/ IVuI2 — 7. 9.21)
D
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1
Proof. For the first part of the lemma, it suffices to prove that, if (u,) < &1,0) and 3 / IVunI2 — 7T as
Q

1
n — oo, then (possibly along a subsequence) 5/ Vu,|? — 7. By (9.15), we may assume that u, is
b =
harmonic. By Lemma 9.9 2., we have, up to a subsequence, u, — a in CfOC(Q). Thus, for R <r<1,

the restriction of u,, to D\ D, has an extension v, to D such that

1 9 1 9 1 9 .
— [ Vu,l*<= [ |Vu,I°=<= [ |Vu,|“+c, withe, —0asn— oco.
2/ — 2Jp 2 /o

The second part of the theorem follows from Theorem 4.1. As for the last part, consider a sequence
1
(u,) © 61,0y such that 5/ Vu,|? — 7. By Lemma 9.9, we have, up to a subsequence, u, — a € ST,
Q

and thus u, — @, whence the conclusion. O

Proof of Theorem 9.6 completed. We start by proving that ¢ > 7. Indeed, let 69 = §¢(R) be such that H
given by (9.20) is well-defined and satisfies |H(u)| = 1/2. We claim that ¢ = 7+ §y. Indeed, otherwise
let F € C(K;X") be such that F = )(u on Ky and J¥oF <7+ 8. Let

G:D, —D\Dyy, G:=HoU'oF.

Here,

#
Ul X — 81, X'ow,y) L vru(NeW).

By construction, G is continuous and we have G =Id on C,. This contradicts Brouwer’s fixed point
theorem.
The fact that ¢ > 7 combined with (9.16) implies that for r close to 1 we have

c> HllfaXJﬁ oxﬁ, (9.22)
0

and that ¢ does not depend on r close to 1.
(9.22), combined with the proofs of Lemmas 8.7 and 8.8 and with Lemma 9.7 and Theorem 9.3
leads to the following: if R < Ry, r > r¢ and € > ¢, then:

. min Py .

2. There exists a sequence (z,) < &(1,0) as in Theorem 9.3.39

We complete the proof of Theorem 9.6 if we prove that the integer K in Theorem 9.3 is zero. Let u be
as in Theorem 9.3, and let D € Z? be such that u € &p. By Theorem 9.3 and the fact that ¢ < 27, one
of the following cases occurs:

1. K=0and D=(1,0), which is the desired conclusion.
2. K=1,D=(1,1)and E.(u)=c—.

3. K=1,D=(0,0) and E.(u)=c—m.

39With E, instead of Fg.
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1-R
The second case is ruled out thanks to Lemma 9.8 and to the fact that c — 7 <27 iR

1
We next turn to the third case. Since 5/ IVu|? < 7,%0 Lemma 4.2 4. implies that |u| =a >0 in Q.

Q
By Lemma 2.8, in QO we may globally write u = pe'?. As in the proof of Lemma 8.15, this implies that
u is constant. This contradicts the fact that ¢ > 7.
The proof of Theorem 9.6 is complete. O
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