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On compound vortices in a two-component
Ginzburg-Landau functional

Stan Alama* Lia Bronsard* Petru Mironescuf

September 8, 2011

Abstract

We study the structure of vortex solutions in a Ginzburg—Landau system for two
complex valued order parameters. We consider the Dirichlet problem in the disk in R?
with symmetric, degree-one boundary condition, as well as the associated degree-one
entire solutions in all of R?. Each problem has degree-one equivariant solutions with
radially symmetric profile vanishing at the origin, of the same form as the unique (com-
plex scalar) Ginzburg—Landau minimizer. We find that there is a range of parameters
for which these equivariant solutions are the unique locally energy minimizing solu-
tions for the coupled system. Surprisingly, there is also a parameter regime in which
the equivariant solutions are unstable, and minimizers must vanish separately in each
component of the order parameter.

1 Introduction

We continue our study of the structure of vortices in two-component Ginzburg-Landau
functionals begun in [AB2, ABM]. Let @ C R? be a smooth, bounded domain, and ¥ &
H'(Q;C?). We define an energy functional,

1 1
B(wi) = [ {S90P s (0P =174 (P - 0P L an )

where W = (¢, ,9_), B> 0 and € > 0 are parameters. Energy functionals of a form similar
to E, have been introduced in physical models, and at the end of the section we will briefly
describe two such contexts: a Spinor Ginzburg-Landau functional, describing ferromagnetic

and antiferromagnetic superconductors, and giving rise to half-integer degree vortices; and
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a Gross-Pitaevskii functional for a two-component Bose-Einstein condensate. Although the
physical models are more complex, we expect that the essential features of the singular limit
¢ — 0 in the physical systems will be well described by the simpler energy (1).

As a model problem, we consider (1) with appropriate Dirichlet boundary conditions,
and study the behavior of energy minimizers as ¢ — 0. In the limit, minimizers ¥ should
lie on the manifold in C? on which the potential F(¥) = (0|2 — 1)2 + Z(|1h;|* — [1-|?)?

vanishes. That manifold is a 2-torus ¥ C S* C C?, parametrized by two real phases

\/j ( 1 1004 1 i )
= | —=€ y =€ |,
V2o V2

and thus a Y-valued map V(z) carries a pair of integer-valued degrees around any closed

curve C,

deg(W;C) = [ny,n ], ny =deg(ty3C)  n_ = deg(t:C).

If the given Dirichlet boundary condition has nonzero degree in either component, then there
is no finite energy map W which takes values in ¥ and satisfies those boundary conditions,
and we expect that vortices will be created in the e — 0 limit, just as in the classical
Ginzburg-Landau model [BBH].

An analysis of the global minimizers of the Dirichlet problem, with »-valued boundary
data, is given in [AB1, AB2]. As in the seminal work of Bethuel, Brezis, & Hélein [BBH],
nonzero degree boundary data give rise to vortices in €2, each of degree one in one (or
both) of the two phases a., and the location of the vortices is determined by minimizing a
renormalized energy, which is derived by sharp estimates of the interaction energy between
the vortices. The essential difference between the classical Ginzburg-Landau model and the
energy (1) is that there are different species of vortices, allowing for winding in one or both of
the two phases, a. In the renormalized energy expansion, vortices with winding in different
components do not interact directly, in the sense that there is no term in the renormalized
energy which couples the location of the oy and «a_ vortices. However, we discovered that
there is a very short-range interaction between these two species due to the energy of the
vortex cores. In particular, it is shown (for certain values of the parameter 3,) that it may
be beneficial for two vortices of different type (one with degree [n,,n_] = [1,0] and one with
[ny,n_] = [0,1]) to coincide in the e — 0 limit, rather than to converge to distinct points (as
the renormalized energy would normally dictate.) In this paper, we study the finer structure
of these compound vortices: for e > 0 small we ask, do they resemble Ginzburg-Landau
vortices, with |¥| = 0 at a common vortex location; or does each component 1, vanish

separately?
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To illustrate, we begin with a simple but prototypical example: let Q@ = D; = D(0,1),
the unit disk, and denote
We consider minima (or more generally, critical points) of E. over the space H, consisting
of all functions ¥ € H'(D;; C?) with the symmetric boundary condition:
Lo o
— (", e").
()

The degree on the boundary is [ny,n_|] = [1,1], and the energy expansion of [AB2] shows

VU|op, = (2)

that the minimizers W, converge to a Y-valued harmonic map in D; with a single limiting
vortex at the origin. Thus, minimizers produce a compound vortex with winding in each
phase near the origin. For ¢ > 0 small but nonzero, do the zeros of the two components
coincide or not? It is easy to verify that if u. minimizes the classical Ginzburg—Landau

energy with symmetric boundary condition,

1 1 ,
Gutw) = [ |3ITu gl = 12| o, =
Dy

2
then U, = \%(ue, u.) is a critical point of E, with boundary data (2). Is the Ginzburg-Landau
minimizer U, minimizing for £ 7

We prove the following:

Theorem 1.1. Let u, minimize G, with u|sp, = € and

1
Ue = E(ue(x),ue(x))

(i) If B > 1, then U, minimizes E. with Dirichlet condition (2) for every e > 0.

(1) If 0 < B < 1, then for all sufficiently small € > 0, U, is not the minimizer of E. with

boundary condition (2).

The proof of Theorem 1.1 is based on comparisons between the vortex core energies (see
(13)), and on our previous results in [AB1, ABM], and is the content of Section 2. For
0 < B < 1, the form of minimizers is more complex and more interesting. Our results (see
Corollary 2.5 and Lemma 2.6,) suggest that the compound [n4,n_] = [1,1] vortex which

appears in the e — 0 limit actually breaks down into two distinct simple vortices for € > 0.

Although this example seems quite special, in fact the symmetric minimization problem

plays an important role in the expansion of the energy in the method of [BBH], and we
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expect that minimizers of this problem accurately describe the structure of vortices near the
vortex core.

Another approach to the core structure of vortices is obtained by blowing up the solution
at scale € around the vortex center. After rescaling and passing to the limit, one obtains an
entire solution in all of R? to the elliptic system,

Ay = (1= [PP)y + B(ly-|* - |¢+I2)¢+,}

2 2 2 (3)
—AY_ = (1= V) — B[ |" = [ ]F)-.

Solutions to (3) obtained by blowing up minimizers in €2 will satisfy an integrability condition,

L =15 o = )} e < o, ®

analogous to the condition of [BMR] for the classical Ginzburg-Landau equation. While they
have infinite energy measured in the whole of R?, they do inherit a local energy minimizing
property, identified by De Giorgi. For ¥ € H} (R?; C?) satisfying (4), we denote

loc

E(W:Q) = Ey(0: Q) /

{Gee+ 5 (er -7+ 2 P -yt o

Definition 1.2. We say that V is a locally minimizing solution of (3) if (4) holds and if for

every bounded reqular domain Q0 C R?,
E(W;Q) < E(9;Q)
holds for every ® = (o4, ¢_) € H(Q; C?) with ®|sq = V|sq.
For the classical Ginzburg-Landau equation in R?,
—Au = (1= [ul*)u,

the locally minimizing solutions are completely known. Combining results by Shafrir [Sh],
Sandier [Sa, and Mironescu [M2], the unique nontrivial locally minimizing solution is (up
to symmetries) the degree-one equivariant solution, u = f(r)e®.

In [ABM] we proved several results on the entire solutions of (3). Following the work of
[BMR] on the Ginzburg-Landau equations, any solution of (3) satisfying (4) has a degree
pair at infinity, (see [ABM)]), ny = deg(1+; 00) = deg (%, S R> for all sufficiently large radii
R. We also showed that there exists a unique equivariant solution to (3) for each degree
pair [n4,n_], but as in the Ginzburg-Landau case we do not expect all those solutions to be

local minimizers. Indeed, it is only for the simplest, “ground state” degrees [n,,n_] = [1,0]



Two-component Ginzburg—Landau 5

or [0, 1] that we can assert the existence of locally minimizing entire solutions. In [ABM] we
show that these vortex solutions are “coreless”, that is, |¥| is bounded away from zero in
R2.

For degrees [1,1] at infinity, it is not clear whether or not a locally minimizing solution

exists for (3). For instance, it is easy to verify that, if u = f(r)e? is the symmetric, degree

1
%
degrees [ny,n_] = [1,1]. We then ask: is U a locally minimizing solution, and are there any
others?

We prove the following result:

one solution of the Ginzburg-Landau equations in R?, then U = (\/iiu, u ) solves (3) with

Theorem 1.3. (i) For > 1, ¥* is a locally minimizing solution with degree deg (v, 00) =
1 if and only if
U = — (u(z — a)e", u(z — a)e’”), (6)

where ¢+ are real constants, a € R? is constant, and u(x) is the (unique) equivariant

solution to the Ginzburg—Landau equation in R* with deg(u,o0) = 1.

(i) If 0 < B <1 and ¥* is a locally minimizing solution with degree deg(¢i, 00) =1, then

|U*| is bounded away from zero in R?. Moreover,

L P =)’ = @

In particular, for 0 < g < 1, the Ginzburg-Landau solution is not locally minimizing
for (3). This implies (see Proposition 4.1) that for 0 < 5 < 1, local minimizers with degree
pair [ny,n_] = [1,1] must have distinct zeros in each component. In this way, a locally
minimizing solution for § € (0,1) should resemble a gluing together of two simple vortex
solutions (of degrees [1,0] and [0, 1]), studied in [ABM]. This has an important implication
for the Dirichlet problem: let Q C R? be a bounded, smooth domain, and g : 9Q — ¥ a

given smooth boundary condition. We then conclude:

Theorem 1.4. Let 0 < 8 < 1, and suppose V. minimizes E.(V;Q) with Dirichlet boundary

condition V |sq = g. Then there is some ¢ > 0 such that, for all ¢ > 0 sufficiently small,
|| > cin (.

In particular, the minimizer in the disk 2 = D with symmetric boundary condition (2)
has a single Ginzburg—Landau type vortex (with both components vanishing at the origin)
for > 1, but for 0 < f < 1 each component vanishes separately, and |¥.| is bounded

away from zero. From the analysis of the renormalized energy done in [AB1, AB2], as
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€ — 0 the zeros of 1, and ¥_ must tend to the origin. It is an interesting open question
to determine the rate at which they coalesce as ¢ — 0. If the mutual distance between the
zeros in each component is of the order of €, then blowing up at scale € produces a locally
minimizing solution to (3) with degree pair [1, 1] at infinity. Necessarily, this local minimizer
is non-equivariant, with separated zeros in each component. On the other hand, if no locally
minimizing solution exists with degree pair [n,,n_] = [1, 1], then the distance between the
two vortices in the boundary-value problem must necessarily be much larger than €, and the
compound vortex breaks down into a distinct pair of [ny,n_] = [1,0] and [ny,n_] = [0, 1]
vortices for € > 0.

The analysis of locally minimizing solutions to (3) is done in sections 3 and 4. It relies
on a priori estimates of solutions in the spirit of Brezis, Merle, & Riviere [BMR] and Shafrir
[Sh].

Finally, we return to the symmetric boundary value problem (2). Recall that Theorem 1.1
states that for 0 < 8 < 1 the symmetric solutions U, = \%(Ue, ue) cannot be local minimizers
for small e. Using a bifurcation analysis, we provide a more detailed description of how the

symmetric solutions lose stability, and the structure of the solutions near the critical value:
Theorem 1.5. Let 0 < 5 < 1.

(i) There exists eg > 0 for which U, is a strict local minimizer of E. for € > eg, and U, is

unstable if € < eg.

(i1) € = €g is a point of bifurcation for critical points of E. with Dirichlet condition (2).
More precisely, there exists 6 > 0 and a real-analytic family {(U, €(t)}y<seest of
non-equivariant solutions bifurcating from U, at t = 0, and these are the only non-
equivariant solutions in a §-neighborhood of (U, €p) in H x (0,00). Each component
of the non-equivariant solutions W = (11, 1_) has ezxactly one zero ¥4(z+) = 0, and

their zeros are antipodal z_ = —z, # 0.

A more detailed description of the bifurcation from the equivariant solutions U, is given
in Theorem 5.23. Indeed, the analysis of the linearization around U, follows the same steps
as for the degree d > 2 case for the Ginzburg-Landau functional (see Mironescu [M1]), and
we show that, apart from the S'-symmetry of the problem, the ground state eigenspace is

simple.

Finally, we briefly discuss two physical contexts for our results on compound vortices.
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Fractional degree vortices

Our original motivation for studying the functional (1) comes from Spinor Ginzburg—Landau
functionals introduced in models of ferromagnetic and antiferromagnetic superconductors
[KR] or Bose-Einstein Condensates (BEC) [IsM].
Let 2 C R? be a smooth, bounded domain, and ¥ € H!(Q2;C?). We define an energy
functional,
) =5 [ {Iver o ok - 174 2 o} an
Q € €

where W = (11, s), U1 X ¥y = Im (Y1103), B > 0 and € > 0 are parameters. The quantity

S =y X thy = Im {1y 12}

is interpreted as the z-component of a spin vector, which in this two-dimensional model is
assumed to be orthogonal to the plane of 2.

As € — 0, energy minimizers should converge pointwise to the manifold on which the
potential term F(¥) = (|¥[2 — 1)* + 5y x 1,)? vanishes. Since 8 > 0, we obtain a two-

dimensional surface (a 2-torus) ¥ C S* C C? parametrized by two real phases, ¢, w:
Y U=G(¢w) = (¢ cosw, ?sinw).

Notice that G is doubly-periodic with minimal period G(¢ + m,w + 7) = G(¢,w), with each
phase executing a half cycle. For a smooth function ¥(z) taking values in ¥ and a simple
closed curve C' contained in the domain of ¥ we may therefore define a pair of half-integer
valued degrees (dg,d,) corresponding to the winding numbers of the two phases around
Y. From the above observation, these degrees satisty dy,d, € %Z, and dy + d,, € Z. The
singularities which appear in energy minimizers as ¢ — 0 will thus be half-integer quantized,
giving rise to fractional degree vortices.

The connection between the energies F. and & is direct: by a unitary transformation in

the range,

Yy = %(% + i),

the two are seen to be equal, E(11,12) = E(¢y,1¥_). In these new coordinates, the frac-
tional degree vortex for (iy,12) with degree pair (dy,d,) becomes an integer quantized
vortex for (¢4, ¢_), with degree pair [ny,n_| = [dy + d,,ds — d,]. In particular, the min-
imal energy fractional degree vortices with (dy, d,) = (3,+3) are associated to the integer
degrees [ny,n_] = [1,0] and [0,1], and the Ginzburg-Landau-like vortex of degree pair
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(dy,dy,) = (1,0) becomes the compound vortex [n4,n_] = [1,1] in the new coordinates for

V. We note that in the new coordinates, the spin

S =11 X Py = %(|¢—|2 - WHQ)

remains an important quantity.

Two-component BEC

The functional (1) may also be derived from the Gross-Pitaevsky energy for a rotating
mixture of two BEC, introduced in [SCETC]. In this model, we consider the pair ¥ =
[y, ] : R* — C? which minimizes

G.0) = [ {GIV0P -~ wlw.i000) + JVNP + % [kl +alo-l'+ 2Pl |
]RQ
©

where the constant w represents the angular speed of rotation, V' (z) the trapping potential,

and a;,a_ > 0 and b € R material constants. Here, and throughout the paper, we use angle

brackets to denote the real scalar product on C or C?,
(0, ¥) =Re {®-¥}, @,0eC (p,v) =Re {pv}, pveC.

The energy is to be minimized over the constraints,

Lo =me [ o=

For simplicity we replace the trapping potential V' by a “flat trap” in the domain Q) € R?
(see [CY] for example), in other words we set V() = 0 but impose a (Neumann) boundary

condition via ¥ € H'(Q;C?). We also assume that a; = a_ =: a > 0 and assume the two

ftosp=5=f1-r (9)

Given the constraints on the L2-norms, we may then complete the square in the quartic terms
2

species are balanced,

of the potential by adding in constant multiples of |11 |* without changing the minimizers,

to arrive at an energy which more closely resembles (1),
Gy = [ LEvup —ww o) + Lup -2+ 2 ep 2
(V) = g §| |* — w( 726>+g—2(’ |—)+€—2[|¢—|—|¢+|} ,

2(b v and = —2 C +a§ Thus we recover the form of (1) with 5 > 0 provided that

—a < b < a. As for the single-component BEC energy (see Ignat & Millot [IM1],) we expect

with € =
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that for w = O(|In €|), minimizers will have vortices in 2, and blow-up around vortex centers
will result in locally minimizing entire solutions of our system (3). In particular, the small-
scale structure of vortices in the two-component BEC for —a < b < a will be determined by
our analysis of the blow-up problem (3). Since the parameter regime —a < b < 0 corresponds
to 8 > 1, the degree [n,,n_] = [1, 1] vortices will be radially symmetric, and well-described
by the classical Ginzburg-Landau model. However, the range 0 < b < a corresponds to
B € (0,1), and in this case the [ny,n_] = [1, 1] vortices will decompose into two separate

vortex cores, with |¥| bounded away from zero in the core, the “coreless” vortices.

2 The Symmetric Dirichlet Problems

We begin with the fundamental boundary value problems, with symmetric data given on the
boundary of the unit disk Q = Dy: for ny € {0, 1}, define

1 ) )
][n-‘-,n—](e;ﬁ) = min {Ee(\lj) » Ve Hl(Dl;C2)7 \P|8D1 = E(ezmﬁ’eme)} ) (10)

For future use, we also define analogous values for the disk Dy centered at the origin and of

radius d:
1 ) ;
‘][mr,nf}(ﬁvé;ﬁ) '= min {Ect(qj) cWe H1<D5; 62)7 \Ij’aﬂ)s = E(eln+97 em_0>} (11>
€
= I[n%nf} ((_57 5) ’

by scaling. For comparison purposes, we also define the analogous quantity for the Ginzburg—

Landau functional,

Igr(€) = min {Ge(u) : u € H'(Dy;C), ulop, =€}, (12)

_ 1 2 L 2 2
Gutw) = [ (GIVa + g = 1) .

and Jgr(€,0) = Igr(e/6) in analogy with (11). Our analysis depends on comparisons between

the following vortex core energies, (see [AB2], [BBH]),
Qp,y = lim (Zny(e 8) — 7l Ine])
: 7r
Q[Lo] = Q[o,l] = 11_{% (1[1,0}(67 B) — 5‘ lne|) ) (13)
Qcr =lim (Igp(e) — 7| Ine€|)
e—0

From [AB2] (using the renormalized energy for the problem I} j(€; 3)) we have

Qpui(B) <2Qu(B), for all 3 > 0. (14)
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We will constantly use the following elementary but useful identity:

FW) = (|02 = 1) + B[] = [_|?)?

1\? 1\?
(WHQ - 5) + (W’Q - 5)

and we recall that the Spin is given by

=2 +4(8 —1) S, (15)

1
S=5 (WP =16:P).

Lemma 2.1. For all >0, Iy 1)(¢; 8) < Igr(e). For 8> 1, Iny(e B) = Igi(e).
For 8> 1 and for any minimizer V. of I 11(€; 8), we have

where u(x) is a minimizer for the problem Igy(€).

For B =1 and for any minimizer V. of I 11(€; 1), we have

where u', u® are minimizers for the problem Igr(¢).

Proof. Let u. be the minimizer of Ig.(¢), and U, = \/Li(ug,ug). Then, U, is admissible for

It 1)(e; B) and has spin zero, and therefore
[[1,1](6; 6) < Ee(Ue) - GE(“E) = IGL(E)a

for each ¢ > 0 and 8 > 0.
If B> 1, let ¥¢ = (¢<,9<) minimize Iy y(e; 8), and set v$ = v/2¢%. Using (15), we
1
have, with S = 5(‘¢i‘2 o ’wi’2)7

Igr(€) <min{Gc(v}), Ge(ve)}
1

< 5 Ge(vs) + Ge(v2)]

1. 1 Co 1) Co 1)
él{EW\P |2+2—62(<|¢+|2—§) +(|¢_|2—§) >}

—1
:EE(\IIG)—B2 /DSE

€

6—1
€2 Jp,

S2.

= ][1,1](555) -
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Thus, Iji1(e;8) = Igr(e) for all e > 0 and > 1. For 8 > 1, S((x) = 0, and E (V) =
>
Since |v$| = |v|, the zeros of v{ coincide. By Theorem 9.1 of Pacard and Riviere [PR],

[Ge(v) + Gc(ve)], and we conclude that each component must be a minimizer for Iy (€).

v =0,
For f =1, E. decomposes into a Ginzburg-Landau energy for each component ., and

the conclusion is immediate. O

For 8 > 1, there is a net energy saving in replacing two simple vortices, of degree pairs

[0,1] and [1, 0], by a single compound vortex at the same limiting location:

Lemma 2.2. For all 3> 1, Qu1(8) = Qar < 2Qun(f).

Proof. The assertion Qp 11(8) = Qg for all § > 1 follows trivially from Lemma 2.1, and
s0 Qno(8) = 5Qc¢z for B > 1 follows from (14). Note also that when § = 1 by (15) the

components decouple,

B() = 5 (G(Vav) + G(VE))

and hence Iy g (€e;1) = %]GL(G) for all € > 0.
Suppose that Qp1,0(3) = %QGL for some 5 > 1, and let V¢ attain the minimum Ij; )(€; 3)
for that 3. Then,

In particular, we conclude that

By the analysis of problem Iy gj(¢; ) in [AB1], minimizers W€ have a vortex ball D, (of
radius O(e)) with degree deg (v, 0D,) = 1, deg(¢<,dD,) = 0. Rescaling by € and passing to
the limit, these converge to a locally minimizing entire solution ¥* of (3) in R?, with degree
[ny,n_] =[1,0] at infinity. The convergence being uniform on any compact set, the limit W*
has spin S, = $(]¢*|? — [¢%]?) = 0 in R?. This contradicts the main result of [ABM], where
it is proven that |[¢)* | is bounded away from zero for such solutions (and hence S, > 0 at the
zero of % ) O

We now turn to the case 0 < § < 1, where the situation is very different.
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Lemma 2.3. For all 5 € (0,1),

Quy(B) < 2Qnug(B) < Qar — (1 — ﬁ)%

12

In particular, for § < 1 we may already conclude that the Ginzburg—Landau solution

is not the minimizer for the problem Ip; 11(¢; 3), and hence Theorem 1.1 follows from Lem-

mas 2.3 and 2.1. It is an interesting open question to determine whether the strict inequality

Qn(B) < 2Qpn.(f) holds or not.

Proof. Let u, minimize Igz(¢), and set 1, = \%Ue, . = ==. Then ¥ = (¢ ,1p_) is

V2
admissible for Iy g(€; 3), and

In(e; B) < E (V)

L i e

o ]‘ (]‘_/8) 2\2
= Gl — ey /Dl(l—|u6\ 2.

By blow-up and the result of Brezis, Merle, and Riviere [BMR] we have

1
- (1 — |uf?)? — 2,
€ Dy

and therefore we conclude that

Qua(B) < 5@~ (1- )7,

as claimed.

Lemma 2.4. For all § € (0,1),

el
Qcr < Quy(B) + (1 — B)liminf = [ 52 da,
Dy

e—0 €

where S, is the spin associated to any minimizer V. of Iy 1)(e; 3).

Proof. Let W€ minimize Ijy jj(e; 3) with 0 < 8 < 1, and set vy = \/§¢§_L Each v is admissible

for Iy (€), hence

lar(e) < 5 (Ge(vy) + Ge(v-))

Il
\ N | =

Dy
= B, (V) + > /Dlsf
s+ 50 [ s

€ Dy

]' €12 1 € |2 1 2 € |2 1 2
§!V‘I’\ +@(<|¢+\ —5) +<|¢\ —5) )]

(16)



Two-component Ginzburg—Landau 13

Subtracting 7| In €| from both sides and passing to the limit we obtain the desired conclusion.
O

By putting together Lemma 2.3 with Lemma 2.4 we obtain interesting information about
the minimizers of the problem I}; 1)(¢; 5): when 0 < 3 < 1, a fixed amount of the core energy

must come from the spin term.

Corollary 2.5. If V. is any minimizer of Ity 1)(e; 8) with 0 < § < 1, and S, is its spin, then

1
lim inf — S? dw >
e—0 62 D,

e

A similar calculation applies also to the fractional degree case:

Lemma 2.6. Assume 0 < 3 < 1. Then, for any minimizer V. of Iy g (€; B3), its spin Se

satisfies:

Proof:  Let V¢ minimize Ij;)(¢; ) and vy = \/ZZJ; Now only v, is admissible for the

problem Iy (€), so

52

€ Dy

(1-5) 9
:‘[ 7 Se)
m0)(€; 8) + /Dl

€2

where we have applied the same reasoning in the next-to-last line as in the computation (16)

above. Subtracting 7|Ine| from both sides and passing to the limit we have

€

1 Lo 1-—
5@ar = Qua(B) + hmlélfﬁ/ S2.
e— Dy

The conclusion then follows from Lemma 2.3.

&

3 A different way to measure core energies

In this section we consider entire solutions ¥ in R?, satisfying the integrability condition (4),

with given degree [n,,n_| at infinity. Measured on all of R?, the energy (defined in (5)) of
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such a solution diverges. However, when properly renormalized, there is a well-defined core

energy, defined as the limit below:

Lemma 3.1. Let ¥ solve (3) in R?, satisfying (4). Then, the following limit exists:

lim [E(\I/;]D)R) - g(ni +n2)InR|. (17)

R—o0

For locally minimizing ¥ we expect more. In the case of the single Ginburg-Landau
equation

~AU = (1—|U)U, (18)

it is known from Shafrir [Sh] that the only nontrivial solutions which are locally minimizing

for the energy
1 1
G*<U;ﬂ>=/{—|VU|2+—<|U|2—1>2},
al2 4

have degree deg(U,o00) = £1. And for those (unique, by [M2]) local minimizers, the anal-
ogous limit (17) coincides with the vortex core energy defined via the symmetric Dirichlet
problem (12),

Qcr = }%grolo (Gi(u;Dg) —7In R) .

We will show that the same is true for W:

Proposition 3.2. A nontrivial local minimizer of (3) satisfying (4) must have degrees ny. €
{0, +1}.

Proposition 3.3. For any 8 > 0 and for any given degrees ny € {0, £1}, if ¥ is an entire
solution satisfying (4), then

) T
lim E(\IJ,DR) — §(|7’l+| + |n_|)1nR > Q[n+,n_}-

R—o0

If in addition ¥ is a local minimizer of energy, then equality holds in the above.
We begin by proving Lemma 3.1.

Proof of Lemma 3.1. By the estimates in [ABM], there exists Ry > 0 for which the solution

U(x) admits a decomposition for |z| > Ry in the following form:

V() = pi() explias ()], ax(r) = nwt + Xi($)a} (19

with x4 (z) — ¢4 (constants) uniformly as |z| — oo.
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Without loss of generality we may take ¢+ = 0, so x+(z) — 0 uniformly as |z|] — oo.
Moreover, the estimates in [ABM] imply that for large r,

\ (20)
Vpea) < 5 (21)
/ el [l <o (22)

for Ry sufficiently large that the decomposition (19) holds.

First, we observe that for any R > Ry, by an integration by parts we have:

/ in - Vo = 0.
Dr\Dg,

Thus,
E(¥;Dg \ Dg,) — (ni+n2>m_:/ f
2 Ry Dr\Drg,
with
(ot (2~ ) ot o]
— P+ P+ V2 ) 7 + P2 Ve + | P+ NG X+
+1<2+ 2_1>2+é(2_ 2)2
4p+ P— 4p+ pP_)".

Using the estimates (20)—(22), f is integrable in R? \ Dp,; writing

E(V;Dg) — g(ni +n2)InR = E(¥;Dg,) — g(ni +n?)In Ry +/ f,

Dr\Dg,

we conclude that the limit R — oo exists. O
Next, we do a patching argument as in [Sh].

Lemma 3.4. Let U be an entire solution of (3) satisfying (4). Then, there exists a family
Up € H'(Dg; C?) of functions so that

Up(z) = V() for |z| < &,
~ 1 ) .
Up(r) =— [e“"*eﬂb*), ez(”*6+¢*)} : on |z| = R, for constants ¢+ € R,

V2
/DRIWRP:/Dlel2+o(1), /DR(I\IJR|2—1)2:/DR(N,|2_1)2+0(1)7

/5}23:/ S? +o(1)
Dp Dp



Two-component Ginzburg—Landau 16

as R — oo, where Sp = T Yr-* = [Yr+*). In particular,
E(Vg;Dg) = E(¥;Dp) + o(1)
as R — oo.

Proof: We employ the same decomposition (19) for ¥4 (z), || > Ry, as in the proof of
Lemma 3.1. Define the cutoff,

0 if r < }5%,
L(r) = Lg(r) = { 2R 3¢ B < < R,
1 ifr > R.
We define our modification
U= (1/;3#7 &R,—) ; Urt = ps(r) explid],
_ 1 R (23)
px(x) = EL(T) + (1= L(r)p=(x),  ax(z)=nsl+ (1 - L(r))x=(2).
Then,
Vel - Voslt = (L) - an e
* * (In2)22 \\2 *

+

2 1 Ip+
1- L) [ — —pu | 2=
r1n2( ) (\/§ pi) or
By combining the estimates 0 < L(z) < 1, p7 + p2 < 1, |Vpi| < Cr~® (see [ABM]) with
(22), we obtain

/ 1V ps 2 — [Vpul?| dz — 0
R/2<|z|<R

as R — oo.
Let C' = [In2]7!. Then,

- C n A
Vaisl? = [Vauf? = [Vxe Pl = 2 = 1]+ 53k = 2075V -0

2C .
- 7(1 — L)x+(Vxz - 7).

We expand

prlVasl? — pi|Vasl = pi ([Vasl® - [Vai]?)
+|Vaxl (51 - p2)
(R~ ) (IVaal — [Varl). )
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Defining A = {R/2 < |z| < R} and taking each term separately,

/A P (IVasl — Vo)

g/\|vai|2—|vai|2|
A
2 1 1 2
<C | |IVxel® + = Vxel + 5x& |
A T T

with constant C' independent of R. The first term tends to zero by (22) directly. For the

second,

1 R dr 1/2 1/2
/—|in| < [2# —/ !inF] < [2#11&2/ |in|2] -0,
AT R/2 T Jiz|>R |z|>R

again by (22). For the last term,
1 R q
x4 < 27?/ T sup i =2rIn2 sup xi —0,
AT R/2 T |z|>R/2 |z|>R/2

since x4 — 0 uniformly as |z| — co. Thus, the first term of (24) tends to zero as R — oo.
For the second term of (24), note that by (20),

. c [(n?
/ 72— 4] Vo < / - (—;t + \VXHZ) — 0,
A AT r

again using (22) for the second piece. The third integral is estimated in a similar way to the

first one and also vanishes as R — oo. In conclusion,

— 0.

/A AIVasl? - P Vasl

The estimate (20) also implies
(J¥]* —1)2+4S*=0 (7‘_4) and (|Ug>—1)2445%4 =0 (r_4) .
Therefore, we have
J AW =1 = ([l = 171+ 15 = 531 0.
as R — oo. Putting these results together we obtain
|E(Up; Dp) — E(U;Dp)| = |[E(Vg; A) — E(W; A)| = 0

as R — oo, which completes the proof of the lemma.

&
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Note that by the same procedure as above, but with the choice

pu(x) = —=(1— La(r) + Lp(r)pe(),  ds() = nsh+ La(r)xe,

V2
(and Lg as in the proof of Lemma 3.4,) we obtain the opposite patching result, connecting

a given solution outside a large ball D to the symmetric boundary condition on ODg/s:

Lemma 3.5. Let U be an entire solution of (3) satisfying (4). Then, there exists a family
Uy e HY(Dg \ Dg/2; C?) of functions so that
Up(z) =V(z)  for|z|=R,

Up(z) = — (ei(”+0+¢+), ei(”*“d’*)) ) on |x| = R/2, for constants ¢4 € R,

V2

[ v = [ R,
Dr\Dg/2 Dr\Dg/2

[ o= [ qup-rpeon, [ S [ st
Dr\Dg/2 Dr\Dg/2 Dr\Dp/2 Dg

as R — 0o, where Sg = s Yr—* = [Yr+*). In particular,
E(Up;Dp \ Drys) = E(U;Dg \ Dgya) + o(1)

as R — oo.

Proof of Proposition 3.2. The proof closely follows that of Theorem 2 in [Sh|. Let ¥ be a
local minimizer. If either |ny| > 2 or |n_| > 2, we must have n% +n? > |ny|+ |n_|, and

hence Lemma 3.1 implies that for all R sufficiently large,

. E(U;Dg) 7, ., 5 s
Aim — = = o (nh +nZ) > S(lng] + [n-). (25)

By Lemma 3.5, for R large we obtain ] r with constants ¢4, defined in Dg\Dg/o. Denote
by
1 1
G.(U;Q) :=G=1(U;Q) = / {§|VU\2 + Z(\UP - 1)2} ,
Q

the Ginzburg-Landau energy for U € H} (;C). Taking Q = Dgs, let Uz minimize the
Ginzburg-Landau energy GG, with boundary condition Ug]aDR 2= e!l"+0+0+] By the results
of Brezis, Bethuel, & Hélein [BBH],

G.(Uz;DRjo) = mne| In(R/2) + O(1).
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Now let

Since V¥ is a local minimizer, we have

E(V;Dg) < E(®g;Dg)
= S [G(Uf; Dppa) + Gu(Ug; Dry2)]| + E(Wg; Dg \ Dg/2)

—_

(Ins| + [n_) In(R/2) + B(¥: Dy \ Dyya) + O(1).

SN

From Lemma 3.1, it follows that

E(U;Dp \ Dpjo) = g(ni +n2)In2+o(1),

as R — oo, and hence
E(¥:Dg) < Z(|ni |+ [n_) R+ O(1).

This contradicts (25). O

Proof of Proposition 3.3. Let U be an entire solution to (3) satisfying (4) with degrees ny €
{0,1} at infinity. (The degree -1 case may be obtained by complex conjugation.) Multiplying
each component 14 by a complex constant of modulus one if necessary, we may assume that
Yy — \%emia as |x| — oo (that is, ¢+ = 0.) For large R, let Uy be as in Lemma 3.4, so
that Ug|op, = \/ii(emﬂ“e, ¢™-%). Note that by scaling,
. — i E(U:-D j _ 1 ingd _in_0 — 7] 1.

J[n+,n_](17Ra 6) = 1mnin ( ) R) : |6]D)R - E(e , € ) — dng,n_] E;B . (26)

Using (12) we conclude that

E(¥;Dg) = E(p: Dg) — o(1)
2 J[n+,n_](17 R7 B) - O<1) = g(n-‘r + ’I’L_) In R+ Q[n+,n_] - 0(1)7

which proves the first assertion in Proposition 3.3.

Now assume in addition that ¥ is a local minimizer. We now employ Lemma 3.5, with

Up = <%ER,+, @R,—) , Upe = pulz) explid),
, o (27)

pu(z) = %(1 — La(r) + La(r)pe(z),  de(z) = nsb + L(r)xa(z)
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so that
L (ein+9

\IIR|8]DR/2 = \/5 6757179)

, @R‘GDR = Vlong,

)

and for all R > Ry,
. T
E(¥p;Dr \ Drp2) = E(¥;Dr \ Drp2) +0(1) = S (n4 + 1) In2 + o(1).

Next, we let Vp(x) be a minimizer for the problem Ij,, , j(1, R/2; ) with symmetric data.
By scaling,

0 R
E(Vr; Dry2) = oy 1 (L, B/2:8) = T o1 (2/ B; B) = 5 (4 0 ) In <§> + Qg n_y +o(1).
We now define a trial function in Dgp,

Dile) Up(z), ifR/2<|z|<R
B Vale),  if |2] < R/2

Since &z = ¥ on JdDg, and V is a local minimizer, we have:

E(V;Dg) < E(®p; Dg)
= E(Vg;Dpyo) + E(Ug;Dg \ Dg/2)
- g<n+ +n_)In R+ Q. iy + o(1).

4 Locally minimizing solutions

We are ready to prove Theorem 1.3 stated in the Introduction, concerning locally minimizing

solutions of the system (3).

Proof of Theorem 1.3. First, if ¥* has the form

Ut = — (u(z — a)e"+ u(z — a)e"),

V2

then it is a local minimizer. By Theorem 1.1, the minimizer for the boundary-value problem
I1.4(€; B) coincides with (v/2 times) the Ginzburg-Landau minimizer in each component. By
blow-up around the vortex we converge to a solution to the system in R? which is a local
minimizer. Since each component of the minimizer in ; is a solution of the Ginzburg-
Landau equation, the solution we obtain is of the form above, and hence such solutions are

local minimizers.
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Now, assume ¥* is any local minimizer with degree deg(¢},00) = 1. We claim that its
spin S, = 3(|¢*|* — [¢7%|?) = 0. Suppose not, and let

O':/ S2dx > 0.
R2

Choose Ry large enough so that IDR S2dx > o /2.
0
We use Lemma 3.4 with ny = 1 to bound the energies E(V*;Dg) from below. Let
Up = [V, ¥r_] be as in Lemma 3.4, ug+ = v20g .+, and apply the identity (15):

E(V*;Dg) = E(Vg; Dg) + o(1)

= % (Gi(up+;Dgr) + Gi(up,—;Dr)) + (B — 1) /DR 5'12% +o(1)
> Igr <}%> + (8- 1)% +0o(1)

:wlnR+QGL+(B—1)%+o(1), (28)
since up 4+ = e on 0Dy, and by scaling we have
Jor(1, R) :== min{G.(u;Dg) : ue€ H.(Dgr)} = IgL(1/R).

Now let Uy be as in Lemma 3.5, and define

Dp(z) V(). if R/2 < |z[ <R,
" \/% (UR/261¢+>UR/2€Z¢_> , if |z| < R/2,

where up/; is the minimizer of the Ginzburg-Landau functional in Dg/; with symmetric
data,
G.(ury2; Drj2) = min{G.(v;Dg2) : v € H(Drpo)} = Icr(2/R).

By the estimates of Lemma 3.5,
E(®g; Dr) = E(Vg; Dg \ Drjo) + E(®g; Dryo)
= E(V*;Dg \ Dry2) + I6(2/R) 4 o(1)
R
= (7‘(‘ In (R_/2> + 0(1)) + (mIn(R/2) + Qar) + o(1)
=7mln R+ Q¢ + o(1),

as R — oo. Hence, comparing with (28) we have

o

E(Pr;Dr) < E(V5;Dg) — (8 — 1)2

+ o(1),
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and for ¢ > 0 we have that U* cannot be a local minimizer for 8 > 1. Therefore the claim
is established, S* = 0 for any local minimizer.
We then conclude that for any local minimizer, [¢)_| = [¢4]|. So 11 have their zeros

coincident, and each solves
—Atpy = (1= 2[¢e )
in R? with degree one at infinity. By Mironescu [M2] each is (1/2 times) an equivariant entire

solution of the Ginzburg-Landau equation, and therefore ¥ must have the form (6). This

completes the proof of (i) of Theorem 1.3.

Next we turn to the case 0 < § < 1. We first show that if ¥ is a local minimizing entire

2dp > =
/R2S Tz,
with S = 2 J? = [+ ). Let

OR ::/ S? dz, 0:/ S? dz.
Dg R2

First, we bound E(¥;Dg) from below. Apply Lemma 3.4 to obtain for each R > 0 a

solution in R? with ny = 1, then

corresponding Wr, and set iy = zﬁRi. By Lemma 3.4 and (15),

E(V;Dg) = E(¥g; Dr) — o(1)
= %(G*(ﬂ+;DR) + G, (u_;Dg)) — (1 = pB) /DR S? o(1)
> Igr(1/R) — (1 — B)og — o(1)
=mln R+ Qg — (1= B)o —o(1). (29)
For the upper bound we use the local minimality of . First, as in [BBH] (see [AB1])
for any pair of points ai,as € Dy, p > 0 fixed, and all small ¢ > 0 there exists ® with

D|op, = \%[ew, €] so that

@) =i () + W (a0 [1.0L0.1]) + ua(6ip) + T (6 ) + Ol
1 ™ 9 a1 — a2
= 7ln <E) -5 [In(1 = |a1]?) + In(1 — |as|?)]

+ J[1,0](€> p; B) + J[o,l](@ p; B) + O(p),

where W is the renormalized energy associated to the Dirichlet problem (see [AB1].) For
any 1 > 0, fix a; = —as # 0 close enough to the origin and p > 0 such that

- 1
Ee(¢e) < mln (;) + J[l,O](€7p; B) + J[O,l](@ﬂ? 6) +n.
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Using scaling and Lemma 2.3,

- 1
Ee(q)e) < mIn (;) + J[I,O](evp; 5) + J[O,1]<5>PS B) +n

—7ln <%) 42 [g In (f) + Qu,od +n+o(1)

< el +Qar — (L= B) + 1+ (D), (30)

where o(1) is with respect to e — 0.

We now construct a function @ with the same boundary values as ¥ on 0Dg. Applying
Lemma 3.5, we set &5 = U in Dg \ Dg/s, VVAith Drlopg, = \/Li(ei9+¢+, e¥+9=) ¢, constants.
Inside Dg/, we define € = 2/R and ®p = $y/z(22/R), with ®, as constructed above. By

rescaling and Lemma 3.5 we have (as R — 00),
E(®g; D) = BE(Vp; D \ Drpo) + E(®r; Dryz) + o(1)
=rln (%) + B2 (Py/r) + o(1)
<t R+ Qar—(1- 5)% +n+o(1).
Since V¥ is a local minimizer, we obtain the upper bound,
E(W;Dr) < 71 R+ Qor — (1= ) +n+ o(1), (31)

for any n > 0, in the limit R — oo.
Putting together (29) and (31), since 5 < 1 we have

T
ST

—4 1-p
Since n > 0 is arbitrary we obtain the estimate (7) in Theorem 1.3. As a corollary, we
observe that the equivariant, Ginzburg-Landau-like solutions are not local minimizers for
0<p<l.
To complete the proof of Theorem 1.3 we require the following uniqueness result for entire

solutions with a common zero in each component:

Proposition 4.1. Suppose ¥ is an entire solution of (3), satisfying (4), with [ny,n_| =
[1,1]. If in addition ¢, (xq) = ¥_(x9) = 0 for some g € R?, then there exist constants
o+ € R with

Uele) = ule — m)e®, b_(x) = —ule — a0)e, (32)

V2 V2

# is the equivariant, degree one entire solution to the GinzburgLandau

where u = f(r)e

equation in R2.
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Remark 4.2. The proof of Proposition 4.1 is based on the method of Mironescu [M2], and
is deferred to the end of this section. The existence or non-existence of a locally minimizing
entire solution for (3) with degrees ny = 1 = n_ is an interesting open question. If such
a local minimizer were to exist, Proposition 4.1 implies that its vortices must be spatially

separated.

We may now complete the proof of Theorem 1.3. Since o > 7, the local minimizer ¥
is not of the form (32), and hence by Proposition 4.1, we conclude that |¥(z)|? # 0 on R
By (20) there exists R > 0 so that |¥(z)[> > 1 for |z| > R, while on the compact set Dpg,
|U(x)|? is continuous and non-vanishing, thus bounded away from zero. This completes the
proof of Theorem 1.3. O

Remark 4.3. When § = 1 the equations decouple completely, and each component satisfies
the Ginzburg-Landau equation in R?. In this special case there is a huge degeneracy, and

the solution space with degree [n + n_] = [1,1] is completely described by:

1 . .
U) =Uspo.o =—(u(z—a)e® ulx— b)),
(#) = Uappro 7 (u(z —a) (z — b))
where u = f(r)e? is the unique equivariant solution with degree one, a,b € R? are arbitrary
points in the plane, and ¢, are arbitrary constants. Since the equivariant solution is a local

minimizer for Ginzburg-Landau and because the energy decouples when § = 1,

B(U;Dg) = 5 (G.(u(x — a);Dg) + Gu(u(x — b); Dy),

it is clear that each of these solutions is a local minimizer. The question then arises whether
there exist local minimizers with 5 < 1 which bifurcate from this degenerate family as § — 1.
Alas, if we calculate the L? norm of the spin Sapés e associated to Uyp s, ¢, we have
T
S? dr < —,
/]R2 a7b7¢+7¢— 4
and the value approaches 7/4 as |a — b| — oco. In particular, by Theorem 1.3, no family Vg

of local minimizers for 3 — 17 can converge to a member of the family U, 44, ¢, and so

there is no bifurcation.

Next, we complete the proof of Theorem 1.4 stated in the Introduction:
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Proof of Theorem 1.4. Let W, € H}(Q; C*) be minimizers of E, 5 with 0 < § < 1. We argue
by contradiction, and assume that there is no such constant ¢ > 0 for which |¥| > cin Q. In
that case, there exists a sequence €, — 0 and points p, € Q for which ¥, (p,) — 0. By the
methods of [BBH] extended to the energy E. (see [AB2],) |V, | is bounded away from zero in
a neighborhood of the boundary 02, so in particular, we can assume dist(p,, 9€2) > ¢, for €,
sufficiently small. Blowing up around p, at scale €,, by standard estimates a subsequence of
the rescaled minimizers converge in CF¥ _ to a locally minimizing solution T to (3), satisfying
(4), with ¥(0) = 0. By Proposition 3.2, the degree pair deg(¥, o) = [n4,n_] has one of
the forms [0, 0], [+1,0], [0,£1], [£1,+1]. We claim that each is impossible. Indeed, from
(4), the only [0,0] solution is constant (of modulus 1/v/2) in each component. In [ABM]
it is proven that the [0,41] and [£1,0] locally minimizing solutions never vanish for any
f > 0. And Theorem 1.3 (ii) asserts the same conclusion for the [£1,41] local minimizer

when 0 < < 1. In conclusion, there must exist ¢ > 0 for which |¥,| > ¢ > 0 as claimed. O

We conclude the section with the deferred proof of Proposition 4.1:

Proof of Proposition 4.1. We follow the uniqueness proof of Mironescu [M2]. Denote by

p= \% f- Without loss of generality, assume zy = 0, and form the quotients

_ V() 00 (T2
wy(z) = o(lel) e C*(R\ {0}).

We may then derive the system of equations satisfied by w,

p ow 1
v =200 L (o a4 Bl )]

P ow_ 1 9 9 9 2 2 (33)
—Aw_ — 2;? — T—2w, =p [2 — \w+| — |/IU7‘ - B(’w—‘ - ’er’ )j| W

As in the derivation of the Pohozaev identity, we multiply each equation by x - Vw4, and

integrate over the domain Dy \ Dg,. The resulting identity has the form

F(R) — F(Ry) = G(R, Ry),

, R 2 2
— b + = ar - 87' .
Z/amm {2R|wi’ 3 10wl — [0rwsl’]
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and
2rp
ot = [ 2 (gl + o)
Dr\Dg, L P
2p* + 2rpp/
(2= lws P = [0 [")* + B(lw-* — [y [*)]

Using the estimates (20)—(22) on the solutions 14 for large R, the corresponding facts for the
Ginzburg-Landau profile p, we obtain F(R) — F(Ry) — 0 as both R — oo and Ry — 0, and
thus conclude that G(o0,0) = 0. Since p > 0 and p’ > 0, we may conclude that |w| = |w_| =
1 and d,wy = 0 in all of R?, and hence wy = ws(f) = X+ that is ¢y = pwy = peX=®),
By the estimates in [ABM], ¢4 — \%e"(a*‘ﬁi) — 0 uniformly as |z| — oo, with constants
¢+ € R. In particular, ys = ¢+ are constant, and ¢y = pe’@x=(0) — \%f(r)ei(aﬂﬁi) as

claimed. ]

5 Bifurcation of symmetric vortices

In this section we study the stability and bifurcation of the equivariant solutions of the
Dirichlet problem in the unit disk ID;. For convenience, we replace the usual parameter € by

A = ¢ 2 in both E, and the Ginzburg-Landau energy G, and (with abuse of notation) write
1 A 2 AfB 2
B0 = [ {51908+ 00 - 17+ 2 (- 0P}
1

1 A
Gat) = [ [§9u+ 30u ~12).
o2 1
We consider critical points ¥ € H := {¥ € H'(D;C?) : U|gp, =
the Dirichlet problem,

—A¢y = A1 =[PPy + AB(W- = [ )¢s in Dy
_A¢— = /\(1 - |\Ij|2)¢— - /\B(WJ—P - |¢+|2>¢— in Dy 7 (34)

1
wi 6

— on JD
/5 1
in the unit disk Dy, for fixed §, as A ranges in the half-line A € (0, 00). We will show that if
0 < B8 < 1, the symmetric vortex solution

1 1
Uy = | —=ur,—=ux |,

where uy = f(r)e? is the degree-one equivariant solution of the classical Ginzburg-Landau

\%(ew, )}, which solve

model in the unit disk, is stable (a strict minimizer of energy) for A = ¢ 2 small, but loses
stability at some A\g = 652 > 0.

First, we note that for A small enough, there are no other solutions to (34):
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Proposition 5.1. There exists Ay > 0 so that for every X\ < \j the unique solution to (34)
s the symmetric solution U).

Proof. First, define the convex set B={¥ € H: |¥(x)| < 1in D;}. By Lemma 4.2 of [AB2],
any solution of (34) lies in B. The second variation of the energy around ¥ = (¢;,¢_) € H
in direction ® = (p,,¢_) € H}(Dy; C?) is:
E{(W)[@] = [ {IVe] + AU — 1|2 + 2) (¥, @)
D1
B [+ ? = -] [lp+® = o] + 282 [, 04) — (-, o)}

For any ¥ € B, we have
B{W)[0)> [ {99 ~ CONSE) do.

with constant C(3) > 0 independent of A, ®. By choosing A} sufficiently small that C'(8)\
is smaller than the first Dirichlet eigenvalue of the Laplacian in Dy we may conclude that
EY(W) is a strictly positive definite quadratic form on H}(Dy; C), for any ¥ € B. Thus, F)

is strictly convex on B, and hence it has a unique critical point. O

We also observe that the symmetric vortex solution U, is the unique solution to (34) for

which both components vanish at the origin:
Proposition 5.2. Suppose ¥ is a solution to (34) with 1 (0) =0 =1_(0). Then ¥ = U,.

Proof. The proof is exactly as for Proposition 4.1: as before, let wy = ﬁ, with p(r) =

\/Li|u)\|, so wy = € on 9D;. In particular, |w.|? = |9, w+|?> = 1 on dDy, so

1
F(1) = ——/ 10,0 |* + 0,w_|* < 0.
2 Jon,
Arguing as above, we may conclude that G(1,0) = 0, and hence |wy| =1 and d,wy = 0 in
Dy, with wy = € on ;. Thus, wy(x) = € on Dy, that is ¥y = p(r)e? = \/Liu,\. O

It is important to recognize the role played by two groups of symmetry acting on the
problem. First, the problem is invariant under the action of the group S', with the following
representation: for ¢ € Helw (Dy; C), writing the independent variable in complex form z =

x + iy, we represent £ € S! C C via

(Rev)(2) = EU(& 2).
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By abuse of notation, for ¥ = (¢, ,9_) € H we define
RV = (Repy, Retp-).
Our problem is also invariant with respect to the involution,
TV = (—v-(=z), —vp(=2)), V= (vi(2),v-()). (35)

The equivariant solution U, is fixed by both groups, ReUy = Uy = TU,, for all £ € S
With the goal of studying bifurcations from the symmetric solutions, our first task is to
study the spectrum of the linearization of the energy around Uy,
E}(U)[®] = / VR 4 Mual® = DI®E + X (un, 01+ 9-)” + A8 (ur, 04 — 9-)°]
Dy
for ® = (o4, p_) € Hi(Dy;C?). The quadratic form E{(U,) is associated to the linearized

operator,

+
L — {LACD]

[—A%r + AMJual* = s + Mua, o4 + - )ux + BN, o1 — 9 )uy
L;®

—Ap_ + AJual = Do + Mun, 4 + o )ur = BMun, o4 — p-)un ]’

For each A > 0, L, defines a self-adjoint operator acting on its domain H? N H}(Dy; C?) C
L?(Dy; C?) (with real scalar product). Moreover, by elliptic regularity theory, for all A > 0

is has compact resolvent, and thus discrete spectrum, consisting of eigenvalues,

o(Ly) = {m(A) < p2(A) < ps(A) <--- 1,

repeated according to their (finite) multiplicities, and ordered by the min-max principle for
each fixed A > 0. . We seek the critical value A = Az at which the radial solution loses
stability with increasing A. The group invariance under Re, £ € S', and T are inherited by
the linearized operator, and each of the eigenspaces is invariant under these two symmetries.

We will uncover the spectral properties of the linearized operator L, via a sequence of
reductions, and prove analytic dependence on A of eigenvalues and eigenfunctions provided

they are simple modulo the action of the group S*.

Reduction of L),
First, we reduce to a scalar problem: let
Lyp = —=Ap + X (Jua|* = D + 28X (ux, p)ua,

as an operator acting on L?*(Dy; C), with associated quadratic form

0\ (w) ::/D [[Vw]? + A(Jual* = 1)|w]* + 28X (uy, w)?] .
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We also define the linearization of the classical Ginzburg-Landau energy,
Gi(wn )il = [ [Vl + Muaf = Dol + 24 (un, ]
Dy

and
LS = —Ap+ A|ual* = 1) + 2XM(un, p)us.

By [M1], L§ is a positive definite operator for all A > 0.
Lemma 5.3. (1) For any 8 > 1, Ly is positive definite for all A > 0.
(2) For any B> 0, p is an eigenvalue of Ly with eigenfunction ® if and only if:
(i) either p € o(LS);
(i) or p € a(Ly) and ® = (v, —p), where v is an eigenfunction for L.

Proof. A simple calculation shows that

BA(UNI®] = Giulies] + Gl + (8- DA [ (onor =9 (30

D4
By [M1], G%(u,) is positive definite, and thus (36) implies that L, is positive definite for

B > 1, proving (1).
Now let 5 > 0 be arbitrary, and assume ® = (¢, ¢_) solves Ly = ud. We then have

Li® = LS4+ (B = DA (ur, 0r — o) un
Ly® = Lo — (8= 1A (ux, 04 — ) un.

Adding these two identities together,
L3(ps + o) = L{® + Ly® = p(ps +¢-).

Thus, if p & o(LS), we must have —p_ = ¢, =: ¢, and moreover LF® = Lyp = up.
This proves the only if part. The “if” part is obvious. m

Denote the eigenvalues (repeated by multiplicity) of £y by

o(Ly) ={m(A) < fi2(A) < -+ }

The next step is to decompose w € H(D;C) in its Fourier modes in 6:

w = Z by (r)e™.

nez
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Using Parseval’s identity, we have

1
m -
/]D1 (uy, w)? da = 5/0 fx(r) Z b1 + by |* 7 dr.

neL

Consequently, the operator £, can be identified to a direct sum in Fourier modes,
Law = P LY (b1, bi-), (37)
n=0

where the operators /J(A”) are associated to the quadratic forms

" : (n+1)? (1—n)
§ (b1, br) =7 / [|b;+1|2 1 T b S
0

FAUX = 1) (b * +1B1-nl’) + MBS b + Blﬂ rdr,

for n # 0, and

1 1 —
Q) = [ |1+ 0P + A2 = DI+ A3 + B |
0

If we let

X ={f:(0,1] = C; f(r)/r € L*, f" € L?, f(1) = O},

Y ={f:(0,1 = C; f € L* f(1) = 0},
then: QE\O) acts on X, QE\I) acts on X @Y and, for n #0,1, Qg\l) acts on X @ X.

The spectrum of this direct sum is given by the union of the eigenvalues of the operators

EE\") . As we show below, only one of these operators may contribute an eigenvalue near zero.

Define (in Fourier Space)

Lyiv = P LY (bnir. bia),
n#l

where W = Z#OQ bn(r)e? and so Lyw = E(;)(bg, boy) @ L. Let O, denote the quadratic

form associated to £~,\.

Lemma 5.4. There exists a function mo(\) > 0 such that inf o(Ly) > mo(\) > 0 for every
A > 0 and, in addition, irllf mo(A) > 0 for each compact interval I C (0,00).

Proof. This follows from the reductions described on page 337 of [M1]. Let w € H}(D;;C)
with associated coefficients {b,(7)}nz02, such that > ., ||bn||%2((071);7,d7,) = 1. We define
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ay = i(zn7é0,2 |b,|?)/2. Then, a;(r) is purely imaginary, a1 |l z2¢0,1);rary = 1, and

1 2

< n

)27 Y [P+ S0 + AU - DR | rar

n#0,2 79 r
! 1
> 7 [{I0P + 520+ RE) - Dl
0
1

Now set mg(A) := inf %QE\O)(al, ay), where the infimum is taken over all a; € H}((0,1)) with
llaillz2¢0,1);rary = 1. In [M1] it is proven that mg(A) > 0 for all A > 0. By the min-max
principle, inf o(£y) > mg()) > 0.

It remains to show that mg(\) can be bounded away from zero when A is bounded
away from zero. To do that, we make a transformation as in [M1] in order to consider a
fixed system of equations on an increasing family of disks Dy, with R = v/A. We define
tp(z) == ur(x/VA) = F(r,R)e?, and a,(r) = a,(r/v/\), for r € [0, R]. In this way,

mo)f)\) :mO(R) _ inf 7T/0 {|d/1|2+r_12d%<7’)—0—(F(7”, R)Q(T> - 1)|d1|2}’rd’r.

1821122 (0, Ryir ary =1

We now show mqg(R) is decreasing in R > 0. First, the radial profiles fg(r) are pointwise

decreasing in R: whenever R < R, we have F(r, R') < F(r, R) for all € (0, R). (Indeed, on

[0, R], F(-, R') is a subsolution for the equation satisfied by F(-, R).) Using this fact and the

inclusion H}(Dg) C H}(Dg/), we find that 7mg(R') < mo(R). In case the two are equal, this

would imply that the minimizers of QE\O) in Dg (which are nonnegative,) vanish identically in

Dg \ Dg. This is impossible, by the maximum principle. Thus mg(R) is strictly decreasing.
Finally, given a fixed interval I = [Ag, A;], whenever A € I,

m0(>\) = )\mg(\/X) > Aomo(\/A—1) =C; > 0.

Combining the results of Lemmas 5.3 and 5.4, we may conclude:
Corollary 5.5. If ui(X) € o(Ly) and pr(X) <0 for some XA > 0, then ug(\) € O'(Eg\l)).

In particular, if g (\) is to cross zero it must be because of the ground state eigenvalue
ugl)()\) of 55\1). We perform one final reduction of the operator Ef\l): We define a quadratic

form Qg\l) on real-valued radial functions (ag, as) by

1
O aoas) = [ () + (@) + e+ AR = 1) (&4 ) 4 AR )|
0
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The self-adjoint operator associated to Q(Al) is

1
ao] —df — ~a, + MfF = ao + BAF (a0 — a»)

a2

M, [ (38)

1 4
—ay — ;a’g + 542 + A(ff — Day — BAfi(ag — ap)

Lemma 5.6. 1 € R is an eigenvalue of Eg\l) over L*(([0,1];7dr); C?) if and only if it is an
eigenvalue of My over L*(([0,1];rdr); R?). Moreover, if u is a simple eigenvalue of My,

with eigenspace spanned by (ag, as), then
ker(L) — uI) = {t (ag, —€as) : €€ S', t € R},

Proof. Let u € J(EE\D) with (complex-valued) eigenvector (bg, bs), that is:

(39)

1 1 / 2 2 7
£ {bo} B —by — ;bo + A(fx = Dbo + BASX(bo — b2) B {bo}
A - ) =K bZ :

1 4 _
—by — ;bé + T—sz + A(f3 — 1)ba + BAfR (b2 — bo

We observe that ag = Im by, as = Im by will be eigenvectors of M with the same eigenvalue
f. On the other hand, it is clear that if (ag, as) are (real-valued) eigenvectors of M, then

o : : a . : (1)
(bo, ba) = (iap,ias) will be eigenvectors of £’ with the same eigenvalue. Thus, o(L)’) =

a(M,).

Finally, suppose p is a simple eigenvalue of M, with eigenspace spanned by (ag, as). If
(bo, by) is an eigenfunction of Ef\l), then (by the observation above) (Im by, Im by) = —q(ao, az)
for ¢ € R. Similarly, (Reby, —Rebs) is an eigenfunction of M, and so (Reby, —Rebsy) =
p(ag,as) for p € R. Setting ¢ = \/m and § = p—:zq c S', we have (by,by) =
t (gao , —& ag), as claimed. O]

We conclude this part with the following essential fact about the ground state eigenvalue

of M:

Lemma 5.7. The ground state eigenvalue ,ugl)(/\) of My s simple. It is generated by
(ag(r; N), ag(r; X)) with 0 < ag(r; A) < ag(r; A), aog(r; N),az(r; A) > 0 in (0,1), ag(0; A) > 0,
and as(r; N) = O(r?) forr — 0, for all A > 0.

Proof. This fact follows as in [M1]: we claim that, up to a change of sign, 0 < ay(r) < ag(r)
holds for all . Indeed, if not we define ay(r) = min{|ag(r)|, |az(r)|}, and similarly ao(r) =

max{|ao(r)|, |az(r)|}. Replacing ag, as respectively by ag, ao does not change the quantity
1

/ [lag(r)|* + |az(r)|*] r dr, and the first, second, and fourth terms in Qg\l) are unchanged.
0
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However, the third and last terms are reduced, contradicting the minimality of the Rayleigh
quotient at (ag,az). By a standard argument, nonnegativity of the eigenfunctions and of
ap — az implies simplicity of the eigenvalue. Each function is strictly positive in (0,1) by the
strong maximum principle (or the uniqueness theorem for ordinary differential equations).
The behavior of ag, as at r = 0 follows from the ordinary differential equations (see (16)

of [M1]) satisfied by ag, as in (0,1). O

Analyticity

In this part, we prove that the radial profile fy is analytic in both A and r, and conclude

real analytic dependence on A of the simple eigenvalues of L.
Proposition 5.8. f\(r) is real-analytic in v € [0,1] and X > 0.

As in the proof of Lemma 5.4, we rescale our problem to study a fixed equation in a

variable domain. We define

F(r,R) = fi(r/V}),
for r € (0, R), with R = v/A. Then, F solves

1 1
—F"——F'+ SF=(1-F)F, F(0)=0, F(R)=1. (40)

r r
While the existence of such an F(r) may easily be done by minimization of its energy
functional, to obtain the desired properties of I’ it will be necessary to relate the solution

F(r, R) of the boundary value problem to solutions ¢(r,b) of a Cauchy-type problem,

ot o= (=)o, 9(0.6) =0, §(0,5)=b (a1)

where the value of b is chosen (by “shooting”) to achieve the boundary condition ¢(R,b) = 1.
Indeed, it has been shown (see [CEQ)]) that F(r, R) = ¢(r, bg) for a unique value of b = bg >
0. We note that the equation being singular at » = 0, this is not a regular initial-value
problem, and thus the existence and analyticity of the solution do not follow directly from
the Picard existence theorem. (See Theorems 8.1 and 8.3 of [CL].)

In the remainder of this section it will be convenient to extend ¢(r,b) to r € C, with
complex parameter b € C. The following equivalence follows easily from the variation of

parameters formula, and may be established by direct calculation.

Lemma 5.9. Let g(r) be continuous for |r| < ro, ro > 0. If f is continuous on |r| < ry and

solves

r S

f(r)="br+ % /07“ (f — f) sg(s)ds, (42)
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then f € C*({r e C: 0 < |r| <ro}) and solves

oot gl =), forre (O, FOD)=0, FOD)=b  (43)

Conversely, if f € C1(D,,) UC*D,, \ {0}) is a solution of (43), then it also solves (42).
Moreover, if g is analytic in D,,, then f will be analytic for r € D,, and b € C.

The integral in (42) is a complex path integral, and the path is the straight-line segment
joining 0 to 7 in C. Note that in the analytic case, the singularity of the solution of (43) is
removable, and thus f is analytic in the entire disk D,,.

Using Lemma 5.9 we may obtain an analytic solution to the Cauchy-like problem (41)

by Picard iteration of the integral equation,

1 (/s r 9
o) =t 5 [ (2=D) 51— ots bl ds (44)
Let by € C be fixed, and define a rectangle in C x C,
. 11
R :={(r,b): |r| <p, |b—"0bo| <p} with p:=min< -, —».
27 2|y

Lemma 5.10. For any fized by € C, there exists a unique solution to (41), which is analytic
for (r,b) € R.

Proof. Let h(r,b) = ¢(r,b)/r. Then, f solves (44) if and only if h solves the fixed-point

equation,

h(r,b) = T[h](r,b) := b+ é /0’" (S— - 1) s(1 — s°h(s,b)*)h(s,b) ds.

r2

Define a class of continuous functions,
M :={heCD,;C): |h(r)—by| <1VreD,}.

We observe that if h € M, then for any r € B,,

1 1
|rh(r)| < |r(h —bo)| + |rbo| < 3 + 5= 1. (45)

Thus, |1 — s*h?(s)| < 2 for 0 < |s] < |r] < p, and

1 [l 1
|T'[R) (1) — bo| < |b— by +§/ 11— sh*(s)| |sh(s)|d|s| < 5t Ir| <1,
0
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and hence T': M — M. If hy, hy € M, then

I
[ Tho)(r) = TT](r)] < %/O [+ s (1 ]* + [haha| + [ha|*)] Is| [ha(s) = ha(s)] d]s]

7|
< 2y — Illue / s/ dJs|
0
9 1
= 1o 2 = e < 2 — Pl

for any r € D, where we have used (45) to estimate the integrand. Thus, 7" is a contraction
on M, and there exists a unique continuous solution of the fixed point equation for r € D,,.
Since the solution may be characterized as the uniform limit of the iterates h, := T'[hy,_1],
ho = b, and by induction each h,, is analytic for (r,b) € R, the solution h so obtained is
analytic for (r,b) € R. Setting ¢(r,b) = rh(r,b), we obtain a unique analytic solution to
(44), which by Lemma 5.9 provides a unique analytic solution of (41) for (r,b) € R. O

For r # 0, the initial value problem for the differential equation (41) is regular, and the
existence, uniqueness, and analytic dependence of solutions in the complex plane follow from
Theorem 8.3 of [CL]. Using this observation, we may extend the solution ¢(r, b) analytically
along the real axis in r to obtain a maximally defined analytic solution. Indeed, for any
b, |b — by| < p, define R, to be the supremum of all real values R > 0 for which there
exists an analytic solution ¢(r,b) of (41) in a C-neighborhood of the real interval [0, R]. By
Lemma 5.10, we know that R, > p.

Proposition 5.11. For any b € R there exists a unique solution ¢(r,b) to (41) forr € [0, Ry),

which is real analytic in (r,b). Either R, = oo, or Ry < oo and lim, _, - |p(r, b)| = 0.

Proof. The proof is a standard extension argument from the theory of ODE (see [CL].) By
the definition of R,, for each real value s € [0, R;) there exists a neighborhood Ny of [0, s)
for which ¢(r, b) is analytic for » € N;. By the uniqueness of solutions to (41) these sets are

nested, and in fact ¢(r, b) is analytic in N' = Usep g,)Ns. Assume R, < oo, but

lim sup |¢(r,b)| < 0.

r—)Rb_

reN

Then, from the integral equation (44), it is easy to see that ¢, ¢’ both have limits as r — R, .
Using these limits as initial conditions for the differential equation, and applying Theorem 8.1
of [CL], there exists a C-neighborhood of R, and an analytic solution of the equation, which
extends ¢(r,b). This contradicts the definition of R, as the supremum. By restricting b and

r to R, the complex analytic solution is real analytic on the desired domains. O
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We next prove some additional properties of F(r, R) = ¢(r,bg). In the following we

restrict to r € R.

Lemma 5.12. Suppose F(r) is a solution of (41) with 0 < F(r) <1 on (0,7ry). Then:

F"(0) = 0; {@}/ <o W PO

. = > o r € (0,79). (46)

Proof. Since F(r)/r — b as r — 0, by the equation and L’Hopital’s rule,

F'(r)y—F 1
lim F"(r) = lim rfr) — F(r) = = lim F"(r).

r—0t r—0t r2 2 r—0t
Hence, F”(0) = 0. To verify the second conclusion, let h(r) = F(r)/r, and calculate

%@WﬂmY:MWﬁ+%ﬂﬂ=%F@XWU%—U<0

,
In particular, 73h/(r) is strictly decreasing. Since r3h/(r)|,—o = 0, we have I/ (r) = (F(r)/r)’ <
0, as claimed.

Finally, for the third statement,

F' 2F F\’ R\ W h
_—— — = [R— e —_ = — — — <K O’
72 r3 r2 r r o2

by the second conclusion. O

As the boundary-value problem (40) does admit a unique solution for each R > 0 (ob-
tained as an energy minimizer,) for each R > 0, there is a unique choice of b = br > 0 for

which ¢(R,br) = 1. The following facts are well-known, but we sketch the proof here:

Lemma 5.13. Let ¢(r,bg) solve (40). Then bg >0, 0 < ¢(r,br) < 1 and 0,¢(r,bg) > 0 for
re (0,R).

Proof. The existence of a solution of (40) follows from minimizing the energy,

mm:A Ewww+%ﬁm+gﬂm—n2mn

over F' € H'Y((0,R);rdr) with F(0) = 0, F(R) = 1. Since E(|F|) = E(F), |F| is a
minimizer if F' is. By the strong maximum principle, we find that |F|(r) > 0, and thus
F >0 in (0, R]. Applying the maximum principle to the equation satisfied by F?(r) — 1 we
may also conclude that F'(r) < 1 for r € (0, R). We next prove that this F' is monotone.
First, we claim b = F’'(0) > 0. Indeed, if F'(0) = 0, then F' is a fixed point of the equation

(44) with b = 0. Since the solution is unique for each fixed b, we must have F(r) = 0,
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which is a contradiction. Thus, b > 0. Suppose that F' is not monotone. Then, there exist
0 < Ry < Ry < R such that F has a local maximum at R; and a local minimum at Ry, with
F(Ry) > F(R3). Therefore, we have F'(R;) = 0 = F'(Ry), and F"(R;) <0 < F"(Ry), and

SO F(Rl)

Ry

Consequently, we have

F(Ry)
R3

< F(Ry)(1-F*(Ry)), and

> F(Ry) (1 — F*(Ry)) .

R2<1—F*R) <1-F*Ry) <R,

a contradiction. Hence, F'(r) is monotone, and F'(r) = 0,¢(r,bg) > 0 for all r € (0, R).
Finally, uniqueness of the solution of (40) is proved in [M2].

We now consider the linearized operator,

1 1
Ly(r) i==g" = ~¢'+ 59— (1 - 3F%(r,R))g,

around F'(r, R) = ¢(r, br), the solution of (40).

Lemma 5.14. Let Ay denote the smallest eigenvalue of L with Dirichlet boundary conditions
on (0, R). Then Ay > 0.

Proof. Let g € Hy((0,R)), g(r) > 0, be an eigenfunction associated to the first eigenvalue

A1, Lg = Aig. Now, h := F'(r) > 0 solves a similar equation, and in fact

2F  F'
Lh=—F—— >0,

s 2
by Lemma 5.12. Multiplying the equation for g by rh, the equation for h by rg, and

integrating by parts, we have

In particular, A\; > 0. O

We may now examine the dependence of the solution ¢(r,b) on the shooting parameter

b:

Lemma 5.15. Let b = by, with ¢(R,bg) = 1. Then 0y¢(r,br) > 0.
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Proof. Let h(r) = 0p¢(r,b). Then we have
1 1
—h" — ;h’ + ﬁh = (1 —3¢*(r,br))h, h(0) =0, HK(0)=1. (47)

Suppose that h vanishes somewhere in (0, R]. Let Ry € (0, R) be the smallest value of r > 0
for which h(Ry) = 0. Since 2'(0) = 1, we must have Ry > 0 and h(r) > 0 in (0, Rp).

Choosing g(r) > 0 the eigenfunction associated to the smallest eigenvalue \; of L,

1 1
' = ~g' + 59 = (1= 36*(r,bn))g + g,

we multiply by rh and integrate by parts on (0, Ry) to obtain:

Ry

A1 ghrdr=0.
0

This is impossible, as g,h > 0 in (0, Ry), and hence h(r) = dy¢(r,bg) > 0 in (0, R]. ]
Lemma 5.16. by is analytic in R > 0, and Orbr < 0.

Proof. Since bg, is defined as the solution to the equation ¢(R,b) = 1, and from Lemma 5.15

we have 0,¢(R, br) > 0, applying the analytic version of the Implicit Function Theorem (see
"~ 9rd(R,br)
ab¢<R7 bR)

real-analytic. O]

[N]), we conclude that both Orbr = < 0 and the dependence of br on R is

Proposition 5.8 now follows trivially from Lemma 5.11 and Lemma 5.16, as fy\(r) =
F(VAr,v/X), and F(r, R) = ¢(r,bg) is the composition of analytic maps in a neighborhood

of the positive real axis A > 0.

We may now apply analytic perturbation theory to simple eigenvalues of the operator

M, associated to the quadratic form Q).

Lemma 5.17. Assume that, for some A\g >0 and n > 1, u%l)()\g) s a simple eigenvalue of
My,. Then:

(a) There exist 6,n > 0 such that for A in a (complex) neighborhood Ds(\y), the operator
M, has ezactly one isolated simple eigenvalue ug)()\) € Dn(ug)(ko)).

(b) There exists a normalized eigenvector (ag(+; A), as(+; N)) of My with eigenvalue ,ugll)()\),
each depending analytically on X € Ds( ).

We remark that, by Lemma 5.7, the ground state eigenvalue ,ugl)()\) is a simple eigenvalue

of M, for each fixed A > 0, and so the conclusions of Lemma 5.17 apply to /#)(A) in

particular.
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Proof. First, by Proposition 5.8, f\(r) is real-analytic in both » and A > 0, and thus may be
extended to complex A as an analytic function of both 7, A, for A € Dy, (\g) for some §y > 0.

Next, we observe that, for A € Ds,(Ag), M, is an analytic family in the sense of Kato,
which has compact resolvent for all A € Dy, () and is self-adjoint for A > 0. The conclusions
(a) and (b) of the lemma then follow from the Kato-Rellich Theorem (Theorem XII.8 of
[RS)). O

Monotonicity of simple eigenvalues

In order to study the dependence on \ of the eigenvalues of the linearized operator M (ag, as)
(defined in (38)), we proceed as in the proof of Lemma 5.4: we replace the dependence on A
by a dependence on the domain (0, R), via a change of variables. In this way, we define the

quadratic form
Qr(ao, as) = Qg\l)(ao, as), where do(r) = ag(rR), as(r) = az(rR), R= V.

The associated operator is then denoted by M r- We observe that the eigenvalues 0(/\7 R) =

{fin(R) }nen (ordered by the min-max principle, and repeated by multiplicity,) are related to

the eigenvalues ug)()\) via MS)(A) = R*[in(R).

Proposition 5.18. Suppose fi,(Ry) is a simple eigenvalue of M\RO for some Ry > 0. Then
fin,(Ro) < 0.

Proof. We use the family ¢(r,b) of solutions to the Cauchy problem (41) above, and recall
that ¢(r,b) is real analytic in both (r,b).

Let Ry > 0 be fixed, and 1 > 0 given. We recall that for any R > 0 there exists a unique
b = br > 0 such that the solution to the boundary-value problem (40) is F'(r, R) = ¢(r, bg).

Furthermore, we assert that:

there exists € > 0 so that |bgr — bg,| < n whenever |R — Ry| < ¢; (48)
there exists Cy > 0 so that b'(R) < —Cj < 0 whenever |R — Ro| < e. (49)

Indeed, both follow from the conclusions of Lemma 5.16 and Proposition 5.8.

Next, we claim that there exists a constant C; > 0 so that
o(r,br) > Cqr, for all € [0, R], R € (Ry — €, Ry + ¢€). (50)
From statement (48) above, and the analyticity of ¢, there exists 6 > 0 such that

&' (r,bp) > b% for all r € (0,0) and |R — Ry| < e.
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Since ¢(r,bg) > 0 for r > 0 and for all R > 0,

k.= min o(r,br) > 0.
|[R—Rg|<e

Let C; := min {b%, Rﬁo} Then, putting the previous two estimates together we conclude
that F'(r, R) = ¢(r,bg) > Cyr, for all r € [0, R] and |R — Ry| < ¢, and the claim (50) is
established.

The next step involves the derivative 9,¢(r,b,) =: h(r, R). By Lemma 5.15, h is analytic
in both (r, R), and h(r, R) > 0 for all » € (0, R], b > 0. We recall that h solves (47), and
h'(0, R) =1 for all R.

Following exactly the same arguments used in proving (50), we obtain that the existence

of a constant Cy > 0 so that
h(r, R) = Opyp(r,br) > Ca, for all 7 € [0, R], R € (Ro — €, Ry + ¢€). (51)
As a consequence of (51) and (49), we have
OrF (r, R) = Oro(r,br) = Op(r,br) Orbr < —CyCor,

for all r € [0, R] and |R — Ry| < ¢, using statement (49) above. By the mean-value theorem,
for any R € (Ry, Ry + ¢€) and for all r € [0, R, there exists R € (Ro, R) with

F2(r,Ry) — F*(r,R) = —2(R — Ro)F(r, R)OgrF(r, R)
> (R — Ry)Cs 12, (52)

with constant C3 = 2C,C;Csy > 0.

We are now ready to bound the eigenvalue from below. Let R € (Ry, Ry + €) be fixed.
By Lemma 5.17, there exists 6 > 0 for which /i, (R) is simple for |R — Ry| < ¢, and fi,(R)
is analytic in that interval. Let E? denote the linear span of the first n eigenfunctions,
wy = (ab,ad), ..., w, = (af,a}), of M\RO, cach normalized with ||wg||;2 =1, k = 1,...,n.

As each wi(Ry) = 0, extending their definition by zero for r > Ry, each lies in the domain
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of the the operator M g for all R > Ry. Thus, by the Courant-Fischer min-max principle,

fn(R)= inf max Qgr(w)
lwllz=1
< max Qg(w)

weER
lwlli2=1

max {QRO (w) + /0 ’ [FZ(T, R) — F*(r, Ro)} [(ag + a3) + Blag — az)Q} rdr

w=(ag,aq)EEY
llwllg=1

w=(ag,a2)EEY,
lwllg=1

Ry
< fin(Ry) — C5(R— Ry)  min / (ao(r, R0)2 + ao(r, R0)2) r3dr
0
< fin(Ro) — C4(R — Ry),

with constant Cy > 0 independent of R, using (52) and the finite dimensionality of E°. Since
[(R) is isolated and simple in a neighborhood of Ry, by Kato-Rellich it is differentiable at
Ry. By the above estimate, we conclude that fi,(Ry) < —Cy < 0.

O

From Lemma 5.7 we thus have:

Corollary 5.19. Denote by jiy(R) the smallest eigenvalue of Qr. Then il (R) < 0 for all
R>0.

In order to return to the problem on a fixed ball D, with parameter A = R?, we recall
that the eigenvalues of M, and My are related via pi’(\) = R%in(R), A = R% So,
%ug)(}\) = 1R, (R) + fi,(R) is negative at a simple eigenvalue at the point at which

tn(R) = 0 (that is, exactly at a bifurcation point):

Corollary 5.20. Suppose ug‘)()\) is a simple eigenvalue of My for | A — No| < 6, and

,uq(ll)()\o) = 0. Then, C%\/LS)(/\O) < 0.

Finally, we show that at least one eigenvalue of M must cross through zero as A increases:
the ground state ugl)(A).

Lemma 5.21. There exists a unique Ag > 0 so that ,ugl)(/\) >0 for A < \g and ugl)()\) <0
for A > Ag.

Proof. By Corollary 5.19 above, fi;(R) is strictly decreasing. From Corollary 5.20, it suffices
to show that ji;(R) < 0 for some sufficiently large R. Thus fi;(Rg) = 0 at a unique Rz > 0,

whence ugl)(kf;) crosses through zero at a unique A\g = R%. To do this we argue as in
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Theorem 2 of [M1]. As R — oo, the radial profile F(-,R) — F.,(:) in C*([0, R]) for all
R > 0 and k € N, with F, the modulus of the unique entire equivariant solution of the form
Uso = Fio(1)e?. We have already shown that for 0 < 8 < 1, the entire equivariant solution
Uy = \%(uoo, Uso) is mot a local minimizer (in the sense of de Giorgi) in R?, so there exists
R > 0 and ® € C{°(Dg) for which E(Uy + ®;Dg) < E(Ux;Dg). By an approximation
argument, we could then conclude that E%(Ug)[®] < 0 for some & € C§°(Dg), and hence
1V(R?) < 0 for that value of R.

Instead, we give a more direct proof, using Qp. Let ao(r), as(r) be the ground-state

eigenfunctions. Define A = ag — a9 and B = ag + ao. In terms of A, B we have:
R
. 2
Qr(ao, az) = 477/0 {(A')2 +(B)?* + —2(B — AP+ (F? - 1)(A*+ B*) + QBAQ} rdr

.
—=: Qr(A, B).

We would like to make the choice A = F. and B = F,/r, but these functions are not
admissible as test functions, since they do not vanish at r = R. Nevertheless, since Fj,
vanishes linearly at » = 0, A(r) and B(r) are regular near r = 0, and since A—B = r(Fy/r)’,
the second term in Qg is well-defined. Moreover, it is well-known (see [HH]) that the
derivatives of F,, decay sufficiently rapidly as » — oo in order to have A and B in the

domain of definition of (), and
Qoo(A, B) = lim Qg(A, B).
R—o0

This last quantity we can evaluate exactly, using the equations which A, B solve (see (18’)

of [M1]): X ,

— A" - A+ (A-B)—(1-3F2)A=0
A (A= B) -~ (1-3F%)
) .
—-B"—--B' — =~ (A-B)—(1-F?)B =
B~ S(A-B)~(1-FL)B=0

We multiply the first equation by A, the second by B, add, and integrate by parts to obtain
Qoo(A, B) = 87(5 — 1)/ F2A%rdr <0,
0

when 0 < 8 < 1. By approximation, we may find a large R and ;1, Be C*(0, R) such that
Qr(A, B) = Qs(A, B) < 0. Thus, for sufficiently large R, ,ugl)(R2) = R*,(R) < 0. O

Bifurcation at simple eigenvalues

We are finally ready to prove bifurcation of symmetric solutions to (34) at simple eigenvalues
of L). The following lemma summarizes the previous results on the eigenvalues of L,,

obtained in the previous parts:
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Proposition 5.22. Assume 0 < g < 1.
(a) Suppose pn(No) is a simple eigenvalue of My,. Then:
(i) pn(X) is an eigenvalue of Ly, with eigenspace
.)C')\:{SW5: s € R, 5681},

with We = (we, —we), we = Rewy = Eag(r; A\, n) — Eaz(r; A\, n) e*?,

(ii) Both the eigenvalue p,(\) and normalized eigenvectors are analytic in a (complez)

neighborhood of \.
(iii) If pin(No) = 0, then ji,(Ao) < 0

(b) There exz'sts a unique A\g > 0 for which the ground state eigenvalue is given by py(Ag) =
0= p,l ()\5) and 0 is a simple eigenvalue of My,.

Proof. Statement (i) follows from the reductions in Lemma 5.3 and (37), together with the
description of the eigenspaces of EE\I) in Lemma 5.6. The analyticity claimed in (i) was
proven in Lemma 5.17, and (iii) follows from Corollary 5.20. Part (b) puts together the
results of Lemmas 5.7 and 5.21 with that of Corollary 5.5. O

We are ready to analyze the bifurcation of solutions at isolated simple eigenvalues of M,
which cross zero at A\g > 0. We write U € Has U = Uy+V with V = (vy,v_) € H}(Dy; C?).
Then, U solves (34) if and only if

0= F(V,\) = LV + AH(V, \) = Egii?% iﬂ , (53)
with .
HY (V) = (Jos? + [o_P ><v++ﬁ>+2<ﬂ +>
#8(J0sP = o) (00 + ) 425 (2 0 =0 ) »

H (V) = (jos P + o [?) (o +E>+2<ﬁ +>

— vil? = o |? v_+& -2 <&,v —v_>v_
B (uel? = o) (o= + 2y 28 (2 o, |
The above defines a smooth map F : Hj(Dy;C?) x RT — H'(Dy;C?). If we iden-

tify a complex vector V' = (viy,v_) = (vi + @?, vl + w?) € C* with the real vector

(v}, 03, vl,v2) € R, then by Proposition 5.8 we recognize that the symmetric solution U,
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is real-analytic as an R%-valued function of (z,\), and the map F is likewise real-analytic,
viewed as a map of V € H}(D;;R*) and . We also note that Hy(0,\) = 0, and so
Fy(0,A\) = Ly, the linearization around the symmetric vortex solution U).

We now state our bifurcation result. Denote by X;- the orthogonal complement of Xy in
H}(Dy; C?).

Theorem 5.23. Suppose A\g > 0 is such that, for somen > 1, uﬁll)()\o) s a simple eigenvalue
of M, with ,ug)()\o) = 0. Then (Uyy, \o) is a point of bifurcation for the equations (34). In

particular:

(1) there exists a neighborhood N of (Uy,, Ao) in H X (0,00), 6 > 0, and real analytic maps
D (—=0,0) = X and ¢ (—6,6) — (0,00) with ®(0) = 0, ¢(0) = Ao, such that there

exists a non-equivariant solution (34) of the form
U(t,§) = Upe) +tR(W1 + @(1)), A= o(t)
for all |t| <6 and & € S*. Moreover, U(—t,&) = R_1U(t,€) and ¢p(—t) = ¢(t).

(2) Any solution (U, \) of (34) in the neighborhood N is either an equivariant solution
(Ux, A) or of the form (V(t,€), ¢(t)) above.

(3) All solutions of (34) in N satisfy TV = WU (where the involution T is defined in (35).)
Moreover, each component 4 (t,&) of U(t, &) = (V4(t,€),¥_(t,§)) has exactly one zero,

and their zeros are antipodal and distinct from the origin.

By (b) of Proposition 5.22, we may apply Theorem 5.23 at A = Ag, and obtain bifur-
cation at the ground state eigenvalue p;(Ag) = 0, which implies Theorem 1.5 stated in the

Introduction.

Proof. Given any V € H}(Dy;C?), there exists a unique @ > 0, £ € S', and Z € X5
with V = aWe + Z = Re (aW: + Z), with Z = RgZ € X and Wy = Wi()) as in (i) of
Proposition 5.22, normalized with ||[W;|[zz = 1. Define the Hilbert space Y = {aW;} ® Xi},
as a subspace of H}(IDy; C?). We then consider the equation F(V,\) = 0 as in (53), restricted
to V € Y. Since F is equivariant under the R, action, every solution V' € ) gives rise to an
orbit of solutions in Hj(Dy; C?), while any solution V' € Hj(Dy; C?) corresponds to a solution
RV € Y by an appropriate choice of £ € S'. Thus, it suffices to consider the equation (53)
in the smaller space ) to determine the solution space in H}(Dy; C?).

We next list some properties of F restricted to ). First, it remains true that F/(0,\) =0
for all A > 0, and F is a real analytic function of V€ Y, A > 0 (by Proposition 5.22
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(11) and Proposition 5.8, thinking of U,V € C? as real vectors in R*.) By the restriction
to Y, we have Fy(0,\g) = L), with kery(Ly,) = {aWi}, and thus dimkery(L,,) = 1 =
codim Ran(L,,). Lastly, we calculate the derivative u/ (Ag) in terms of the function F': as
tn(A) = (Wi(X), v (0, \) Wi (M), by (ii1) of Proposition 5.22 we have

0> M%()\o) = 2<W1,()\0), Fv(o, /\0)W1(/\0)> + <W1, FV,)\(O, )\0)W1>
= (W1, Fya(0, Ao) W), (55)

as Fy (0, \)Wy = Ly,W; = 0 (since p,(Ao) = 0). We now claim that Fyx(0, A\o)Wi(Xo) &
Rany (Ly,). Indeed, assume the contrary, so there exists X € ) with F (0, \0)X =
Fya(0, A0)W1(Ag), and take the scalar product with Wi(\g). We have

0> p,(Ao) = (Wi(Ao), Fv(0, Ao) X) = 0,

a contradiction.

The celebrated Crandall-Rabinowitz bifurcation theorem (Theorem 1.7 of [CR]) may
then be applied to F' in the space ). We note that since F' is an analytic map, by invoking
the analytic version of the Implicit Function theorem in the proof of [CR] the maps obtained
will be real analytic. We conclude that there exists a neighborhood A of (0, \g) in Y x (0, 00),

0 > 0, and real analytic maps ®, ¢ as in the statement of the theorem, such that
FH0}NN = {(vf, A) = (tWi(No) + @(1)], 0(1)) = Jt] < 5} U {(o, A € /\7} .

Define the neighborhood N € H}(IDy; C?) as the union of the images of A" under the action
of Re, £ € S'. The characterization of the solution set in N in statements (1) and (2) then
follows.

It remains to verify the symmetry results in (1) and (3). First, we note that if (V*, ¢(t))

is a solution in N of the above form, then
V=R, Vi=(-t)(W,-®(t) e NCY

is also a non-equivariant solution with A = ¢(¢). Therefore, there exists s, |s| < ¢ for which
(V,0(t)) = (V*,¢(s)). Since Wy L Xj:, we have

(s + )Wy = sP(s) —tP(t) = 0,

and hence s = —t and ®(s) = ®(—t) = —D(t). We conclude that ¢(—t) = ¢(t) and
V= R_; V", which finishes the proof of (1).
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Next, we show TV! = V! for the involution 7. As above, TV! is also a solution with
the same A = ¢(t), in the neighborhood N. We note that TW; = W, and by following the
same arguments as above, T®(t) = ®(t). Since TU, = U, we conclude TU(¢,&) = V(t,§)
for the whole family of solutions.

Finally, we consider the zero set of each component of U(¢,¢). Since U(t, &) — U,, in
C? as t — 0, and the equivariant solutions Uy, have exactly one non-degenerate zero (the
origin) in each component, the same must be true for W(¢, &) for |¢| sufficiently small. Since
U(t, ) is fixed by the involution 7', the zeros of the components ¥, (¢,&), ¥_(t,£) must be
antipodal. By Proposition 5.2, only the equivariant solution Uy vanishes in both components
at the origin, so the zeros of ¥}, must be antipodal and distinct. This concludes the proof
of Theorem 5.23. O

Remark 5.24. (a) Given that the solution curves are analytic, we may expand them around
the bifurcation point Ay and (in principle) obtain further information about the direction
and stability of the bifurcating solutions. For instance, we may calculate higher derivatives

of A = ¢(t), and obtain X' = ¢/(0) = 0, and

/D (L, V'(0),V'(0)) — 245 [ [WAJ!

D1
' (Ag)

Since Ly, is positive definite on X/\LO, the sign of the numerator is not clear a priori, so

)\/l — ¢//(0) —

numerical approximation may be necessary to determine the details of the bifurcation at Ag.

(b) In a similar vein, if we compute the quantity in (55) directly, we obtain

/D (Fya(0, X)W, W) = 47T/0 [8>\ ()\(fA2 - 1)) [ag + ag] + O\ ()\ff) [ag — Cl2m rdr

A=o
Expressed in this form, it is not apparent whether this quantity is non-zero. Only by recog-
nizing the connection to the derivative u!,(\) are we able to apply the Crandall-Rabinowitz
theorem.

(c) While we know (from Lemma 5.21) that the ground state eigenvalue () must cross
zero for 5 € (0,1), it is unclear whether any of the higher eigenvalues can lead to other

bifurcations of the symmetric solutions.

(d) A very general result by Rabinowitz [Ra] shows that bifurcation always occurs at eigen-
values of any finite multiplicity in a variational problem. Although the form of equation
assumed in [Ra] is somewhat different than our F'(V, ), the result nevertheless holds true in
our setting, although the conclusions of the bifurcation theorem are weaker than the state-

ment obtained by using the simplicity of the eigenspace as in [CR|. In particular, one may
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conclude that non-equivariant solutions exist in any neighborhood of Uy, when 0 = p,(\o)

is a degenerate eigenvalue, and by analyticity (see [L]) the continua of solutions form finitely

many analytic curves, but there is no complete characterization of the solution set as in (1),
(2) of Theorem 5.23.
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