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Abstract

We investigate the impact of heterogeneity in the amount of incoming
traffic routed by dispatchers in a non-cooperative load balancing game.
For a fixed amount of total incoming traffic, we give sufficient conditions
on the cost function under which the worst-case social cost occurs when
each dispatcher routes the same amount of traffic, that is, the game is
symmetric. We then analyze the symmetric game and derive an explicit
expression for the equilibrium flows. We also obtain lower bounds on
the Price of Anarchy for (i) cost functions that are polynomial on server
loads; and (%) cost functions representing the mean delay of the Shortest
Remaining Processing Time (SRPT) service discipline.

1 Introduction

We consider a distributed load-balancing system comprising of multiple dis-
patchers and multiple servers. The task of a dispatchers is to receive requests
and decide which server to route them to. The routing decisions are taken by
the dispatchers so as to minimize the cost (for example, the mean waiting time)
incurred by the requests it routes. We shall assume that the dispatchers do
not exchange information on their strategies and take decisions independently
of the others. Thus, the dispatchers are involved in a non-cooperative game.
Since the number of players (dispatchers) is finite, we shall be interested in the
performance of the system at the Nash Equilibrium (NE).

Although the distributed architecture described above is attractive due to
its scalability and robustness, it can be inefficient from the system performance



point of view. Indeed, since each dispatcher minimizes its own cost function,
the system performance is possibly worse than that in a centralized architecture.
Thus, before going in for a distributed architecture, a system designer may be
interested in knowing how worse its performance can be compared to that of a
centralized architecture.

Our objective is to find out under what circumstances we can expect to
find the worst-case scenario for the distributed load-balancing system, and then
to characterize how worse this performance can be. We first show that, for a
fixed total incoming traffic to the system, the worst-case performance at the NE
occurs when all the dispatchers have the same amount of traffic to be routed,
that is, they are involved in a symmetric game. We give sufficient conditions on
the objective function under which the above statement is true. We then analyze
the symmetric game and derive an explicit expression for the equilibrium flows.
Using this result, we give a lower bound on the Price of Anarchy (PoA, [8]) for
cost functions of type: (i) 14+ 2™; and (i7) 1/(1 — x)™.

1.1 Related work

The distributed load balancing game has been analysed previously by several
authors. In [2], similar results were obtained for the M/M/1 type delay func-
tions, and the present work is a generalization of that to a larger class of cost
functions. In terms of methodology, our work is closely related to that of Orda
et al [7, 9] and the arguments we use are inspired from their work. However,
there are a couple of differences with their work. First, in [7], the authors re-
strict themselves to the M/M/1 delay function, whereas we consider a larger
class of cost functions. In particular, we allow for the association of a hetero-
geneous cost per unit time (holding cost) with each server. The introduction
of heterogeneous holding costs can significantly change the PoA for certain cost
functions. For example, for the M /M /1 delay function and equal holding costs,
it was shown in [6] that the PoA is upper bounded by the number of servers
whereas for the same model and unequal holding costs, it was shown in [2] that
the PoA is of the order of the square root of the number of dispatchers as long
as there is at least one server. Second, in [7], it is shown that, for a fixed in-
coming traffic vector, transferring capacity from a server to another one that
has a higher service rate improves the performance at the NE. We look at the
complementary problem in which we fix the service capacities, and look at what
happens when we transfer traffic from one dispatcher to another.

The computation of PoA for disciplines other than Processor Sharing (or
the M/M/1 delay function) has also been previously investigated. In [1], the
authors compute the PoA of routing policies with memory in server farms with
First-Come-First-Served or Processor Sharing service discipline using a lower
bound on the cost of the centralized architecture. The computation of PoA for
server farms with SRPT discipline but without memory was given in [4]. The
authors compute the PoA on assuming that the system is in heavy-traffic. Our



approach and our model differ from these papers in that we give the worst-case
scenario for any fixed total traffic vector whether the system is in heavy traffic
or not. Using this scenario we construct a lower bound on the PoA. Moreover,
in our model, we have a finite number of dispatchers whereas in the model of
both these papers each request takes a decision by itself, thereby leading to an
infinite number of dispatchers.

1.2 Organization of the paper

The rest of the paper is organized as follows. In Section 2, we describe the model
and state the problem. In Section 3, we explore the structure of the underlying
Nash equilibria and prove their existence and uniqueness. We also establish
several properties of these equilibria that form the foundation of the subsequent
analysis. In Section 4, we analyze the social cost at the Nash equilibria, and
show that the maximum of this cost is achieved in the symmetric case. We then
analyze the symmetric game and derive an explicit expression for the equilibrium
flows in Section 5. With this result at hand, in Section 6, we derive lower bounds
on the PoA for the two different cost functions mentioned previously. Finally,
we draw some conclusions in Section 7.

2 Problem Formulation and Main Results

Denote C = {1,..., K} to be the set of dispatchers and S = {1,...,5} to be
the set of servers. Jobs received by dispatcher i are said to be jobs of class 1.

Server j € S has capacity r; and a holding cost ¢; per unit time is incurred
for each job sent to this server. We let u; = i—j denote the ratio of the holding
cost to the capacity for server j. By convention, ugy; = co. It is assumed that
servers are numbered in the order of increasing cost per unit capacity, i.e., if
m < n, then u,, < uy, so that the first servers are more attractive than the last
ones. Let r = (r;)jes and ¢ = (¢j)jes denote the vectors of server capacities
and server costs, respectively, and let 7 = > r, denote the total capacity of
the system.

nes

Jobs of class ¢ € C arrive to the system according to a Poisson process and
have generally distributed service-times. Let A; be the traffic intensity of class
i. It is assumed that A; < A; for ¢ < j. Moreover, it will also be assumed that
the vector A of traffic intensities belongs to the following set:

A:{)\GIRK : ZAi:X},
ieC

where \ denotes the total incoming traffic intensity.



Let x; = (2;,;)jes denote the routing strategy of dispatcher ¢, with x; ; being
the amount of traffic it sends towards server j. Let

Xi={x €R® 1 0<w; <rj V€S mij =N\
JjES
denote the set of feasible routing strategies for dispatcher i. The vector x =

(xi)icc will be called a multi-strategy. The multi-strategies belong to the prod-
uct strategy space X = @, ¢ Xi-

Dispatcher i seeks to minimize its cost function which is denoted by T;(x).
This optimization problem can be formulated as follows:

minimize T;(x)
x; €EX;

The model is illustrated in the figure below.

Dispatchers Servers

Figure 1: Distributed load balancing.

A Nash equilibrium of the routing game is a multi-strategy from which no
class finds it beneficial to deviate unilaterally. Hence, x € X is a Nash Equilib-
rium Point (NEP) if

X; = arg minge y. T3(x1,...,%Xi-1,%,Xi41,...,XK), Vie€C.

Turning our attention to a server j € S, we let y; be the total flow on that
server, i.e., yj = > ;.o Tij. We let also p; = y;/r; denote the utilization rate of
server j € S. In the following, it will be assumed that the cost function of each
user i € C is the sum of server cost function, i.e.,

Ti(x) =Y (i, v;),

JjES



where,

V(i g, y5) = ujxij o(pg).

Note that the cost incurred by class i on server j depends both on its amount
of flow on that server, which measures its “investment” on that server, and
on the total amount of flow through the server, which determines the server
performance.

We shall consider two different types of congestion functions ¢. Cost func-
tions of the first type operate over the domain D = [0,+00) and satisfy the
following assumptions:

I-1 ¢ :[0,00) — [1,00),
I-2 ¢(0) =1 and lim, o ¢(p) = +o0,
I-3 ¢ is a continuous, strictly increasing and convex function on [0, 00),

I-4 ¢ is continuously differentiable and its second derivative qSN exists.

Cost functions satisfying the above assumptions will be referred as type-1
functions in the following. For type-I congestion function, it will be assumed
throughout the paper that 7; = 1, j € S. In this case, ¢ (x; ;,y;) = ¢;xi j6(y;)
for all j € S. Examples of such functions include polynomial functions ¢(p) =
1+ ay pF with ag, > 0 and k > 1, as well as functions of the type ¢(p) = exp(p).

Congestion functions of the second type are defined over the domain D =
[0,1). They satisfy the following assumptions:

IL1 ¢ :[0,1) — [1,00),
II-2 $(0) = 1 and lim, ;- ¢(p) = +o0,
I1-3 ¢ is a continuous, strictly increasing and convex function on [0, 1),

I1-4 ¢ is continuously differentiable and its second derivative qSH exists.

Typical type-II functions are those from queueing theory, e.g. the M/G/1/PS
congestion function ¢(p) = ﬁ or the M/G/1/FCFS congestion function ¢(p) =

2
1+p %, where ¢} denotes the squared coefficient of variation of the job sizes.

This class of functions also contains the delay function of the M /Pareto/1/SRPT
in heavy-traffic, which is given by W, where m depends on the shape pa-
rameter of the Pareto distribution [4]. For type-II functions, it will be assumed

throughout the paper that A < 7, which is the necessary and sufficient condition



to guarantee the stability of the system.

Cost functions 1; that comply with type-I or type-II assumptions are a spe-
cial case of type-B functions, as defined in [9]. As proved in Theorem 2.1 of this

reference, these assumptions are sufficient to assert the existence of a unique
NEP.

Let 1/)3 be the partial derivative of ¢; with respect to its first argument. We
therefore have

xT

1) 1)

V(@i g,y5) = uj [d(ps) +

for all j € S. According to the Karush-Kuhn-Tucker (KKT) optimality
conditions, x € X is a NEP if and only if there exist multipliers p; such that

Vi(wig,y) = pe if x>0, (2)
Vi(@igoyy) > i ifai; =0. (3)

Let C; = {i € C: x; ; > 0} be the set of classes which route traffic to server
j. Similarly, let S; = {j € S : z;; > 0} be the set of servers to which class ¢
routes traffic. Note that i € C; <= j € S;. Since ¢ is strictly increasing, we
can now rewrite equations (2) and (3) as

Vi(0,y5) <pi <= i€Cj <= jES;. (4)

Let x be the NEP for the system with K dispatchers. The global performance
of the system can be assessed using the global cost

Dr(Ar,c) =Y Ti(x) => ¢p;d(p;)
iecC jes

where the utilization rates p; are those at the NEP. Note that when there is a
single dispatcher, we have a single class whose traffic intensity is Ay = A. The
global cost can therefore be written as D1(A,r,c) in this case.

For our model, the PoA is defined as

DK(A,I',C)
PoA(K) = .
? ( ) i}i‘l,z: Dl(A7r7C)



2.1 Main Results

Our main result states that that the global cost Di (A, r, c) achieves its maxi-

by ) .

mum when A is the symmetric vector A~ = (F’ cee
sup D (A, r,c) = sup D (A7, r,c).

A,r,c r,c

>

Theorem 1

This result implies that, for the calculation of the PoA, we can restrict
ourselves to the symmetric game. This, coupled with the fact that in our setting
the symmetric game is also a potential game, makes it more tractable for the
analytic computation of the NEP and the global cost, thereby greatly simplifying
the derivation of the lower and upper bounds on the PoA.

3 Properties of the Nash Equilibrium

In this section, we investigate properties of the traffic flow at the NEP. We first
establish some properties of the cost function ¢ that will be useful in the sequel.

3.1 Properties of the cost function ¢

We prove below some lemmata stating properties of the cost function ¢. These
properties are used in the sequel for the characterisation of the NEP.

Lemma 1
Vw € D, ¢ (w) < +00

Proof. If w € D, then Je > 0 such that w + ¢ € D. Hence, ¢(w + €) < +o0.
However, since ¢ is convex and continuously differentiable on D, it lies above
all of its tangents: ¢(b) > ¢(a) + (b — a) ¢'(a) for all a,b € D. With a = w and
b=w+e, it yields ¢'(w) < [dp(w +€) — p(w)] Je < +00. m

Lemma 2

Ya,beD—{0}, b



Proof. It is sufficient to show that the function g : w — g(w) = w Pw) g
é(w)

increasing on D — {0}. Let f(w) = (Z:((z)). Then g(w) = w f(w). Note that
since ¢ is twice differentiable on D, the derivatives f'(w) and ¢'(w) exist for all
w € D, and ¢'(w) = f(w) +w f'(w). Note also that f(w) > 0 since ¢ is strictly

increasing on D.

Let us consider w € D. If f is increasing at point w, then ¢’(w) > 0 and

g is strictly increasing at point w. Assume now that f is strictly decreasing

at point w, ie. f'(w) < 0. From ¢'(w) = f(w)@(w), we obtain ¢ (w) =

f'(w) p(w) + f(w) ¢'(w). Since ¢ is convex on D, we have ¢ (w) > 0, i.e.

f'(w) p(w) + f(w) ¢'(w) =0 (5)

The convexity of ¢ implies that ¢(b) > ¢(a) + (b — a) ¢'(a) for all a,b € D.
With a = w and b = 0, it yields ¢(w) < ¢(0) + w ¢ (w). From 5, we thus get

f'(w) [6(0) +w ¢/ (w)] + f(w) ¢ (w) >0, (6)

and hence,

¢'(w) g'(w) = ¢/ (w) [f(w) + w f'(w)] = =¢(0) f'(w) = 0, (7)

from which we deduce that ¢g’(w) > 0, i.e. that g is increasing at point w. =

3.2 Properties related to traffic intensities

We prove below that there is a monotonicity among classes in their use of servers:
a class with a higher demand uses more of each and every server. We first prove
a series of technical lemmata before stating our main results in Proposition 1
and Corollary 1.

Lemma 3 S; NSy, # 0.

Proof. Assume the contrary, i.e., if m € S; then m ¢ Sy, and if n € Si
then n ¢ S;. For one such pair m and n, from (4), we can conclude that
i > Pl (0,Ym) > e and pg > 00 (0,yn) > w4, which is a contradiction. m

Since S; N Sk # 0, from (2), we have
i — e = (i g,y5) — ik, y5), Vi€ SiN Sk (8)

Lemma 4 p; < up <= 3j € Sp a5 < xp,5.



Proof. Straight part: From Lemma 3, S; N Sk # 0. If u; < pg, then, from (8),
3j € Sk Yj(wi 4, y5) < ¥j(xk,5,y;) which implies that 3j € Sy : @ ; < x5

Converse part: 3j € S : ;5 < xp;. Either j € S; or j ¢ S;. If j € S; then,
from (8), ¥ (wiz,y;) < ¥;(wk,j,y;) implies p; < pg. If j ¢ S, then, from (4),
i < V50, y5) < Vi@, y;) < pe. W

Lemma 5 If p; < ug, then S; C Sk.

Proof. If j € S;, then, from (4), ¥7(0,v;) < pi- If pi < py then ¥7(0,y;) < pug.
Hence, from (4) we can conclude that j € Sk. Therefore, S; C Si. ®

Lemma 6 3Im € S; : Tim < Thom = Tij < Tk,j, VJE Sk.

Proof. Straight part: If 3m € S; : z;m < Zk,m, then, from Lemmata 4 and
5, we have j; < p and S; C Sg. For j € S;, from (8), we have ¢} (z; ;,y;) <
V5 (Tk,j,Y;), which implies z; ; < @y ;. For j € S\ Sy, ;5 = 0 and 0 < zy ;.
Hence, z;; < x4, Vj € Sk.

Converse part: It is true from the statement. =

Proposition 1 The following statements are equivalent:

1o pi < i
2. 4 €Sk wij <y
3. x5 < x5, Vj € Sk

4. A < k.

Proof. 1 <= 2<«= 3 follows from Lemmata 4 and 6. Now, we show & <= 4.

Straight part: If x; ; < 15, Vj € Sk, then, from the fact that & <= 1 and
Lemma 5, we can conclude that \; = ZjES,; T = ZjESk. x5 < ZjESk Tij =
Y

Converse part: Since A\ = ZjESk T,j, i A < Ap, then 3j € Sp @5 < 2p 5.
Since 2 <= 3, if A; < Ag, then z; ; < x5, Vj € Sp. m

The above proposition shows that a class with a higher demand uses more of
each and every server. The following corollary shows that if two classes have the
same traffic intensity, then they send the same amount of flow on each server.

Corollary 1 From Proposition 1, it follows that
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1. py = prp = EIjESk:x@j:xk,j = Tij = Tkj, VjieSy < \ =
Ak -

2. If \i < Ag, then S; C Sy.
3. If i = g, then S; = Sk.

In particular, if all classes have the same demand, i.e. A = A™, then, for all
server j € S and for all ¢ € C, we have z; ; = y; /K.

Recall that we have assumed that \; < A\ for ¢ < k. Therefore, according to
the above results, if we consider two classes ¢ and k > 4, then we have S; C Sy,
ti < pg and x; 5 < x5 for all servers j € Sy, with the equalities holding if and
only if A; = A\g.

Let N; = |C;|. Proposition 1 implies that if k € C;, then ¢ € Cj, Vi > k. As a
consequence, the set C; has the following structure: C; = {K — N; +1,..., K}.

3.3 Properties related to server cost functions

The above results tell how an order on ); translates to an order on x;;, j;
and S, i.e., quantities of class i. We now give the analogous results for similar
quantities of server j.

Lemma 7 C,, NC, # 0.

Proof. Assume the contrary, i.e., if i € Cy,, then i ¢ C,, and if k € C,,, then

k ¢ C,,. For one such pair ¢ and k, from (4), we can conclude that ¢}, (0, y,) <
i < U7, (0,yn) and 47, (0, yn) < pr < 9,(0,9m), which is a contradiction. m

Lemma 8 If ¢! (0,yn) < .. (0,ym), then Cp, C Cp,.

Proof. If i € Cp,, then, from (4), pu; > ¥, (0,ym). If ¥, (0,yn) < Y0 (0,ym),
then p; > ¥, (0,yy). Hence, from (4) we can conclude that ¢ € C,,. Therefore,
CnCC, m

Since Cp, N C,, # 0, from (2), we have

Mi = wlm(xi,ma ym) = w;(xi,ny yn)a Vi € Cm N Cn (9)

Lemma 9 The following hold:

Un Tj,n

Ur(0,yn) < U7, (0,ym) <= Fiely: umrxi’m ¢ (pm) < ¢ (pn).-

m r’ﬂ
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Proof. Straight part: From Lemma 7, C,,, N Cy, # 0. If 407, (0, yn) < ¥0,(0, ym),
then, from (9), Ji € Cp : Y7, (Ti,ms Ym) — Y1 (0, ym) < 5 (Tin, Yn) — ¥ (0,9n),
Le. =22 @f () < =2E ¢ (py,).

Converse part: Assume 3i € C, @ =222 ¢ (py) < =272 ¢/ (p,). Then
Wm(%,m, ym) - w;n(ovym) < wiz(xi,'myn) - d};v(oa yn) Either ¢ € Cm or ¢ ¢ Cm~
If i € Cy, then, from (9), ¥, (0,yn) < ¥, (0,ym). If i & Cy,, then, from (3),
U1 (0, Ym) = pi = U5 (Tiim, Yn) > 17, (0, 9n). Hence, ¥7,(0,yn) < ¢p,(0,ym). m

Lemma 10 The following hold:

Um Ti,m Un Tjn
Un(0,yn) < ¥ (0,ym) = ——=¢'(pm) < ——=

m n

¢'(pn), Vi € Cy.

Proof. Straight part: If ¢! (0,y,) < ¥! (0, ym), then from Lemma 8, C,, C Cp,.

For i € Cppn, from (9)7 Mn(xi,m,ym) - w;n(ovan) < 1/};L(xi,na yn) - %(ann)a ie,
T () < % @' (pn). Fori € Cp \ Cpy T3 = 0 and 0 < x;,,. Hence,

T'm

since ¢ is strictly increasing, ““=2m ¢/ (pp,) = 0 < 2252 ¢ (py,).

Conwverse part: the proof is a direct consequence of Lemma 9. m

The following proposition proves a monotonic property regarding the order
of preference of servers as seen by each class.

Proposition 2 The following statements are equivalent:

19, (0,9n) < 90, (0,Ym)-
2. Fi € Cp: Bmtin /() < Utin (),

= ¢ (pm) < =5 ¢ (pn), Vi€ Co

m

e

Up < Uy, -

Proof. 1 <= 2 <= 3follows from Lemmata 9 and 10. Next, we show 3 <= 4.

Straight part: If % ' (pm) < % @' (pn), Vi € Cp, then from the fact
that 8 <= 1 and Lemma 8, we can conclude that

Um Ti,m Un Tjn
i o & (pm) = D == ¢ (pm) < Y == ¢ (pn) = un pn &' (pn)
i€Cr T i€c, "
(10)
Observe that it implies p, > 0. Assume first that p,, > 0. Note that
W(0,yn) < ¥, (0,ym) can also be written as u,@(pn) < wm@d(pm). Together
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with inequality 10, it implies that p,, % > Pm ‘Z:((['f m)), which according to

Lemma 2 is equivalent to p, > pp,. Clearly, p, > pm also holds if p,, = 0.
We thus get w, ¢(pm) < tn d(pn) < tm ¢(pm) in both cases, which implies that
Uy < U, as claimed.

Converse part: To prove 4 = 1, we prove that -1 = —4. Assume that

Un@(pn) = tm@(pm). Since -1 <= _‘2 we get == ¢ () > % ¢’ (pn),
Vi € Cp,. According to Lemma 8, unqb(pn) > umqé(pm ) implies C,, € C,, and
thus

wnpnd (o) 2 Y T (o) 2 Y T G (p) = apad (o).

i€ECm m i€Cp n

Let us first assume that p, > 0 and p,, > 0. Together with w,d(p,) >
Um®(pm ), it implies that p, ¢((P7z)) < pm ¢((p"‘)), which is equivalent to p, < pm,
according to Lemma 2. Clearly, p, < p, still holds if p, = 0. The case
pm = 0 < p, is impossible because C,, C C,,. We thus obtain that p, < p,, in
all cases. But from u,¢(pn) > um®(pm) and ¢(pm) > &(prn), we deduce that
Up > Um. We thus conclude that if u, < tm,, then w,¢(pn) < umd(pm), i.e
%(O,yn) < w;n(ovym)' u

Corollary 2 From Proposition 2 it follows that

1oup <ty = 2222 Y (p) < G (pn), Vi€ C = und(pn) <
Um(Pm)

2. If up < Up, then Cpy C Cy.
8. If up, = up, then Cp, =Cy,.

The above corollary shows that we get a partition of classes among servers
at the NEP: starting with a server m of maximal cost per unit capacity u,, and
moving towards servers n with lower cost per unit capacity u, < u,, we observe
more and more classes joining the servers, i.e. C,, C C,,.

Recall that it is assumed that the servers are numbered in the following
order: ¢1/r1 < cafrg < ... < ¢g/rs. According to the above properties, it
implies that if we consider two servers n and m > n, then we have C,, C C,,
Un®d(pn) < UmP(pm) and umr—g:m ¢I(pm) < % ¢/(pn) for each class i € C,,
with the equalities holding if and only if ¢, /7y, = ¢ /T

Let S; = |S;|. Proposition 2 implies that if m € S;, then n € S;, Vn < m.
As a consequence, the set S; has the following structure: S; = {1,...,5;}.

The following lemma proves that the above order on the servers implies
exactly the same order on their utilization rates at the NEP.
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Lemma 11
Vi ES, pj = pi+

Proof. The assertion is obviously true if pj;1 = 0. Let us therefore assume
that pj41 > 0. This implies that p; > 0 because C;41 C C;. Since Cj11 C C;

and % & (pj+1) < ufr—f” ¢ (p;) for all i € Cj, we have

Uj+1 Lij+1 Uj Tig
wj1 pjr1 ¢ (pjr1) = Z jrij ¢ (pj+1) < Z % ¢'(pj) = ujpj ¢'(pj)
1€Cj41 A ieCj 7

Together with u;¢(p;) < wjy10(pj+1), it implies that pji4 q;((gjjll)) < pj ¢ ((;Zj))’

from which we deduce that p; > p;+1 using Lemma 2. m

Before moving to the analysis of the set of servers used by each class at
the equilibrium, we conclude this section with a last property related to the
server costs per unit capacity. This technical result will play a key role when
comparing the costs of two different equilibria.

Lemma 12
Vi(YisY5) = Vi (Y15 Y1), Vi,
with strict inequality if C; \ Cj41 # 0.

Proof. From (2), if z; ; > 0, then

Lig ire,
Tj ¢(pj) )

i = Vi(wig,y;) = uj |(pj) +
from which we conclude that

> i =y [Ny b(ps) + p; & (pj)] = (N; — 1) u; d(ps) + 0 (w5, 45)-
=

Similarly, we have

> = (Njgr = Dujrn dlpin) + U (W41, Y1)

i€Cjq1
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Now,
Z i = Z Mg — Z Mg
i€Cj 41 i€C; 1€C;\Cjt1
Ti,j
= (% = Do) + )~ Xy (0l0) + 26 o)
i€C;\Cjg1 J
{Ei’ 1
= (N; = D) u; ¢(p;) + (s, u5) — (N; = Njpa)ws d(pg) —u; ' (p;) Y =2
1€C;\Cjit1
Ti,j
= (N1 — Dy d(ps) + 45 (w5, 05) — it (p5) > T—J
iECj\Cj+1
Thus,
V55, 95) = Vi Wi, Y01) = (wje16(pjer) — wid(ps)) (Njpa1 — 1)
+oud () Y =
iECj\Cj+1

From Proposition 2, we have uj14(pj+1) > ujd(p;). Moreover ¢'(p;) > 0
because ¢ is strictly increasing. Since the second term on the RHS is strictly
positive if C; \ Cj41 # ), we can conclude that ¥ (y;, y;) — ¥} 1 (yj+1,yj+1) > 0,
with strict inequality if C; \ Cj11 # 0. m

3.4 Characterization of the set of servers used

The following proposition shows that the set of servers used by each class has
the so-called water-filling structure.

Proposition 3 For each class i € C, the threshold S; is such that

Gs, <X £Gg41, (11)

where

Z ¢’ ) sO(ps) —ujd(p;)] s=1,...,85. (12)

Proof. Let A be a subset of S;. Equation (2) can be rewritten as (p y i =
W d(pj) +x;; for all j € S;. Summing over j € A, we get
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Djea s Hlpi) + @iy

i = = c S, (13)
2ieA w5
which in the case A = S; can be written as
Ai+ > s /T—7¢(p)
i = JES: ¢'(pj) J ) (14)

T
Zie‘si uj ¢'(py)

Since S;y1 € S;, we have from (3)

B Ai + Zjesi #,7,7) o(p5)

pi = < us,+19(psi+1),

J
2 jes: w )

which yields \; < Gg,4+1 after some algebra. For the lower bound, observe
that, since S; € S;, (2) holds for j = S;. Therefore, using (13) with A =
{1,...,8; — 1}, we can write

Si—1 i

Ej:1 #:,j) o(pj) + @i

Hi = Si—1 P =us;
Zj:l uj ¢’ (ps)

i

s + 22 (ps.)|
S

With \; > 3207 @y 5, it yields

Si—1 Si—1
N > us, |8(ps,) + 25 ¢ (s, ] NS oy
> us, | ¢(ps.) + = ’i ¢'(ps;) ; w3 0) ; 7o) ¢(pj) + i

from which we get A; > Gg, since JCTTS &' (ps;) >0. m

Remark 1 In the special case \; = G; g,4+1, inequality (3) holds tight for j =
S; + 1. Therefore, in this case, we can define the set of servers used by class
ias S = {1,...,5:,5; + 1}, where server S; + 1 is “marginally” used, with
xi’SiJ’»l = 0,

From Corollary 1, we can conclude that the thresholds Si,..., Sk satisfy
the order S; < S5 < ... < Sk.
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4 Analysis of the Social Cost

In this section, it will be assumed that the cost functions vector 1 is fixed.
Our goal is to prove that the social cost D (A, ) achieves its maximum in the
symmetric case, i.e. when A = A™.

For each rate vector A € A, we already know that there exists a unique NEP
x € X. Let us define the function N : A — X such that for each vector A € A,
N(X) € X is this unique NEP. In the sequel, the function N will be called the
Nash mapping. We have the following result.

Theorem 2 The Nash mapping N is a continuous function from A into X.

Proof. Note that for each vector A € A, N(A) € X C Q,cc Qs [0,75] and
the latter set is a compact set. As a consequence, in order to apply the closed
graph theorem (see Appendix A), we only need to show that the graph Gy of
N is closed. Let us therefore consider a convergent sequence (A", z"), . of
points in Gy, where 2™ = N'(A™). Let (), ) denote the limit of this sequence.
Note that A € A since A is closed as a topological space. We need to show that

z=N(\).

We first show that x € X. Fori € C and j € S fixed, the sequence (xﬁj)nem
takes values in the closed set [0, 7;] and converges to z; ;, from which we deduce
that 0 < @x;; < r;. Moreover, for each n € IN and each ¢ € C, we have
Zjes z; = A}'. Since 2" — x, we have for each class i € C,

T n__ 1 n o _
Ai = lim A = lim E Ti; = E T j-
n—o00 n—o0 4 ’ ¢
JjES JjES

We therefore conclude that the limit point x is such that x € X. Let us now
show that x is the NEP associated to the rate vector A. For each n € IN, since
x" is a NEP, there exist multipliers u, ¢ € C, such that

i oo

pi = u; |9(pj) + r’lj ') it 2}, >0 (15)
j

W< el i el =0 (16)

Now, let us show that there exist y; < 400 such that p — p;, i € C. Let
Yy =2 icc Tty P7 =y;/rj and y; and p; be the respective limits when n — oo.
The proof is an immediate consequence of (15) and (16) for type-I congestion
functions since ¢(p!) — @(p;) < +o00 and ¢'(p}}) — ¢'(p;) < +o0 as n — oo for
all j € S (Lemma 1).
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Let us therefore assume that ¢ is a type-II congestion function and prove
that puf — p; < +00 as n — oo. To this end, we first prove that p} — p1 < 1.
Assume on the contrary that p1 = 1. In this case, the relation ¢(p) > Z—;gé(p?)
implies that ¢(p}) — oo for all j € S, and hence that p7 — 1, Vj € S. We thus
get y — rj, Vj € S, which implies that A = ZjES yr =T = ZjeS rj. This is
clearly a contradiction with our assumption A < 7.

As a consequence, we have p < 1, which implies that ¢(p}) — ¢(p1) < +00
and ¢'(p}) — ¢'(p1) < +oo (Lemma 1) as n — oo. Since all classes use server

1, we have
n

= [ot) + o) e

Taking the limit as n — oo, we obtain that p' — p; < 400, where

= (o) + 2| ice

Observe that it implies that p; < 1, Vj € S. Indeed, if p; > 0, then there
exists k € IN such that p;-l > 0, Vn > k. Therefore, there exists ¢ € C such that
z'; > 0 for all n > k. With (4), it yields ¢(p}) < :—juf for alln > k. As a
consequence, we have lim,, (b(p?) < Z—j pi, which proves that pi — p; <1 as
n — 00. '

We have proved above that u — p; < 400 as n — oo for both type-I and
type-1I congestion functions. Now, let us consider the complementary slackness
conditions for each NEP x", that is,

rij ¢I(Pj) _,Uz') =0, jes,1el.
J J

., (uj [qs(p;w .

Taking the limit as n — oo, we obtain

Tij . .
Ti,j (Uj {¢(Pj) + r’,j ¢ (ps)| — m) =0, jeS,iecC.
J

Since the above are the necessary and sufficient optimality conditions for a

point to be a NEP, we conclude that z = A(\) and thus that the graph Gur is
closed. Applying the closed graph theorem yields the proof. m

In order to prove that the global cost achieves its maximum in the symmetric
case, we need to compare the equilibria A’(A) and A'(A) that are induced by
two different rate vectors X and A in A. If the resulting equilibria are such that
the set of servers over which each class sends its flow do not coincide at both
equilibria, then the comparisons become extremely complex, if possible at all.

To avoid this difficulty, we proceed as follows. In section 4.1, we first prove
some preliminary results concerning the comparison of the equilibria induced
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by two different rate vectors A and by assuming that these equilibria are such
that each class sends its flow to the same servers under both equilibria. In
Section 4.2, we compare the equilibria induced by two different rate vectors A
and 5\, assuming that (i) these equilibria are such that each class sends its flow
to the same servers under both equilibria, and (i) X is obtained from X using
a certain transformation. In Section 4.3 we exploit the continuity of the Nash
mapping to show that the global cost increases under this transformation even
when the set of servers is different at the two equilibria. Finally, in Section 4.4,
we show that the symmetric rate vector A~ can be obtained from any rate vector
A with a finite number of such transformations.

4.1 Preliminary Results

In this section, we prove some lemmata that will be used in order to compare
the Nash equilibria induced by two vectors A € A and X € A. In the sequel, if
z is a certain quantity related to the Nash equilibrium induced by the vector A
then we shall denote the corresponding quantity for vector by by 2.

Lemma 13 Fori € Cy,
1. if @j < Yj and :%iyj < Tij, then fi; < ;.
if 95 <y; and ;5 < x5, then fi; < p;.

Zf ])j < Y and .f?@j < Zj, then ,[Lz < -

™ o e

if ])j =Yj and fi; < p;, then .f?@j < Zjj-

Proof. Proof of part 1 : for i € C;, we have p; = v¥}(z;;,y;) and fi; <
V5(2i,5,7;). Since ¥i(x,y) is strictly increasing in each of its two arguments,
]Qj < Yj and a?m < T5 5 implies that /.Ah < ¢;(£77J,Qj) < w;‘(xi,j;yj) = U;. The
proofs of parts 2, 3, and 4 follow similarly. =

Lemma 14 Form andn in S, and i € Cp,, NC,y,

Zf Um > Ym, ﬁi,m > Li,m, and G, < yn, then i’i,n > Tin-

Proof. Assume the contrary, that is, 3n,m € S and 7 € C,, N C, such that
Um > Ym, Tiom = Tijm,y Yn < Yn and 24, < 24, From Lemma 13.1, §p, > ym
and ;. > x; ., implies fi; > p;. However, from Lemma 13.2, g, < y, and

Zin < ;i implies f1; < p;, which is a contradiction. m

In the rest of the section, we shall make the following assumption on the
vectors A and A.
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Assumption 1 The vectors A and X are such that C; = C;, Vj € S.
From the above assumption, it follows that S; = S;, Vi € C.

Lemma 15 For any j € S:

1. §; > y; <= Ziecj i > ZiEC]‘ Hi-

2. :g] > y] — ZiEC]‘ ,&1 > ZiEC]‘ M -

Proof. Proof of part 1: from (2), if i € C;, then

i = (g, ;) =y [6lp) + =L ' (py)
J

Thus,
D ni= (N = 1) uy dlpy) + 5y )

1€C;

Since N; = Nj (from Assumption 1) and ¥ (x,y) is strictly increasing in each
of its two arguments, we can conclude that Ziecj Wi is an increasing function
of y;.

The proof of part 2 follows similarly. m

Lemma 16 IfC,, =C, then :
1. Gm = Ym <= Un > Yn
2. Gm > Ym <= Un > Yn-

Proof. Proof of part 1: from Lemma 15, ¢, > v, is equivalent to Eiecm [y >

> icc,, Mi, which, since Cy,, = Cy, is equivalent to Y ;o f1i > Y ice pi- Again,
from Lemma 15, we can conclude that g, > y,.

The proof of part 2 follows similarly. m

Corollary 3 For m,n € 81, Um > Ym < Un > Yn-

Proof. Recall from corollary 1 that S; C S for all k € C. Since, for m,n € Sy,
Cm =Cn={1,2,..., K}, the above statement follows from Lemma 16.2. m



20

4.2 Basic Transformation of a Rate Vector

For each rate vector A € A, recall that by convention A\; = min;c¢c \; and
Ax = maX;ec ;. Define the sets Cpuin and Cpuqq as follows:

Cmin = {ZEC : >\i:)\1}a
Cmaz = {1€C : A\ =Xk},

and let nmin = |Cimin| and Nimaz = |Cmaz)-

Definition 1 For each rate vector A € A, define the function hy : [0, npmaez Ax] —
A as follows:

h>\(e)=)\+e< ! > e - ! > ei>, (17)

nm/’ln iec771’i7l nma/I: i€c771a(ﬂ
where e; denotes the vector in R with the i-th component equals to 1 and all
other components are equal to 0. A rate vector X € A is said to be obtained
from A under a basic transformation if and only if there exists € € [0, Nmaz K]
such that A = hx(e€). In this case, € is called the step of the transformation.

Note that the above transformation increases the traffic of classes i € Cpin
(the classes with the smallest amount of traffic) and decrease correspondingly
the traffic of classes i € Cpq, (the classes with the largest amount of traffic),
i.e., it preserves the total amount of traffic: > ... A\i = >, Ai = A. There
are several other properties of the basic transformation which are worthwhile
noticing. They are stated in the following lemma.

Lemma 17 Let X be obtained from X under a basic transformation, i.e., A=
ha(e). Then,

1. 5\i Z )\i: VZ S Cmin; S\’L S )\i7 VZ S Cmaw; and 5‘% = )\i; VZ € szn UCmaa:;
where the inequalities are strict if and only if Conin # Cmaz and € > 0.
2. 5\1‘ = 5\1 Vi € Copin and j\z = S\K Vi € Cmaw,

3. 5\1' < Ak Vi € Cppin and S\l > A\ Vi € Crnag for € <min(npmin, Nmaz ) (A —
A1).

4 ZiECmm A== - Zz‘ecmx Ai = i

5. Zjes Yj = Zjes 5
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Proof. In part 1, if either C,,;n = Cpae or € = 0, then A=A\ Hence, the
equalities are satisfied. So, we consider the case when C,,ip # Cinaz and € > 0,
and show that the inequalities are strict. From (17), it is immediate that A; = \;
for i & Cpnin UCma- ) min and A = Aj — -
for all ¢ € Cppqz. Since € > 0, we thus obtam )\ > \; for i € Cpnin and )\ <N
for i € Cpnae, and 1 is proved.

We note that if Cpin = Cinae, then A=\ Hence, the parts 2 to 5. So, for
the rest of the proof, we assume that C,,ip, 7& Cmaa: (JFrom Ai =AM for i € Chin
and \; = Ak for i € Cp00, we obtain that = )\1 for i € Cpin and

—— = ;\K for i € Cpnaz, which proves 2.

To prove 3, let us consider i € Cyin. We observe that € < min(nmin, Rmaz ) (Ax —
Ap) implies that A; = A\j4—— < X+ 220minmas) (3o X)) < N+ (Ag—Ay) =

MNmin Nmin
Ax. The proof of )\i > A1 for i € Cpqq is symmetric.

To prove 4, we observe that,

)RRV SR D DS

nm?n nm(l’l'
i1€Cmin i1€Cmin 1€Cmax 1€Cmax

Fmally, the proof of property 5 is immediate since it is equivalent to >
ZzEC >\ u

ZEC

In the following, we will compare two rate vectors A and X. If z is a certain
quantity related to the Nash equilibrium induced by the vector A then we shall
denote the corresponding quantity for vector A by Z. The comparison is done
under the following assumption.

Assumption 2 The rate vectors A € A and X € A are such that:

. A is obtained from A\ under a basic transformation,

. C;=C;, V€S,

In other words, we assume that the transformation A into X leaves unaffected
the set of servers used by each class.

The key point here is that in order to determine the impact of a basic
transformation of the rate vector A on the global cost, we need to compare the
server loads under the equilibria x = A’(A) and x = M'(A). To this end, let us
define the sets ST and S~ as follows:

={jeS : gj>y;} and S =8\ST,

i.e., ST is the set of servers whose load increases under the transformation while
S~ is the set of servers whose load is non-increasing under the transformation.
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We first prove two lemmata concerning the sets ST and S~. The first one
shows that ST is empty if and only if the load of each and every server is
constant under the transformation.

Lemma 18 y; = §;,Vj € S < ST =10.

Proof. If St = () then S~ = S. That is, §; < y;,Vj € S. We also have
> jes Ui =2 jes yj- This is possible only if §; = y;,Vj € S.

The converse is true by definition of S*. =

The second lemma shows that S~ cannot be empty, i.e. that there is at least
one server whose load is non-increasing under the transformation.

Lemma 19 S~ # {).

Proof. Assume S~ = (), then y; < §;,Vj € S. Therefore, 3>, sy; <> .cs5¥;-
This is in contradiction with Assumption 2 which says ZjES y; = Zjes g;. m

We now prove three fundamental propositions regarding the impact of the
transformation on server loads. We first show in proposition 4 that if there exists
at least one server whose load increases under the transformation, then the load
of each and every server used by class 1 increases. We then prove in proposition
5 that the load of all servers is non-increasing under the transformation if and
only if all traffic classes use the same set of servers. Finally, proposition 6 proves
that the transformation induces a monotonic partition of servers: there exists a
threshold J < S such that for all servers j > J the load is non-increasing under
the transformation.

Proposition 4 If ST # () then S; C S™.

Proof. Assume by contradiction that we can find a server s € &7 such that
s € §7. Then, according to Corollary 3, S C S~. Since ST # 0 and §; > y;
for all j € S*, we have 375+ U > D e+ Yjs 1€,

Dol 2w > D wa

i€C \jeSTt i€C \jeSt

from which we conclude that there exists i such that > -, g+ &ij > >0 jc s+ iy

Since Sy =81 € 8§ for all k € Cpin, we necessarily have i & C,,;, and thus
Ai < ;. Therefore,

N\ = Z T4+ Z Ti5 < Z T+ Z Tij = N

JES— JEST JES— jEST
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Thus,

Z i < Z Ti5 + Z T — Z Ti5 ] < Z T j-

JES— JES— JEST JEST JES—

We therefore conclude that class i is such that > g+ @ij > > e 5+ %4, and
> jes- Tij < jes- ®iyj- Therefore, we can find a server m € St and a server
n € 8~ such that £;, > 2;, and &;, < z;,. But according to Lemma 14,
this is impossible. We therefore conclude that S; C ST. m

Proposition 5 ST =) <— S, = Sx.

Proof. We first prove that if ST = () then S; = Sx. From Lemma 18, this
is equivalent to proving that if y; = ¢;, Vj € S then & = Sk. Assume the
contrary, that is S € Sk. Then, Im :m € Sk, m ¢ 5.

Since ym = Ym, from Lemma 15, we get > ;.o pi = > ;cc fli, which we
can rewrite as

Z Wi + Z i = Z fui + Z JI (18)

1€Cmax iECm\Cmax 1€Cmaan iecm\cmam

We shall show that the above equality is not possible, which then proves the
claim.

For i € Cpaz, since A; > \;, > jes: Tij > D jes, Lij- Thus, there exists an
n € §; such that z; , > 2; . Since y, = Y, from Lemma 13.3, we can conclude

that p; > fi;, and that > ..o p; > > .o fi;, which, upon substitution in
(18), leads to
> owe ¥ om
iec'm\cnm.x iec’m\cnm.x

If Cpu \ Cinaz = 0, then the above inequality cannot be possible which then proves
the claim. So, assume Cp, \ Cinax 7# 0. Then the above inequality implies that
i & Crin U Craa © i < f1i. Since y; = §;,Vj € S;, application of Lemma 13.4
leads to x; ; < Z; 5,Vj € S;, and consequently to \; = Ejesi xij < EjES,; T =
j\i. However, for ¢ ¢ Cin U Cimaz, from Lemma 17.1, \; = S\i. Hence, there is a
contradiction, and we can conclude that S; = Si. =

As a direct consequence of the above proposition, we get the following corol-

lary that tells us that if at equilibria x and X all classes use the same set of
servers, then the server loads are constant under the transformation.

Corollary 4 y; =9;,Vj €S < &1 =S«k.
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We now turn our attention to the set S~ and prove the following result.
Proposition 6 Forallj€ S, if j€S™ thenj+1€S™.

Proof. If St = ) then the proposition is true. So, assume ST # 0. Then,
from Proposition 4, §; C ST. In order to prove the proposition, assume by
contradiction that there exists a server j € {S; + 1,...,Sk — 1} such that
j €8  and j+1¢cST. Again, if S; +1 = Sk then the proposition is true. So,
assume that S; +1 < Sk.

Since j € S~ and j + 1 € 8T, from Lemma 16,

Zﬂz‘ < ZM, (19)

i€C; i€C;
and
Z fi > Z i, (20)
i€Cjq1 i€Cj41

Moreover, from the contrapositive of Lemma 16, we can conclude that C;\Cj+1 #
(). Note that since j < Sk, classes i € Cpaq do not belong to C;\Cj41. Similarly,
since j > 51, classes ¢ € Cpnipn do not belong to C; \ Cj41.

Since Cj41 C Cj, we have, for all i € Cjy1,

pi = V(w3 5,y5) = uj [¢(Pj) + x;J ¢'(Pj)] :

J

Therefore, Ziecjﬂ [ > Ziecjﬂ 1; 18 equivalent to

(Njg1 = 1) o(o)+05 | D0 iz | > (Nja — 1) dloi) -+ | Y @igous

i€C 41 i€Cjq1

and since §; < y;, this implies that > ;.o @i > >iec,,, ®ij- Since
U; < yj, necessarily Ziecj\ch
k € Cmin U Cmaz do not belong to C; \ Cj41, we know that A, = \; for all
i € Cj\ Cjt1, and thus

Xj: Z xi,zZXj: Z Ti 1,

=1 iECj\Cj+1 =1 ieCj\Cj+1

Tij < Yiec,\c;y, Tinj- However, since all classes

from which we obtain

Z Z xi,l:Z Z Ty + Z Tij — Z Tig | s

1<j iECj\Cj+1 1<j iECj\Cj+1 ieCj\Cj+1 ieCj\Cj+1



and therefore

Y Y wey Y o)
1<j i€C;\Cj+1 1<j i€Cj\Cj+1
Subtracting (20) from (19), we obtain

Z i < Z .

i€C;\Cj+1 i€C;\Cj+1

Hence, for each server [ < j,

(N; — Njt1) o(pr)+; > dindn | < (Nj = Niga) é(p)+¢ > wmu
i€C;\Cjt1 i€Ci\Cjt1

But, for I < j and [ € ST, it implies that

E Tip < E T,

iECj\Cj+1 iECj\Cj+1
and thus
E E JA?@[ < E E Zi,l- (22)
1<j,leS+ i€Cj\Cji1 1<j,leS+ i€Cj\Cji1

(From (21), we have

)DL SP D IR B DD DL NP DD DR

1<j,leS— i€Ci\Cj+1 1<j,leS— i€Ci\Cj+1 1<j,leS* i€C;\Cj+1 1<j,leS* i€C;\Cj+1
and using (22) it leads to

N> w0 Y wa (23)

1<jleS~ i€Ci\Cjt1 1<j,leS~ i€Ci\Cjt1

According to (20), for each server I < j,

(Njs1 = 1) ¢(p) 441 | D &indn | > (Njpa — 1) dlp)+4) | D @issw

1€Cj11 1€Cj41
But, for I < j, 1 € §7, it implies that

S odii> > i,

i€C 41 i€Cj41
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and thus

S Y s XY (24)

1<j,leS— i€Cjp1 1<j,leS—i€Cjt1

Now, summing (24) and (23) gives

SN D> DD w (25)

1<jleS— i€C; I1<jleS— i€C;

However, for each server [ € S~, we have g; < y; and thus EK les— o <
Zl<jle3— y;- Since, for | < j, y; can also be written as y; = iiecj Ti) +

> ige, Tils it yields

Z Z@:JS Z in,z-i- Z in,z— Z Zizl ;

I<jleS— i¢C; I<jleS— i¢C; I<j,leS— i€C; 1<jleS— ieC;

and using (25),

Z Z .137;71 < Z Z Tig. (26)

1<j,leS~ igC; 1<j,leS~ igC;
Therefore, there exists a class ¢ ¢ C; such that

Z Ty < Z Til- (27)

1<jleS— I<jleS—

It implies that, for this class i, we can find a server ninS; and n € S~ such
that &; , < zjy. Since Cmae € Cj, we know that ¢ & Cpuee. Moreover, since

=

S, =81 C ST for all k € Cpnin, i € Crnin. We therefore have 5\1 = A;. Thus,
Sodii+ Y dii= Y wit Y i,
lesS- les+ lesS- les+

which implies

Z i1 = Z il + <Z il — Z ﬁz‘,l) )

leS+ leS+ les— les—

Z i"i,l > Z Zi -

leS+ lest

and with (27), it yields

This implies that there exists a server m < j, m € ST such that Tim > Tim-
But, according to Lemma 14, there cannot be two servers m,n € S such that
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Um > Yms Un < Yn, Tijm > Tim and 3, < Ti,. This is a contradiction.
Therefore, if j € S7, then j+1 € S~ for all servers j € S. m

Proposition 6 proves that the transformation induces a monotonic partition
of servers: there exists a threshold J < S such that for all servers j > J the
load is non-increasing under the transformation.

Using the above results regarding the impact of the transformation on the

server loads, the following two theorems compare the costs D(A) and D(A).
The first theorem uses the following lemma.

Lemma 20 Ifb;, i =1,2,..., is such that

1. b >0,
2. b; §0:>bi+1 <0, and

3. >,b; =0,
and a;, 1 =1,2,..., is such that

1. a; > ajy1, and

2. ar — ary1 > 0,
where I = max{i : b; > 0}, then Y, a;b; > 0.

Proof. We have

Z aib; = Z aib; + Z a;b;

i<I i>1
> alzbi +Zaibi
i<I i>1
>ar Zbi —ar+1 Z |bs]
i<I i1
> (ar —arg) Y b
i<I
> 0.

We are now in position to state our main results.

Theorem 3 D(A) < D(A) <= S C Sk.
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Proof. We first show that if S; C Sk then D(A) < D(X). Let Ay; = 4, —y;
for all j € S. Since the global cost D is a convex function of the offered traffics
Yj, J € S, we have

D(X) > D(A) + VD(M).Ay.

We thus have
o oD ,
DA) =D > oy, v = > Wiy, u5) Ay, (28)
j J j

We now show that the RHS in the above inequality is strictly positive. Since
S; € Sk, from Proposition 4 and Lemma 19, we can infer that ST # 0 and
S~ # (). From Proposition 4, we can also infer that S; C ST. Hence, Ay; > 0.
From Proposition 6, if j € &~ then j +1 € S§~. Therefore, the sequence
Ay;,j € S is such that

1. Ay; >0,
2. Ay; <0= Ay <0, and

3. ZjGS ij =0.

Let J = max{j : j € S*}. Then, J+1 = min{j : j € S~ }. Note that
Cj # Cjy1, otherwise from Lemma 16, either both J and J + 1 belong to S* or
both belong to S~. From Lemma 12, we can conclude that

Lo (ys,y5) > i1 (W41, y541), V4, and

2. Yy, ys) 2 V5 Yot Yae1)-

Since the sequences 1!1; (yj,y;) and Ay; satisfy the conditions of Lemma 20, we
have
> Ui ) Ay, >0,
J

~

and hence, from (28), we can conclude that D(A) < D(A).

~

To show the converse, if D(X) < D(A) then necessarily there exists an m
such that y,, # ¥,. From Proposition 4, we obtain S; # Sk . Since &1 C Sk,
we can conclude that S; C Six. =

Theorem 3 shows that if all the classes do not use the same set of servers at
the equilibrium x, then the transformation will strictly increase the cost. The
following theorem proves that the cost is constant under the transformation if
all classes use the same set of servers.
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Theorem 4 D(A) = D(A) < & = Sk.

Proof. From Lemma 19 and Proposition 4, if S = Sk then y; = g;,Vj € S

and therefore, D(A) = D(A). To prove the inverse, if S1 # Sk_then necessarily
S1 € Sk. From Theorem 3, we can conclude that D(X) # D(X). =

4.3 Maximum Step of a Basic Transformation

Theorems 3 and 4 enable the comparison of the equilibria induced by two differ-
ent rate vectors A and 5\, provided that X can be obtained from A under a basic
transformation which leaves unaffected the set of servers used by each class. The
main limitation of these results comes from the latter assumption. However, as
will be shown below, the continuity of the Nash mapping can be exploited to
prove that, under certain conditions, the global cost is non-decreasing under the
transformation even if some classes change the set of servers they use.

Definition 2 For each rate vector X € A, the mazimum step of the transfor-
mation hy s

A = min (nmin Amin, Mmaz Amaa:) ) (29)

where Ain = —A1+min (%, miniee\c,.in )\i) and Apee = Ak —max (%, MAaX;eC\Cr o )\i).

Intuitively, if the step € of a basic transformation is lower than the maximum
step A, then the sets Cin and Cpuqz will be unaffected by the transformation.
On the contrary, if e = A, then, after the transformation, we will have either (i)
one more class in the set Cpin Or Cpngg, or (i) A = A7

For each rate vector A, let A(e) = hx(e) for e € [0,A]. All quantities of
interest can be treated as functions of €. Therefore, in the following, if z is a
certain quantity related to the Nash equilibrium induced by the vector A then
we shall denote the corresponding quantity for vector A(e) by z(e).

We first prove the following properties of the transformation when ¢ < A.
Lemma 21 For each e < A,

1. Ai(e) < min (%,minkec\cmm )\k) for all i € Cpin, and the inequality
is strict if € < Npin Amin whereas it holds as an equality if ¢ = A =

Nimin Amin;
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2. X\i(e) > max (%,maxkec\cmw )\k) for all i € Ciae, and the inequality
is strict if € < Npaz DAmaz, whereas it holds as an equality if e = A =

nmam Amam .

Proof. For i € Cpin, we have A;(€) = Ay + ——. Since € < Nynin Apmin, it yields

Nmin
Ai(€) < A1+ Apin, 16 Ai(e) < min (%,minkec\cmm /\k), as claimed. Note
that the inequality is strict if € < Mnin Amin and that it holds as an equality if
€ = Nymin Dmin. The proof of property 2 is symmetric. ®

The following two lemmata detail how the sets Cy,4,, and Cpqy evolve under
the transformation.

Lemma 22 For each e < A,

1. Cmvn g Cmvn(e) and Cma?" g Cmam(e);
If € < nmin Amin, then Coin = Crin(€),
If € < nmaz Amaz;s then Comaz = Crnax(€),

If € = Nmin Armn and szn 7é C; then szn - Cmin(e);

=

Sro o e

If € = nimaz Amaz and Coaz # C, then Coazr S Cinas(€)-

Proof. We just prove the relations between Cy, and Cppin (€), since the proofs of
the relations between Cppaz and Cpqz(€) are symmetric. We first prove assertion
1. Let ¢ € Cppin. From Lemma 21.1, we have \;(e) < A for all k € C \ Ciin-
For k & Cpin U Cinaz, Lemma 17.1 states that Agx(e) = Ap, which implies that
Ai(€) < Ag(e) for all k & Crpin U Crae. From Lemma 21.1, we also have \;(e) <
% < A(e) for all k € Cpqx, where the last inequality comes from Lemma 21.2.
We therefore conclude that \;(e) < Ag(e) for all k € C\ Cpyin. However, from
Lemma 17.2, we have Ag(€) = \;(€) = A1 (€) for all k& € Cppin. We conclude that
if i € Conin, then \;(e) < Ag(e) for all k € C, and thus i € Cypin(€). This shows
that C,in C Cmm(ﬁ)

Let us now prove assertion 2. Assume € < Npmin Amin. Since Crin C Cmin(€),
we just need to prove that Cpin(€) C Cmin. It is sufficient to show that if
k & Cpnin, then k & Cryin(€). Let k € C\ Crin- If k & Cpnaz, then, according to
Lemma 21.1, Aj(€) < Ay = Ai(€), whereas if k € Cinaz, Ai(€) < & < Ag(e), also
from Lemma 21. Since A1 (€) = min;ee A;(€), we conclude that k & Cppin(€), and
thus that Cpin = Cpnin(€).

We now prove assertion 4. From Lemma 21.1, we have either A\;(e) = % or
A1(€) = mingeere,,;, Ak
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o If \i(e) = %, then it clearly implies that \;(e) = % for all 4 € C. However,
since Cpnin # C, it implies that class K belongs to Cppin(€) but not to Cpip-

o If A\i(e) = mingeerc,,.,, Ak, We can find j € C\ Cnin such that \j < % and
Aj = MiNkec\Cpin Ak- From Aj < 2 we deduce that j & Cpqq. Therefore
from Lemma 17.1 we obtain A;(e) = A; = A1(€). We conclude that class j
belongs to Cpin(€) but not to Cpyin.

Since in both cases we can find a class i € Cpin(€) such that i € Cpin, we
conclude that Cpin, C Crmin(e). ®

Lemma 23 The following statements hold.

1. If Crin U Craz 7 C, then Crin U Caz S Conin (A) U Crnga (A).
2. If Conin U Crnaa = C, then A(A) = A™.

Proof. We first prove assertion 1. Assume that Cpipn U Chae 7 C. We have
either A = Npnin Amin, 0F A = Nypar Amaz- According to Lemmata 22.4 and
22.5, if A = npin Amin, then Coin S Crin(€), while if A = nypae Az we have
Crnaz S Crmaz(€). We therefore conclude that Cpin UCmaz S Cimin (A)UCmaz (A).
[

The following proposition states that if we consider two rate vectors obtained

from A under basic transformations of steps lower than the maximum step, then
one can be obtained from the other by a basic transformation.

Proposition 7 Let €1,e2 € [0,A], €1 < 2. Then A(e2) can be obtained from
A(e1) under a basic transformation.

Proof. Since €; < ey implies ¢; < A, from Lemmata 22.2 and 22.3 we have
Crnin(€1) = Cimin and Cpaz(€1) = Cpaz. Accordingly, A(e2) can be written as

Se Y

1€Cmin 1€Cmax
A(Eg) = A+€1 -
Nimin Nmax
DR D
1€Cmin (€1) 1€Cmax (€1)
+(e2 — €1) -

Nmin (61) Nmazx (61)
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ie., A(Q) = hA(el)(GQ — 61). L

We now show that even if some classes change the set of servers they use, the
global cost is non-decreasing under the transformation A(e) = hx(€) provided
that e < A. The proof is based on the following theorem which is proved in [7]
(Theorem 5, page 321), and closely parallels the discussion in section III.B of
the above reference.

Theorem 5 (Theorem 5 in [7]) Let f : X — R, where X C IR is a closed
interval. Consider a family A = {A1,...,A,} of closed subsets of X, such
that (i) U, A; = X, and (ii) for every A, € A, we have : x,y € A; and
x<y= f(z) < f(y). Then f is non-decreasing in X.

The following theorem extends Theorems 3 and 4 to the case when the
transformation changes the set of servers used by some classes.

Theorem 6 Fore <A, D(X(e)) > D(A).

Proof. Consider a rate vector A and the transformation A(e) = hx(e) of this
rate vector for € € [0,A]. We want to prove that D(A(e)) > D(X). Since
all quantities of interest, and in particular the global cost, can be treated as

functions of ¢, it suffices to show that D is a non-decreasing function of € on
[0, A].

Let A;; = {e€[0,A] : G;j(e) < Ai(e) < Gy j+1(€)}, denote the set of € €
[0, A] for which class i sends flow to servers {1,...,7} under equilibrium N (e).
From (12), one can see that G;; is a continuous function of the p;, which in
turn are continuous function of the equilibrium strategies of all classes. The
continuity of the Nash mapping then implies that G; ; is a continuous function
of € € [0, A]. Continuity of the functions G; ;(¢) and A;(e) implies that A, ; is a
closed set.

For each S € S¥, define
As = NiecAss,,

which is also a closed set. If €1,e2 € Ag, then each class sends its flow to the
same set of servers under equilibria N'(e1) and N (e2).

Consider a vector S € S¥ and assume that we can find €1, €2 € Ag such that
€1 < €9, i.e. Ag is neither empty nor reduced to an isolated point. According
to Proposition 7, the vector A(e2) can be obtained from A(e;) under a basic
transformation. Since €1, €2 € As, this transformation satisfies Assumption 1,
and according to Theorems 3 and 4 we have either D(e3) > D(e1) or D(eq) =
D(e1). We therefore conclude that if we can find €1, €3 € Ag such that €; < e,
then D(e2) > D(eq).

Since [0, A] = Ugesk As, all conditions of Theorem 5 are fulfilled, and we
can conclude that D is a non-decreasing function of € on [0,A]. =
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4.4 Maximum of the Global Cost

The purpose of this section is to prove that the global cost achieves its maximum

in the symmetric case, i.e., when A = A~ = (%, ceey %) To this end, starting
from a fixed rate vector A, we build a sequence ()\k)k of rate vectors such
€N
that:
0 _
e A" =), and

e A\**1 i obtained from A¥ under a basic transformation of maximum step,
e, AFTL = by (AF).

The following proposition shows that the sequence ()\k)k ~ converges to
€

A~ in a finite number of steps.

Proposition 8 The sequence ()\k)k converges to A~ in at most K steps.
EN

Proof. Let w* be the number of classes in C%, UCF . Note that w® > 2.
According to Lemma 23.2, if w* = K, then AP = A= Otherwise, according
to Lemma 23.1, we have C* . UCk —C c*tlyckt!l and thus w < wht! < K.

min max = Ymin max?

This structure implies that in at most K steps we have w* = K, and thus
AN == m

We now prove Theorem 1.

Proof of Theorem 1. For each A € A, the sequence (/\k) e converges to A~
€
in a finite number of steps. According to Theorem 6, we have D(AF1) > D(AF).

This implies that D(A™) > D(A). =

5 Analysis of the Symmetric Game
In the sequel, we will need the following assumption:
Assumption 3 ¢(0) = 1.

Note that the above assumption is satisfied by type-II functions. The results
established below are therefore valid for all type-II functions. They also hold
for all type-I functions that satisfy assumption 3.
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According to Theorem 1, we have

Dg (A 1, c) Dg(A7,r,c)
PoA(K) = sup ——"~ =sup —————~. 30
A = S e S D (<) (30)

Therefore, in order to analyze the PoA, we can focus on the symmetric case.
We first introduce some preliminary results in Section 5.1 and then analyze the
symmetric game in Section 5.2 where we derive an explicit expression for the
equilibrium flows.

5.1 Preliminary Results

We introduce below some results that will be used to derive the NEP of the
symmetric game.

Let Zo) be the interior of the interval D upon which the function ¢ is defined.

For each server j € S and for K > 1, let the function f;(X, p) Do (uj, +00)
be defined as follows

f(K.p) = u; (6(p) + £:6/(p)) VpeD. (31)

From our assumptions regarding the function ¢, it is easy to see that f; (K, p)
is a continuous, strictly increasing and differentiable function on D. It follows

that the inverse function of f;(K, p) exists and maps (u;, +00) onto D. In the
following, it will be denoted as p; (K, z), i.e., for each z € (uj;,4+00), p;(K, 2) is

the unique value of p EZOD such that f;(K,p) = z.

The following lemma establish some properties of the function p; (K, z).

Lemma 24 The function p;(K,z) has the following properties:

a) For a fired K, the function p;(K, z) is continuous and strictly increasing in
z on (uj,+00).

b) For a fired K, the function p;(K,z) is differentiable on (u;,+o0) and

1

Pi(K, z) = W

(32)

c) if f;(K,p) is convez, then p;(K, z) is concave.
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d) For a fized z, the function p;(K, z) is strictly increasing in K.
e) lim,_  +p;(K,z)=0

f) For two strictly positive integers K1 and Ko, and for each z € (uj,ujt1), the
following statement holds:

Bl S.] al)i(KhZ) < pv(KQaz) — pS(Klvz) < pS(K27Z) ’ Vs S.]

g) For type-I functions, im,_ 4o p;(K,z) = 400, while for type-II function
lim, 4o pj(K,2) =1.

Proof. Properties (a), (b) and (c¢) are well known properties of the inverse
function of a continuous, strictly increasing and differentiable function (with a
strictly positive derivative everywhere). See e.g. [3].

To prove (d), let us consider two strictly positive integers K; and Ks such
that K7 < K». For z > u;, assume that p; (K1, z) > p;(Ka,z). Since f;(K,p)
is strictly decreasing in K and strictly increasing in p, it yields

fj(Klvpj(Kla Z)) > fj(KQapj(Klvz)) > fj(KQHOj(KQa Z))a

which is clearly a contradiction with f;(K1, pj (K1, 2)) = f;(Ka, p;(K2,2)) = .
As a consequence, p; (K1, z) < pj(Ks, z), which shows that for a fixed z, p; (K, 2)
is increasing in K.

Property (e) follows from ¢(0) = 1 and the fact that ¢ and ¢’ are continuous
functions.

Let us now prove property (f). Straight part: if 3i < j such that p;(K1,2) <
pi(K2,z) then K1 < Ks because p;(K,z) is strictly increasing in K. Since
2 € (us, +00) and ps(K, 2) is strictly increasing in K, it implies that ps(K7,2) <
ps(Ka, z) for all s < j, as claimed. Converse part: it is true from the statement.

Finally, to prove property (g), assume that z = f;(K,p) — oo. In view
of (31), this is only possible if we have either ¢(p) — oo, or p¢'(p) — oo, or
both. Since ¢(w) < 400 and ¢'(w) < +oo for all w € D, this implies that
p; (K, z) — oo for type-I functions, while p;(K, z) — 1 for type-II functions. m

Let us now define the function W(K, 2) = >, s W;(K, z), where

J
W;(K,z) = Lietuyupn)} - (Z 7s ps(K, 2) _>\> .
s=1
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The following lemma states some properties of the function W (K, z).

Lemma 25 The function W (K, z) is such that:

1. for a fizred K, the function W : [u1,00) — R is continuous, strictly in-
creasing and differentiable in z,

2. for a fized z, W (K, 2) is strictly increasing in K,

3. for a fized K, W(K, z) =0 has a unique solution in the interval (u1,00).

Proof. Let us first prove property 1. By definition W (k,z) = W; (K, x) in the
interval [u;,u;+1). The functions ps(K, z) are continuous and strictly increas-
ing in (us, +00), which implies that W is continuous and strictly increasing in
(uj,uj+1). To conclude the proof, we need to verify that W is continuous at
uj,j =2,3,...,5. We have

lim W(K,z)— lim W(K,z)= lim W;(K,z)— lim W;_1(K, u;)

i
i=1 U

— <Z ’I“z'pi(K, Uj) — /\)

=r; lim+ p;i(K,x)

u]

:07

j—1
= <Zmp¢(K, uj)+r; lim p; (K, z) — )\>

where the last equality follows from Lemma 24.(e). This shows that the function
W (K, x) is also continuous at the points u;, j =2,3,...,5.

To prove property 2, let us considers two strictly positive integers K; and
K, such that K1 < Ks. For z € (u;,u;41), we have using Lemma 24.(f)

J J
W(K1,2) < W(Ky,z2) < er ps(K1,2) =\ < er ps(Ka,2) — A
s=1 s=1
— pS(KlaZ) < pS(K27z)
— K < Ko,

which shows that for a fixed z € (u;,u;11), W(K, 2) is strictly increasing in K.
Continuity of W (K, z) at points u;,j = 2,3,...,.S implies that this is true for
all z € [ug, +00).
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Finally, let us now prove property 3. First, we note that W(K,u;) =
rip1(K,u1) — X = —A. From Lemma 24.(g), we have W (K,o0) = +oo for
type-I functions, while for type-II functions W (K, 00) = ¥ — A. In both cases,
W (K, 00) is strictly positive. Also according to property 1, W (K, z) is contin-
uous and increasing in the interval [u;, 00). Hence, there is a unique value of z
for which W(K,z)=0. m

In the following, we let v(K) be the unique solution of W(K,z) = 0 in
[u1, 00).

5.2 Analysis of the Symmetric Game

It is well known that in this case the non-cooperative routing game is a potential
game, i.e., the equilibrium flows are the global minima of a standard convex
optimization problem (see e.g. Theorem 4.1 in [5]). This is formally stated in
the following proposition.

Proposition 9 If the vector p is global optimum of the following convex opti-
mization problem

pi
minimize cipiP(p;) + (K —1) / c; ¢(2)dz
u ;5 7P P\Pj , 9
s.t. ) (33)
2jesTiPi = A,
0<p;<1,Vjes,

then the multi-strategy x such that x; ; = r; %, VieC,Vj €S, is the NEP of
the symmetric game.

Proof. The statement follows from Theorem 4.1 in [5] with ¢, (za) = uq ¢(72).
[

Note that when K = 1, the above problem reduces to the global optimiza-
tion problem solved by the centralized scheme. When K — oo, the equivalent
problem states the common function that is optimized jointly by an infinite
number of players and is characteristic of the Wardrop equilibrium.

The following proposition gives the solution of the symmetric game.

Proposition 10 The set of servers used at the NEP of the symmetric game is
S*(K) ={1,...,5°(K)}, where j*(K) is the unique server such that W (K, u;- () <
0 < W(K,uj«(k)+1). Moreover, the offered traffic of server j € S at the NEP

is 0 if uj < y(K) and p;(K,~(K)) otherwise.
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Proof. Let p be an optimal solution of the equivalent problem stated in Propo-
sition 9. According to the KKT conditions, there exists « such that for each
JES,

Fi(K.py) = s |6(oy) + 520/ (0)] 27, (34)

with equality if and only if p; > 0.

Let us now consider a server j € S. Let us first assume that u; < v. In
this case, a necessary condition for (34) to hold is f;(K,p;) > u;, which im-
plies p; > 0. We therefore obtain that (34) holds as an equality, and thus that
v = fi(K ps), Le. pj = pi(K,7).

Let us now assume on the contrary that u; > . If p; > 0, then f;(K, p;) >
u; > v, which implies that p; = 0, i.e. a contradiction. Therefore, if u; > 7,
then p; = 0.

Let j*(K) be the unique value of j such that u; < 7 < wj11. Then
E;;(lK) r;pj = A can be written as Z;:(lK) ripi(K,v)—A=0,ie. W(K,v) =0,
from which we deduce that v = v(K). From Lemma 25.1 and u;-x) < v7(K) <
U+ (K)+1, we then obtain that W (K, u;-(x)) <0 < W(K, ujs(gy41). ®

We now prove that the distributed scheme with K dispatchers uses only a
subset of the servers used by the centralized scheme. The proof is based on the
following proposition.

Proposition 11 The function v(K) is decreasing in K.

Proof. For K; < K,, we have W(K1,z) < W(Ka,z) for all z € [uy,+00).
With z = v(K4), it yields 0 = W (K1, v(K1)) < W(K2,v(K7)). Since W (K3, 2)
is strictly increasing in z, we conclude that y(K3) < v(K7). Therefore, v(K) is
decreasing in K. m

The fact that v(K) is decreasing in K implies that j*(K) is non-increasing
in K. We therefore have the following important corollary.

Corollary 5 For K > 1, S*(K +1) C S*(K).
As an immediate consequence, we can conclude that S*(K) C §*(1), i.e., the

distributed scheme with K dispatchers uses only a subset of the servers used by
the centralized scheme.
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6 Lower bound on Price of Anarchy

In this section we give lower bounds on the PoA for the functions of type (i)
6(x) = rtrm, and (id) 6(z) = 1+ o™

According to Theorem 1, we can restrict the analysis to that of the symmetric
game.

In order to prove the lower bounds, we shall construct an example with two
servers and symmetric dispatchers. For this symmetric game, we use its analysis
given in Section 5.2 to show that the ratio Dx /D, attains the desired value,
which will then give a lower bound on the PoA.

Proposition 12 For ¢(z) = (1_—;)7,”

PoA(K) > K

= (K0 ) L K10mD) — ) (35)

Proof. We consider the symmetric game of section 5.2 instance in which all the
classes use only server 1 in the distributed case whereas they use all the servers
in the centralized case. Let A < ry, and c; =1 =1 for j > 2. For simplicity,
let us consider the case of two servers. The same result holds for any number
of servers as well. From the KKT conditions, if

%[‘M/Tl”%d@/m] < 2

then in the distributed case all the classes use only the first server whereas in

m
the centralized case all the servers are used. For ¢(z) = (1iT) , the above

condition become
m Y m—+1
c1 ™ A r1 C2
- _ - _ > = 36
1 [(Tl—A) +T’1m(’l“1—/\> ] - T2 ( )
m Y m—+1
Cc1 r1 A T1 C2
i _ _ < = 37
1 [(rl—)\) +Kr1m(r1—/\> 1 7y (37)

Let us assume that c; is such that the above two inequalities are satisfied,
and that it is closer to the upper bound. We note that when A T r1, the first
term within the square brackets of (37) can be neglected with respect to the

second term so that S
c1m T1
1 _ 1 38

T1 K <7”1 — )\) - ( )
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In the distributed case, since all the classes use only server 1, D = ¢ % (Tlri X

As X T 71, we can approximate Dy as

=

3

In the centralized case, in order to compute the total cost, D1, we need to
first find the traffic on each of the servers. From the KKT conditions, the loads

y; satisfy
s r m o r m+1
& [(—) (D) ] — ), (10)
i | \7— Y e\~ Y

Z yi = A (41)

From the optimality conditions we know that v(1) > ca/r2 = 1, and we also
know that when A T 71, v(1) — ¢o/re = 1. From (40) and (38) as A 1 rq,

ri =y~ KV (g = ). (42)

Since y1 + y2 = A,

Y2 = A — Y1
— (rp — KM () — ))
r— A) (KD 1)

%
>

—~

that is, yo tends to zero in proportion to (r; — \).

As X T 71, the centralized cost can now be computed as

y r m y r m
o= an () ek (755)
Tt \" — U1 T2 \T2 — Y2

m—+1 -1 m
r1 o . LNy . - +CQ%
K \ri—X\ 1 \r1— 1 9

- (rl ) )m +(r — N (YD 1)

Q

%
|
=
|
=

=Y

(1 — ) (K; LR/ _ 1)

Q

m Km/(m+1)

B (Kl/(m+1)

= (r1—2\) + KV/mFD 1) : (43)

Using (43) and (39), we obtain the lower bound (35) on the PoA as was
claimed. m

%



41

Conjecture 1 For ¢(z) =1+ 2™ and m > 1,
(14+m/K)™*!

m+1 '
(/87 (505) 7 m s ()

PoA(K) > (44)

We shall give numerical evidence to support our claim that (44) is a lower
bound for the PoA. We first note that for the polynomial function, the stability
condition is A < co. We now construct an example in which the number of
servers is A and A — oo. Following the steps in the proof of Proposition 12, we
can show that

Dg (14+m/K)™!

Dy - (1+m/K)=1(1 = p2)™t! + pa(1 + p5t)’ (45)

where po is the solution of

1+m/K 1/m 1
— 1+ (1 py/m =1.
(S ) e e mapy g

We now claim that the denominator of Dk /D; is upper bounded by (1 +

m—+1

m/K)~! (M) " +m~llog ( itm ), which then supports the conjecture.

14+m 1+m/K

In support of the conjecture, in figures 2, 3 and 4, we plot the exact value
of Dk /D1, and the lower bound for various values of m and K.

102 7“ exact I
| lower bound
. . . . . . n T

I
0 10 20 30 40 50 60 70 80 El) 100
m

Figure 2: Comparison of Dk /D7 and its lower bound for m = 1,2, ..., 100 and
K=2.

Remark 2 1. The lower bounds obtained above are independent of r and c.
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Figure 3: Comparison of Dk /D7 and its lower bound for m = 1,2, ..., 100 and
K = 20.

2. As K — oo, the lower bound of (44) tends to a constant, unlike the lower
bound (35) which tends to infinity. Thus, for delay function of the type
of M/Pareto/1/SRPT queues, the PoA can be unbounded when each job
minimizes its own mean delay.

3. Moreover, for K = oo, the lower bound (44) is of the order of m/log(m),
which matches the PoA obtained by Roughgarden [10] for polynomial func-
tions for the Wardrop equilibrium.

4. For m =1 the delay function of M/Pareto/1/SRPT tends towards that
of the M/G/1/PS. From the lower bound formula given above, we retrieve
the lower bound in [2].

Although we do not have the upper bounds for PoA as in [2], we conjecture
that the lower bounds constructed using the above method give the right order
of the PoA, just as was proved in [2] for the case of M/M/1 delay functions.

7 Conclusion

We investigated the performance of non-cooperative load-balancing in processor-
sharing server-farms. We have first shown that the worst global performance
is obtained when all K dispatchers route exactly the same amount of traffic.
This result implies that the analysis of the PoA can be done by focusing on the
symmetric case, and therefore using the potential function method.
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K =200
14 T
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101 =

DK/Dl

exact
lower bound
n

0 . . . . . . . N
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m

Figure 4: Comparison of Dk /D7 and its lower bound for m = 1,2, ..., 100 and
K = 200.
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