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Abstract

We consider the homogenization of a linear elliptic boundary value problem of
elasticity. The isotropic elastic material is reinforced by a periodic distribution of
very thin parallel fibers in which the Lamé coefficients are assumed to have high
values. Bellieud and Gruais proved that the macroscopic behavior is the one of a
generalized continuum medium involving an additional state variable accounting for
the microstructure. Here we propose a proof of this result by studying the variational
convergence of the energy functional.

Keywords: homogenization, variational convergence, capacitary problems.

1 Introduction

We intend to study the macroscopic behavior of a cylindrical micro-fibered structure made
of a linearly isotropic elastic matrix surrounding a periodic distribution of very thin linearly
isotropic elastic fibers of very high stiffness. As usual, we make no difference between the
real physical space and R® whose an orthonormal basis is denoted by {e“} and, for all
¢ = (&,62,&) of R?, ¢ stands for (£1,&). Let w a bounded domain of R?, containing
the origin, with a Lipschitz continuous boundary dw and L a positive number so that
2 :=wx (0, L) is a reference configuration of the fibered structure which can be described
as follows (see Figure 1).
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Figure 1: The fibered structure

For eache > 0, (Y) € I, where Y := (eiy, i) +(—¢/2,e/2)? and I := {i € Z* | Y} C w},

denotes a periodic distribution of cells. Let (D}, )iey, the family of disk of R? centered at



&l := (eiy, eiz) of radius r. < €, and T7 := D! x (0,L). The set T. := U;er T? of thin

parallel cylinders is the domain occupied by the fibers.

The Lamé coefficients A; and p. of the structure are such that

A >0, ifxeQ\T, >0, ifzeQ\T,
M) = {070 M CONT 1 gy = Jpo =0 e € ONT:
Ael, ifxed, Lel, ifx e Ty.

The structure is clamped on the part I'g := w x {0, L} of the boundary 9 of 2, subjected
to body forces of density f and to surface forces of density g on I'; := 9Q\ T'g.

The problem of finding the equilibrium configuration of the structure reads as

—dive, = f in Q,

Oe = A tre(us)] + 2uce(ue), e(ue) = (Vu)s := 2(Vue + Vul), (1)
u: =0 on I'y,

oen =g on I'y.

where u., 0. denote the displacement and stress fields and n is the unit outward normal.
It is well-known that if A1, uer > 0, f € L2(,R3), g € L?(T'1,R3), then the problem,
which can also be written

(Pe) min{F.(w) — L(w) |w € H%O (Q,R3)} , (2)

where
Fw) = [ Weletw)dr, Lw)= [ fowdo— [ s

and

1
W.(e) := 5)\5 tr? e + pele|?, Ve € S? the space of symmetric 3 x 3 matrices,
Hi (Q,R?) ={ve H' (QLR*) [u=00nTy}

has a unique solution ..

To determine the macroscopic (or efficient) behavior of the micro-fibered structure, we
aim to study the asymptotic behavior of 4. when e goes to zero. Let

|T€| )\61
ke == pe Tor? le == s
Ht ) et

and assume that, as € — 0,

Te
Te — 07 ? - 07 >\€1 - +OO, He1 — +OO,

ke — k €[0,400], 12k — K €[0,400], Il — 1€ [0,+00), (3)
(e} Inr. )™t — v € [0, +00).

Let 17, the characteristic function of T, and M, (2, R?) the space of bounded R3-valued
measures in 2, it was proven in [4] that, as € tends to zero, @, weakly converges in

H'(Q,R3) toward @ and v, := %ﬂsln weakly* converges in M;(Q, R?) toward an ele-
ment v of L?(Q, R3) solving

(Phom™y min {@(u,v) — L(u) | (u,v) € LZ(Q,R3)2} ,



with

/ Wo(e(u)) da
Q
—&-/me/(v—u)T 0 XTH 0] -(v—u)de
“ 0 0 1 if (u,v) € D,
b(u,v) = 9
1 3l + 2 81)3
+ = k —| dx
22(1+1)" Jo|0zs
L1342 E/ Pul* Pl
22(1+1)4 Jq 3:53 8&6% ’
~+00, otherwise,
and
1 A 3
Wo(e(u)) := 5)\0 tr?e(u) + pole(u)?, x:= ;0%:007
. p 81}1 81)2
D := H} (Q,R?) x {v € L*(w, HZ(0, L; R?)) Pl 0 on Iy } )

Thus, the macroscopic behavior of the micro-fibered structure is the one of a so-called
generalized elastic continuum medium involving an additional state variable and its first
two derivatives. This additional state variable accounts for the microstructure in the
extent where it describes the asymptotic behavior of a suitable scaling of the displacement
field in the fibers. Our main concern is to understand this result more deeply and in a
more general setting e.g., a different cross-section of the fibers, a more general behavior of
the matrix or the fibers. Nevertheless, here, we confine to give another proof of the result
of [4] by directly studying the variational convergence (as in the scalar case [5]) of F. and
shall divide our proof into three steps:

1. a compactness property for each sequence (u.) such that F.(uc) is bounded,
2. an upper bound equality for the sequence (F.(uc)),

3. a lower bound inequality for the sequence (Fg(u.)).

2 A Different Approach

Actually, the result of [4] is a standard consequence [3] of the following three propositions:

Proposition 1. (Compactness property) Let (u.) be a sequence such that sup, Fe(uc)
is finite. Then (u.) is strongly relatively compact in L*(Q,R3) and (v.) is bounded in
LY(Q,R3) and, up to a subsequence, (v.) weakly* converges in My(Q,R3) to an element
v of L2(,R3).

Proposition 2. (Upper bound equality) For all (u,v) in L*(,R?)? with ®(u,v) <
+00, there exists a sequence (u.) such that u. — w in L?(Q,R3), v. = v in My(Q,R3)
and

;E}% Fs(ua) = @(u,v).

Proposition 3. (Lower bound inequality) For all u in L*(Q,R®) and for all sequence
(ue) such that u. — u in L*(,R3), v. = v in My(Q,R3), one has:

lim i(l)rlf F.(us) > ®(u,v).
E—

The convergence symbols —, — and — are used for the strong convergence, the weak
convergence and the weak™ convergence, respectively. The proof of these propositions are
presented in the following subsections, where, as a common practice, C' denote various
constants which may vary from line to line.



2.1 Proof of Proposition 1

A proof of this proposition can be found in [4].

2.2 Proof of Proposition 2

We split F; into three parts:

1 w) .= elw X
F(w) /Q\(Bsumws(( ))de,

Ff(w) = We(e(w)) dz, Fj(w) = We(e(w)) dz,
B. Te

where B. := (Dg. \ D;.) X (0,L), Dy, := User, D;_, Dg, := Ujer, D}, D}_is the disk of
R? centered at 2 of radius R, such that r. < R. < . We point out that our proof is
in the same spirit as that of [5], where the main ingredient stems from [4] and essentially
confine to the convergence of F2. We first assume u and v to be smooth on © and construct
an L2-approximation . of u by:

ue = (ua(e® = 02) + weo02). (4)

a=1

Here, for each o € {1,2,3}, the vector field 0% is first defined on the closure of w. :=
User, Y2 as a (—¢/2,¢/2)?-periodic element of H!(2, R?) which does not depend on z3 and

satisfies 02 = e® on D,_, ¢ = 0 on W, \ Dg,. Next 02 is assumed to vanish on @\ w. and

We(z) = we(z) + Ve(x) (5)

where

we(#,23) = 3 <D1| /D v@,a:g)d@> Ly (#),

i€l

and V. stems from w, in such a way that F3(u.) converges. The true expressions of V.
can be found in [4] (formula (5.16) and (5.52) with ¢ and ¢ in place of v and ).
As R, < ¢ implies lim. o |B: UT.| = 0, we have

lim £ (u:) = /Q Wo(e(w)) da.

To find the limit of F2(u.), we introduce

and compute the linearized strain of u. from (4):
3
e(us) =z +e(u) + Z [(Wea —va) e(02) + (02 @ V(We —u)a)s] -
a=1

We claim that a good choice of 8¢ yields

lim (/B Wo(e(u.)) dx — /B Wo(zg)dx) ~0.

Note that Wy, being convex and positively homogeneous of degree 2, satisfies (see [1]):

VEn eSS, [Wo(€) — Woln)| < CIE —nl(I€] + In]) (7)



so that Cauchy-Schwarz inequality implies

/B Wole(us)) — Wo(z.) da

1/2 1/2
<C </ le(ue) — ze|? dx) </ le(ue)|? du —|—/ | 2|2 dx) .
BE Bs BE

Because u and v are smooth, we have

|Vw.| < Con Be, |w.—v|<CR.on B,

consequently,

/ |2 |? d$<0522/ 2 di

D(re,Re)

with D(r., R.) = D(0, R.) \ D(0,7.), where for all R > 0, D(0, R) := {& € R? | |#| < R}

and
/ le(ue) — zs|2 dx

3
< 0335—2(1 + ZR?/ |9§‘|2d§3+/ |e(9§)|2d§:>
= D(0,R.) D(0,R.)
3
<CR*%(1+ / e(0%? di
22 ( 2 fomy ] )

by due account of the Korn inequality in D(0, R.). Therefore,

[ Wole(ue)ydo — | Wo(z.) da
B B,
3

1/2 1/2
< CR.c 1+Z/(OR) o(02)[? d) -5_1<;/D(0,RE)|6(9?)|2(1:%) ,

thus, assuming that 62 satisfies
ay|2 g c
‘6(05” dl’g IR Va = {17273}7 (8)
D(0,R.) |Inr|

it suffices to study the asymptotic behavior of [ 5. Wo(ze) dx . Let us denote the bilinear
form associated with the quadratic form Wy by wy:

1 .
wo(e,e’) = 5/\0(“ e)(tre)) + uoe- €/, Ve,e €S

Note that

3
/Wo ze)dx = Z/ V—U)q v—u)gwo(e(ﬂg),e(ﬁf))dx
a,f=
3

. (/DM )wo((e(eg),e(eg)) di

a,B=1

30 W = w0t )0 i ) ) + O

i€l

Here, it clearly appears that in order to get the lowest upper bound for F2, 6 has to
be the unique solution of the capacitary problem

H'((—e,¢)*,R?),
on D(0,7:) ={|Z| <re}y

(P> %) min / We(e(p)) di <p(§:) e
Plre.fe) 0 on (—&,¢)2\ D(0, R.).

o(2)



It is shown in [4] (see Appendix) that

i) inequality (8) is true,
ii) Jwg™ € S? such that

lim 572/ wo ((e(62),e(69)) di = (w™)ap Vo, 8 € {1,2,3}.
D(rs,Re)

e—0

9)

Therefore,

lim/ Wo(ze dxf/ wy P (v —u) - (v—u)dz,

e—0

with (see Appendix)
x+1

[
o
t

cap __

x 0
wy - =7ypo | 0 — 0

0 0 1
We complete the proof of the convergence of F!(u.) and F2(u.) for any (u,v) such that
®(u,v) < oo by approximation and diagonalization arguments. Eventually, as mentioned
earlier, V. is chosen in such a way that a tedious computation shows that F3(u.) has the
expected limit.

2.3 Proof of Proposition 3

We assume here that liminf. F.(u.) < 4+o00. Compactness property yields that (u,v)
belongs to L?(2, R3)2.

We begin with the term FZ2(u.). Let (u,,v,) be Lipschitz on Q with the property
limy, o [luy — ullz2@rs) + [Jvy — vllL2(@r3) = 0. Next we define an approximation (v, —
Up)e = Y ier (Vg — uy)(@z, x3)lys of (v; — uy), and associate zpe to (uy,v,) by (6).
Let Z,. := Zizl(vn — Up)eae(0). Because of local Lipschitz property (7) of Wy and
(u,v) € L*(9,R3)?2, Cauchy-Schwarz inequality implies

hi%(/B Wo(Zye) da — /B Wo(z,,g)dx) —0

The proof of upper bound equality shows

e—0 /B

lim/ Wo(zne) da = / wy™ (v — uy) - (v — uy) da.
2 Q

Therefore, Wy, being convex and 2-positively homogeneous, the subdifferential inequality
gives:

liminf | Wy(e(ue)) dx

e—0 B.
> limi(rJlf Wo(Z,e) dz +hm1nf/ Wi (Zne) - (e(ue) — Zye) da (10)
e— B,
= / wy™ (vy — uy) - (v — uy) dz + hm 1nf/ Wi (Zne) - e(ue) da
Q

Letting D'(r., R.) := D%_\ Di_, we have:

/ W (Ze)-e(us dx—ZZ/ oy—tiy )a (i, 23) (/DL_(TE’R) 1(e(6%)) - (ug)da?) das.

i€l a=1

If v denotes the outer normal along to both dD}._ and dD%_. The very definition of #2 as



a solution of (P*%) and Green formula imply:

/ O We(8%) - e(us) di
Di(r,R.)

=— W{(e(02))v - ue dl + W{(e(02))v - ue dl
oD _ oD,

— [ W e —ay A+ [ WO (e — ) di
aD;_ oDk,

+ W{(e(02))v - (e — ue)dl

oD

— [ W T+ [ WO (e — ) di
oD _ oD,

25 (F — ) / wo(e(62), ¢(0°)) d,
Z D(re,R.) 0

where
i)' (z ! u (T, x u:(x) = ) (x i(z
(u6> ( 3) |6D | oD;. 6( ; 3) dl7 6( ) zeZIE( 6) ( 3>1YE( )a
= )¢ _ 1 A — _ —\i (A
()" (23) = @ oD, ue (%, w3) dl, U (r) = EZIE(%) (333)1Y; (@),

ue (-, w3) being, by Fubini’s theorem, well defined in H'(w,R3) for a.e. z3 € (0, L).
Actually, the standard estimates

L 1/2
/ / lue — ul|dl dzy < re |Vuc|? dx )
o JoDi, Ti
. 1/2
/ / |u. — | dldes < R. / |Vu. | do
o Jopy_ Di,_x(0,L)

and the estimates (see Appendix)

C
W (e(02))v| 1= < ——  [Wo(e(02))v|r= S B
IWo(e(2)¥ @b < s Wa(elW2)V I @po.ro) < 5

for = 1,2,3 imply that

ZZ/ 1 taEe) (/BD Wé(e(é)s»u-(ua—@)dz) das

Te

c 2 1/2
< SN VuPdry <5 {/ |Vu5|2dx} < Ce
|Inr.| = Jn e?llnr.| | Ja

and
3 L .
SN [ o watatian) ([ Wi (ae —ac)dr ) de
icl. a=1"0 D%,
1/2 e 12
2 < 2 < Ce.



S 30> / v = tn)a(@L, 73) (/D (Ta,RE)wo<e<9s>,e<e£>>daz><a5a5>g<x3>dx3

i€l a,f=1
=2 [ W (o, — ) (0 0) do,
Q

by due account of (9) and of the weak convergence in L?(Q2,R?®) of (@, ) toward (v,u)
(see [4] P.68). Hence, letting n tends to zero, yields

1i(r£n_)iélf F2%(u.) > / wy P (v —u) - (v—u)da.
Q

Because | B.UT| tends to zero, a classical semi-continuity argument taking into account
the convexity of Wy yields

liminf 2 (u,) > / Wo(e(u)) do
E— Q

For the third term F2(u.), we may extend the strategy of [2] to all cases of relative
behaviors of the parameters by due account of the function V introduced by [4].

3 Concluding Remarks

Here was presented another proof of a result of [4] concerning the homogenization of a
cylindrical fibered structure. Instead of passing to the limit on a formulation of the problem
in terms of variational equality through appropriate sequence of oscillating test fields, we
study the variational convergence of the energy functional. Hence, the ingredients in the
construction of the appropriate oscillating test fields are clearly justified as providing the
“best” upper bound. Thus, it seems possible to consider a more general cross section for
the fibers (say r.A with A smooth enough) and a more general quadratic bulk energy
density Wy, for the matrix in the extent where the solutions 62 of the involved capacitary
problems

pe H'((—¢,¢)? R%),
min / Wi (e(p)) di | o(2) =
(e ()

m

e® on r A,
0 on (—¢,)?\ D(0,R.).

are such that

i) Jwi’ € S3 such that (wi}”)aps = lime_ge2 f(feys)Q war(e(02),e(02)) dz,

i) Timeo [l on Whi(€(62)) - (ue =) dl = lime—q [y Whi(€(62))-(ue—1ic) dl = 0.

A The Vector Capacitary Problem

Taking advantage of the cylindrical geometry, Bellieud and Gruais [4] showed that ¢ and
o2 := Wj(e(62)) are such that

9;((13'1,%2) = 0%(29,21), 03 =0%=0,

03 = ( E/T) in D(re,R.), r=|%&|,

¢ In(R. /7"5)
01, + i0)(5) =2 (\(nz 4Tz + 2 2 ¥Z
et e T M P2AR2 .z X(r2+RY)
+2x(r§ InR, — R? Inr.) TERE Rg
R —¢2 2+ R2)22) T RZ— 2’



with

Ao +3
X = M’ A= s Ho — 2 the complex number z; + izo,
0t Ho xRy~ XIn Tz
and
1)(1 1
(T;l/: N’O(X+ )( +0( ))61 on 8D(0,r5),
XTe|Inr|
1 1 1 2 1
olv = #oll +o(1)) 4(14 —cos? — (1+x + =) | e! +2(1 + =)sin20e? on 9D(0, R.),
XRe|Inr| X X X
odv = ﬁe?’ on the circle of radius 7.

Thus, for each o, 5 =1, 2, 3,
i)

|02V Lo (aD(0,r)) < lo2V| Lo (aD(0,R.)) <

re|Inre|’ R.|Inr.|’
ii)
a2 g4 « ~ c a C
le(02)|“dz < C Wo(e(02))di < — (&) dl < ,
D(0,R.) D(0,R.) 2 Jap(o,r.) |Inr.|
iii)
(w™)ap = lim 5_2/ wo ((e(02),e(62)) d
e—0 D(re,Re)
o2
= lim —/ (cfv)pdl,
=0 2 Jopor) g
satisfies
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