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Mathematical Modeling of Fiber Reinforced
Structures by Homogenization

Somsak Orankitjaroen', Nuttawat Sontichai? ,
Christian Licht?, Amnuay Kananthai
1 2Department of Mathematics, Mahidol University
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Abstract : We present another proof of a study of Bellieud and Bouchitté that we
expect to be more suitable to treat more general geometrical and physical cases.
We consider the homogenization of the quasi-linear elliptic problem

. -2
—dive. = f, 0. = a. |Vu.|'""Vu. onQ
Ue = Ug on Iy

oe-n=g on I'y

where ) is a bounded cylindrical open subset of R? and 1 < p < 4oo. The
fibers occupy a set of thin parallel cylinders periodically distributed in 2. The
conductivity coefficient a. is e-periodic and takes very high values in the fibers.
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1 Introduction
Let p € (1,400), we consider the homogenization of the elliptic problem

—divo, = f, 0. = a. \Vu€|p72 Vu. on )
Ue = Ug on I'y (1.1)

Oc-N=4g on I'y

where Q :=w x (0,L) with L > 0 and w is a bounded domain of R? with smooth
boundary and containing the origin of coordinates. The homogenization study of
(1.1) consists in examining the behavior of the sequence of the solution (u.) as e
tends to zero. The conductivity coefficient a. is e-periodic and satisfies a uniform
lower bound, Ty is an open subset of 9 with Hausdorff measure H?(Ty) strictly
positive, T'y = 9Q\I'g, and n is the unit exterior normal on 9. The boundary
data ug is Lipschitz, while (f,g) € L? (Q) x L? (Ty), p' = p/(p — 1).

2Corresponding author: acon mu@hotmail.com
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The problem (1.1) is related to the minimization problem
(P.) min {Fs(w) —L(w):w€ W;OP(Q)} ,
where
W#OP(Q) ={weW"(Q):w=uyonTly},
F.(w):= /Qaggﬁp(Vw) dx,

bpl£) = %mp, VECR"n=1,23,
o 2
L(w) .—/wadaﬂ—k/r1 gwdH". (1.2)

We are interested in the asymptotic behavior of (P.) as ¢ — 0. We present
another proof of a study of Bellieud and Bouchitté [2] that we expect to be more
suitable to treat more general geometrical and physical cases.

The bases of the cylindrical domain 2 are denoted by wg = w x {0} and wy, =
w x {L}. For each €, we consider a perlodlc distribution of cells (Yl)le 1. such that
YE = (eiy, eiz) +(—¢/2,¢/2)?, and I, := ={ie?Z® : Y} Cw}.Let (D: _Jier. be the
family of disks of R? centered at 3% (511, gig) of radius r. < ¢, TZ = Di._x(0,L)
and T; := U;er. TY. The set of thm parallel cylinders T. represents the fibers (see
Figure 1 and Figure 2). The conductivity coeflicient a. is

(1 ifzeO\TL
as(x) = { Ae otherwise.

We make the assumptions

<
NN

re — 0, %6—%), Ae = +o0, kei=A—< —k, k>0 ase—0. (1.3)

e

In [2], it was shown that the asymptotic limit of (P;) is
min {®(u,v) — L(u) : (u,v) € (LP(Q))?},

where
P
Jo #p(Vu) dx + km O 5;”3 dzr + 2”77 Jo lv —ul? dz,
®(u,v) = ¢ (u,v) € WFOp(Q) X LP(w, WLP(0, L)), (1.4)
v =1ug on Iy N (wy Uwrp),
400  otherwise,
and

1111(1)6 2| logr. |t if p=2,
0,400] 3y=4 7|, -1 1.5
[ 157 liH(l) i_f‘l’ r27Pe=2 ifp£2 (1:5)
£—
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Figure 1: the domain Q2 = w x (0, L) occupied by a composite material

-~

I
Y'si

Figure 2: the circular cross section of the fiber, Y} C w

Here, the boundary data ug is assumed to be Lipschitz in order to ensure that the
infimum value of problem (P.) remains finite as ¢ — 0. In case k = 400, we add
further assumption

kere — 0, ase — 0. (1.6)

The conditions
E>0 and {y>0 or wyCTy or wypCTy} (1.7)

guarantee that the functional @ is coercive in WP (Q) x LP(w, WP(0, L).

We are concerned with the extension of this result to more general cross sec-
tions of the fibers and more general energy density than ¢,. The aim of this paper
is therefore to provide another proof that we expect to be more suitable to treat
such general cases. The steps of the proof in [2] are to successively establish:

(i) a compactness property of the sequence (u.) such that Fe(u.) < C,
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(ii) a lower bound inequality of the sequence (Fy(u.)),
(iii) an upper bound inequality of the sequence (F:(ue)).
Here we replace the steps (ii) and (iii) by

(ii") an upper equality of the sequence (Fy(u.)),

(iii’) a lower bound inequality of the sequence (F.(u.)) which essentially uses a
subdiffenrential inequality.
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2 An Alternative Strategy

It consists, under (1.3), (1.5), (1.6) and (1.7), in proving the following three

propositions. In the sequel, the symbols —, — and = stand for the strong con-
vergence, the weak convergence and the weak star convergence, respectively. As
usual, the letter C' denotes various constants and for all £ = (£1,&,&3) in R3, €
stands for (&1, &2).

Proposition 2.1 (compactness property) Let (u:) be a sequence such that
sup Fe(u.) is finite. Then (ue) is strongly relatively compact in LP(Q) and (v.),
given by v. = %1T5u5, is bounded in L*(QY) and, up to a subsequence, (v.)

weakly® converges in the space of bounded measures My(2) to an element v of
LP(Q).

Proposition 2.2 (upper bound equality) For all (u,v) in (LP(Q))?, such that
®(u,v) < 400, there exists a sequence (u.) such that u. — u in LP(Q), v. — v in

Myp(Q) and
lir% F.(ue) = ®(u,v).

Proposition 2.3 (lower bound inequality) For all u in LP(Q2) and for all se-
quences (ug) such that ue — u in LP(Q), v. — v in My(S2), one has:

limiélf F.(us) > @(u,v).
e—
The proofs of these propositions are presented in the following sections.

2.1 Proof of Proposition 2.1

Compactness property was already proved in [2].

2.2 Proof of Proposition 2.2

Our sole contribution is to prove that we can replace inequality by equality,
for that we use the same approximation . of u as in [2]

ul = (1 —60:)u+ O-w,.

The function 6, is first defined on the closure of w, 1= U;er Y7 as a (—¢/2,¢/2)%-
periodic continuous function which satisfies 0 < 6. < 1, . = 1 on D, :=
Uier.D;._, 6 = 0 on W\ User. D%, where D}, is the disk of R? centered at

#% of radius R, such that r. < R. < €. Next 6, is assumed to vanish on @\w. and

we(&,73) = Y <|;ﬁ /Di'»s U@Js)@) Ly (%).

i€l
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The approximation u. does not satisfy the boundary condition on T'p N (wp U wy,)
so that, as in [2], we introduce a sharper approximation

uf = upe +ul(l - go).

Here . is a C’O"Lﬁ) function which satisfies ¢. = 1 on Ty, . = 0 on Q\%.,
V| < C/r. on Q where X, 1= {z € Q : dist(x,T'g) < 7.} . We assume that u and
v are Lipschitz on 2 and there exists L > 0 such that

ov ,_, ov d

g(m ,T3) — %(iﬂ,xg) < L|z' — 3" V(& 23), (3", 13) € Q. (2.1)
3 3

Letting ¥ be any continuous function on Q such that 0 < ¥ < 1, we introduce
FY, &Y defined by similar formulae as the ones of F. and ® but with ¥dxz in

g

place of dx. We will prove the lemma:

Lemma 2.4
lim F¥ (ul) = @Y (u,v).

e—0

If Lemma 2.4 is proved, then, by a classical approximation process, we can
deduce
lin%) F.(ul) = ®(u,v). (2.2)
E—

Finally, we complete the proof of (2.2) for any (u,v) such that ®(u,v) < +oo by
approximation and diagonalization arguments.

Proof of Lemma 2.4. We split F¥(u’) in three parts
FY¥ (ug) = FXM (ul) + F22(ul) + F22 (u). (2.3)

First, we consider

F¥ (ul) ;:/ ¢p(vu;)wx:/ ¢p(Vu)¥ dz,
Q\BEUTS Q\BEUTE

where B, := UiEEIEDiRE\DiE x (0,L). Hence, the assumption R. < ¢ yields
lim._,¢ |B: UT:| = 0 and, consequently,

lim FY (ul) = / ¢p(Vu) ¥ dz.
e—0 Q
Next, we pay attention to
FY2(ul) ::/ ¢p(Vul)¥ dz.
B.

Writing N

ze = (v —u)Vo,, (2.4)
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we obtain
YV, =z + (we — v)VOe + (1 — 02)Vu + 0V,

Let us show
lim (pp(Vul) — ¢p(z:)) ¥ dx = 0. (2.5)
— B.

The function ¢,, being convex and positively homogeneous of degree p, satisfies

VENER", n=1,23, [6,(6) — ¢p(n)| < ClE€—nl(|€]P~" + P~ (2.6)

Therefore, Holder inequality yields

SC(/ Vu;—z8|pda:>p (/ \Vu'6|pdac+/ |z8|pdx>p .
B. Be Be

The smoothness of (u,v) implies

/ (6p(Vil) — p(22)) U da
B.

ul=uon O\(B:UT.), [u|]<Con§, |Vw]|<ConB, 2.7)
u. =w. on T, |w. —v| < CR. on B, ’
so that
/ |Vl [P dx+/ |22 |P d < 05*2/ ¢p(V0.) dz,
B: Be D(TsaRs)
/ |Vu! — z|P dz < CRPe 2 / ¢, (V0.) di,
€ D("'EyRa)

where D(r., R.) = {;% eER?:r. < |2 < Rg} . Hence, if we choose 6. such that
IM >0 5—2/ 6,(V0.)di <M Ve, (2.8)
D(re,Re)

then (2.5) is true. We finally have

lim F¥2(ul)

e—0 €
= 1im/ &p(2ze)V dx
e—0 B.
= lim |v—u|p¢p(§05)\lldx
e—0 B.
~ Im 0u(F0)di [ 30— ul @)U ) d - (with € )
7Y JD(re,Re) 0 eI
- nmg*?/ QSP(VOE)d:%/ S IV o — ulP (gL, 2) V(5 w5) das.
e—0 D(re.R.) 0 ier.



8 S. Orankitjaroen, N. Sontichai, C. Licht, A. Kananthai
Observe that lim._,o fOL Sier [Yllv = ulP (9L, x3) W (gL, x3) dos = [q v — u[PV da.

To get the lowest upper bound in Proposition 2.2, it is clear that 6. has to be the
solution of the capacitary problem

(PSP} mmin / 6,(V)di: o(#) =1 on |2
D(r,R.) |

As observed in [2], we have

log Rc—log 2] . o
0 { log R. —log . 1fp—27
. =

RZ—|z|° . —
I ifp#2 (s=57)
and 5
/ 6,(V0.)di = ~—~T,(r., R.),
D(r,R.) p
—l ifp=2
where I (r., R.) := { logBe—logre ’ _
plre, ) { (o) ifpA2 (s=E2).
Note that

lim e 2T, (re, R:) = 7.

e—0

If v < 400, then (2.8) is satisfied and
2
lim FY2(u)) = —

|[v — u|PW dx.
e—0 p Q

When v = +o0, it suffices to prove that lim. o F*2(u’) = 0. Due to (2.7), the

result is a consequence of F¥2(u.) < CRPe~2T(re, R.), which tends to zero.
Now, we consider the remaining part

F3(ul) := / Ay (Vw, )V dz.
Ts

Recalling the assumption (2.1) on v and using the local Lipschitz property (2.6),
we deduce

1 v
: w3,/ _ :
lim £ (ue) = liy T /TE Atr <8x3> de

p
k—ﬂ @ U dx,

p Jo|0x3

as shown in [2]. m
Now, we will prove the upper bound equality by using the sharper approxima-
tion (u?). We start with

F.(u?) = /Z actp(Vul) da + / ac¢p(Vul) dz. (2.9)

O\,
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Conditions (2.7) imply |u. —u| < C(r.1r. + R.1p.). Hence

r

P
/ ac¢p(Vuf)de < C <|Es| +/ ac(2)|Vul|P do + X\ |T- N S| + (RE) |25|> .

€ €

Lemma 2.4 implies that for every ¥ € C°(€,[0,1]), such that ¥ = 1 on a small
neighborhood of T'y N (wo Uwr.),

limsup/ aaqbp(Vuf)dx < limsup/ag(bp(Vu’E)\I/dx
e Q

e—0 e—0

/ (%(W) A

Thus, by letting ¥ tend to zero, we deduce

p

3
8$3

2my
p

lv — u|p> U dz.

E— E—

lim [ a.p,(VuZ)de =lim [ a.¢,(Vul)dx =0,
e e

and
lim a:0p(Vul)dz = lim (/ asqﬁp(Vu’E)dx—/ a:op(Vul) d;v)
e—0 Q\Ee e—0 Q Ee
kx| ov [P 2my
= Vu)+ — |—| + —Jv—ul|Pdz,
[ e+ 22 |

which proves the result for (u,v) smooth. We complete the proof by a standard
approximation of (u,v) and a diagonalization argument [1].

2.3 Proof of Proposition 2.3

It is enough to consider lim inf, F.(u:) < 4+00. Due to the compactness prop-
erty, (u,v) is in (LP(Q))?. We first consider the term F2(uc). Let (uy,v,) be
Lipschitz on €2 such that lim, .o ||u, — ul|zr@) + vy — v||Le(@) = 0. We define
(v = un)e = Dsep. (g — up)(@L, x3)1ys and 2 := (v, — uy,): V.. Because of
the local Lipschitz property (2.6) of ¢, and (u,v) € (LP(£2))?, Holder inequality
implies

m/ Op(Zne) — dp(2ze)dz = 0.
Be

li
e—0

The proof of the upper bound equality allows us to write

. 21y
gl_)n% Pp(zne) = 7 /Q vy — uy|? dx.
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The convexity of ¢, and the fact that ¢,(Vue) > ¢p(§ue) yield

hgl}élng(ua) > hmlnf/ op( Vu.)d

v

hmlnf/ bp(2ne) d
+11m1nf/ ¢y, (2ne) (Ve — Zpe) dx. (2.10)

The very definition of ¢, implies

o, (€) = [€[P2¢ VEER", n=1,23,
¢, (&) = ¢,,(t)9,,(€) V(t,§) ERxR" n=123,
¢, (&) - € = pop(§) VE¢ER", n=1,23.
Hence
lim /BE ¢y (2ne) - 2ne da = 27r’y/Q vy — uy|P da. (2.11)

For the other term of (2.10), we have

JRICERZREEDY / Syl —u)@toa) [ 6(90.) - G di da,
Di(r.,R.)

i€l

where D(r., R.) = D% \Dl Let v be the outer normal on dD*(r., R.), the very
definition of 6, as a solutlon of (PgP) yields

/ ¢\(V0.) - Vu, di = / (6,(V0.) - v)u. di
Di(re,Re)

9D (re,Re)

(")’D}35 aD:“E
it [ J, (OHT0) V) + / CORZT

o Jopi, (45 (VO)v)uc dl . - i y
where 4! := ISDj GG a = T faDﬁaE (0p,(VO) v)ue dl, e := 3, utlys,
Jopi_(6,(V6:=)w)ve di -

& o Gp(VO Al zers Jops ($p(V0e)-v)

=4
>

Ve dl, Ve 1= ) e ’aélysi. Thus,

/ ¢ (V0.) - Vu. di = (08 — at) / (6,(V6.) - v)dl
Di(re,R.) aD;_
= (0! — L) / ¢,,(V6.) - V6. di
Di(re,Rc)

= 21T, (re, Re) (0! — @l),

S €
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and
/ ¢ (2ne) - Ve do = QWFP(TE,RE)/ & (vy — uy)e) (Ve — fic) da.
B. Q

It was shown in [2] that (0. — @) — (v —u) in LP(2). On the other hand,
(vy — uy) being smooth and ¢, being continuous from LP(§2) to LP (£2), we have
b, (v — up)e) — &, (vy — uy) in LP'(Q). Hence,

e—0

lim/ ¢y (2ne) - Vue do = 27r’y/ ¢y, (vy — up) (v — u) dx. (2.12)
B. Q
Therefore, (2.10), (2.11) and (2.12) imply

27y
.. 2 N . P
lnen_}(l)lf FZ(us) > e /Q |vg — uy|P dz

+27y [/ |v,7—un|pdx—/¢;(vn—un)(v—u)dx )
Q Q

The expected lower bound for F2(u.) is obtained by letting 7 tend to zero.

To complete the proof it suffices to use the arguments of [2] concerning the
lower bounds for F(u.), F3(u.) and the fact that v belongs to LP(w, WP(0, L)).
2.4 The Final Result

The following theorem, a convergence result for the minimizer of (P;), is a
standard consequence of the previous three propositions.

Theorem 2.5 Let the assumptions (1.3) and (1.5) hold with (k,~v) € (0,+00).
Then the unique solution . of (P.) converges weakly in WHP(Q) to the unique
solution w of the problem

min {min {®(u,v) — L(u) : v € LP(Q)} : u € LP(Q)},
where ® and L are defined by (1.4) and (1.2) respectively.

Proof. The proof of this theorem is the same as that in [2]. m
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3 Conclusions and Remarks

The previous analysis can be easily extended to the case when ¢, is replaced
by any strictly convex function which satisfies

AM >0, 3re(,p); W) -6 < Mlg]"  VEER?, (3.1)
the density function associated with ®(u,v) becomes

W(Vu) +2mylv —ulP + W <8U> .
8333

Indeed, (3.1) and Hélder inequality imply

W(Vu.)dx — ép(Vue) dz
Be B.

§M|BE|1_§/ |Vue|P de,
Q

while our arguments and those of [2] to derive the upper bound and lower bound
respectively are valid when ¢, is replaced by any convex function satisfying a
growth condition like

Ja,8>0;  alEl 1) <W(E) <pBA+[EP)  VEER,

which is an obvious consequence of (3.1).

Eventually, the key arguments of our analysis are the identification of ~, 6.
in terms of the solution of capacitary problems and the use of the p-positive ho-
mogeneity and convexity of ¢, and of the fact that ¢,(§) > qﬁp(é). Thus, it is
easy to guess what could be ®(u,v), when ¢, is replaced by any strictly convex
function and when the cross sections of the fibers are smooth star-shaped domains
of R2. We hope that our proposed strategy will be able to reduce and overcome

the involved technical difficulties.
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