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WHEN THE 3D MAGNETIC LAPLACIAN MEETS A CURVED
EDGE IN THE SEMICLASSICAL LIMIT

NICOLAS POPOFF AND NICOLAS RAYMOND

ABSTRACT. We study the magnetic Laplacian in the case when the Neumann boundary con-
tains an edge. We provide complete asymptotic expansions in powers of h'/4 of the low lying
eigenpairs in the semiclassical limit &, — 0. In order to get our main result we establish a gen-
eral method based on a normal form procedure, microlocal arguments, the Feshbach-Grushin
reduction and the Born-Oppenheimer approximation.

1. INTRODUCTION

Let  be an open bounded and simply connected subset of R? and (z;) be the cartesian
coordinates. This paper is devoted to the spectral analysis of the Neumann realization on 2 of
the magnetic Laplacian:

Ly = (—ihV + A)?,
where
A= (*ZL’Q, 0, O)
When (2 is bounded and convex (cf. [18]), the domain of £}, is
Dom(Ly) := {u e H*(Q), (—ihV + A)u-n = 0 on 0Q}
where n is the exterior normal of the boundary. The associated quadratic form is defined for
u € Dom(Q},) := HY(Q):
Qi (u) = f (D, — w2)ul® + | Dayul? + | Dayufdx
Q

with D, := —i0,,. The operator £, has compact resolvent. By gauge invariance and since
(2 is assumed to be simply connected, we know that the spectrum of £, only depends on the
magnetic field 3 = V x A which is here constant: 8 = (0,0, 1).

Notation 1.1. We will denote by A, (h) the n-th eigenvalue of Lj,.

We are interested in asymptotic expansions of A, (k) in the semiclassical limit A — 0. Our
results strongly depend on the geometrical assumptions on {2 and we deal with a case when
0€) is not smooth, namely the boundary contains an edge E. We will describe the shape of 2
in Section 1.2, but we can already think to it as a lens (see Figure 1).
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1.1. Motivation and state of the art. The magnetic Laplacian has been extensively studied
in the last decade in relation with the mathematical study of superconductivity. In particular,
it is proved that the third critical field H¢, of the Ginzburg-Landau functional is related to the
lowest eigenvalue of the magnetic Laplacian (see the papers of Lu and Pan [28, 29] and also
the book of Fournais and Helffer [17]). Until now the case when the boundary of €2 is smooth
was the most investigated situation. Let us describe the nature of the known results.

o Smooth domains. In 2D the constant magnetic field case is treated when 2 is a disk in
[2, 3, 12] and generalized to smooth and bounded domains by Helffer and Morame in [23]
where it is proved that:

A (h) ~ Ogh — Crimaxh®? + o(h3/?),

where k., 1s the maximal curvature of the boundary and O, and C'; are constants related to
the 1D de Gennes operator (see [4, 29, 23, 8, 6]). Let us briefly recall the definition of this
important operator depending of the parameter ( € R:

(1.1) he = D} + (t - ¢)°,
on their common Neumann domain on the half-line:

{ve H*(R,), t?v e L*(Ry), v'(0) = 0}.
Denoting by 1:(¢) the lowest eigenvalue of h., we have: O := rcnelﬂg 1(Q).

Moreover in most of the papers the authors are only concerned by the first terms of the
asymptotic expansion of A\;(h). In the case of smooth domains the complete asymptotic ex-
pansion of all the eigenvalues is done by Fournais and Helffer in [16]. For the case with
variable magnetic field, we refer to [28, 34] for the first terms of the lowest eigenvalue and to
[36] for a complete expansion.

In 3D the constant magnetic field case is treated by Helffer and Morame in [25] under
generic assumptions on the (smooth) boundary of 2. The authors provide a two terms ex-
pansion of \;(h) and they prove that the associated eigenfunction concentrates on the curve
where the magnetic field is tangent to the boundary of €2. More precisely, when h goes to 0,
they prove the following:

(1.2) M () ~ Ogh + C(QRY3 + o(hY3).
The case with variable magnetic field is analyzed in [35, 37].

e Non smooth domains. In 2D, the analysis on infinite sectors done in [5] provides a one term
asymptotic expansion for \;(h) when ( is a curvilinear polygon. When the magnetic field is
constant (and equals 1) and when the opening angle «; of the smallest vertice is small enough,
this expansion is in the form:

A1 (h) ~ p(ag)h + o(h),

where 1) is the lowest eigenvalue of the magnetic Laplacian (with constant magnetic field
of intensity 1) on a sector of angle ;. This result is improved in [7] where the asymptotic
expansion of the n-th eigenvalue is provided. In particular, it is observed that the splitting of
the eigenvalues comes at the first order.
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In [32], the case with constant magnetic field when (2 is a cuboid is addressed. In this case
Pan provides the first term of the asymptotics for some special orientations of the magnetic
field and he proves that the eigenfunctions concentrate near corners when the magnetic field is
tangent to a face and not to an edge.

The 2D results obtained in [5, 7] can be generalized to dimension 3 in many ways (see
[33]). The two extreme cases which we could have in mind are a dihedral domain with either
a magnetic field parallel to the edge or a magnetic field orthogonal to the symmetry plane of
the edge. This last situation can be used to investigate a lens with constant opening angle
a € (0,7) (see Figure 1). The following one term expansion is proved in [33, Theorem 8.12]:

(1.3) M (R) = v(a)h + O(h/*),

where v(«) is the bottom of the spectrum of the magnetic Laplacian on an infinite wedge of
opening o with a magnetic field orthogonal to the symmetry plane of the wedge.

e Problematics. In 3D and if €2 is smooth, a constant magnetic field is always tangent to the
boundary at some points. When the boundary is not smooth, it may happen that the magnetic
field is nowhere tangent to the boundary so that the main term in the spectral asymptotics is
no more Oyh (see (1.3)). In our non regular case (as in the regular case), it is natural to un-
derstand how the geometry of the boundary combines with the magnetic field, especially since
the magnetic field is a 2-form as much as the curvature. In the semiclassical framework, this
leads to investigate how this combination of 2-forms influences the localization (and micro-
localization) properties of the eigenfunctions as much as their approximations by series in
fractional powers of h. Even in the regular case considered in [25], the first term in the as-
ymptotic expansion of the eigenfunctions is not obtained. In our paper we consider a case
when the boundary is not smooth: the case when 0€2 contains an edge. Our analysis will show
that, even in the non smooth case, the repartition of the low lying eigenvalues is determined
by an effective 1D harmonic oscillator with respect to the Fourier variable on the edge (see
[16, 22, 37, 36, 14]).

o Structure of our result. Without going into the details, let us describe the structure of our
main result. We prove in this paper that (see Theorem 1.17):

An(h) e v(ag)h + (wo + (2n — Dw)R*? + o(h*?),

where wy € R and w; > 0 are constants related to the geometry. In contrast with the results
from [7], we see that the splitting of the eigenvalues comes in the second term and not in the
first term. Such a structure for the asymptotic expansion has already been observed in [22].

e Philosophy of the proofs. Let us now describe the philosophy of the proofs of asymptotic
expansions for the magnetic Laplacian. Before explaining the general method that we imple-
ment in this paper, we distinguish between the different conceptual levels of our analysis. Our
analysis uses the standard construction of quasimodes, localization techniques (“IMS” for-
mula) and a priori estimates of Agmon type satisfied by the eigenfunctions. These “standard”
tools, which are used in most of the papers dealing with A;(h), are not enough to investigate
An(h) due to the splitting arising at the second order. In fact such a fine behavior is the sign
of a microlocal effect. In order to investigate this effect, a fundamental tool that we use is a
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normal form procedure (in the spirit of the Birkhoff normal form). It turns out that this nor-
mal form also strongly simplifies the construction of quasimodes. Once the behavior of the
eigenfunctions in the phase space is established, we use the Feshbach-Grushin approach to
reduce our operator to an electric Laplacian in the Born-Oppenheimer form (which itself can
be analyzed through the Feshbach-Grushin argument).

The first step to analyze such problems is to perform an accurate construction of quasimodes
and to apply the spectral theorem. In other words we look for pairs (A, 1)) such that we have
|(L£L— )| < egl¢|. Such pairs are constructed through an homogenization procedure involv-
ing different scalings with respect to the different variables. In particular the construction uses
a formal power series expansion of the operator and an Ansatz in the same form for (), ¢). The
main difficulty in order this step to succeed is to choose well the scalings. Another difficulty
arising in this paper is due to the edge which obliges to expand also the Neumann boundary
condition in power series.

The second step aims at giving a priori estimates satisfied by the eigenfunctions.These are
localization estimates “a la Agmon” (see [1]). To prove them one generally needs to have
a priori estimates for the eigenvalues which can be obtained with a partition of unity (see
for instance [11]) and local comparisons with model operators. Then such a priori estimates
involve an improvement in the asymptotic expansion of the eigenvalues. It turns out that, if we
are just interested in the first terms of \;(h), we do not need other tools to obtain what we are
looking for (except maybe the introduction of functional calculus as in [25, Sections 11.2 and
13.2)).

In our paper we are interested in expansions at any order of A\, (k) so that we have to en-
lighten the underlying structure of the magnetic Laplacian which is comparatively deeper than
the one of the electric Laplacian (where the classical harmonic approximation provides the
asymptotics in generic cases, see [13]). To understand at which point the problem is differ-
ent from the situation when we just want to know \; (%), let us describe what is done for the
2D case in [16] (constant magnetic field) and in our recent work [36] (non constant magnetic
field). In [16, 36] quasimodes are constructed and the usual localization estimates are proved.
Then the behavior with respect to a phase variable needs to be caught to allow a reduction of
dimension process. Let us underline here that this phenomenon of phase localization is char-
acteristic of the magnetic Laplacian and is intimately related to the structure of the low lying
spectrum. In [16] Fournais and Helffer are led to use the pseudo-differential calculus and the
Grushin formalism. In [36], the approach is structurally not the same (and this will be this
approach that we will use in this paper, and which is used for instance in [14]). In [36], in the
spirit of the Egorov theorem (see [15, 38, 31]), we use successive canonical transforms of the
symbol of the operator corresponding to unitary transforms (change of gauge, change of vari-
able, Fourier transform) and we reduce the operator, modulo remainders which are controlled
thanks to the a priori estimates, to an electric Laplacian being in the Born-Oppenheimer form
(see [10, 30] and more recently [8]). This reduction provides a rigorous explanation of the
fact that, in the magnetic problems, the scalings corresponding to different variables are often
different. In particular the present paper proves that, even in non regular cases and in 3D, the
reduction of the magnetic Laplacian to the electric Laplacian is possible.
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Finally let us mention that the methods used in this paper are reminiscent of the semiclassical
Birkhoff normal form (see for instance [39, 9, 40]).

1.2. Geometrical assumptions and local models. In this subsection we describe the geome-
try of the lens and the different models appearing in the analysis near the points of the bound-
ary.

1.2.1. Description of the lens. We first define what we call a lens. Let > be a smooth and
connected surface in R? and IT be the plane z3 = 0. We assume that the intersection 3 N IT
is a smooth and closed curve and that > and II intersect neither normally nor tangentially.
Denoting by X7 the set {x € ¥ : 3 > 0} and by X~ its symmetric with respect to x3 = 0, the
lens is the open set of the points lying between £ and ¥~ whereas the edge is £ = X+ n 3.
We define a(x) as the opening angle between ¥~ and 3" at the point x € . We assume that
a(x) e (0,7) forall x € E.

In our situation the magnetic field 3 = (0,0, 1) is normal to the plane where the edge lies.
For x € 0Q\ E we introduce the angle 6(x) defined by:

(1.4) B n(x) = sinf(x).

A model lens with constant opening angle is given by two parts of a sphere glued together
(see Figure 1). In this case we have

T —

(1.5) Vx € OO\E, < 0(x)

where « € (0, 7) is the opening angle of the lens: in this case the magnetic field is nowhere
tangent to the boundary. In this paper we will assume that the opening angle of the lens is
variable. For a given point x of the boundary, we analyze the localized (in a neighborhood of
x) magnetic Laplacian and we distinguish between x belonging to the edge and x belonging
to the smooth part of the boundary.

FIGURE 1. A lens 2: the magnetic field is nowhere tangent to the boundary
and it makes the angle #(x) with the regular boundary.
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1.2.2. Magnetic Laplacian in the half-space. Near the points of the regular boundary 0Q\ E,
we will be led to consider the magnetic Laplacian on the half-space with constant magnetic
field, that is the Neumann realization on R? = {(y1, y2,y3) € R® : y3 > 0} of:

H(0) = D§3 + D§2 + (Dyl + y3 cosf — yo sin 9)2,

the corresponding magnetic field given by By = (0, cos#,sinf) makes an angle 6 € [0, 7]
with the boundary. This operator has been widely studied (see for instance [29], [24] and more
recently [8]). The bottom of the spectrum of H () is denoted by o(#). We recall (see [29])
that 6 — () is an analytic function increasing from 6y = ¢(0) to 1.

1.2.3. Leading Operator. Let x € E and V a small neighborhood of x in 2. We suppose
that the opening angle at x is «. There is a diffeomorphism, denoted by the local coordinates
(8,1, 2), from V to an open subset of the infinite wedge of opening «:

W, =R xS,,
where the 2D corner with fixed angle a € (0, 7) is defined by:
S = {(f, 5)eR?: |5 < ftan (%)} .

This diffeomorphism will be described in details in Section 2.

V)
Q
>

FIGURE 2. Using the local coordinates (3,7, %), a neighborhood of a point of
the edge can be described as a subset of the infinite wedge W,,.

Therefore we are led to study the Neumann realization on L?(W,, didtd?) of the following
operator:

£, =D} + D:+ (Ds — )%

Using the Fourier transform with respect to s, we have the decomposition:

@D
(16) £a = f La,n dn7

where L, , is the following Neumann realization on L2(S,,, dtd?):

(1.7) Lo, = D? + D? + (n—1)?,
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where 77 € R is the Fourier parameter. As
lim (n—1)? = +oo,
‘(t,?)|—>+00
(t,2)ESa
the Schrodinger operator L, ,, has compact resolvent for all (o, n) € (0,7) x R.

Notation 1.2. For each « € (0, 7), we denote by v(«, n) the lowest eigenvalue of L, , and we
denote by u,,, a normalized corresponding eigenfunction.

Notation 1.3. v(«) denotes the bottom of the spectrum of £,,.

Using (1.6) we have:

v(a) = inf v(a,n).
neR

e Properties related to L, and £,. Let us gather a few elementary properties:
Lemma 1.4. We have:

(1) Forall (o,n) € (0,7) x R, v(a,n) is a simple eigenvalue of L.
(2) The function (0,7) x R 3 (a,n) — v(«,n) is analytic.

(3) Foralln € R, the function (0,7) 3 a — v(«a,n) is decreasing.
(4) The function (0,7) 3 o — v(«) is non increasing.

(5) Forall a € (0,7), we have

(1.8) lim v(a,n) =+ and lim v(a,n) = U(%)v
n——00 n—+00

where the function o is defined in Section 1.2.2.

Proof. We refer to [33, Section 3] for the first two statements. The monoticity comes from
[33, Proposition 8.14] and the limits as 77 goes to £00 are computed in [33, Theorem 5.2]. [J
Remark 1.5. As v(m) = O (see Section 1.2.2), we have:
(1.9) Vae (0,m), v(a)= 0.
Actually one can show, by using technics from [32], and the definition of O that v(«) > O
for all « € (0, ).

The following proposition is fundamental in order to compare the spectral quantities coming

from the model operators:

Proposition 1.6. There exists & € (0, ) such that for o € (0, &), the function n — v(a,n)
reaches its infimum and

(1.10) v(a) <0<7T;a>.

11
202
tran§fonn go'(r, @) = %gzﬁ, we get (see [5]) that L, is unitary equivalent to Lg‘;'? whose qua-
dratic form is:

Proof. Using the normalized polar coordinates (1, ¢) € Ry := R, x ( ) and the gauge

1

a?r?

ngyl;(u) = J (|5ru|2 + |Ogul* + (r — n)2]u|2> rdrde
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on the weighted space L?(Ry, rdrd). We use a quasimode which does not depend on gb by
taking u9™(r) := e~ with p9™ := 1\/4 — 7. We take as Fourier parameter ni™ :=

pol
a,nm

O™ > 0,Ya e (0,7), v(a)<V4—m+Ca
We also have the following inequality (see [24, Section 1.4]):

(4 ™)

and we compute () (u9™). We get using the min-max principle and (1.6):

\/@3 cos? I52 + sin® T2 < o(T59).

Thus we have (1.10) for o small enough. Using (1.8), this upper bound shows that 7 — v(a, n)
reaches its infimum. 0J

Remark 1.7. By computing C9™, we notice that (1.10) holds at least for a € (0,1.2035).
Numerical computations show that in fact (1.10) seems to hold for all o € (0, 7).

We will work under the following conjecture:

Conjecture 1.8. For all « € (0, 7), n — v(«,n) has a unique critical point denoted by 7o(«)
and it is a non degenerate minimum.

Under this conjecture and using the analytic implicit functions theorem, we deduce:

Lemma 1.9. Under Conjecture 1.8, the function (0,7) 3 a — no(«) is analytic and so is
(0,7) 3 a = v(«). Moreover the function (0,7) 3 o — v(«) is decreasing.

1.2.4. Comparison between the models and choice of ). The previous subsections lead to
compare the two quantities:

inf f o0

nfr(a(x), inf o(6(x)).
where 6(x) is defined in (1.4) and «(x) is defined in Section 1.2.1. Let us state the different
assumptions under which we will work throughout this paper:

Assumption 1.10.
(1.11) inf v(a(x)) < inf o(0(x)).

xek x€OO\E
Remark 1.11. Using (1.5), the fact that ¢ is increasing and Proposition 1.10, we check that,
in the model case when ) is made of two parts of a sphere glued together, Assumption 1.10
is satisfied for o small enough. By a continuity argument, Assumption 1.10 holds for not too
large perturbations of this lens.

From the properties of the leading operator we see that we will be led to work near the point
of the edge of maximal opening. Therefore we will assume the following generic assumption:

Assumption 1.12. We denote by « : E — (0, 7) the opening angle of the lens. We assume
that o admits a unique and non degenerate maximum c at the point x,. We denote 7 := tan 5

and 7y := tan .
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Notation 1.13. In order to shorten the notation we will denote by 7, the number 7(ayg) (see
Conjecture 1.8) and by w,, (respectively vy, wy,) the function u, (a,) (respectively vy a(no)s
Wny,a(ne))- We will also denote by 1 (1) the quantity ;v (ag, ).

1.3. Normal form. This is “classical” that Assumption 1.10 leads to localization properties
of the eigenfunctions near the edge E and more precisely near the points of the edge where
E 5 x — v(a(x)) is minimal. Therefore, since v is decreasing and thanks to Assumption
1.12, we expect that the first eigenfunctions concentrate near the point x, where the opening
is maximal. In Section 2, we explain how we can introduce, near each x € FE, a local change
of variables which transforms a neighborhood of x in 2 in a gy-neighborhood of (0, 0,0) of
Wa(x)» denoted by Wy (x) <, -

For the convenience of the reader, let us summarize the contents of Proposition 2.1: we
write below the expression of the magnetic Laplacian in the new local coordinates (3,7, ?)
where s is a curvilinear abscissa of the edge. The magnetic Laplacian £ is given by the
Laplace-Beltrami expression (on L2(|G|Y2d3did3)):

(1.12) L, = ’(v;’—l/2§h|é|1/2é—1§h
where:
- hD; —{ + moht? — h%(":’Dz + D:2) + Ri(3,1,2)
(113) V= no, |+ ;
hT(é)_lT(O)Dé 0

The forms of the Taylor expansions of the remainder R; and the metric G are analysed in
Proposition 2.1.

Variables | Domain Operator

(1,2, 23)| Lens Q Magnetic laplacian £,
(3,1,2) Wedge W, | Normal form £,
(5,1,2) Wedge W, | Scaled operator L},
TABLE 1. The magnetic Laplacian in the different coordinates

Remark 1.14. Such a normal form allow us to catch the leading structure of this magnetic
Laplace-Beltrami operator. Indeed, if we just keep the main terms in (1.12) by neglecting
formally the geometrical factors, our operator takes the simpler form:

(hDs — T+ noh'/?)* + h2D? + h*7(0)*7(3) D2
Performing another formal Taylor expansion near § = 0, we are led to the following operator:

(hD; — t+ noh1/2)2 + hQDtg + h2D§ + ch2§2D§,
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where ¢ > (. Using a scaling in Section 3, we get a rescaled operator EAh whose first term
is the leading operator £, and which allows to construct quasimodes. Moreover this form is
suitable to establish microlocalization properties of the eigenfunctions with respect to D3.

Table 1 summarizes the main expressions of the magnetic Laplacian in the different coordi-
nates in which we are going to work throughout this paper.

1.4. Main results. We first state a theorem which gives an a priori information on the spec-
trum.

Theorem 1.15. We assume that Conjecture 1.8 is true. We also assume 1.10 and 1.12. For all
n = 1and J > 1, there exist hg > 0 and C > 0 such that, for h € (0, hy):

J
d <h > ik, 6<£h>> < Chh'T,
j=0

Moreover, we have:

Hon = V(Oég), Hin = 07 H2n = Wo + (2n - 1)\/’%7_0_1HD2U770HZV”(UO)a

where wy and k are geometrical constants independent from n (see (3.12)).

The next theorem provides an accurate estimate of the spectral gap between the eigenvalues.

Theorem 1.16. We assume that Conjecture 1.8 is true. We also assume 1.10 and 1.12. For all
n = 1, there exists hy > 0 such that, for h € (0, hy):

An(h) = ponh + panh®? + o(h*?).

As a consequence of Theorem 1.15 and 1.16, we get our main result:

Theorem 1.17. We assume that Conjecture 1.8 is true. We also assume 1.10 and 1.12. For all
n = 1, we have: )
~ N

Aalh) ~ h; [
Remark 1.18. Let us compare our result with the one of [25] recalled in (1.2). Firstly we
notice that the main term in our asymptotic expansion of A (h) is larger than ©yh and that the
order of the second term (h*?) is different. Secondly, as announced, we have the asymptotic
expansions of all the \,,(h) and not only A;(h). In particular, we see that the dependence of
n comes linearly in the second order term. Moreover, we observe that, for all n > 1, A, (h)
is simple for h small enough. This simplicity, jointly with the quasimodes construction (see
(3.20)), provides an approximation of the corresponding normalized eigenfunction.

Remark 1.19. Let us underline that several non trivial insights (which combine part of the
ideas from [16] and [36]) are used to obtain our main result. From the rough techniques that
have been used in the last fifteen years, we have proved, through an elementary Birkhoff
normal form, basic microlocal arguments, the Feshbach-Grushin projection and the Born-
Oppenheimer approximation, that we could approximately decouple the “phase” (controlled
by explicit Fourier integral operators) and the “amplitude” (controlled by an effective electric
Laplacian) of the first magnetic eigenfunctions.
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1.5. Organization of the paper. The paper is organized as follows. Section 2 is devoted to
the definition of normal magnetic coordinates which give a normal form of L. In Section 3,
we prove Theorem 1.15 by using power series expansions of the normal form given in (1.12)
and by constructing explicit quasimodes. In Section 4 we give a rough lower bound for A\, (h)
and we prove that the associated eigenfunctions are localized in the sense of Agmon at the
scale h'/? with respect to (£, ). In Section 5, we investigate the behavior of the eigenfunctions
with respect to D; and we use a Grushin (cf. [20]) like approximation to catch the behavior of
the eigenfunctions with respect to . In Section 6 we combine the local and microlocal control
of the eigenfunctions with the Grushin projection to reduce the study to the Born-Oppenheimer
approximation.

2. MAGNETIC NORMAL COORDINATES

The aim of this section is to introduce normal coordinates near a point x; of £. This normal
form procedure is the key point in the spectral analysis of the magnetic Laplacian.

Proposition 2.1. For all x| € E, there exist a neighborhood V of X1 in (), g > 0 and local
coordinates (3,1, 2) such that V is given in the coordinates (3,1, 2) = V™1 (x) by:

(21) Wa(xl),so = {(§a£> 2) € (_50750) X (0750) X R? "é’ < tan (a(;{l)) tv} :

and so that the edge E "'V becomes (—¢, o) x {0} x {0} and is parametrized by 3.

The magnetic operator Ly, (seen as acting on functions of its domain compactly supported
in V) becomes in these coordinates:

e |é|—1/2§h|é|1/26—1§h

with boundary conditions:

VXS

Y A Gl
|G|1/2G—1vh¢ . 7‘( ) =0 on aNeuWa(X1),50
+1

/l/v) =0 on aDirWa(xl),an

where:
aNeuWa(xl),ao :{<‘§7tv7 Z) € (_60780) (O 80) X R "é’ T(CY(é){}?
OpicWaixi)eo =1(3: 1, 2) € {eo} x [0,60] x R+ 2] < 7(a(+e0))1}
U {(3,1,%) € [—e0, 0] x {e0} x R : |2| < 7(a(3))e0},
and:
_ hDj; —t +moh'/? — hZ-(2D; + D:2) + Ri(3,1, 2)
Vh = hD{ + 0 )
h7(3)"17(0)D; 0

with 7(8) = tan (O‘(S)> We notice that the term nyh'/? comes from a choice of gauge. We will

sometimes use the notation Ty, := |G|'2G~'V,,.
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G| and the R]- can be written in the form:

Moreover the Taylor expansions of G,
G =1ds + L(£,2) + (|f| + |2))Or,
Gl = 1+1(E.2) + (] + )0y,
Ry =t 2) + (2 + 2°)0y,

where T is an homogeneous polynomial of degree 2 and where L and [ depend linearly on
(£, 2). We have used the notation O, for a polynomial Taylor remainder in (3,1, 2) whose term
are all of degree > 1.

Remark 2.2. 1If x, is a point of maximal opening, we have 7/(«(0)) = 0.

To prove this proposition, we use successive change of variables (see Table 2).

Variables | Domain
x1,x9,x3)| Lens
s,t,2) Gutter Ox,
5.1, Z) Wedge with variable opening G,

¢
Q¢

) Wedge with constant opening W,

¢

9
)

TABLE 2. The changes of variables.

(
(
(
(
(

Wedge with constant opening W,

2.1. A first normalization: “the gutter’’. We consider the standard tubular coordinates (de-
fined in a neighborhood of (0, 0, 0)):

D(s,t,2) = (y(s) + tn(s), z)

where s — 7(s) is a normalized parametrization of the edge £ so that (7(0),0) = x;. In terms
of quadratic form, we have:

Qn(¥) = Jg

where p = 1 — tk(s), ¥(s,t,z) = ¥(P(s,t, z)) is supported near (0,0, 0) and where the local
“gutter” Gy, ¢, is defined as:
Gxyeo = {(8,1,2) € (—€0,€0) X (0,60) x R: —fx, (5,1) < 2 < gx, (8, 1)},

where fx, and gy, are smooth functions. In particular, this is clear by the local inversion
theorem that, if £y is chosen small enough, there exists a neighborhood V' of x; such that

O (V) = thEO'

k(s)

{hQ\atW + 0.0 + p2|(—ihds — t + TR)W} pdsdtdz,

X1:€0

2.2. From the gutter to the edge.
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2.2.1. The change of variables J. We now want to transform the integration domain in an
edge with variable angle. We introduce the rotation R, ;) with angle a(s) and we let:

(uv U) = Ra(s) (tv Z),
that is:

_ a(s)) g
u = cos( t — sin Z,
(2.2) ( ’ ) 2

v = sin O‘(QS) t 4+ cos (&) 4.

Therefore, near (0, 0, 0), the boundary is:
{(s,u,v) : ps(u) = voru=1v)}
where ¢4 et 15 are smooth functions (also smoothly depending on the parameter s) satisfying:
¢s(0) = ¥5(0) = 0, ¢,(0) =0, ,(0) = cot a(s).
We now introduce the change of variables

(’LUL, 6) = CS(“? U),

defined by:
(2.3) { z Z: i:((ngr cotals)v=o.w)

In particular, the boundary becomes the union of © = 0 and ¥ = tan «(s)u. We have:

S ¢

(24) du,st _ (1 — C(i6¢igi>)¢ls<u> cot Oé(8>1_ QA;(U)) _ ]2 + Rs(u, U),

where
—cota(s)dy(u) cota(s) —vi(v)
Rolu,v) = ( — ¢, (u) 0 ) '

We have R,(0,0) = 0 so that C defines a local diffeomorphism. We use now the inverse
rotation and we consider (£, 2) = Rw (u,v):

2s) t = cos( (23>

U+ 2
Z = —sm(a(;)ﬁ (a(;)>1”).

J(5,t,2) = (8, R_asCsRats)) = (5,1, %).

We define:

There exists a neighborhood W of (0,0,0) which is sent by J on the straight gutter with
variable opening Gy, ., defined by:

Gxye0 i= {(S’,f, Z) € (—eo,e0) x (0,60) x R, |Z] < tan (@) f} :
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2.2.2. Jacobian of J. In this subsection we describe the Taylor expansion of the local diffeo-
morphism J. A Taylor expansion near (u,v) = (0, 0) provides:

= u— —wls;(o)vz — cot Oz(s)@u2 + O([ul® + |v|?)

v— 02+ O(fuf +[of)

e

(2.6)

Sc

where the O smoothly depends on s. We deduce:

1 0
(2.7) ds 2] = (Wz(s, t,z) Iy + Wi(s,t, 2)) 7

where Wy(s,t,2) = Pi(t,2) + ([t| + |2])O1, Wa(s, t,2) = Pa(t,2) + (£ + 2%)O; with P,
homogeneous of order 5. We can also write the Taylor expansions:

t = t+UE2)+ (#+ )0

z = 24V 2+ (P + )0,

where U, V' are homogeneous of order 2.

(2.8)

2.2.3. Expression of the quadratic form in the coordinates (3,1, ). In the coordinates (3, , %)
the quadratic form becomes:

2.9 = Q) = (G7' Vi, Vit
(2.9) Qn(v) = Qn(¥) < ne, h¢>L2(é1/2d§dEd5)7
with:
] p2 0 0
Gl=@@))[ o 1 0]%dJ).
0 01
and: o
] ho —t+ R(5,,%)
Vi = | héy | +4dJ)! 0
hos 0

where R satisfies R = S + (£2 + 22)O; where S is an homogeneous polynomial of degree 2
depending on (£, ¥). This becomes:

] hos —L+ Ry(5,1, %)
Vh = h@g + 0 )
ho 0

where él satisfies:
Ry = Si(£,%) + (2 + )0,

where S is homogeneous of order 2. The metrics G~ takes the form:

“_ 2ot 0 v s
(2.10) Gt :13—< 00 W1+tW1) = I3+ L+ ([t| + [2)) O

and:
G| =1+ 1+ (]t] + |2))Oy,
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where [ and L are linear expressions in (£, 7). The normal to the boundary is given by the

—7'(5)t
vector: [ —7(s) | so that the boundary conditions take the form:
+1
o T
GI'"*G™IVuh - | =7(5) | =0 on dnewGix, e
+1

=0 on 0pirGx, -

2.2.4. From Gy, ., to the edge with constant opening W x,),«,- Finally we use the scaling:

We also perform a change of function 7(%)/27(0) /2 (which becomes ) in the new coordi-
nates) to make the weight related to the Jacobian to disappear so that the quadratic form takes
the form:

2.11 = 0u(¥) = (G, Vi)
@.11) Onw) = Q) = (G0 Vud) |
where:
_ hDj; —t +moh'/? — hZ-(2D; + D:2) + Ry(3,1, 2)
V, = hD; + 0 )
h7(3)~17(0)D; 0

where R; satisfies:
R1 = 7‘1({, 2) + (2?2 + 22)01

where 7, is homogeneous of order 2. The term 7yh'/? comes from an elementary choice
of gauge. The associated operator on L*(Wo(x;).,, |G|"?d3did%) is given by the Laplace-
Beltrami expression:

’6’71/2§h|é‘1/26716h
with boundary conditions:

|é|1/25¥_1§h7j) -n=20 on 8NeuWa(xl)7€O

1/) =0 on aDirWa(xl),an

where

(2.12) n=| —
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3. QUASIMODES

This section is devoted to the proof of Theorem 1.15. The main idea in this section is to
implement an homogenization procedure and a formal power series expansion of the operator
L (acting on L2(W,, |G|"/2dsdfd#)) and of the boundary operator 7, described in Proposition
2.1 (we take x; = xg). First we give relations between spectral quantities associated to the
model operator L, , defined in (1.7):

o Feynman-Hellmann Theorems. Thanks to the analytic dependence with respect to o, we get
the two following propositions (the proof is standard, see for instance [27] and more recently

[14]).
Proposition 3.1. We have:
(La,no(a) —v(a, 770(()‘)))7]@,770(&) = —2(no — f)“mno(@c%

where:

Vamo(a) = (Onlam)n=no(a)-
Proposition 3.2. We have:

(Lamo(a) — v, mo(@)))Wa, o) = ((')72]1/(047 M0(@)) = 2)tame(a) — 4(00 — f)”mno(a)'

where:

Wayno(@) = (Ot )n=no(a)-
3.1. Quasimodes for the normal form. Before starting the analysis, we use the following
scaling which keeps W, invariant:
(3.1) §=hn"s T=hn"%z=n"?2
so that we denote by £, and 7, the operators h~'£;, and h=/27T, in the coordinates (3,1, 2).

Using the Taylor formula (see Proposition 2.1), we can write in the sense of formal power
series the magnetic Laplacian near the edge and the associated magnetic Neumann boundary

condition:
ro~ d/4
j=0
and
T~ 1,d/4
77L h—0 Z 7;h ’
7=0
where the first £; and 7; are given by:
(3.2) Lo =D} + D2+ (t —m)?,
(3.3) L1 = —2(t —no) Dy,
(3.4 Ly = D? + 2k7y '8°D3 + Lo,
where
R P T
(3.5) Ly =2(no — 1)1 — 5PP + P§P +PLP, P=| D; |,

D

N>
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and:

76 = (_f + Mo, Dfa D2)7

7dl = (D§7 07 0)7

. ..

Ty = (O,O,FLTO’léQDg) + EP + LP,
where Kk = —@ > (. We have used the notation
(3.6) P (,2) = hlr (Y28 hY23),
(3.7) I(£,2) = h™V2I(h= V28, h=1/%2),
(3.8) L(t,2) = hV2L(h™Y21, h=123).

We will also use an asymptotic expansion of the normal n(h). We recall (see (2.12)) that we
have n = (—7/(38)t, —7(3), 1) so that we get:

a(h) ~ >,

j=0
with:
(3.9) ny = (0, -7, +1), mn; =(0,0,0), mny=(0,x5%0).

We look for (A(h), 4 (h)) in the form:

A(h) o~ PRI
j=0

G(h) ~ D ",

j=0

which satisfies, in the sense of formal series, the following boundary value problem:

L(h)b(h) ~ A(R)d(h),

h—0

(3.10) ~ -
n(h) - Tp(h) o 0 on  OneuWay-

This provides an infinite system of PDE’s.

e Terms in h®. We solve the equation:
Eo’@bo = /\07700, iIl Wam ng - %Qﬁo = 0, on 8NeuWa0.

We notice that the boundary condition is exactly the Neumann condition. We are led to choose
Ao = v(aw,m0) and Yo (8, 1, 2) = uy (L, 2) fo(5).
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e Terms in h'/*. Collecting the terms of size /%, we find the equation:
(Lo —Xo)¥1 = (M — L1)vo, ng-Tothr = 0, on OneusWay-

As in the previous step, the boundary condition is just the Neumann condition. We use Propo-
sition 3.1 and we deduce:

(ﬁo - )\0)(%01 + Uno(Aa 2)D§f0(§)) = Mo, mg-Toyy =0, on 5NeuWa0-

Taking the scalar product of the r.h.s. of the first equation with w,, with respect to (t,2) and
using the Neumann boundary condition for v,,, and v, we find A\; = 0. This leads to choose:

1(8,1,2) = =gy (£, 2) Da fo(8) + f1(8)uy, (£, 2),
where f; will be determined in a next step.
e Terms in h/?. Let us now deal with the terms of order h'/?:
(Lo — Xo)pa = (Mo — La2)tbo — Lab1, mg - Toa = —1g - Tatbo — nz - Totbo, 0N OneuWa-

We analyze the boundary condition:

~

I . .
ng - Toto + 0y - Tothy = +r75 82Dty + k52 Dty + 1y - 5P+ mo - LPyy
[ . ..
= K1y '8%(£Ds + 10 D;)hy + 1y - EP% +ng - LPy

[ . .
= +2r75 18> Dsth + 1y - §P¢0 +1ng - LPy.

where we have used the Neumann boundary condition of v)y. Then, we use Proposition 3.2 to
get:

(B.11) (Lo — Xo) (W2 + vy Ds fr — wye D2 fo) = Aoty — L0 D24y — 2675 152 D2y — Lath,

with boundary condition:

[ 4 .
ng - 761#2 = $2/€§2T61D21/}0 — g - §P”Lp0 — g - LP’l/}(), on (350

We use the Fredholm condition by taking the scalar product of the r.h.s. of (3.11) with g,
with respect to (£, 2). Integrating by parts and using the Green-Riemann formula (the boundary
terms cancel), this provides the equation:

Hio = O — )
with:
H = @Dg + 2/4;7‘0_1||D2U770H2§2

and:

(3.12) A A
A o l [l - A . .

wo = 210 — )1y, Uny )r2(S0) — V(ozo,no)f —u? + L §PumPu770 + JS LPuy, Pu,,.

82770
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Up to a scaling, the 1D-operator H is the harmonic oscillator on the line. Therefore for A\, we
take:

(3.13) Ao = wo + (20— 1)/ wrg | Doty 207 (o)

and for f; the corresponding normalized eigenfunction. With this choice we deduce the exis-
tence of 15 such that:

1"

(B14) (Lo — No)¥y = dathy — “ D2py — 2675 162 D24y, and {3y, uy, ;s = 0.
We can write 15 in the form:

Yo = Py — vy Dsf1 + wyy D3 fo + f2(8) s,
where f5 has to be determined in a next step.

o Further terms. Let k > 2 and let us assume that we have constructed (\;);<+1, (wj) j<kt1
and (f;)j<x—1 and that the functions v); are written in the form:

(3.15) Wi = Uy + [i(8)uny + Dsfjo1(s)vn, + D2 fi_owy,

with <¢Jl7 un0>f,é = 0.
We are looking for (A4 1,94, 1, fe—1) such that the two following equations hold:

k
(3.16) (Lo — Ao)vis1 = Mathe1 + Mesatlo — L1t — Loter + (N — L) tbs15,

Jj=3

(3.17) ng. Tor+1 = —112767#1{71 —ng. Totp—1 — Z n,. Tptpe.

a+b+c=k+1,
c<k—1

We look for v, in the form (see (3.15)):
Ukt = Yy + fer(8) gy + D fu(8)og, + D fro1twy,.
Using Propositions 3.1 and 3.2, the L.h.s. of (3.16) becomes:
(Lo—Xo) 41 = (Lo—Ao)ieyy —2Ds fio(10 — )ty + D3 fro (O2v(ag, 10)uny — 4(n — t)vy,) -
The r.h.s. of (3.16) can be put in the form:
A2 fr—1Uny + Aey1o — L frttny — L1(Ds fo—1vny) — Lo(fro—1ty,) + B

where the remainder Ry, is a determined function. Therefore (3.16) holds if and only if

(3.18) (Lo — )\O)ﬂjéﬂ = Dgfk—l (2(t = no)vny — Uy — (V" (aw, 1M0)Une — 4(10 — )Up, )
— & fr1 (2679 ' Dsug, ) + (Motyy — Lotyy) fem1 + Aks1tbo + R,
where we have used the expressions given in (3.3) and (3.4).

Since uy,, vy, and w,, satisfy the Neumann boundary condition, we have ng.7op41 =
ny.Tovr, ;. We take the scalar product of (3.18) with u,, with respect to (t,2). Using the
boundary condition (3.17) and the definition of wy (see (3.12)), we get:

(3.19) (H — (A2 —wo)) fem1 = Mo fo + 7k
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where § — ry(38) is a known function. The compatibility condition of this 1D-equation writes

Mer1 = —(Tk, fo)s-

Due to the choice of A, (see (3.13)), the Fredholm alternative provides a unique function f;_;
(orthogonal to fy) which satisfies (3.19) and has the regularity and the decay properties of 7.
Using again the Fredholm alternative, we get a unique solution v;-, ; of (3.18).

e Properties of constructed functions. Let us define on W, the quasi-eigenpair:
A~ J . J .
(3.20) O = DTk and AUI(R) = Y A0,
j=0 Jj=0

As above we omit the subscript n of the energy level corresponding to the choice (3.13).

Due to basic Agmon’s estimates the function u,,, is exponentially decaying at infinity. In
the s variable, the function fj is a gaussian and thus admits also an exponential decay. By the
Fredholm alternative, all the 1); have an exponential decay: there exists iy > 0 such that

(3.21) 3C; > 0,36 > 0,Vh e (0,ho), Qn (65('§‘+‘f'+‘2'>¢j) < Cilles1720m)-

Moreover, we get the same kind of estimates in the H2-norm. Since the infinite sector S, is
a convex domain, u,,, Vs, and w,, are in H?(S,), and by elliptic regularity, they belong to
C*(S,). Using the Fredholm alternative, 1&,[1‘]] is in C* n H*(W,,). Therefore all the @LJ]
belong to the domain of @h and, with (3.21), they have exponential decay. Let us recall that
both u,, and f; are normalized so that:

Pl
[0 2

‘G’|1/2

(Wa) - 1 + O(h1/4)

Nevertheless, the function QZJ}[LJ] is not in the domain of £, (it does not satisfy the boundary
condition).

e Quasimode on the lens and conclusion. Let us recall that xg € F < () is the point of
the edge where the opening angle is maximal. Let xy € C7°(€2) which satisfies 0 < x < 1,
supp(x) < B(xo,2¢)) n Q and x = 1 on B(X, €) N §2. We take ¢y small enough and we
use the diffeomorphism W~! : (5,#, 2) — x which sends a subset of the infinite wedge to a
eo-neighborhood of x; € F, see Section 2. Using this diffeomorphism and the scaling (3.1)
we define the function on the lens:

Ui (x) = W () (A5, bV R ),

The function vy is supported in a ball centered at x, of radius 2¢,. Due to the factor h~>/® and
to the ex ial d £l
ponential decay of ¢;"*, we have

[l 20y = (1 4+ O[3 [ 120ma) = 1+ O(AM).

As we have mentioned in the above, we must be careful since ;] does not satisfy the Neumann
type boundary condition (nevertheless it belongs to H?(£2) by construction). Let us recall that
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for u € H?(S)), the Neumann trace of u belongs to H'/2(52) with the associated Sobolev
embedding. From (3.10) and the homogeneity of the norm | - | ;71/2, we infer:

(3.22) W4 (—ihV + A - n g2 gaq) = O(RY D),

We now add a correction term to v; in order to define a quasimode which satisfies the
boundary condition. We consider the following boundary value problem:
(—ihV + A)?’r =0 inQ,
(—ihV + A)r-n =g’ on 09,

where g7 = (—ihV + A)y) - n. We deduce from [18] (see also [19, Theorem 5.2.1.4]) that
there is a unique solution 77 € H?(Q). It satisfies:

(3.23) W21V 2y + RV ) + 7 [2@) < ChY2lg” lmnizgen),
with C' > 0 independent from h. Therefore we infer from (3.22):
|12 = ORI,
We can now define a quasimode on the lens:
qu = ¢h —r’
It satisfies u; "™ € Dom (L) and [[u;) "™ |12y = 1 + O(h1/4) Then, we write:
(L = hAI(R)uy ™™ = ((—ihV + A)* — hAV) () )z
(—ihV + A)%ph — WAV ()i + AV (R)r?

Thanks to Taylor expansions in the coordinates 3,7, 2 and to the exponential decay of the
1, we estimate by O(h/*V/4) the term (—ihV + A)% — hAI(R)] (see (3.10)) and we
deduce:

Ly — h)\[J](h)) quHL2 _ O(h1+(‘]+1)/4)_
We deduce Theorem 1.15 by using the spectral theorem.

4, ESTIMATES OF AGMON

This section is devoted to establish localization estimates satisfied by the eigenfunctions. In
particular we will prove that the eigenfunctions live at the scale h'/? near the edge and that
they are roughly localized on the edge near x.

4.1. A first rough estimate for the eigenvalues. Let us begin by proving a rough and stan-
dard estimate for the eigenvalues.
Proposition 4.1. There exist C and hy > 0 such that, for h € (0, ho) :

A (h) = v(ag)h — ChY4,
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Proof. Let us introduce a partition of unity (x;);>0 with balls of centers x; and of size h”
where p > 0 will be chosen later:

(4.1) ijz,h =1, on{
J

and such that:
D IVxal? < Cn.

j
The “IMS” formula (see [ 1]) provides the following decomposition for the quadratic form:

(4.2) () = > (Qulxint) — B[V xjnt|?)
J

so that:

(4.3) Qn(¥) = Y Qulxjnt) — CH** )%,
J

Let us now distinguish between three kinds of balls.
Ji(h) = {7 : supp(xjn) N 2 = I},

Ja(h) = {j = supp(xjn) N 0 # & and supp(x;n) N E = B},
J3(h) = {j - supp(xjn) N E # I}
e Case when j € Jy(h): interior case. We have:

4.4) Qn(x;nt) = hlxjnt]* = hv(ao) | xjnt |-

e Case when j € Jy(h): regular boundary case. Let us now consider the boundary balls which
do not cross the edge. We can assume that such balls have their centers on the boundary and
we denote by 0, the angle between the magnetic field 3 and the boundary at the point x;.There
exist local coordinates ®(yy, 42, y3) = X so that the derivative satisfies D® = Id + O(h”) and:

A (xjn?)
> (1-Ch) j (hDy, + A))x ) + [(hDy, + A)xint|? + |(hDy, + As)x;n|? dy.

y3>0
where the tilde means that the functions are considered in the new coordinates. In particular,
~ lin

we have A = D®A(P). We can introduce the linear approximation of A denoted by A
|A —A"| < o
Forall e € (0,1), we get':
Qn(Xjn¥) =
(1=2)(1 = CW) | [(hDy, + A ;0P + [(hDy, + AF) x50 + [(BDy, + A s 00 dy

y3>0

= Ce™ ¥ nd |

'We have used the standard inequality |a + b|2 > (1 — &)|al? — e~ 1|b[2.
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Therefore we are reduced to the magnetic Laplacian in the half-space R? with a constant
magnetic field making an angle 6; with the boundary (see Section 1.2.2) and we can use the
lower bound:

Qn(xint) = (1 —e)(1 = Ch)ha (0;) x| — Ce W x|
We use the inequality of Assumption 1.10 and we take ¢ = h%*~/2 to get:

4.5) Qn(xjnt) = hv(ao) xn|* — CR* T2 x| — ChMPx;nib.

e Case when j € J3(h). Let us consider the boundary balls which cross the edge . We can
assume that such balls have their centers on 2. We can use the local coordinates of Section
2: (3,1, %) = x, which transform the edge with variable angle into the wedge with constant
angle a;: W,,. Firstly we erase the curvature terms by writing:

Qu(xia) = (1= CW) [ 194 dsdiz

We have:

V()|

> (1= )(|(hDs + no = () |* + B2 De(Rn ) |* + W D (X5.00)|?)

— e H (O™ + B[ %nd]* + CR*|hD: (X 80)]1%)
We choose ¢ = h?*~1/2. We deduce:

Qn(xjnth) = (v(ay)h — ChYPH2 — ORI — CRY272) x|

In order to optimize the different remainders here and in (4.3), we are led to choose p such that
2 —2p =1/2+ 2p, that is p = 3/8 and the conclusion follows. 0
4.2. Normal estimates of Agmon. From the rough control of the eigenvalues, we deduce the

standard “normal estimates of Agmon”.

Proposition 4.2. There exist £g > 0,hg > 0 and C' > 0 such that for all h € (0, hy) we have
the following estimates for an eigenfunction 1), associated to \,,(h):

4.6) fﬁwmwmwﬁm<owﬁ

4.7 Q20" A E) Y, Y < Chlaf .

Proof. We use a partition of unity () =0 with balls of size Rh'/? and we let ®(x) =
eoh™Y2d(x, F). We write the identity of Agmon:
(4.8) Me®tn]? = Qu(e®in) — h? [V e, |,

We deduce the inequality:
@9) > (Q0Gac™n) = MW xgneUnl® = (€5 + 58) Ixinevnl?) < 0.

J
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We split the sum into three parts as in the proof of Proposition 4.1 and we use in the same way
changes of variables, taking into account that the ball are now of size Rh'/2. We recall that,
thanks to Theorem 1.15, we have:

(4.10) An(h) < v(ag)h + Ch¥2.
e Case when j € Jy(h): interior case. We have:
Qu(Xsine"Pn) = hlxjnevul* = hv(ao)x;ne®vnl
e Case when j € Jy(h): regular boundary case. We have:
Qn(Xjne™¥n) = 0 (B))h]xjne nl> — CH2|xjne"tn] .
e Case when j € J3(h). We have:

Qn(xne®n) = (v(a)h — CB*2)|x; e .
Therefore we get, from (4.9), the existence of C' > 0 and hy > 0 such that for hy € (0, h):

b (into(65) = vie) - (6 + @) = C12) 3T fgaconl?

J
Jiuds
<h(e+ S+ Ch'") > [xine®vnl
J3

Using (1.11) we get that for ¢y small enough and R large enough, there exist hg > 0, ¢ > 0
and C' > 0 such that for h € (0, hg) we have:

c< <infa(9j) —v(ag) — g — % — C’hm) and (g + S +Ch'?) <C.
J
We deduce that for h € (0, hy):
¢ D) Ixane®al® < C Y Ixgnebal® < CER Y Ixnthul® < Cullvnl
J3 J3

Jiuds

Therefore (4.6) follows and we get (4.7) from the identity (4.8). L]

4.3. Rough tangential estimates. We can also use the rough estimate of the eigenvalues to
deduce a rough localization of the eigenfunctions near x.

Proposition 4.3. There exist hy > 0 and C' > 0 such that for all h € (0, ho), we have the
following estimates for an eigenfunction 1, associated to \,,(h):

Jex(x)h”SS(x)WanX < C|al?,

O (XM 10N ) < Oy,

where X is a smooth cutoff function supported in a fixed neighborhood of .
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Proof. We use a partition of unity (), 5),=0 With balls of size h*/® as in the proof of Proposition
4.1. We let & = x(x)h~'/®|s(x)| where the tangential coordinate s is defined in Section 2.
In particular, we have |[V®|2 < Coh™* and |Vy;u? < Coh*. As in the proof of the
Proposition 4.2, we combine (4.8) and (4.2), we use a change of variables and the min-max
principle for the sum over J; U J; and we get C'; > 0 such that

(hmfa(ej)—An(h)—cth/‘*) D Ixine v’
J

jEJl(h)UJQ(h)

+ 0 Qulxine™vn) = (An(h) + CLR*) [ x;ne®bn* < 0.
jEJ3(h)

Using Assumption 1.10 and (4.10), we get hg > 0 and ¢ > 0 such that for h € (0, hy) we have
(hinf; 0(6;) — Au(h) — C1h**) = ch. We make a partition of .J; depending on how far we
are from the point x;, where « is maximal, we get:

@10 eh > et Y ((Wlag) = wlao))h = Cih¥ e
jeJi(h)uJa(h) jeJ3(h)
I —xq =60 h1/8

< D —Qu0gae®n) + ((ao)h + CLE) [ ne® i
jEJg(h)
ijfxollétsohl/8
We have:
(4.12) — Qu(Xne”Un) + (v(0)h + CLB*) | xne®tbnl* < O xne® vl

We write {|x; — Xo| = doh'/8} = {|x; —xo| = 0} U {Foh"® < ||x; —x0| < o} and we have:

o If 5h'® < |x; — xo| < 70, we use the non-degeneracy of a near z: for r small
enough we have:

V(aj) _ I/(OC(SO)) > u//(ol(so))(sj — 80)2 > Mééhlﬂl.

We choose § such that:
V//(a4(80)) 5(2) - Cl
and we deduce:

(4.13) Vhe (0,ho), (v(aj)—vi(ag))h —Cih** = ch®*

o If [x; — x| = 70, due to the uniqueness of the maximum of s — «(s), there exists
n > 0 such that v(a;) — v(ap) = 7 and therefore we get the existence of ¢ > 0 such
that:

(4.14) Vhe (0,ho), (v(aj)—vlag))h—Cih®* = ch
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Using (4.12), (4.13) and (4.14) into (4.11) we get:

ch > e alP b DT Ixgne®vn|? + ek > Ixjnenl?
jEJl(h)UJQ(h) jEJg(h) jGJg(h)
Ixj=x0l>To sh!/8<|x;j—xol<ro
<CRM 3T gyl
jng(h)
ij-fxollétsohl/s

Using the fact that ® is bounded on {||x; — x| < §yh'/®}, we conclude in the same way as in
the proof of Proposition 4.2. 0

We use a cutoff function y,(x) near x, such that:

4.15) xu(x) = Xo(h’I/SJrVé(X))XO(h’l/%'ytv(x))x(](h’lﬂﬂé(x)) with 0 < v < é

e Space of the eigenfunctions. For all N > 1, let us consider L?-normalized eigenpairs
(An(h), ¥n)1<n<n such that (i, 1,,) = 0 when n # m. We consider the N dimensional
space defined by:

éN(h) — span,, where 1, = YprUn.

1<n<N
Notation 4.4. We will denote by (= x5,1) the elements of & ~(h).
Corollary 4.5. Let ¢ € span(i,)1<n<n and ¥ = 1. Then we have:
[ = [@1(1+O(h™)) and ~ Qu() = Qu($)(1 + O(h™)),
|Ds| = |Ds[(1+ O(h*)) and  Qu(Dj)) = Qu(Dy)(1 + O(h™)),
where 7 = §,1, Z.

Proof. The first line comes directly from Propositions 4.2 and 4.3. In order to get the estimates
on D;1 (note that these estimates have a meaning since the eigenfunctions are in H?), we use
the technics of [21, 37]. ]

Proposition 4.6. There exist hy > 0, C' > 0 such that for h € (0, hy) and for all ) € QVEN(h)
we have for all k and | in N:

(4.16) f\zk\szdsdwz < CRF2R2|I2,
(4.17) f|fk|z|l(|hpf¢3|2 + |hD:)|? + |(hDs — T + hY?no)1|) dsdidz < Chh*2RY?||i))2.
Proof. For 1) an eigenfunction, we have:

< —1/2 S
[ < st < .

For all n > 1, we have:

fd(x, E)" ] dx < C(m)h"2|xa|*
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Using the coordinates (8, ¢, Z) on the support of x;, we infer:

f (1] + 12" P dx < G2 ]
and we deduce (4.16). We get (4.17) in a similar way. ]

Proposition 4.7. For all n > 1, there exists hy > 0 such that for h € (0, hy), we have:

An(h) = v(ag,mo)h + O(h3/2).

Proof. We have:
() = (G V), Vi)rz.

12 (ddidz):

With the Taylor expansion of G~'and |G| and the estimates of Agmon with respect to £ and 2,
we infer:

01 (v) = Q' () — CH*2 |
where Qﬂat is the quadratic form associated to the leading operator in the (3, £, Z) coordinates:
@.18) Q) = |hDi | + |hror(3) " Dd|* + || (hDs + moh* — ).
Moreover, we have:

O (9) = [hDe|* + [hD:3|* + | (RDs + moh™* — D)d||* = v(ao, mo)h.

It remains to use Theorem 1.15 and the conclusion follows. O

5. LOCAL AND MICROLOCAL ESTIMATES

As we have seen in Section 3 (see (3.2)), we can think that h2D? + h2D? + (noh'/? — )% is
an approximation of £, when acting on the eigenfunctions. This property is not obvious and
relies on the behavior of the tangential derivative D; when acting on the eigenfunctions.

5.1. Control of D;. We will need three lemmas to getan 0pt1ma1 control of the eigenfunctions
with respect to D;. We recall that £, = |G|7/2V,, \G\ 12G-1V, and that V,, is defined in (5.3).
We denote g = |G|Y2G~" so that, for ¢ € Dom(Q},), we have O, (1) = § gV, |2 d3didz. I

we denote 6h = (P, P, P3), we notice:

3
3u(w) = | a3} IPuP dsad

«@ j:l
which reminds a form “a la Hormander” (see [20, Theorem 18.5.9 and below]). Therefore we
can expect a generalized “IMS” formula for the quantity <£h1/) Wy

e ‘1/2
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Lemma 5.1. For an eigenpair (\, 1) which satisfies (4.10), we have the commutator formula:

5. (A+0) Dbl -+ O]

Telt%:
=8u(Dsth) = GV, Dl [V, Dl + R (G0, [V, Dsl, Dilih))
+ R (UD53) Vi, VaDsth) + {(Dsg) Vs, [V, Dl + N(D5|GI2)d, Dsihy)
where:
MR

and where b = x 0 with xy, defined in (4.15).

|CV;‘1/2
the associated scalar product. The function ) does not satisfy the boundary condition associ-
ated to £ but itis in H? so that the following formula makes sense (L is considered as a partial
differential operator):

Proof. We shorten the notation by using L% . = L2(|G|/2, dsdid) and (-, )2 ,» to denote
I

Ly, D2Yye = (XLyth, D2y + (L, xa]¥o, D32

G|/ |G1/2 &1/
= (M, D§¢>L|2§‘1 L+ Lh xnl, D) 12,

/ |G\1/2.

An integration by parts provides:

W.Dyre,, = |Dsills -+ (DAIGI b, D).

1G|1/2
Therefore we deduce from Corollary 4.5 that:
b Dbz, = 0+ OWNIDslTe |+ M(D|GI2 )b, D).
We have:
(L, D? @Lf@l P (VagVuth, D) 2.

We use the Green-Riemann formula to compute the quantity <6hg6hz/§, Dgz@ r2. Using the
Sobolev injections and Corollary 4.5, we control the boundary term by O(h®)|¢)| 12| Dst)| 2
and we get:

(VagVnd, D)z = GVt VD3t iz + O(0”) ([d]72 + |Dstdl72) -
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The following commutators computations are essentially algebraic:
GV, VD)2 = GV, <D§6h + [V, Dé]) Dsip)

= (DsgV i, Vi Dst)) + (GVth, [V, Ds] Dsth)
= (GVnDsth, Vi Dy + ((Dsg) Vi, Vi Dsth)
— gV, D3], Vi Dsthy + (GV b, [V, Ds]Dst))
= 0u(Ds?) + {(Dsg)Vith, VaDsthy — [V, Dé]wig
— {3V h, D5, DNy + (GVth, D[V, Ds])
+ GV, [V, Dsl, DsJ).

We have:
(52) = {g[Vn, D), DsNV by + (gVith, D[V, Ds]ib) =
[V, Dslh, (Dsg) Vb — {Ds[Vn, Ds]tb, GV + (gN b, Ds[ Vi, Ds]ih).
The two last terms are conjugate so that by taking the real part of <£vhgﬁ, D?v@ L2 1 we get
(5.1).
We are led to estimate the different remainders due to the commutators.

Lemma 5.2. Let N > 1. There exist hg > 0 and C > 0 such that, for h € (0, ho) and
Y € E€x(h), we have:

GV, D], [V, Dslihy| < C [P,
gVrt, [[Va, D3], Dl < CH*2 |47,
[(Ds3)Vad, [Va, Dsd)| < CR*[[9)?,

(D) Vs, Vi Dt < Ch|d]7/ On(Dstd)
RI(Ds|GY?), Dbyl < ¥ (|9 + | Dsv )
Proof. We compute the first order commutator:

—ih (Z) (2D + D:2) + (DsRy)
0

—ih(T_l)lT(O)
We have C; > 0 such that |[D;R;| < C,(#> + %) (see Proposition 2.1). From Proposition
4.6 we get ||[Vy, DSWH < Csyh with Cy > 0 and the first upper bound follows. In the same
way we get that H[[?h,DS],DSWH < Csh with C5; > 0 and since thzﬁﬂ < éh(&) =

O(hY?)|+|, we get the second upper bound. Using again Proposition 2.1, we deduce that
|Dsg|l < Cs([¢] +|2]). O

~

(5.3) [V, Ds]| =
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Lemma 5.3. There exist ho > 0 and C > 0 such that, for h € (0, hy) and e éN(h), we
have:

|hDgDsip|* + |hD:Dsp|* + |(hDs — £) Dstp|* < Ch|Dgb|* + Chld.

Proof. We use Lemma 5.1 and Lemma 5.2 and we deduce:
On(Dst)) < A|Dsth|* + Chl[ih | + ChQu(Dst))
Therefore, we infer:
(1= Ch)Qu(Dst) < (v(co, m)h + CHY?) | Detl|* + Chlll|?

so that:

O1(Dst)) < (v(aw, mo)h + Ch*2)| Dsh|* + Chl[ >
Moreover, using (4.15) and Notation 4.4, we have:
(5.4) éh(Ds?L) > (1- Chl/Zﬂ)’WhDslﬁHz-
We write:

IVhDs|* =|(hDs — & + noh*/* — 4Z(2D: + D:2) + Ry)Dstb||* + | AD: D3|
+ |7 (3)7 7(0) D: Dt |
> O (Dab) — 2 (CH DI + ORI |AD: DI + CH?|?)
where é‘;lat is defined in (4.18) and where we have used (4.15). We infer:
O (Dst) < Ch DY + Chlp|?

and the conclusion follows.
O

Proposition 5.4. There exist hy > 0 and C' > 0 such that, for h € (0, ho) and ¢ € Ex(h), we
have:

|Dsd]l < Ch™Y4).

Proof. Due to the non-degeneracy of the minimum, there exist ¢y > 0,gy > 0 such that for
1/2 .
|77h | < €o:

V”(UO) 772

(5.5) v(no + nhm) > v(ag,mo) + h 1

and for |nh'/?| = &q:

(5.6) v(no + hl/Zn) > v, Mo) + Co-
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o Estimate near the minimum. We can notice that, with the estimates of Agmon, for all 1; €
¢ N(h,)i

(5.7) On(W) < An()|P]* + O(h™) 9]
As in the proof of Proposition 4.7, we have:
Q) = [hDp | + [hD=|* + [ (hDs + noh*’* = H)§|* — Ch¥? 4.
We use the Fourier transform F with respect to § and the scaling associated to the variables
(t,2) and we get:
JhV(no + h'P)| FPIP dndidz < (v(ao,no)h + Ch*2) | FY|2.

We split the integral of the 1.h.s. into two parts and we use (5.5) and (5.6) to infer:

(5.8) f FOP dndids < CRY?[9)?,
[nh1/2|>e0
(5.9) f 02| F|? dndidz < Ch™ 2|2,
Inh!/2|<e0
o Estimate away from the minimum. From (5.4) we get:
IVaDsth|* < (v(ao, o)k + CH¥*7) | Dsp||* + Chl|>
We have:
IViDs|* =[[(hDs = +noh'/* = 42(2D; + D:2) + Ra)Dstb|* + | (hDy) D]
+ [[(h(3)7'7(0)Dz) Dsb|®

We expand the squares and we shall estimate the double products. Let us just analyze the
following term (we use Lemma 5.3 and (4.15)):

(R {(hDs — T + noh"*)Dsap, h=(2D; + D:2)Dyih + Ry D) )|
< [(hDs — £+ noh'*) D5t |(|hZ (2D: + D:2)Dsi)| + | Ri D)
< CR'2(| D5 + ) (R (B2 Db | + B2 3p]) + B2 Dsip ).

We can deal with the other double products in the same way. We deduce:
|(hDs—E+n0h"?) Dstb[|*+[hDs Dst) |*+|h Dz Dstb[|* < (v(ao, 110)h+Ch*=) | Dgth P+ Chl .
We use the Fourier transform F to deduce:

ffw(no + W) nF|* dndidz < (v(ag,mo)h + CRY2720) [nF|* + Chly|*.

We get:
f coh|nF P2 dndids < CHY22 [nF | + CRJ[J|?
Inh1/2|>eq
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and:
fl o WO ddidz < OBV FO Ol
n 1/2 >e0

We combine this inequality with (5.9) and we get:
[nFP|? < O [nF | + Ch™ V24|
We deduce: } §
[nFp[* < 2Ch™ ).
OJ

5.2. Feshbach-Grushin projection. The result of Proposition 5.4 implies an approximation
result for the eigenfunctions. Let us recall the scaling defined in (3.1):

(5.10) §=h'"s T=n'"%, z=hn"z

Notation 5.5. We will denote by ¢ n(h) the set of the rescaled elements of &y (h). The
elements of & ~(h) will be denoted by w We recall that we denote by Eh the operator h~ 1£h

in the rescaled coordinates. The corresponding quadratic form will be denoted by Qh. In these
variables, Proposition 5.4 becomes:

|Dsd]l < Ch™Y9).

1

Let us recall that v € (0, 3

approximation lemma:

Lemma 5.6. There exist hy > 0 and C' > 0 such that, for h € (0,ho) and ) € €x(h), we
have:

(5.11) | — ot + | Di(vh — Tedh)|| + | Ds(¢h — Ted)| < CRYE|3))|
(5.12)  [3() — o)) | + [8D;(4) — o) | + [8D:(sh — oth)| < CAYS7([l4b] + (|5¢]),

where 11 is the projection on u,,:

) is the scale of the cut-off function in (4.15). We have an

H0¢ = <1/}7 uno>f,,2u770'

Proof. Let us prove the proposition for an 1& which comes from an eigenfunction associated
with A\. We have, using (5.7):

01 (¥) < (v(aw,m0) + CRY)|G[* + O(™) ]
In addition, as it was previously obtained in the proof of Proposition 4.7, we get:
On(¥) = | D> + [ D:|* + (W4 D5 + no — D)|* — ChM>.
We apply Proposition 5.4 and we deduce:
R (10 — 1) D, )| < CRM ).

Let us define 20 = 1d; ® (Lo — v(, no)) and denote by @0 the associated quadratic form. We
infer:

~

0 < Qo(¥)) — v, mo)[$[* < ChY* ||
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and, since HO@/A) is in the kernel of CAO, we get:

0 < Qo((Id — ITo)h) — v(avg, mo) | (Id — T )| < CAM| ]2

This is then standard, by using the simplicity of the lowest eigenvalue of L, to deduce (5.11)
(see [8, Corollary 4.10] and also [14]). To get (5.12), we write the “IMS” formula with weight
S

(5.13) Qn(8)) < AJ30I* + OR[> + O(h*) )]
Using the support of the functions (see (4.15)), we infer:
(5.14)
On(50) =(1 = ChY* )|(hM*Ds —  + o — hlﬂg;((’;—ﬁg(wé + D:2) + h™ 2Ry 502

+ (1= CRV* )| D |? + (1 — CRY27) |7 (h'45) 7 7 (0) D59 .

As in the proof of Proposition 5.3, we deduce first:

(5.15) [(h*Ds — &+ m0)30 > + | D30 |* + | D:34|* < Cl34 ) + C)?

and then we analyze the remainders due to the double products in (5.14). Using (5.15), we get:
(D5 = -+ m)sd, A2 Rus| < ChoVERA 230 (189 + 1)),

In addition, we get:

A h1/2,7_/(h1/4§)
hYAD; — 1)), ——— 2
'« s =080, 27 (h1/43)

< O34 + 91 (R280] + B2 (136] + 191))

(2D; + Dz2)§@@>'

and:
h1/27_/(h1/4§)
‘ 27 (h1/43)
< ChY2R2 30| (W23 + B2 (|3 + [4]))-
Therefore, from (5.14), we deduce:
On(3Y) =
(1= CRY27) (1(BMADs = T4 mo)3012 + | Dgsd| + | Dssth|? = CRY2 21|51 + [9]2) )

(2D; + D:2)5, h_1/2]%1)§1/;>‘

so that:
[(hY*Ds — &+ 00)30 > + | D3¢ | + [ D302 < vlcwo, m0) [3017 + CRY27 (|36 + [[)-
We have finally to analyze the term:
(WM Ds), (—t + o) §ib).
We get:

R Dg, (= 4+ mo)sd| < C (RN + [5912) + RV (|2 + 56 )
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Therefore, we have proved the following estimate:
[ = m0)30 > + [ D[ + | D:80 > < v(aw,m0) |86 + CRY21(|85) + [$]*).

We recognize @O(L%@/A)) in the L.h.s. and the conclusion is standard. 0J

5.3. Control of 5. The aim of this section is to obtain a control with respect to 5. This estimate
can not be obtained directly since the dependence on § comes as $2D? in the operator. There-
fore in order to catch the variable s, we will use the projection to replace (modulo correction
terms) D? by a positive number when acting on the eigenfunctions.

Proposition 5.7. There exist hg > 0 and C' > 0 such that, for h € (0, ho) and ¥ € QVEN(h), we
have:

|59 < CRY ).

Proof. 1t is equivalent to prove that:

[5¢] < ¢l
The proof of Proposition 4.7 provides the inequality:
[Dg I + I7or(BY13) 7 Dt P + [ (W Ds + 10 = £ |* < (v(ao, mo) + CR'?) 0]
From the non-degeneracy of the maximum of «, we deduce the existence of ¢ > 0 such that:
Iro7(B18) 7' D2 |* = | D:|]* + ehV?|3D:4)
so that we have:
ch'?|3D:0|* < ChY|9?
and:
[3D:] < Cll4].
It remains to use Lemma 5.6 and especially (5.12). In particular, we have:
18Dz (4 — o) < CRYS7 (| + [33)])-
We infer:
|8D:Moy| < O] + ChYE ([ + |391).
Let us write
otp = [ (8)uny (L, 2).
We have:
[3D:1o| = [ Dzt [[18fn] £2(as) = 1Dzt |18 Futino | = [ Dztano [ |8Toe)]
We use again Lemma 5.6 to get:
|8D:1oy| = | Dz, [[|89] + ORYE) ([ + 1341
We deduce:
| Dzung 180 < Clo| + 20K (] + (189])
and the conclusion follows. [
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6. BORN-OPPENHEIMER APPROXIMATION AND CONCLUSION

This section is devoted to the proof of Theorem 1.16. In particular, we show that we can
reduce our spectral investigation to the study of a Born-Oppenheimer approximation.

Proposition 6.1. There exists hy > 0 such that for h € (0, ho) and 1) € ¢ ~(h), we have:
On() = Dgh|” + | Ds|* + [ (M Ds — & + o) [1* + 1757 | Dy |8 + @oh [
+ ()9,
with:
(6.1)  @o = {(2(n0 — )P 1 Ung ) r2(diaz) + Js §Pun0Pun0 dtdz + J:s LPu,, Pu,, dtdz,
where P , l , L and #1 are homogeneous polynomials defined in (3.5) and (3.6) (see also Section

2).

Proof. We can write:

~

62) Sn() = f (G0 - (V) didid.

By Proposition 2.1, we have:

l . .
(6.3) 7 Id+§|d+L+(|t| + [2) Oy

where the notation O is defined in Proposition 2.1. Let us estimate the following remainder:
Ry = f{|g|<|f| F LD R (22 [ dsdids.
Using the support of the functions, we have:
Ryl < f{ohw—mﬂ 1) 4 P + |22} (0|2 dadidz.
Then, we recall that:
~ . . ht' L
(6.4) IVud||? =|(hDs —  + h'*ny — é(ZDZ + D:2) + Ry
+ [hDb|? + | hror ™ (3) D%
It easily follows that:
IV |* <C(|(hDs — & + h' o) + [hDg | + [h D=0 )
+ Ch?|(2Ds + D:2)d 2 + CIR 2.
The estimates of Agmon with respect to 7 and # (see Proposition 4.6) imply:

IR1| < (CRYVETRY2 4 ChY) Y.
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We infer from (6.2) and (6.3) that:
On(¢) = J (Id + % Id + L) Vath - Vb dsdidz + o(h*?)] ).
It follows that:
(6.5) On(¥) = |Vt | + f (é Id + L) Vit - Vi dididz + o(h¥?) ||,
o Terms involving the metrics. With the same argument as previously, we can write:

f (é Id + L) Vit - Vath dididz

i § hD; —t + h'/2n, _ [hDs— t+ h?n, }
= J (5 Id + L) hD; Y - hD; ) dsdtdz
htot™'D; hrot~'D;

+ o(h) 4.

Let us analyze the different terms involving D;. Since we have 7o771(3) = 1 + O(5?), we
have to control a term in the form:

f|§|2(f| + [ZD)|RDA|(|(hDs — T + hno)d| + |hD| + [Ds4)|) d3didz.

This term is controlled by C'(h"/3=7)2h"/2h|4)|?. This allows to write:

J (é Id + L> Vit - Vath dididz

i 5 hD; —t + b2, _ [hDs— t+ h?n, §
= J (— Id + L) hDj; P - hDy Y dsdidz
hD; hD;

+ o(h¥) |42,

Let us now deal with the terms involving D;. Such terms appear in integrals in the form:

f 11 (L, 2)(hDs — T + noh'/?)) (hDs — £ + nohV/2)¢) d3didz,

ng( 2)(hDs — T + noh"2)¢ hDy) dididz,
or:

f (L, 2)(hDs — T + noh' ) hD 1) dsdidz,

where the 1; are linear. Let us just analyze the first one, the other being similar. We have to
estimate a double product:

f (£, 2)h D (—F + moh'2)d dididz| < ClhDsd|h]d],
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where we have used the normal estimates of Agmon. It remains to use Proposition 5.4 and we
infer that:

[ N v > v o
(6.6) J (5 Id + L) Vb - Vb dididz
Z . —tv + h1/27]0 . —f + h1/27]0 . 5
> f (5 Id + L) hD; |- hD; |4 dadidz
hD: hD:

+ o(h¥) ).

o Terms involving R,. Let us deal with the first term in (6.5). We recall (6.4). We notice that:

/
(D 4 )50 D+ D)) < O]

In the same way, we find:

7_/
T

R BT s 4 D)D) = o)
Therefore the terms of (6.4) involving #D; + D are controlled by o(h*?)[+|2. We deduce:
(6.7) IVil? = (hDs —  + noh? + R)P|* + [hDgb|* + |ror = hD:)|
+ o(¥?)[ )%,
We observe that (see Proposition 5.4):
[K(hDstp, Rihy| < CRY*h[[]]%,
We deduce the inequality:
(6.8) IV |? =|(hDs — & + nohV2)d|? + |hDgb||* + | ror " hD=2)
+ 2((=T + noh ), Ryt + o(h*2) 7.
Let us now notice that:
Tor H(8) = 1+ 75 'k&® — O3
We deduce that:
(6.9) [0 hDs0|? = [AD:)|? + 75 K [8h D> — CRYS [ shDs ) 2.
e Rescaling. We now gather (6.5), (6.6), (6.8) and (6.9) and we use the rescaled coordinates
(8,t, 2) to get (see (3.5)):
(6.10) On(h) [ (h*Ds — £+ mo)U | + [ Db |2 + | Dstp|* + b7 k| $ D=
+ 210V 2{(—t + mo) b, 1y — ChYPRYEY 3D |2

Z . A A . ~
+ J (5 Id + L) Py - Py dsdidz + o(h'?) ).

The main idea is now to replace 1/3 by Hggﬁ in the terms of order 1'/? in order to make the terms
coming from the metrics disappear and get the constant wy. This procedure aims somehow at
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averaging the lower order terms of the symbol of the operator with respect to the eigenfunction
of the leading operator.

We recall Proposition 5.4 and Lemma 5.6. This implies that:
|8D:4) | — [ Dauny || |50]] < CAYE7[0)].
On the one hand we deduce:
18D:9]| < O
and on the other hand:
18D = | Dsun, |89 — CRYS |32,
We infer:
6.11)  Qu(dh) =[(h*Ds —  + no) | + |Dgb|* + | D |* + hY 275 k| Dy |2 590
+ 2R (U~ + o), 719 )

o <g d + L) P - P dsdidz + o).

We finally deal only with the term involving 7, the other being similar. We use Lemma 5.6
and especially (5.11). We can write:

(= + no)p, 1)
By the normal estimates of Agmon, we have:
|71~ + mo)¥|| < CJl¥]
and with (5.12) we get:
(Fr(—t + 770)?&, 1@ = (P (—t+ 770)?@, Hol/;> + 0(1)”1/”‘2-
Using the decay properties of u,, and (5.11), we have:
|71 (—t + nO)HO@Z)H < C|9|.
It follows that:
(=t + o), 1)) = ((—F + mo)Tot), #1TT0h) + o(1)[ [

Jointly with (6.10) and the definition of @y, this provides the conclusion. ]

e Born-Oppenheimer approximation and conclusion. In this last paragraph we prove Theo-
rem 1.16. Let us now consider the inequality of Proposition 6.1. There exists hy > 0 such that

for h € (0, ho) and ¢ € é\EN(h), we have:
IDg? + [D)? + |(BY*Ds — &+ mo)dl* + h'P75 k| Dz |*8% + oh 2

< XN(h)f (1 + h1/2é> |2 dsdidz + o(hY?)[ ).
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Using again (5.11) and Ay(h) = v(ag, o) + o(h'2), we infer (see (3.12) and (6.1)), for all
w € Q:,N(h)
(6.12) [ Dpp|* + | D> + [ (R D5 — £ + mo) > + hY?757 K| Dsty | *5> + woh |

< w(h) f (D[ dsdidz + o).

Let us consider the operator which appears in the left hand side:

(6.13) D? + D2 + (WY*Dg —  + m9)? + h*2 75 k| Dsyy 282 + woh/2.
After Fourier transform with respect to s, the operator (6.13) becomes:
(6.14) D} + D2 + (WA — 1+ ng)® + h275 k| Dy |* D + woh'/2.

To see why the Born-Oppeheimer formalism applies to the operator (6.14), let us perform the
scaling & = hY/4¢. We introduce:

(6.15) LR° = D} + D? + (& — i +m0)* + hrg 6| Dsuyy |*DF + woh'2.

The operator £E© is semiclassical with respect to the variable é . The Born-Oppenheimer
theory applies (see [30] and [10]) and the n-th eigenvalue /\So(h) of L’,BLO satisfies:

MO (h) = v(ao, mo) + panh'/? + o(h'/?).

It remains to apply the min-max principle to the N-dimensional space & ~n(h) (see (6.12)) and
it follows:

S\N(h> = I/(ao, ?70) + /Lgynhlp + O(hl/Q).
This is exactly the rescaled statement of Theorem 1.16.
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