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Abstract

An analysis of the finite element heterogeneous multiscale method for a class of quasilin-
ear elliptic homogenization problems of nonmonotone type is proposed. We obtain optimal
convergence results for dimension d < 3. Our results, which also take into account the
microscale discretization, are valid for both simplicial and quadrilateral finite elements. Op-
timal a-priori error estimates are obtained for the H! and L? norms, error bounds similar
as for linear elliptic problems are derived for the resonance error. Uniqueness of a numerical
solution is proved. Moreover, the Newton method used to compute the solution is shown
to converge. Numerical experiments confirm the theoretical convergence rates and illustrate
the behavior of the numerical method for various nonlinear problems.

Keywords: nonmonotone quasilinear elliptic problem, numerical quadrature, finite ele-
ments, multiple scales, micro macro errors, numerical homogenization.
AMS subject classification (2010): 65N30,65M60,74D10,74Q05.

1 Introduction

We consider a finite element method (FEM) for the numerical solution of a class of nonlinear
nonmonotone multiscale problems of the form

=V - (a* (2, ue(2)) Vue(z)) = f(x) in €, (1)

in a domain Q C RY, d < 3, where a®(x,u) is a d x d tensor. We consider for simplicity the
homogeneous Dirichlet boundary conditions u. = 0 on 0f2, but our analysis could apply to
other types of boundary conditions. Such type of problems arise in many applications (e.g., the
stationary form of the Richards problem [10], the modeling of the thermal conductivity of the
Earth’s crust [34], or the heat conduction in composite materials [31]).

Yet, often the multiscale nature of the medium, described in (1) through a nonlinear multi-
scale conductivity tensor a®(x, u.(x)), is not taken into account in the modeling due to the high
computational cost in solving numerically (1) via standard methods resolving the medium’s finest
scale. Upscaling of equation (1) is thus needed for an efficient numerical treatment. Rigorously
described by the mathematical homogenization theory [11],[30], coarse graining (or homogeniza-
tion) aims at averaging the finest scales of a multiscale equation and deriving a homogenized
equation that captures the essential macroscopic features of the problem as ¢ — 0. The math-
ematical homogenization of (1) has been developed in [13, 9, 28] where it is shown that the
homogenized equation is of the same quasilinear type as the original equation, with a®(z, us(x))
replaced by a homogenized tensor a”(z, ug(x)) depending nonlinearly on a homogenized solution
up (the limit in a certain sense of u. as ¢ — 0).

While numerical methods for linear elliptic homogenization problems have been studied in
many papers - see [3, 23, 25|, and the references therein - the literature for the numerical ho-
mogenization of nonlinear nonmonotone elliptic problems is less abundant. Numerical methods



based on the multiscale finite element method (MsFEM) [25] for nonlinear elliptic problems of
the form —V - (a®(x, us(x), Vus(z)) = f(z) (a tensor nonlinear also with respect to Vu,) have
been studied in [26],[25], where a monotonicity assumption has been used to derive convergence
rates. This assumption leads essentially to problems of the type —V - (a®(x, Vu(z)) = f(x).
Following the two-grid discretization framework of [35], an analysis of the finite element hetero-
geneous multiscale method (FE-HMM) for the problem (1) has been proposed in [24] and in [17]
for the multiscale finite element method (MsFEM). Simplicial finite elements were considered
in both aforementioned work.

Unfortunately, there are several critical issues with the analysis of the FE-HMM for the
problem (1) in [24] that are addressed in the present paper. In addition, several new results are
derived (analysis for quadrilateral FEs, L? error estimates, improved resonance error analysis,
convergence of the Newton method used to compute the solution). Finally we note that all
our results are valid for a fully discrete formulation, taking into account also the micro scale
discretization error. For the convenience of the reader we briefly discuss the main issues of the
analysis in [24] and briefly discuss our contributions.

The first major issue in [24] resides in the treatment of the variational crime that arises
when using the FE-HMM. ! As an intermediate step, one needs to estimate |A(u®;uf  w!) —
Ap(u;uf? wH)|, where A(uf;uf wf) = [ a° Dyvull Vw dz is the weak form for the
exact problem and Ay a correspondlng nonhnear form based on numerical quadrature. In [24,
equ. 5.21] the estimate |A(u?; uff, w) — Ay (uf;uf  wh)| < CHZHU)HHHI(Q) is used. However,
C depends (in a nonlinear way) on the broken norms of uf in Sobolev spaces of the type
WHLP(Q). Thus, a priori bounds (independent of H) are needed for these high-order broken
norms of the solution u*. This issue has not been discussed in [24]. Using W1 estimates in
[24], recent results [7, Prop. 2] on FEM with numerical quadrature for nonlinear nonmonotone
problems and an inverse inequality, it is possible to bound u? for P! and P? triangular finite
elements. However this argument does not apply for P’-simplicial FEs when ¢ > 2 and we don’t
know how to derive such bound in general (notice that our new approach does not rely such
bounds).

The second major issue in the analysis of [24] resides in the use [24, Lem. 5.3] of a dis-
crete Green function G% for an error estimate in the W1 norm. The logarithmic bound
sup, g |Gy llwii) < Cllog H| (see [24, equ.(5.16)]) is used in the main a priori error estimate
result [24, Thm. 5.4]. However, such a logarithmic estimate is not available, to the best of our
knowledge, in dimension d = 3 for arbitrary bounded convex polyhedral domains. Thus, the
results in [24] are not valid for the dimension d = 3.

Both aforementioned issues are addressed in our analysis that is valid for P*-simplicial FEs in
dimension 1 < d < 3. In addition, we also derive several new results: optimal error estimates are
derived for Qe—rectangular FEs (for such elements we don’t know how to obtain error estimates
using the framework in [24] even for the lowest order piecewise bilinear elements), optimal
L? error estimates are derived for both P! and Qf FEs (notice that we cannot simply use
the Aubin-Nitche duality argument but need to study linear indefinite elliptic problems with
numerical quadrature arising from the linearization of (1)), improved convergence rates for the
so-called modeling or resonance error ry;op are obtained (in Theorem 3.7 we show the estimate
rvop < C(6+¢€/0), whereas ryrop < C(0+ \/5/75) was obtained in [24, Thm. 5.5] 2), the Newton
method used in practice to compute a solution of the nonlinear discretized problem is shown to
converge providing hence a uniqueness result for our numerical scheme. Finally all our results

"'We recall that this method couples a macroscopic solver based on FEM with numerical quadrature, with
microscopic solvers based on FEM defined on sampling domains that recover locally the missing macroscopic
input data.

2Here ¢ is the size of the period and § the length, in each spatial direction, of the sampling domains.



are derived for a fully discrete FE-HMM scheme, where the errors at both the microscopic and
the macroscopic grid are taken into account. The fully discrete error bounds are also optimal in
the microscopic convergence rates. Our uniqueness result is also established in this fully discrete
setting and it requires a new estimate of the micro error for a modified micro problem (based
on the derivative of the effective tensor). Thus, the convergence of the Newton method for
sufficiently fine macro and micro meshes is also guaranteed in the fully discrete setting.

Our paper is organized as follows. In Sect.2 we introduce the homogenization problem for
nonlinear nonmonotone problems and we describe the multiscale method. In Sect.3 we state
our main results. The analysis of the numerical method is given in Sect.4. In Sect.5 we first
discuss an efficient implementation of the linearization scheme used for solving the nonlinear
macroscopic equation and present various numerical experiments which confirm the sharpness
of our a priori error bounds and illustrate the versatility of our method.

2 Homogenization and multiscale method

Let © be a bounded convex polyhedral subset of R%, where d < 3. We consider the quasilinear
elliptic problems (1), where for simplicity we take homogeneous Dirichlet boundary conditions,
ie., us(x) = 0 on 0. Associated to € > 0, a sequence of positive real numbers going to
zero, we consider a sequence of tensors a(-,s) = (a5,,(+,8))1<m.n<d assumed to be continuous,
bounded on  x R, uniformly elliptic, and uniformly Lipschitz continuous with respect to s, with
constants independent of the parameter e. We further assume that f € H~1(Q2). Under the
above assumptions, for all fixed ¢ > 0, the weak form of (1) has a unique solution u. € Hg ()
(see for example [18, Theorem 11.6]),which satisfies the bound ||uc||g1(q) < C|| f||z-1(q)- Thus,
standard compactness arguments implies the existence of a subsequence of {u.} converging
weakly in H'(€2). The aim of homogenization theory is to provide a limiting equation for uy.
The following result is shown in [13, Theorem 3.6] (see also [28]): there exists a subsequence of
{a®(+, s)} (again indexed by ¢) such that the corresponding sequence of solutions {u.} converges
weakly to ug in H'(2), where ug is the solution of the so-called homogenized problem

—V - (a®(z, uo(x))Vug(z)) = f(z) in Q, up(x) =0 on 09, (2)

and where the tensor a’(z, s) is called the homogenized tensor. It can be shown [13, Prop. 3.5]
that the homogenized tensor is Lipschitz continuous with respect to s, uniformly elliptic, and
bounded. Precisely, there exists Ay > 0 such that

\a?nn(x, s1) — a?nn(m,sQN < Aqlsy — s2|, Vx,Vs1,s2 € R,Vm,n=1,...,d, (3)
and there exist A, Ag > 0 such that
MNP < a®(z,5)6- €, [|a®(z, 9)€]l < Aoliéll, VE € R, Vs € R, Ve € Q. (4)

Under these assumptions, the homogenized problem (2) has also a unique solution ug € H}(€2).
We further assume for the analysis that the coefficients of the homogenized tensor are con-
tinuous,

ad cC'QxR), Vmn=1,...,4d. (5)

Let us further mention the following characterization of the homogenized tensor, instrumental to
derive the homogenization result. Let {a°(+,s)} be the subsequence of tensor considered above,
then for all fixed real parameters s, the tensor x — a%(-,s) is the homogenized tensor for the

linear problem
-V - (a®(z,s)Vve(z)) = f(z) in Q, wve(z)=0 on . (6)



If the homogenized tensor a’(x, s) is locally periodic, e.g., a®(z, s) = a(z, r /s, s) where a(x,y, s)
is Y periodic with respect to y, then weak convergence of u® to the solution of (2) holds for the
whole sequence. The homogenized tensor can be characterized in the following way [9]:

a(x,s) = /Ya(x,y, s)(I + JQx7y,5))dy, for x € Q,s € R, (7)
where J, (, ) i @ d X d matrix with entries JX(%y’s)ij = (0x")/(0y;) and x*(z,-,8),i=1,...,d
are the unique solutions of the cell problems

/a(w,yvs)Vyxi(%y’s)-Vw(y)dyZ—/ a(z,y, s)e; - Vw(y)dy, Ywe Wy, (Y), (8)
Y Y

where e;, i = 1,...,d is the canonical basis of R,

2.1 Multiscale method

We define here the homogenization method based on the framework of the HMM [23]. The
numerical method is based on a macroscopic FEM defined on QF and linear microscopic FEMs
recovering the missing macroscopic tensor at the macroscopic quadrature points.

2.1.1 Macro finite element space.

Let Ty be a triangulation of £ in simplicial or quadrilateral elements K of diameter Hyx and
denote H = maxpeT;, Hr. We assume that the family of triangulations {7} is conformal and
shape regular. For each partition 7z, we define a FE space

S, Tar) = {v € H{(Q); v | € RYK), VK € T}, (9)

where RY(K) is the space P!(K) of polynomials on K of total degree at most ¢ if K is a simplicial
FE, or the space Q‘(K) of polynomials on K of degree at most ¢ in each variables if K is a
quadrilateral FE. We call Ty the macro partition, K € Ty being a macro element, and Sg(Q, Tw)
is called the macro FE space. By macro partition, we mean that H is allowed to be much larger
than € and, in particular, H < ¢ is not required for convergence.

2.1.2 Quadrature formula.

For each element K of the of the macro partition we consider a C!-diffeomorphism Fj such that
K=F K(f( ), where K is the reference element (of simplicial or quadrilateral type). For a given
quadrature formula {z;, cbj}‘j]:l on K , the quadrature weights and integration points on K € Ty
are then given by wy, = w;|det(0Fk)|, vk, = Fx(#;), j =1,...,J. We make the following
assumptions on the quadrature formulas, which are standard assumptions also for linear elliptic
problems [19, Sect. 29]:

QL) @; >0, j=1,.....0, Y7 &V, > Xuvpuiz(m, Vp(2) € RYK), where A > 0;

(Q2) [ pla)de =Y, @;p(d;), Vp(&) € R7(K), where o = max(2( — 2, ) if K is a simplicial
FE, or 0 = max(2( — 1,/ + 1) if K is a quadrilateral FE.



2.1.3 Micro finite elements method.

For each macro element K € Ty and each integration point zx, € K, j = 1,...,J, we define
the sampling domains K5, = xx, + 01, I = (-1/2, 1/2)4 (§ > ). We consider a conformal and
shape regular (micro) partition 7, of each sampling domain K, in simplicial or quadrilateral
elements @) of diameter hg and denote h = maxgeT;, hg. Usually, the size of § scales with e,
which implies that the complexity of the FEM presented below remains unchanged as ¢ — 0.
We then define a micro FE space

SU(Ks,, ) = {" € W(Ky,); 2"|q. € RUQ), Q € Th}, (10)

where W (K5, ) is either the Sobolev space

W(Ks,) = Wy (Ks) = {2 € Hy (K5); [ 2do=0) (1)
Ks,
for a periodic coupling or
W (Ks;) = Ho(Ks,) (12)

for a coupling through Dirichlet boundary conditions. Here H! (Ks;) is defined as the closure

EeT
in H' of C;2.(K5,) (the subset of smooth periodic function onpK(;]). The choice of the Sobolev
space W (Ks;) sets the coupling condition between macro and micro solvers. The micro FEM
problems on each micro domain Ky, is defined as follows. Let wh € S§(Q, Ty) and consider its
linearization

H H H
wil, (@) = v (@) + (2 — ax)) - Vo'l (v, (13)
at the integration point k. For all real parameters s, we define a micro FE function w?(j such
that (w?(]s - wﬁln?j) € SU(Ks,, Tn) and

/ af(z, )Vl (z) - V2" (x)de =0 V2 e SU(Ks;, Tn)- (14)
K J

2.1.4 Finite element heterogeneous multiscale method (FE-HMM).

We have now all the ingredients to define our multiscale method. Find ul € S§(Q,T) such
that
By (u; ufl wh) = Fyy(w!), vwf € S§Q, Tr), (15)

where

J
T —

(z,u (zg ))Vv?(u (orey)

houH (zg )
(x) - Vwy, "(z)dz,

Ks;
(16)
and the linear form Fy on S§(Q, Ty) is an approx1mat10n of F(w) = [ f( x)dx, obtained

h
for example by using quadrature formulas. Here, w Ku "my) denotes the solution of the micro

h,
ij) (and similarly for vKu (-Z’K )

for Fy a QF satisfying (Q2), for f € W5P(Q) with £ > d/p and 1 < p < oo, we have? [20,
Thm. 4]

problem (14) with parameter s = u!!( ’"). Provided that we use

[Py (w') = F(w')] < CH [w™ || g1 (), Y™ € S5(2, Tar). (17)

3Notice that the assumption (Q1) is not needed for the quadrature formula in Fr.



If in addition f € W*1P(Q), then [20, Thm. 5]

1/2
Fa(w™) ~ P < CH (S 0 o) vl € ST, (8)
KeTy

The above constants C' depend on || f|lyer(q) and || f|lyyet1.p(q) respectively, but they are inde-
pendent of H.

If we assume a locally periodic tensor, i.e. a®(z,s) = a(x,z/e, s), Y-periodic with respect to
the second variable y € Y = (0,1)?, we shall consider the slightly modified bilinear form

~ huf houf (zg
By (u; 0™, w™) Z Z Kj,z,uH( ))VvKu o )(:r)-Vqu,i (mK’)(x)d:c,
ety =1 s, | Ks, c ’
j=
(19)
hout! (2
where w. is the solution of the micro problem (14) with tensor a(rg,,v/e,u (I'KJ))
hout (zx )

(and similarly for v K, "), where compared to (16), the tensor a(z,y, s) is collocated in the
slow variable z at the quadrature point xy;.

We shall discuss now the existence of a solution of (15). We first recall here a result for the
analysis of the FE-HMM, shown in [1], [24] in the context of linear problems (see [3, Sect. 3.3.1]
for details). The proof is similar in the nonlinear case and is thus omitted.

Lemma 2.1 Assume that (Q1) holds and that the tensor a° satisfies (3),(4),(5). Then the
bilinear form By (z%;-)-), 2H € S§(Q, Ty) is uniformly elliptic and bounded. Precisely, there
exist two constants again denoted X\, Ag > 0 such that

M1 ) < Bu (50" o), [Ba (0™, w)] < Aollv" || oy lw™ [l 10 (20)

for all 28 o wh ¢ SZ(Q Tr). Analogous formulas also hold for the modified bilinear form
By (zH;.,) deﬁned in (19).

Notice at this stage that in Lemma 2.1 no structure assumption (as for example local periodicity)
is required for the tensor a®.

Since the micro problems (14) are linear with a uniformly bounded and coercive tensor (4),
their solutions wﬁj € SU(Ks;,Tn) are always uniquely defined, in particular there is no restriction

on the mesh size h. The macro solution v of the FE-HMM is a solution of the nonlinear system
(15) and the existence of a solution uff of (15) follows from a classical fixed point argument.

Theorem 2.2 Assume that the bilinear form By (z1;-)-), 211 € S{(Q, Tw), defined in (16) is
uniformly elliptic and bounded (20), that it depends continuously on 2z, and that f € W“’(Q)
with ¢p > d. Then, for all H,h > 0, the nonlinear problem (15) possesses at least one solution
ufl € S§(Q, Tw). In addition, ||uH||H1 < C||fllwerq) where C is independent of H.

The proof of Theorem 2.2 follows standard arguments ([21], see also [15]). It relies on the
Brouwer fixed point theorem applied to the nonlinear map Sy : Sg(Q, Ta) — Sg(Q, Trr) defined
by

By (2" Syt wf) = Fy(wf), vl € S§(Q, Tu). (21)

H

In contrast, the proof of the uniqueness of a solution u'* is non trivial (see Theorem 3.3).



2.2 Reformulation of the FE-HMM

s

A straightforward computation shows that for all scalars s, the solution w?(’j of the linear cell

problem (14) is given by

wH
Wi (z) = wil, ;(2) + Zw’” “"’J, for z € Ks,, (22)
where w%h ® 4i=1,...,d are the solutions of the following auxiliary problems. Let e;, i =1...d

denote. the canonical basis of R%. For each scalar s and for each e; we consider the problem:
find %’(};’S € SY(Ks,, Tp) such that

/ a(x, S)VdJ?(};’S(x) VM (x)dr = —/ af(z, s)e; - V2I'"(x)dz, V2" € SUKs,, Th), (23)
Ks, Ks,
where S9(Ks,, Tp) is defined in (10) with either periodic or Dirichlet boundary conditions.

We also consider for the analysis the following problems (24), (25), which are analogue to
(14),(23), but without FEM discretization (i.e. with test functions in the space W (Kj;) defined
n (11) or (12)): find wi such that (wi — wﬁn,j) € W(Ks;) and

/K a*(z,s)Vwg () - Vz(z)de =0 Vz € W(Ky;). (24)

Similarly to (22), it can be checked that the unique solution of problem (24) is given by (22)
replacing w;(h *

of the following problem: find w}é € W(Ks,) such that

(x) with @D}{‘j (x), where for each scalar s and for each e;, 1@5 are the solutions

/ a®(x, S)Vlj}j;’(i (x) - Vz(z)dr = —/ a(z,s)e; - Vz(z)dr, Vz € W(Ks,). (25)
Ks. Ks.

Consider for all scalars s the two tensors

1
a (s) = —— a (I—i— JEL, >d:c, 26
Kj( ) ‘Kﬁj’ K5j ( ) wK (2) ( )
1
a% (s) = — a®(x, s (I+ JEL, > dr, 27
K]( ) |K5j’ K(gj ( ) ij (z) ( )

where Jw%j(x) and J%l{s( , are d x d matrices with entries (Jwﬁ(j(x))i@ = (Gw?{i)/(ax@) and

(th,s(x))ig (81#1 e S)/(@zg), respectively. The Lemma 2.3 below has been proved in [6],[2] in
Kj

the context of linear elliptic problems and is a consequence of (22) (for w?(j () and Wi, (x)). Tt
permits to interpret (15)-(16) as a standard FEM applied with a modified tensor.

Lemma 2.3 Assume that the tensors a°, o satisfy (4),(5). For all v¥ wf € S{(Q, Ty), all
sampling domains Ks, centered at a quadrature node rx, of a macro element K € Ty and all
scalar s, the following identities hold:

1

— a’(z, S)VU?(S VwKSda: = dk (s)Vol(zg,)  Vu (zk;),
|K(5j| K‘Sj !

1
— a®(x,s)Vug. - Vwg doe = E(I)(,(S)VUH(CL‘KJ.) : VwH(xK].),
%ol Jre, Vs )



where v%’:, v, are the solutions of (14), (24), respectively, and the tensors a%j(s), 69(], (s) are
defined in (26), (27). Analogous formulas also hold for the terms in the right-hand side of (19),
with a®(x, s) replaced by a(rk,,x /e, s) in the above two identities and in (24),(25),(14),(23),(26).

3 Main results

We summarize here the main results of this paper. Given a solution u? of (15) the aim is to
estimates the errors [|ug — u® || g1 (q) and |lug — u™]|12(q), Where ug is the unique solution of the
homogenized problem (2) and to prove the uniqueness of a numerical solution u’. We shall
consider for a” the homogenized tensor in (2) and a(}{j defined in (26) the quantity

THMM = sup Hao(ij,s) - a?(j(s)HFa (28)
KeTH,ijeK,seR

where ||a||r = (3, ,, |[amn|?)'/? denotes the Frobenius norm of a d x d matrix a.

In what follows we shall assume that the family of triangulations {7z} satisfies the inverse
assumption H/Hg < C for all K € Ty and all Ty. Notice that such an inverse assumption
is often assumed for the analysis of FEM for non-linear problems [33, 27, 35, 24, 16]. In our
analysis it is used only in the proof of an L? estimate (see Lemma 4.2) and for the uniqueness
of the numerical solution (Sect. 4.3).

The first results give optimal H' and L? error estimates, as functions of the macro mesh
size H, for the FE-HMM without specific structure assumption on the nature of the small scales
(e.g. as periodicity or stationarity for random problems).

Theorem 3.1 Consider uy the solution of problem (2). Let £ > 1. Let 4 =0 or 1. Assume
(Q]-); (Q2)7 (17>, and

up € HHH(Q) nwh>e(Q),  db, e WHHRQxR), Vm,n=1...d.

In addition to (3),(4),(5), assume that 8,a%,, € WH*°(Q xR), and that the coefficients al),,,(z, s)
are twice differentiable with respect to s, with the first and second order derivatives continuous
and bounded on Q x R, for allm,n=1...d.

Then, there exist rg > 0 and Hy > 0 such that, provided

H<Hy and rgyum <r0, (29)
any solution uf of (15) satisfies

HUO_UHHHl(Q) < C(HZ_FTHMM) if p=0,1, (30)
luo — UH”LQ(Q) < CH"Y +ryya) if p=1 and (18) holds. (31)

Here, the constants C' are independent of H, h, rraras-

The proof of Theorem 3.1 is postponed to Sect. 4.1. In contrast to previous results [24, Thm 5.4],
Theorem 3.1 is also valid for d = 3 and arbitrary high order simplicial and quadrilateral macro
FEs. We emphasize that the constants Hy and ry in Theorem 3.1 are independent of H, h, ¢,
6. Thus, the framework used to derive Theorem 3.1 allows to re-use results obtained for linear
problems to derive a fully discrete error analysis, where the micro FE discretization errors are
also taken into account.



Remark 3.2 Except for the WH™ assumption on u® and the smoothness* of s — a®(x,s)
assumed to treat the non-linearity (as in [21] for one-scale nonmonotone standard FEM), the
smoothness assumptions of Theorem 3.1 on the homogenized problem are identical to those
classically assumed for one-scale linear FEM [20],[19, Sect.29]. Notice that the H' estimate
(30) and the uniqueness of u™ can be proved straightforwardly provided (29) (without assuming
Woe regularity of u® and quasi-uniform meshes) if CX™ Ay ||u®|| g2y < 1 (see [7, Theorem 4]).

For the uniqueness result, we shall consider the quantity

d

e (ao(ij, s) — a(}(j (s)) (32)

/ Pyp—
THMM = sup
KETH,IKJ. eK,seR

F
For 77,71, to be well defined and for the subsequent analysis, we need the assumption

s € R af(-,8) € (WHe(0))9* is of class C? and |0Fa®(-, $)lwieo(qy < Ce' k<2, (33)
where C' is independent of s and e.

Theorem 3.3 Assume that the hypotheses of Theorem 3.1 and (33) hold. Then, there exist
positive constants Hy,ry such that if

H < Hy and H71/2THMM + P < 7o (34)
the solution u of (15) is unique.

If the oscillating coefficients are smooth and locally periodic coefficients (see (H1) and (H2)
below), then the assumptions for the uniqueness result can be stated solely in terms of the size
of the macro and micro meshes.

Corollary 3.4 In addition to the hypotheses of Theorem 3.3, assume (H1) and (H2) as defined
below. Assume W(Ks,) = W) (Ks,) (periodic coupling conditions), §/e € N* and that (19) is

per
used for the solution ufl of (15). Then, there exists positive constants Hy,ro such that if

H<Hy and H Y%(h/e)® <rg (35)
the solution u™ of (15) is unique.

Remark 3.5 Inspecting the proofs of Theorem 3.3 and Corollary 3.4 (postponed to Sect. 4.3)
shows that in dimension d = 2, the quantity H=/? in (34),(35) can be replaced by (1+|log H|)'/2.
In Corollary 3.4, if we use the form (16) for the solution ul of (15), to obtain the uniqueness
of u!, we need to assume in addition that § is small enough (¢ < 6 < CHl/Q). Notice also that
(35) is automatically satisfied if (h/e)*? < CH < Hy with Hy small enough.

We next describe our fully discrete a priori error estimates. For that, let us split 7z, into

rHMM < sup la® (2K, 8) — @, ()| + sup |a, (s) — ak, ()|, (36)
KeTH,ij €K,seR KeTH,ij €K, ,seR

T™MOD TMIC

where d?{j is the tensor defined in (27). Here ry;c stands for the micro error (error due

to the micro FEM) and ryop for the modeling or resonance error. The first result gives

“Notice that in the locally periodic case (see assumption (H2) below), the C? regularity of s — a’(x,s) can
be shown using assumption (33) with the ideas of Lemma 6.1.



explicit convergence rates in terms of the micro discretization. Some additional regularity and
growth condition of the small scale tensor a is needed in order to have appropriate regularity
of the cell function w;’(“; defined in (25) and involved in the definition of c_z?{j. We note that if

aj;lk € Whe(K) VK € Ty and |ag;|weo (i) < Ce™1, for all parameters s with C' independent of

£, 5, then classical H? regularity results ([32, Chap. 2.6]) imply that |@Z)}<Tj |2 (ks ) < Ce™1,/ | K, |
J

when Dirichlet boundary conditions (12) are used. If aj; is locally periodic, we can also use

periodic boundary conditions (11) and analogous bounds for Iy Kk, in terms of € can be obtained,
provided that we collocate the slow variables in each samphng domain. In that case, higher
regularity for %’ K, can be shown, provided a®(-, s) is smooth enough (see e.g., [12, Chap. 3]). As

it is more convenient to state the regularity conditions directly for the function w?{i, we assume

(H1) Given ¢q € N, the cell functions szs] defined in (25) satisfy |¢%{‘j|Hq+1(K§') < Ce 4, /|Ks, |
J

with C' independent of ¢, the quadrature point zk;, the domain Kj,, and the parameter s for

all i = 1...d. We make the same assumption with the tensor a° replaced by (a%) in (25).

Theorem 3.6 Under the assumptions of Theorem 3.1 and (H1), it holds (for p =0 or1)
h\ 24
lug — u|| fra-uio) < C(H* + (g) + rM0D),

where for p = 1 we also assume (18) and we use the notation H°(Q) = L?(Y). Here, C is
independent of H, h,e,4.

To estimate further the modeling error ry;op defined in (36), we need more structure assump-
tions on a®. Here we assume local periodicity as encoded in the following assumption.

(H2) for all m,n = 1,...,d, we assume a,,(z,s) = amn(z,x/c,s), where apm,(x,y,s) is y-
periodic in Y, and the map (x,s) +— amn(z,-,s) is Lipschitz continuous and bounded from
Q x R into Wy (V).

Theorem 3.7 Under the assumptions of Theorem 3.1, (H1) and (H2), it holds (for u =10 or1)

C(H" ™ + (L)% + ), if W(Ks;) = W, (Ks,) and ¢ € N*,

per

ifW(Ks,) = Wk, (K;,) and & € N*,

per

with collocated tensor (see (19)),
CH™H+ (22 +0+5), if W(Ks,) = Hy(Ks,) (0> ¢),

luo — w | r-niy < § CHH + (2)%), (37)

where for =1 we also assume (18). The constants C' are independent of H, h,e,0.

For non periodic problems, we note that the modeling error has been studied in for linear elliptic
problems with random coefficients in [24, Appendix A]. Related work can be found in [36, 14, 29].

Remark 3.8 While the convergence u. — ug (up to a subsequence) is strong in L*(Q), it is only
weak in H'(Q) and the quantity |u. — uo|| 1 () does not converge to zero in general as e — 0.
One needs therefore to introduce a corrector [11],[30] to recover the oscillating solution ue. In
[13, Sect. 3.4.2], it is shown that any corrector for the linear problem (1) where the tensor is
evaluated at ug instead of u®, is also a corrector for the solution ue of the nonlinear problem (1).
In our situation, we have Vr. — 0 strongly in (L}, .(2))? where ro(x) :== us(z) —uo(z) — u1(2).
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4 Proof of the main results

We first show the a priori convergence rates at the level of the macro error (Sect.4.1) before
estimating the micro and modeling errors (Sect.4.2). These estimates are useful to prove the
uniqueness of the solution (Sect.4.3).

4.1 Explicit convergence rates for the macro error

In this section, we give the proof of Theorem 3.1. Consider for 27 v wH € S§(Q, Ty),

A (20 wh) Z ZWKJ ij,zH(ij))VvH(ij)-VwH(:UKj), (38)

KeTy j=1
where a’(z, 5) is the tensor defined in (2) and let @{! be a solution of
Ag @l all, wfy = Fgw™),  vo' € S5(Q, Tw). (39)

The problem (39) is a standard FEM with numerical quadrature for the problem (2). Conver-
gence rates for this nonlinear problem are not trivial to derive and have recently been obtained
in [7]. For the proof of Theorem 3.1, we first need to generalize several results of [7]. For that,
consider

OnH) sy VAHGT ) — Fau)

. V2 e SEQ, Tw). 40
e o i T

We observe that Qg (uf’) = 0. The three lemmas below have been obtained in [7] for the
special case 27 = ull. Allowing for an arbitrary function 2% € S§(2, Tx) leads to introducing
the additional term Qg (z). The proofs of these more general results remain, however, nearly
identical to [7] (following the lines of Lemma 4, Lemma 6 and Theorem 3 in [7], respectively)
and are therefore omitted.

Lemma 4.1 If the hypotheses of Theorem 3.1 are satisfied, then
luo = 2|l iy < COH" + Qu(=") + [luo — 2| 2(0), (41)
for all 21 € S§(Q, Ty), where C is independent of H and 2

Lemma 4.2 Assume the hypotheses of Theorem 3.1 are satisfied with =0 or 1. Then, for all
H e SS(Q,TH),

luo — 27|l 2y < COHE 4+ Qi (=) + g — 27 |2, (42)
where C' is independent of H and z"

Lemma 4.3 Under the assumptions of Theorem 8.1, consider a sequence {2} bounded in
HY(Q) as H — 0 and satisfying Qu (2*) — 0 for H — 0. Then, ||UO_ZH||L2(Q) — 0 for H — 0.

We next notice that QH(ZH) can be bounded in terms of 7 defined in (28).

Lemma 4.4 Assume that the tensors a°, a° satisfy (4),(5). Then

B H H H F wH
Qu(=") < Crnnl M gy + sup  DHELEwT) = Fu(wT)
wH eSE(Q,Tw) [Jw ||H1

, (43)

for all 21 € S§(Q, Ty), where the constant C'is independent of H, h, .

11



Proof. The proof is a consequence of the inequality
A (", 2w = Fu ()] < [(Ag — Bu) (75 21 w™)| 4+ |Bu (27, 2%, ) — Fr(w™)].

Using Lemma 2.3 and the Cauchy-Schwarz inequality, the first term is the above right-hand
side can be bounded by

(A —Bu)(z"; 2" 0| <C sup la® (k. 8)) —afe, (D Fllz" ey ™ || e ) (44)
KETH,.’EK]. cKseR

H

where we used the estimate >y 7. Ejzl wiejlvH (zk,)|1? < CHUHH%Q(Q), with v = 2 and

vl = wH | which holds for all piecewise continuous polynomials with respect to the partition
Tr, with C independent of H (but depending on the maximum degree of v). This concludes

the proof. 0O
Corollary 4.5 Consider u’ a solution of (15). Then Qu(u'?) < Cryarn, where Qg (u'l) is
defined in (40) and the constant C' is independent of H, h, .

Proof. Follows from Lemma 4.4 and Theorem 2.2. O

Proof of Theorem 3.1. We apply Lemmas 4.1, 4.2, 4.3 with 27 = uf/| the solution of (15).
Let g = 0. This yields, for all H small enough

[ — ol < CH"+ ramum + [u" = uollr20)), (45)
lu" = woll 2@ < CH'+rmam + HUH_UOH%ﬂ(Q))? (46)
HuH — uOHLQ(Q) — 0 for (H, THMM) — O, (47)

where we recall that Qg (uf?) < Cryaa. Substituting (46) into (45), we obtain an inequality
of the form [[uf — wugl| 1) < C(H® + rgar + |Ju — uoH%ﬂ(Q)), or equivalently

(1= Cllu" — uoll g ™ = woll gy < COH + raam).- (48)

Using (45) and (47), we have [[u" — ugl|g1q) — 0 if (H,rgarar) — 0. Thus, there exists Ho
and 7o such that if H < Hy and rga < 7o, then 1 — Cljuf? — uo| gy = v > 0 in (48),
independently of the choice of the particular solution uff. This concludes the proof of (30) for
H and 7y small enough. For ;=1 inequality (46) can be replaced by

™ — woll 2y < COH + ranans + [uf — uol3p q))-

This inequality together with the H' estimate (30) yields (31). O

4.2 Explicit convergence rates for the micro and modeling error

In this section we give the proof of Theorems 3.6 and 3.7. For that, we need to quantify rgaras
defined in (28) and involved in Theorem 3.1. In view of the decomposition (36) we shall further
estimate ry;rc and rp;op. We emphasize that the results in this section can be derived mutatis
mutandis from the results for linear elliptic problems (i.e. when the tensor a(z, s) is independent
of s).

The following estimate of the micro error ry;7c was first presented in [1] for linear elliptic
problems, generalized to high order in [3, Lemma 10],[2, Corollary 10] (see also [4]), and to
non-symmetric tensors in [22]. We provide here a short proof which will be further useful in the
proof of Lemma 4.12.

12



Lemma 4.6 Assume that the tensors a°, o satisfy (4),(5) and (H1). Then ryc < C(h/e)%,
where C' is independent of H, h, 9, ¢.

Proof. From Lemma 2.3 and (23),(25), we deduce

—1 n,s n,h,s M,

(e, (9) = e, (N = Ty [ a¥(ars) (V00 (a) — VO (@) - Vi ()
! ! ’K(S]' ’ Ks. J J /
J
where E?éj, i =1,...,d denote the solutions of (25) with a°(z, s) replaced by af(z,s)”. Using
(23), (25), the above identity remains valid with sz () replaced by E?ys(:n) — 2 for all 2 €
S Ks,, Tn). We take M = W;h’s (the solutions of (23) with a®(z, s) replaced by a®(z,s)’), and
we obtain

0 _1

(ak, () = ak;(5))mn o (z,5) (V5 = Ty} - (Vi = Vo e (49)

B ‘K5j| K(;j

Using the regularity assumption (H1) and standard FE results [19, Sect. 17], we have

Hovi(k5,) < C(h/€)14 /1K),

and analogous estimates for V@%S This combined with (49) and the Cauchy-Schwarz inequality
concludes the proof. O

n,s n,h,s n,s
|’V¢Kj - VT/JKJ» ”L2(K5j) < Chq’V¢Kj

We can further estimate the modeling error if we make the assumption of locally periodic tensors.

The following estimates on the modeling error rp;op were first presented in [24, 22] (for the
estimates ryyop < C(d +¢/0) and ryop < C9) and in [6] (for the estimates ryop = 0), in
the context of linear elliptic homogenization problems. Periodic and Dirichlet micro boundary
conditions are discussed.

Lemma 4.7 Assume (3),(4),(5), and (H2). Consider the homogenized tensor a®(z,s) and the
tensor d%j(s) defined in (27) with parameters x = zg, and s = u (zg,).

o IfW(Ks,) = Wl (Ks;) and 6/¢ € N* then ryop < C9.

per
If in addition, the tensor a®(x,s) is collocated at x = wy. (i.e. using (16)) then ryrop = 0.

o If W(Kj5,) = Hy(Ks,) (6 >¢€), then ryop < C(6 +¢€/6).

All above constants C' are independent of H, h, €, §.

Proof. All the estimates of Lemma 4.7 are already known in the context of linear problems [24,
6, 22]. Using the characterization (7), they hold mutatis mutandis for our nonlinear tensor. [

4.3 Uniqueness of the FE-HMM solution

The proof of the uniqueness of the FE-HMM solution of problem (15) relies on the convergence
of the Newton method used for the computation of a numerical solution. In fact, our results not
only show the uniqueness of a solution of (15) (under appropriate assumptions), but also that
the iterative method used in practice to compute an actual solution converges.

For given 2H v wi € S{(Q,Ty) we consider the Fréchet derivative OBy obtained by

differentiating the nonlinear quantity By (2, 2/, wf) with respect to 2!

OB (2% 0" wf) = By (M0 wh) + By (20" w™), (50)
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where using Lemma 2.3,

By ("o wfy = )" Z%d )smatt(a Wk, )V (wk,) - Vol (zg,).  (51)

KeTy j=1

The Newton method for approximating a solution ul of the nonlinear FE-HMM (15) by a
sequence {ufl} reads in weak form

OBH(uf;ukHH - ukH,wH) = FH(wH) — BH(ukH;ukH,wH), v e Sg(Q,TH). (52)

In order for B}, to be well defined, we need, in addition to (3),(4),(5), the assumption (33). We
also consider

Al (25 0wt Z ZwK] a® ij,s)‘S:ZH(JCK’)UH(a:Kj)VzH(a;Kj).VwH(ij). (53)
KETH] 1 J
and Ap as defined in (38). Then, by replacing in (52) By by Ay and 0By by 0Ay we obtain
the Newton method for solving (39) (standard FEM with numerical integration)
)

8AH(2,?;2,?+1 — zf,wH) = FH(wH) — AH(zf;zf,w = SS(Q,TH), (54)

where 0Ay (210wl .= A (210 wi) + A (2107 wH). We prove in Lemma 4.11 below
that the iteration (52) is well defined for all k£ and that the sequence of solutions of (52) converges
to u', the solution of (15), provided that the initial guess ul € S§(2, Tx) is close enough to
ufl. This allows to prove Theorem 3.3, i.e., the uniqueness of a solution ul of (15). The
following quantity will be useful op = sup,uege(o,7;) [0 || oo () /10" || 1 (). Ome can show
(provided quasi-uniform meshes) the standard estimates® o < C(1 + |log H|)'/? for d = 2 and
oy < CH™Y/2 for d = 3, where C' is independent of H. We shall also need the following result.

Lemma 4.8 Assume that the tensors a°, a° satisfy (4),(33). Then

‘AH(ZH;’UH,IUH) - BH(zH;vH,wH)‘

sup < Crymwm, (55)
H oH wH €SL(O,Th) [vH | g oy llw || g ()
AL (0T Y — Bl (Gl 1T
sup 4 ) il ) < Cryas (56)

# ot wiestry)  1ET el lmollw | g

where rgav and Ty, are defined in (28),(32), respectively and where the constant C' is
independent of H, h, 6.

Proof. The proof of (55) was given in (44). The proof of (56) is nearly identical. Indeed, using
Lemma 2.3, the quantity A% (210 wf) — Bl (2101 wh) is equal to

> 3

KGTH jil

(ao(xK].,s) - a%g,(s))) vH(acKj)VzH(ij) . VwH(:cKj).

s=zH(ax,)

We deduce the result using the Cauchy-Schwarz inequality (similarly to the proof of Lemma 4.4)
and the estimate ||vHVzHHL2(Q) < HUHHLs(Q)HVzHHLG(Q) < C||1)H||H1(Q)HzH||W1,6(Q). O

These two estimates follow from the inverse inequality [[v" |10 () < C’Hf’i/pHvHHLp(Q) and [[v7||Lp() <
Cp1/2||vH||H1(Q) with p = |log H| for d = 2, and ||vH||L6(Q) < C||UH||H1(Q) for d = 3.

14



Lemma 4.9 Let 7 > 0. Under the assumptions of Theorem 3.3, there exist Ho,v,rg > 0 such
that if H < Hy, and 21 € S§(Q, Ty) with

HzH||W1,e(Q) <, ozt — uol|gr) < v, and rpmm + v < To

where Ty, Py ore defined in (28) and (32), respectively, then for all linear forms G on
S§(Q, Tw), there exists one and only one solution v € S§(Q, Tu) of

OBy (2" v wf) = Gw), vwl € S§(Q, Tw).

Moreover, v satisfies

G(w?
Wl <C s o)
wHeS(Q,Tw) [|w HHl(Q)

where C' is a constant independent of H,h and 2.

Proof. Lemma 4.9 has been proved in [7, Lemma 7] for 0Ay instead of By and can be
reformulated in terms of the following inf — sup inequality: there exist Hp,r > 0 such that if
H < H,, ”ZHHWLG(Q) <7 and oy|]zH — ul g1(o) < v, then
inf sup 7 (= H,w ) > K >0, (57)
v ESH(QTr) wH eSE(Q, Tr) v HHl(Q)Hw ||H1(Q)

where K is a constant independent of H and 2. Using Lemma 4.8 and the inequality ||z ||yy1.6(q) <
7, it follows from (50) that for all 2 v# wH € S§(Q, Tw),

OBu(z" v w)y > 0Ar(" 0" w™) = (quaans + ) 107 g ) llw™ 1 a)
> (K = Clram + Pann) 107 @) lw™ | 0

where graam, @yprps are the left-hand sides of (55),(56), respectively. We deduce the inf-sup
inequality (57) for 0By with rgarar + mypay < 7o where 7 is chosen small enough so that
K — Crg > 0. This concludes the proof. O

In the next lemma we show that {u’} is bounded in W6(Q).

Lemma 4.10 Under the assumptions of Theorem 3.1 and if rgyyp < CH, there exists T > 0
such that HuH||W1,e(Q) < 7, where T is independent of H, h.

Proof. Using the quasi-uniform mesh assumption, we have the inverse estimate [[vp||y1.6() <
H Y vrllg ) for all vy € S§(Q, Tr) (see [19, Thm. 17.2]) which yields

[u lwre) < lluf! = Zruollws) + 1 Zauollwis@) < CHNH + rga) + |[uoll g2i) < 7,
where Zyy : C(Q) — S§(2, Ty) denotes the usual nodal interpolant [19, Sect. 12]. O

We can now prove that the Newton method (52) converges at the usual quadratic rate.

Lemma 4.11 Assume that the hypotheses of Theorem 8.3 hold. Let u™ be a solution of (15).
There exists Ho,ro,v > 0, such that if (34) holds and ull € S§(Q, Ty) satisfies

omllug’ — UHHHl(Q) <v, (58)

then the sequence {u’} of the Newton method (52) with initial value ufl is well defined and
lug',y — u ) < Comlluy! — uHH%p(Q), where C is a constant independent of H,h, k.

15



Proof. The proof of Lemma 4.11 follows closely the lines of the proof of [21, Theorem 2] (see [7,
Theorem 6] in the context of FEM with numerical quadrature), where we use the C? regularity
of the tensor a% (s) with respect to s, and the boundedness of 9*a%(s)/0s*, k < 2 which can be
shown from (33), using the idea of the proof of Lemma 6.1 (see Appendix). The main ingredient
of the proof is Lemma 4.9 which can be applied in the special case 27 = uf thanks to Lemma
4.10 and the estimate (using (30),(34) and oy < CH/?)

opllu” — v g < Con(H' + ravm) < ClogH + opro) < v
for all H small enough and 7y chosen small enough in (34). We omit the details. O

We can now prove the claimed uniqueness result.
Proof of Theorem 3.3. Let u', @’ be two solutions of (15). We consider the Newton
method {uf'} defined by (52) with the initial guess uf = @*. Using Theorem 3.1, we have
oul[a? —u|| o) < C(ogH' +ogrmy) and thus oul[t? —u|| 1 ) satisfies (58) for Ho,rq

small enough using (34). By Lemma 4.11, for v small enough, e; = [[ufl — UHHHI(Q) converges
to 0 for k — oo. Using (15), we have ufl = ull = a* for all k, which yields uff = 1. O

If we want further to characterize uniqueness in terms of the macro and micro meshes, we
need to estimate rg s, T’H A in terms of these quantities. This can be done for locally periodic
tensors. The quantity rrasas has been estimated in terms of h, e, in Section 4.2. Using similar
techniques, the quantity r;,,,, defined in (28) can be estimated as described in the following
lemma whose proof is postponed to the Appendix.

Lemma 4.12 Assume that the hypotheses of Corollary 3.4 hold, then 'y, < C(h/e)?.
If we use the form (16) instead of (19) for the solution u™ of (15), then vy 10y < C((h/€)?+6).

Proof of Corollary 3.4. Follows from Theorem 3.3, Lemmas 4.12, 4.6 and 4.7. ([

5 Numerical experiments

In this section, we first present an efficient numerical implementation of the Newton method
(52), whose theoretical convergence is shown in Lemma 4.11. We then illustrate numerically
that the theoretical a priori convergence rates derived in this paper are optimal.

Newton method To solve the non-linear problem (15) with the newton method, we consider
a sequence of {21} in S§(€, Ty) and express each function in the FE basis of S§($,Tx) as
zi = Zf\i’f“m UjipH. We further denote Uy, = (U},..., U,?/[’”“m)T. The Newton method (52)
translate in terms of matrices as

(B(zfl) + B' (1)) (Ugy1 — Uy) = —B({ ) Uy + F, (59)

where B(z{1), B'(z}!) are the stiffness matrices associated to the bilinear forms Bg(z;,"),
Bl (2., -) defined in (16) and (51), respectively. Here, F' is a vector associated the source term
(15), which also contains the boundary data.
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Figure 1: Convergence rates: ey2 error (dashed lines) and eg1 error (solid lines).

Stiffness matrices Following the implementation in [5] we consider for each element K € Ty

the FE basis functions {gb%z}?:’{l associated with this element and the local contribution By (z{T)
to the stiffness matrix (Bx(2f1))05_, = 37, (Bre;(2f))nk_, with
H\\nK WK]' e H hrzH(ij) hzzH(IKj)
(BKJ(Zk ))p,q:l = @ X a (JZ, 2k (a:Kj))VSOKj,p (x) ’ VSOKj,q (ac)dm, (60)
il JKs;

h,zH , h,2H , . . . .
where gon,p(IKJ)vSOKj,q(mKJ) are the solutions of (14) constrained by ¢§,p,¢gq7 linearized at

Tk, respectively.
Differentiating (60), we see that the stiffness matrix B’(U) in (59) associated to the non-
symmetric form B (2#;- ) defined in (51) is given by the sum of J products of ngx x ng

matrices B (211) = 23-7:1 <§s(BKJ(S))‘szH(ij)> (UK,k(qﬁgl (ij),...,qbgnK (xKJ))) where

the column vector Uk of size ny gives the components of z in the basis {¢f }I% of the
macro element K € Tgy. Here, the derivative with respect to s of the ng X ng matrix B KJ(S)
can be simply approximated by the finite difference

0 Bk (s eps) — Bk (s
(o) DAV Dol

where eps is the machine precision. Therefore, the cost of computing the stiffness matrices for
both B(z1) and B(2) is about twice the cost of computing the stiffness matrix B(z{!) alone.

Numerical illustration of theoretical convergence rates We shall now illustrate the
sharpness of the H' and L? error estimates of Sections 3 and 4. Rectangular macro Q' elements
(Gauss quadrature with J = 4 nodes (1/2 ++/3/6,1/2 ++/3/6)) will be used and §/s € N* (we
emphasize that similar result can be obtained with triangular P! macro elements).

We recall that for a tensor of the form a®(x, s) = a(x,x /e, s) where a(x,y, s) is periodic with
respect to the fast variable y and collocated in the slow variable = (see (19)) we have

lu" = woll ) < CCH + %), [l —wuoll2() < C(H? +7?), (61)
where h = h /¢ is the scaled micro mesh size.

We consider the non-linear problem (1) on the domain = (0,1)? with homogeneous
Dirichlet boundary conditions and the following anisotropic 2 x 2 diagonal oscillatory tensor
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at(x,s) = 3*1/2diag((2 + sin(2m21 /e))(1 + x1 sin(7s)), (2 + sin(2maa/e))(2 + arctan(s))). The ho-
mogenized tensor can be computed analytically and is given by the diagonal matrix a°(x,s) =
diag(1 + 21 sin(rs), 2+ arctan(s)). The source f(z) in (1) is adjusted analytically so that the
homogenized solution is ug(x) = 8sin(mx1)w2(1—x2), The H' and L? relative errors between the
exact homogenized solution ug and the FE-HMM solution u*, e;> = ||ug — UH||L2(Q)/||UOHL2(Q)’

et = ||V (up — UH)HLQ(Q)/HVUOHLQ(Q) can be estimated by quadrature with |uy — uHH%2(9) ~
Y KeTy Z}]:1 wi, [uf? (z;) — uo(ak,)|?, and similarly for ||V (up — UH)HLQ(Q). We consider
a sequence of uniform macro partitions 7y with meshsize H = 1/Nyaero and Niajaero =
4,6,8,...,256.

In Figure 1(a),(b) the H! an L? relative errors between the exact homogenized solution and
the FE-HMM solutions are shown for the above sequence of partitions using a simultaneous
refinement of H and h according to h ~ H (L% norm) and h ~ vH (H' norm). We observe the
expected (optimal) convergence rates (61) in agreement with Theorem 3.1.

We next show that the ratio between the macro and micro meshes is sharp. For that, we
refine the macromesh H while keeping fixed the micro mesh size (N = Micro = 4,8,16,32,64).
This is illustrated in Figure 1(c), where we plot the H' an L? relative errors as a function of
H = 1/Npfacro- It is observed that optimal macro convergence rates are obtained only if macro
and micro meshes are refined simultaneously.

6 Appendix

We provide in this appendix a proof of Lemma 4.12 which is a crucial ingredient for the proof
of Corollary 3.4 on the uniqueness of the numerical solution u!’ for small enough macro and
micro mesh sizes H, h. For that, we will often use the following inequality (62). Given a closed
subspace H of W(Kjy;), let ¢; € H, i = 1,2 be the solutions of

/ a;(x)Vipi(x) - Vz(z)dr = — fi(z) - Vz(x)dx, Vz € H,
Ks, Ks,

where a1, a2 € Lw(ng)dXd are elliptic and bounded tensors and fi, fo € L2(K5j)d. A short
computation shows

V1 = Vialiaey) <X sup () — ax(a)ll ol iz + 1 = Pl ), (62)
x 5].

where A is the minimum of the ellipticity constants of a;,as. We also need a regularity result
for the solutions of (23).

Lemma 6.1 Assume that a® is uniformly elliptic and satisfies (33) with k = 1. Consider the
solution @/}ZI’{‘Z of (23). Then, the map s — w;{j € H'(Ks,) is of class C' and satisfies

0 S 1,8 0 9,8 2,5
Sy =0, VU = VR, (63)
where for all z € W(Ks,),
/ a(x, S)V(Z)Z;(Sj (x) - Vz(z)dr = — Oua® (z, s)(V"L/}?{‘? (x) +€)-Vz(x)de.  (64)
Ks, Ks;,

An analogous statement holds also for the FEM discretization @ZJ;’(];’S defined in (25), where
%w%j’s — (ﬁ(};’s satisfies (63) and (64) with w?{‘j,gbi’(sj and z replaced by zp?{};’s,gt%;’s and 2" €
SU(Ks;,Tn) respectively.
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Proof. We consider twice the problem (25) with parameters s and s 4 As, respectively. We
deduce from (62) with H = W(Kj,), and the smoothness of s — a°(z,s) that [k SJrAS(x) —

1#}5 ($)||H1(K6j) — 0 for As — 0. Consider now the identity

/ a®(x,s)V (g betls @/}}{s) Vzdr = —/ (a°(z, s+ As) — a®(z, s))(V?/J%{TFAS +e;) - Vzdr
Ks.

Ks,
(65)
Dividing (65) by As, subtracting (64) and taking As — 0, we deduce from (62) that %wi’é_ (z)
exists and that (63),(64) hold. Using again the property (62), we obtain simﬂarly the continuity
of s — gbzl’(s] eH 1(K5]) This concludes the proof for 17’ K, The proof for ¢ o8 g nearly identical,
using the property (62) with H = S(Ks,, Tp) O

Proof of Lemma 4.12. We start with the first estimate. We set # = zf; in (7). A change of
variable y — xx, + x /¢ shows that

1

0
a’(zk.,s = —
( ( ! ))mn |K5j| Ks.
J

a(zk, /e, 5) (€n + VX" (2K, T/, 5)) - €m (66)
where X" (7x,x/¢, s) solves for all z € W(Ks,),
/ a(xg,z/e, s)VX" (xk,x/e,s) - Vz(x)dr = —/ a(zi,x/e, s)e, - Vz(x)de, (67)
Ks. Ks .

As the tensor af is (locally) periodic and ¢/ € N*, if we collocate a® in (27) and in (7) at
T = xg,, we obtain a®(zg;, s) = a%j (s) and w?(j(x) =ex"(vK;, /€, 5).

We consider the elliptic system —V - (AVE) = V - F,, formed by the augmented problem
(25)-(64), where

4= (e oofe 0 o) B (ol e )

Oua(zp;, /e, s) alrk,,r/e,s) Oua(zr;,w/e, s)ey,
and = = (1/1}?;, qb?(j)T It follows form well known H? regularity results [12, Sect.3.4-3.6] that

gb}l{’]s,d}?{’j € H2(K5j) and ‘|¢1;€:|’H2(K5j) + ||w?<’;HH2(K6j) < Ce 1, /|Ks,|. From standard FEM

results [19, Sect. 17], we deduce that the corresponding FEM discretization (@ZJIT?;h’S, d);?;h’s) sat-
isfies '

1965 — Vol e, ) < ChlIGR gy ) < /) JIKs,

n,h,s . n,h,s

and similarly for ¢ K, in place of ¢ K, . Now, using Lemma 6.1 and differentiating the identity

(49) with respect to s, we deduce from the Cauchy-Schwarz inequality |d%(&?<_ (s)— a% (8))mn| <

C(h/e)?, where we used similar FEM estimates (as obtained for wﬁh 5 qﬁ?(yhs) for @7; 2 5,52 e
This concludes the proof of r%;,,,, < C(h/e)?. Consider now the case where the formulation
(16) is used. We notice that the Lipchitzness of the tensors a(z,y, s), dya(z,y, s) with respect
to r € Ks; yields for k = 0,1, SUDgek;s, seR |0ka(x, /e, s) — Oka(xk,, x/e,5)|p < C6. Using
the inequality (62) with H = S%(Kj,,Ty), this perturbation of the tensors a,dya induces a

perturbation of 1/1;;’?’5 and gb%f’s of size < Cd,/|Kj,|, which concludes the proof. O
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