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Weak Averaging of Semilinear Stochastic
Differential Equations with Almost Periodic
Coeflicients

Mikhail KAMENSKIT? Omar MELLAH'and Paul RAYNAUD DE FITTE?

January 2, 2017

Abstract

An averaging result is proved for stochastic evolution equations
with highly oscillating coefficients. This result applies in particular to
equations with almost periodic coefficients. The convergence to the
solution to the averaged equation is obtained in distribution, as in
previous works by Khasminskii and Vrkoc.

This version corrects two minor errors from our paper published in
J. Math. Anal. Appl. 427(1):336-364, 2015.

Keywords : averaging methods, stochastic evolution equations, almost
periodic solutions, Wasserstein distance

1 Introduction

Since the classical work of N.M. Krylov and N.N. Bogolyubov [17] devoted
to the analysis, by the method of averaging, of the problem of the depen-
dence on a small parameter € > 0 of almost periodic solutions to ordinary
differential equation containing terms of frequency of order %, several arti-
cles and books have appeared, which develop this method for different kinds
of differential equations. See the bibliography in the book of V.Sh. Burd [6],
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where a list of books related to this problem for deterministic differential
equations is presented. We note here that the authors of these papers are
greatly influenced by the books of N.N. Bogolyubov and A.Yu. Mitropolskii
[5] and M.A. Krasnosel’skii, V.Sh. Burd and Yu.S. Kolesov [15].

The method of averaging has been applied of course to stochastic dif-
ferential equations, but in general it was applied to the initial problem in
a finite interval, see for example [14]. Even in this case we can see a great
difference with the deterministic case. To ensure the strong convergence in
a space of stochastic processes, we must assume such convergence of the
stochastic term when € — 0, which virtually excludes the consideration of
high frequency oscillation of this term. R.Z. Khasminskii [14] has shown, in
a finite dimensional setting, that it is possible to overcome this problem if
one only looks for convergence in distribution to the solution to the averaged
equation. Later Ivo Vrkoé¢ [24] generalized this result in a Hilbert space set-
ting, for which the initial problem was at this time already well developed
(see for example the book of Da Prato and Zabczyck [10]).

During the last 20 years an intensive study of the problem of existence of
almost periodic solutions to stochastic differential equations was performed
by L. Arnold, C. Tudor, G. Da Prato (see in particular [9, 1]) and later by
P.H. Bezandry and T. Diagana [2, 3, 4]. For the first group, an almost peri-
odic solution means that the stochastic process generates an almost periodic
measure on the paths space. The second group claims the existence of square
mean almost periodic solutions, but square mean almost periodicity seems
to be a too strong property for solutions to SDEs, see counterexamples in
[18].

In this paper we propose the averaging principle for solutions to a fam-
ily of semilinear stochastic differential equations in Hilbert space which are
almost periodic in distribution. The second member of these equations con-
tains a high frequency term. Under the Bezandry-Diagana conditions, we
establish the convergence in distribution (actually, in Wasserstein distance)
of the solutions to these equations to the solution to the averaged equation
in the sense of Khasminskii-Vrko¢, with a weaker hypothesis than [24] on
the linear evolution semigroup.

The paper is organized as follows: The next section is devoted to the
notations and preliminaries. We then prove in Section 3 that the solutions
to the equations we consider are almost periodic in distribution, when their
coefficients are almost periodic. In section 4, we prove the fondamental
averaging result of this paper.

This version corrects two minor errors from the paper published in J.
Math. Anal. Appl. 427(1):336-364, 2015: on the one hand, the value of



the coeflicient 6 in Theorem 3.1 is slightly different, on the other hand the
argument given for the proof of the convergence of Iy and I4 in the second
step of the proof of Theorem 3.1 has been corrected.

2 Notations and Preliminaries

In the sequel, (Hy, ||.|[m,) and (Ha, ||.||m,) denote separable Hilbert spaces
and L(Hj,Hs) (or L(Hy) if H; = Hy) is the space of all bounded linear
operators from Hj to Hy, whose norm will be denoted by ||| 1., m,)- If A €
L(H;) then A* denotes its adjoint operator and if A is a nuclear operator,

|A|nr = sup {Z | < Ae;, fi > |,{ei},{fi} orthonormal bases of Hl}

is the nuclear norm of A.

2.1 Almost periodic functions

Let (E, d) be a separable metric space, we denote by Cy(E) the Banach space
of continuous and bounded functions f : E — R with || f ||co= sup,eg |f(z)|
and by P (E) the set of all probability measures onto o-Borel field of E. For
f € Cy(E) we define

17 = sup{EP L0 o)

1 M= max{|| f floos || £ [}

and we define

BL(E) = {f € Gy(E); || f [lsr.< o0}
For p,v € P (E) we define

i (11,) = wp‘éfﬂu—ﬂ(

IfllBL<1

which is a complete metric on P (E) and generates the narrow (or weak)
topology, i.e. the coarsest topology on P (E) such that the mappings u —
wu(f) are continuous for all bounded continuous f: E — R.

Let (Eq1,d;) and (Eg,d2) be separable and complete metric spaces. Let
f be a continuous mapping from R to Eg (resp. from R x E; to Ey). Let
K be a set of subsets of E;. The function f is said to be almost periodic



(respectively almost periodic uniformly with respect to x in elements of K)
if for every € > 0 (respectively for every ¢ > 0 and every subset K € K),
there exists a constant (e, K') > 0 such that any interval of length I(e, K)
contains at least a number 7 for which

ig}g da(f(t+7), f(t) <e

(respectively sup sup da(f(t + 7, ), f(t,z)) < €).
teR zeK
A characterization of almost periodicity is given in the following result,
due to Bochner:

Theorem 2.1 Let f : R — H; be continuous. Then the following state-
ments are equivalent

e f is almost periodic.

o The set of translated functions {f(t + .)}er is relatively compact in
C(R; Ey) with respect to the uniform norm.

e [ satisfies Bochner’s double sequence criterion, that is, for every pair
of sequences {c,,} C R and {8,} C R, there are subsequences (ay,) C
() and (B,) C (B),) respectively with same indexes such that, for
every t € R, the limits
(1) lim lim f(t + ay + 5m) and nlggo f(t + an + /Bn),

n—oo m—oo

exist and are equal.

Remark 2.2

(i) A striking property of Bochner’s double sequence criterion is that the
limits in (1) exist in any of the three modes of convergences: pointwise,
uniform on compact intervals and uniform on R (with respect to dp).
This criterion has thus the avantage that it allows to establish uniform
convergence by checking pointwise convergence.

(ii) The previous result holds for the metric spaces (P (E), dg,,)
and (P (C(R,E)), dgy,)



2.2 Almost periodic stochastic processes

Let (©2,F,P) be a probability space. Let X : R x 2 — Hy be a stochastic
process. We denote by law (X (¢)) the distribution of the random variable
X(t). Following Tudor’s terminology [22], we say that X has almost peri-
odic one-dimensional distributions if the mapping ¢ — law (X (¢)) from R to
(P (Hj) , dg.,) is almost periodic.

If X has continuous trajectories, we say that X is almost periodic in
distribution if the mapping ¢t — law(X (¢ +.)) from R to P (C(R;Hy)) is
almost periodic, where C'(R;Hy) is endowed with the uniform convergence
on compact intervals and P (C(R;Hy)) is endowed with the distance dg,.

Let L2(P,Hs) be the space of Hy-valued random variables with a finite
quadratic-mean. We say that a stochastic process X : R — L2(P,Hy) is
square-mean continuous if, for every s € R,

. . 2 _
lim B X (t) — X (s) 3, =0.

We denote by CUB (]R, L2(P, Hg)) the Banach space of square-mean contin-
uous and uniformly bounded stochastic processes, endowed with the norm

1X 13 = sup(E | X (t)[5,)-
teR

A square-mean continuous stochastic process X : R — L?(P,Hs) is said to
be square-mean almost periodic if, for each € > 0, there exists I(g) > 0 such
that any interval of length [(¢) contains at least a number 7 for which

supE | X (t+7) — X(t)H[QHI2 < e.
teR

The next theorem is interesting in itself, but we shall not use it in the
sequel.

Theorem 2.3 Let F : R x Hy — Hy be an almost periodic function uni-
formly with respect to x in compact subsets of Hy such that

1E(t z) e, < CL(1+ [lzllm,) and [[F(t 2) — F(t,y) |, < Collz — yllm,.
Then the function
F: R x L3(P,Hy) — L%(P,Hy)

(where F(t,Y)(w) = F(t,Y (w)) for every w € Q) is square-mean almost
periodic uniformly with respect to Y in compact subsets of L?(P,Hs).



Proof Let us prove that for each Y € L%(P,Hs,) the process Fy : R —
L2(P,Hs), t — F(t,Y) is almost periodic.
For every § > 0, there exists a compact subset S of Hs such that

P{Y ¢ S} <.

Let € > 0, then there exist § > 0 and a compact subset S of Hy such that
P{Y ¢ S} <¢ and

9
1+ [[Y|#,)dP < .
[ o T IVIR)IP < 2o

Since F' is almost periodic uniformly with respect to x in the compact subset
S, there exists a constant [(g,.5) > 0 such that any interval of length (¢, S)
contains at least a number 7 for which

sup [|[F(t +7,2) — F(t,z)|lm, < Ve for all z € S.
t \/5
We have

E(|F(t+7,Y) - F(t,Y)|f,) :/{y 5 IF(t+7,Y) = F(t,Y)|[f,dP
S

+/ |F(t+7,Y)— F(t,Y)|,dP
{v¢sy

<5200 [ (YIR)ap
2 {(vyesy

Therefore the process Fy is almost periodic. Since Fis Lipschitz, it is almost
periodic uniformly with respect to Y in compact subsets of L2(P,Hy) (see
[12, Theorem 2.10 page 25]). ]

Proposition 2.4 Let K be a set of subsets of Hy. Let F': R x Hy — Ho,
(t,z) — F(t,x), be almost periodic, uniformly with respect to x in elements
of K. There exists a continuous function Fy : Hy — Hy such that

1 K+t
2)  lim - F = F
@ Jmy [ Flr)ds= R
for every k € R, uniformly with respect to x in elements of K.
Furthermore, if F(t,z) is Lipschitz in © € Hy uniformly with respect to
t € R, the mapping Fy is Lipschitz too.



Proof Let K € K, and let X = HX be the Banach space of all mappings
from K to Hs, endowed with the supremum norm. For every t € R, set

F(t) = (F(t,2))ser, Fo = (Fo(z))sexk-

By [8, Theorem 6.11], we have, for the norm of X

1 K+t .
lim — F(s)ds = Fy,
t—=oo t [,
which proves (2). Alternatively, on may use the proof of [12, Theorem 3.1],
though the result is given in a finite dimensional setting and for a compact
set K.
The Lipschitz property of Fy is trivial. ]

Let Q@ € L(H;) be a linear operator. Then @ is a bijection from
range(Q) = Q(H,) to (ker Q). We denote by Q™! the pseudo-inverse of
Q@ (see [20, Appendix C] or [10, Appendix B.2]), that is, the inverse of the
mapping (ker Q)" — range(Q), = — Q(x). Note that range(Q) is a Hilbert

space for the scalar product (z,y),,0e(0) = (Q Yz),Q Y (y)).

Proposition 2.5 Let K be a set of subsets of Hy. Let G : R x Hy —
L(Hy,Hy), t — G(t,z), be almost periodic uniformly with respect to x in
elements of IC, and let Q € L(Hy) be a self-adjoint nonnegative operator. Let
Ho = range(QY/?), endowed with (@, Y)range(@1/2) = (Q2(z), Q712 (y)).
There exists a continuous function Gg : Hy — L(Hy, Ha) such that

1 K+t
(3)  lim |- / G(s,z)QG"(s,x)ds — Go(x)QGS(xHN: 0

t—oo' t

for all k € R, uniformly with respect to x in elements of IC,
where G*(s,z) = (G(s,x))* and Gj(x) = (Go(x))*.

Proof Observe first that Go(z)QG5(x) = (Go(z)QY?)(Go(x)QY?)*, thus
Go(x) does not need to be defined on the whole space Hjy, it is sufficient
that it be defined on Hy.

Since G is almost periodic, the function H(s,z) = G(s,z)QG*(s,x) is
almost periodic too, with positive self-adjoint nuclear values in L(Hs). Thus,
reasoning as in the proof of Proposition 2.4, there exists a mapping Hy :
Hy — L(Hz) such that, for every x € R,

1 K+t
lim — G(s,z)QG"(s,x)ds = Hp(x)

t—oo t J,



uniformly with respect to x in elements of K. By e.g. [12, Theorem 3.1], Hy
is continuous. Thus the mapping

2 [ Hy — L(Hy)
Ho" { v s (Holx)?

is continuous with positive self-adjoint values.
Let Go(x) = Hol/z(uv)Q*I/2 : Hy — Hy. We then have, for every x € Hy,

Hy(z) = Go(2)Q(Go(x))"

and G is continuous, which proves (3). ]

3 Solutions almost periodic in distribution

We consider the semilinear stochastic differential equation,
(4) dX; = AX(t)dt + F(t, X (t))dt + G(t, X (t))dW(t),t € R

Where A : Dom(A) C Hy — Hy is a densely defined closed (possibly un-
bounded) linear operator, F' : R x Hy — Hpy, and G : R x Hy — L(H;,Hy)
are continuous functions. In this section, we assume that:

(i) W (t) is an Hj-valued Wiener process with nuclear covariance operator
Q@ (we denote by tr@ the trace of @), defined on a stochastic basis
(Qa ]:7 (ft)t€R7 P)

(ii)) A : Dom(A) — Hy is the infinitesimal generator of a Cp-semigroup
(S(t))+>0 such that there exists a constant 6 > 0 with

1S L) < e %t >0.

(iii) There exists a constant K such that the mappings F' : R x Hy — Hpy
and G : R x Hy — L(H;,Hs) satisfy

1E(t )|, + |G o) Ly ) < KL+ [l

(iv) The functions F' and G are Lipschitz, more precisely there exists a
constant K such that

[1E(t x) = F(t,y)lls, + |G 2) = G y)l| e i) < Klle = yllu,

for all t € R and z,y € Ha.



(v) The mappings F' and G are almost periodic in ¢ € R uniformly with
respect to x in bounded subsets of H.

The assumptions in the following theorem are contained in those of Bezandry
and Diagana [2, 3]. The result is similar to [9, Theorem 4.3], with different
hypothesis and a different proof.

Theorem 3.1 Let the assumptions (i) - (v) be fulfiled and the constant

2K?
0 = 5 (% + UTQ> < 1. Then there exists a unique mild solution X to

(4) in CUB (]R, L2(P, Hg)) Furthermore, X has a.e. continuous trajectories,
and X (t) can be explicitly expressed as follows, for each t € R:

(5) X(t)= /_ S(t—s)F(s, X(s))ds + /_ S(t—s)G(s, X(s))dW (s).

4K

If furthermore 0/ = 5

<6 + tr Q) < 1, then X is almost periodic in
distribution.

To prove Theorem 3.1, we need several preliminary results. Let us first
recall the following result, which is given in a more general form in [9]:

Proposition 3.2 (/9, Proposition 3.1-(c)]) Let T € R. Let (£,)o<n<co be @
sequence of square integrable Hy-valued random variables. Let (Fy,)o<n<oco
and (Gp)o<n<oo be sequences of mappings from R x Hy to Hy and L(H;,Hs)
respectively, satisfying (iii) and (iv) (replacing F and G by F,, and G,, re-
spectively, and the constant K being independent of n). For each n, let X,
denote the solution to

Xp(t) =St —71)&,
/ S(t — ) Fu(s, Xn( ds—{—/ S(t — $)Gn (s, Xp(s))dW (s).
Assume that, for every (t,xz) € R x Hy,
nangO F,(t,x) = Fx(t,x), T}Lngo Gn(t,z) = Go(t, x),
i dy (law (€, W), Taw (6o, W) = 0,

(the last equality takes place in P (Hz x C(R,H;))). Then we have in C([7,T); Ha),
for any T > T,
lim dg, (law(X,,),law(X)) = 0.

n—o0



We need also a variant of Gronwall’s lemma, taylored for mild solutions.

Lemma 3.3 Let g : R — R be a continuous function such that, for every
t e R,

t
6—(51(t—5)g(8) ds+---+0p / 6_6"(t_8)9(5) ds,

—00

t
(6) 0 < 9(t) < a(®)+5 [

—0o0
for some locally integrable function o : R — R, and for some constants
Bis.--Pn > 0, and some constants 61,...,0, > (B, where B := > Bi.
We assume that the integrals in the right hand side of (6) are convergent.
Let § = miny<;<y 6;. Then, for every v €]0,d — 5] such that ffoo e als)ds
converges, we have, for everyt € R,

¢
(7) ot) <a)+5 [ e a(s)ds.
In particular, if o is constant, we have
0 (1) <oz
g(t) <« et

Proof Let 8, = 3;/8,i=1,...,n. We have

n t
: (6”2@4 | et ds)
i=1 —00
d [ < t
== Zﬂge”_‘si)t/ e‘sisg(s) ds
i=1 -

n t n
= (7= &;)er )] / itg(s)ds + Y e et Blg(t)
i=1 - i=1

—e <g(t) +> (=8B / e =) g(s) d5>
i=1 e
<ealt).

The last inequality holds because v — §; < —f8 and g > 0. Integrating on
| — 00, t], we get
t

n t
e'YtZBZ{/ e 0 t=5) () ds S/ ea(s)ds
i=1 -

—00

10



(because both terms go to 0 when ¢t — —o0), i.e.

t

n t
9) Z ﬁ;/ e 0% g(s) ds < e'yt/ e a(s)ds.
i=1 -

—00

Using (9) in (6) yields

t

o(t) < alt) + 6 [ et gsyas <a+se [ atats s
=1

t
—o —0o
Inequality (8) is a direct consequence of (7), with y =6 — 3. []

Lemma 3.3 will help us (among other things) state a result (Proposition
3.5) on estimation of the moments of solutions to (5), which will be useful in
the proof of Theorem 3.1 as well as in the proof of Theorem 4.2. To prove this
result, we need also one of the moment inequalities for stochastic integrals
due to Novikov [19]. These inequalities are proved in a finite dimensional
setting in [19], but their proofs extend easily in infinite dimension. For the
sake of completeness, we give the proof of the inequality we need (for p > 2),
in our setting.

Lemma 3.4 Letp > 2, and let Y be an L(Hy, Hs)-valued adapted stochastic
process. We have, for everyt >0,

(10) E ‘ "o C,E ( /0 b (Y ()QY*(s)) ds)p/2

/0 t Y (s) dW (s)

B 1 2+20_ /2
o= (ot 2

for any ¢ > (p — 1)2P/>=Y — 1. In particular, Cy = 1 (and in that case, (10)
is an equality).

with

Proof We denote
Z(t):/0 Y (s)dW (s), V(t):/o tr (Y(s)QY™(s)) ds.

Let us first assume that ||Y'(¢)|| < M a.e. for some constant M and for
every t > 0. Let a,c > 0. Let

X(t)=a+cVE)+ 20>

11



By It6’s formula (e.g. [10, Theorem 4.17]), we have
dX(t) = (1+¢)dV(t) +2(Z(t),Y(t)dW (1)) .

Denoting by [X] the quadratic variation of X, we have thus

d (X ())"? :§XP/2—1(t) dX (t) + %%’ <§ - 1) XP/22[X](1)

. [§<1 ) (axev®+12017)" v mey )

22 (arev ) +1z0P)" (20, Y(t)Q1/2>2] dt

+p(a+eve)+ \|Z(t)||2)p/2_1 (Z(1),Y (£)dW(t)).

By the bounde(liness hypothesis on Y, the process Z is a continuous martin-
gale and elZl-32V is a supermartingale (actually it is a martingale, see [21,
Theorem IV.37.8]). We thus have

E (eIIZ(t)H) —E <e§\/(t)> < ehtramt

thus the moments of any order of ||Z(t)|| are bounded. We deduce
2\ P/2
(1) E(a+ev o) +120)°)
t /2—1
:ap/2_|_g(1+c)E/ <a—|—cV(s)+ HZ(S)H?)” tr (Y (s)QY*(s)) ds
0

B [ (e 1z (260 b

In particular, for ¢ = 0,
p/2
E(a+)2()?)
2 D ¢ 9\P/2-1
<ar!/ +§E/ (ot 1Z@P)"" (v ()@Y (s)) ds
0

+Bo-2E [ (as126)1)" 120w ()0 (9) ds

which yields
(12)

E([Zz®1F) <

N3

p-0E [ (at126)F)" 0@ eey o) d

12



On the other hand, (11) implies
(13) 20/ (w/? B(V(0)" +E (a+ Hz<s>uz)”/2>
t _
> a2+ 201 —i—c)E/O (at HZ(s)H2>p/2 L (Y (5)QY* (s)) ds.

Substituting (12) in the right hand side of (13), we get that

(20)17/2
2

/2 1 /2
B(VO) 422 E (a+ |Z0)°)" > o2 + ZE (a4 120)7)"

Taking the limit when a goes to 0, we then get the result for the case when
Y is uniformly a.e. bounded.
In the general case, let us denote, for every integer N > 1,

IO
=1 v
Ny T IOI=A

By Ito’s isometry, X (¢) := fg YN (s)dW (s) converges in quadratic mean
to X(t), thus there exists a subsequence (still denoted by (X*V(t)) for sim-
plicity) which converges almost everywhere to X. On the other hand, if (ey)
is an orthonormal basis of Hy, we have also, for every s,

2
w (V) (9) = 3 [N (e S (V(5)QY*(5)) as N o,
k
Using Fatou’s and Beppo Levi’s lemmas, we thus obtain
P
E =E <lim 1 inf xN (t))

<liminf B (X™(t))

/0 t Y (s) dW (s)

<Cpliminf B ( /0 t tr (YN (s)Q(Y™)*(s)) ds)p/2
2

—C,E < /0 b (Y (s)QY*(s)) ds)p/ .

13



Proposition 3.5 With the notations of Theorem 3.1 and Lemma 3.4, as-
sume that the process X € CUB(R,L*(P,Hy)) satisfies (5). Then, for every

p>2,if

, 93p/2—1pp [ 9op/2-1
P op/2 op/2

+ Cp(tr Q)W) <1,

the family (Xy)er s bounded in LP by a constant which depends only on p,
K, and tr Q.
In particular, 05 = 0', where 0’ is the constant given in Theorem 3.1. If
0’ < 1, we have, for everyt € R,
0/
E(Ix0)?) < .
IxoI) < 2

Proof We have, using Lemma 3.4,

E (| X)) g2p—1EH/; S(t—s)F (s, X(s))ds ’

Lo lE H/; S(t - )G, X()) W (s)||

§2p_1E3<J(ioe_5“_5)HF(S,)(@ﬂ)H ds)p

t p/2
n 2p,10p (tr Q/ 6725(1578) E HG(S, X(S)) Hi(HhHZ)dS)

t
<o [ R X () ds

1 t
1 2 —26(t—s p

+ 210 (tr Q)P T /OO e 2B (G (s, X (5))]]7 g, 11,05
(applying Jensen’s inequality under the probabilities 8e9(=5) ds and 25e—20(t—5) ds)

t
< gk [ IR X))

1 t
FPIC QP K [ I B X ()] ds

J2-

t t
<or-1 <2p—15p—1_1KP / e70t=9) ds+2p/20p(trQ)p/2(w%Kp / e‘25(t—5)ds>

1 t
+ 2?121’161)—11@/ eSS E(| X (s)|)P ds

14



1

t
+ 271220 (1 QP K / eI E(|X ()] ds

—a+ B / ") B(X ()| ds + o / L P B ()]P) ds

with
23p/2=2p [ 9p/2 )
a=—0n <5p/2 + Cp(tr Q)P |,
Cowgr 92IRRC (10 Q)P
L= "1 » P27 §p/2—1 :

The hypothesis 9;, < 1is equivalent to § > 8, with § = 1+ 2. We conclude

by Lemma 3.3 that
)

5—p

In the case when p = 2, we have Cy = 1, thus

04:4—1{2(1—%%) and § = 4K? <%+tr@>

E(IX®]°) < o

5 \d ' 2
and
) 4K <% + HTQ) AK? (3 +trQ) 0
E(IXOI%) < s S At -1
- s+trQ) ~ 6 —4K? (5 +trQ) 1-0
]

Remark 3.6 We can choose Cp in Lemma 3.4 such that lim, ,o, C), = 1,
which implies lim;, 2 0, = 0". Thus, if ¢ < 1, and if X € CUB (]R, L2(P,H2))
satisfies (5), the family (X})cr is bounded in LP for some p > 2.

Proof of Theorem 3.1 Note that
X(t) = / S(t—s)F (s, X(s))ds +/ S(t—s)G(s,X(s))dW (s)

satisfies

X(t)= S(t—s)X(s)+/ S(t—s)F(s,X(s))ds—i—/ S(t—s)G(s, X (s))dW (s)
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for all t > s for each s € R, and hence X is a mild solution to (4).
We introduce an operator L by

LX(t) = /_ S(t—s)F(s,X(s))ds + /_ S(t—5)G(s, X(s))dW (s).

It can be seen easily that the operator L maps CUB (R, L2(P, Hg)) into itself.

First step. Let us show that L has a unique fixed point. We have, for any
teR,

EI(ZX)(t) = (LY)(®) ],

<o I (s, X () — (s, Y(5))ads)

+2B(] [ S(t= (605, X(5) = Gls, Y (&)W (), )
=1 + .

We have

t t
I < 2/ 65<t8>ds/ e || F(s, X(s5)) — F(s,Y(s))||3,ds

—0o0

¢ t
< 2K2/ e_é(t_s)ds/ e_é(t_S)EHX(S)) —Y(s))H]%de

<2([ s s X () - Y (9) I,
< 28 S E (X (s)) - Y(s)2,.

For I, using the isometry identity we get

t
I < 2trQ/ e P E||G(s, X(5) = G(s,Y () a1, 1) D

t
< 2tr QK2 / 2= B || X (s) — Y (5)|[2, ds

t
< 2K trQ(/ e~ 209 ds) sup E || X (s) — Y (s)||%,
— 00 seR
K?trQ
<208 X ) - Y (0
seR
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Thus

E[(LX)(t) = (LY)(O)llfs, < [1 + 2 < HilelﬂgE 1X (s) = Y () i,

Consequently, as 8 < 1, we deduce that L is a contraction operator, hence
there exists a unique mild solution to (4) in CUB(R, L*(P,H,)).

Furthermore, by [10, Theorem 7.4], almost all trajectories of this solution
are continuous.

Second step. We assume now that §’ < 1. Let us show that X is almost
periodic in distribution. We use Bochner’s double sequences criterion. Let
(o)) and () be two sequences in R. We show that there are subsequences
(o) C (c,) and (B,) C (B,,) with same indexes such that, for every t € R,
the limits

(14) lim lim u(t+ o + Br) and le w(t + an + Bn),

n— o0 MmM—r0o0

exist and are equal, where pu(t) := law(X)(t) is the law or distribution of
X(t).

Since F and G are almost periodic, there are subsequences (o) C ()
and (6,) C (8,) with same indexes such that

(15)  lim lim F(t+ ap + Bm,z) = lim F(t + ap + B, x) =: Fy(t,x)
n—00 Mm—r00 n—o0
and
(16) lim lim G(t + oy + Bm,z) = lIm G(t + oy + B, x) =: Go(t, ).
n—oo

n—oo m—oo

These limits exist uniformly with respect to ¢ € R and x in bounded subsets
of HQ.
Set now (v,,) = (ay, + Br). For each fixed integer n, we consider

Xn(t) = /_ S(t—5)F(s-4ym, X™(5))ds+ /_ S(t—8)G(s-+ym, X™(5)) AW (s)

the mild solution to
(17) dX"™(t) = AX"(t)dt + F(t + vy, X" (t))dt + G(t + v, X" (t))dW ()

and
Xt = / S(t — s)Fy(s, X°(s))ds + / S(t — s)Go(s, X°(s))dW (s)
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the mild solution to
(18)  dX°(t) = AXO(t)dt + Fo(t, X°(t))dt + Go(t, X°(t))dW (t).
Make the change of variable o — v, = s, the process

t+vn
X(t + ) = / S(t + 7 — 8)F(s, X (5))ds

—00

.\ /t+“/n S(t+vn — $)G(s, X (s))dW (s)

—00

becomes
X(t+90) = [ (= 9P+ X5+ ))ds
—i—/ S(t—5)G(5+7n,X(5+7n))de(s),

where W,,(s) = W (s + ) — W(yn) is a Brownian motion with the same
distribution as W (s). From the independence of the increments of W, we
deduce that the process X (t + ;) has the same distribution as X" (¢).

Let us show that X" (¢) converges in quadratic mean to X°(t) for each
fixed t € R. We have

B X"(t) - X))

18



—n) [ ; S(t = $)IF(s + 7 X7(5)) — Folis, X°(s))]ds
+f ; S(t = 5)[G(s + 7y X"(5)) — Gols, XO(s))JdW (5)]
<om) [ ; S(t — $)[F(s + 7 X"(s)) — Folis, X°(s)]ds?
+om ; S(t = $)G(s + 7 X7 (5)) — Gols, XO(s))]dW (5)
<am) | ; S(t = $)[F (s + 7 X"()) = F(s + 70, XO(5))]ds]”
wam) ; S(t — )[F (s + 7, X(s)) — Fo(s, XO(s))]ds]?
+am) ; S(t = 8)[G(5 + n, X"()) = G(s + 7, XO(5))]dW (5) 2

HAE] [ 80— 9)[G(s + 30, X0(5)) — Gols, X°(s))dIW ()]
<Iy +1x + I3 + 14.

Now, using (ii), (iv) and the Cauchy-Schwartz inequality, we obtain
t
B =B [ 8= 5)[F(s 9 X7 (5)) = Fls 90 X0(5))ds]
t
n 2
< 4E(/ 1St = $)I1F (s + s X" (5)) = F(5 4+, X°(5)) || ds)

< 4E(/ )| F(s + 7y X7(5)) — F(s + 7y X°(5))||ds)?

—00

< 4(/ e*‘;(t*s)ds) (/ e 0(t=s) E||F(s + Yn, X"(s)) — F(s+ ’yn,XO(s))Hst)

—00

4K2 t
<

e =) B X" (s) — XO(s)||%ds.

—00

Then we obtain
t
I, = 4E| / S(t — $)[F(s + 7y X(s)) — Fols, X°(s)))ds]2

< 4E( / C D B(s 4y XO(s)) — Fo(s, X°(s))|ds)”
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s4E(/_t e~ ds) ( / B (s 4, XO(s)) — ol X(s)) )

= 25 / TN (s 430, X(s)) = Fols, X°(5)) )

t 2673(1575) s
—2B([ e (AP (s 90 X)) — Fols X)) ).

Since X0 € CUB (R,LQ(P,H2)> and sup,cp E||X°(t)|2 < oo, the family

<6—%(t—s) HXO(S)H2)

—o0<s<t

is uniformly integrable. Indeed, for any sequence (s},) in (—oo, t], there exists

a subsequence (s,) which converges to some s € [—oo,t]. If s > —o0, the
sequence (efg(tfs")XO(sn)) converges in L(P,Hs,) to efg(tfs)Xo(s), and if
s = —00, it converges to 0. Thus any sequence (e_%(t_s")XO(sn)) contains
a subsequence which is convergent in L?(P,Hsy), which proves the uniform
integrability. Alternatively, one can use Remark 3.6, since #’ < 1, which
yields uniform integrability of ( HX O(t)HQ). By the growth condition (iii),
this shows that the family

(Usn) i= (e3P (s + 70, XO(5)) = Fols, X°(s))I1?)

—oo<s<t,n>1

is uniformly integrable. By La Vallée Poussin’s criterion, there exists a non-
negative increasing convex function ® : R — R such that lim;_, & =400

and sup, ,, E(®(Us ) < +o0. We thus have

t 9p—5(t—s)
supE/ ?‘b(Usm) ds < 400,

—00

which prove that the family (U, ,)p>1 is uniformly integrable. with respect
to the probability measure P ®%e_%(t_5)ds on Q x (—oo,t]. We deduce by
(15) that I converges to 0 as n — oo.

Applying It6’s isometry, we get

I, = 4| / S(t = )G (s + 7us X™(5)) = G5 + 3, X°(5))]dW ()|
<4uwQE / 1S(t = $)[21G (s + 7 X™(5)) = Gls + 7, XO(s))2ds

—00
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t
= “Q/ 2 B G (s + 7, X"(5)) — G5 + 3 X°(5))[Pds

(SIS

t
<4K% Q) / =(=9) B|| X" (s) — XO(s)|2ds.
and

I =] [ (= 9)[G(s + 30, X0(5)) = Gols, X°(s)) W ()]

§4trQE(/

IS(t = $)IPIG(s + 7m, X°(s)) = Go(s, X°(s)) || *ds)

t
<1 QE([ e HD|Gls 43, X(s)) - Gols X)) ds).

— 0o
For the same reason as for I, the right hand term goes to 0 as n — oo.
We thus have

n 0 2 AK? [t —4(t—s) n 0 2
BIX (1) ~ X012 < ap + 2 [ 6029 Bjx7(s) - X052 s

t
AR 0 / e~ B9 Bl X"(s) — XO(s)|? ds

for a sequence («a;,) such that lim, ,c a;, = 0. Furthermore, g := % +

4K?trQ < 6. We conclude by Lemma 3.3 that

lim E[[X"(t) - X°()|” = 0,

n—oo

hence X" (t) converges in distribution to X°(t). But, since the distribution
of X™(t) is the same as that of X (t+7,), we deduce that X (t++,) converges
in distribution to X°(t), i.e.

lim p(t 4+ o + Bn) = law(X0(t)) =: ud.
n—o0
By analogy and using (15), (16) we can easily deduce that

lim Hm p(t + an + Bm) = 1.

n—o0 m—o0

We have thus proved that X has almost periodic one-dimensional dis-
tributions. To prove that X is almost periodic in distribution, we apply
Proposition 3.2: for fixed 7 € R, let &, = X (7+aw,), Fi(t,z) = F(t+an, ),
G (t,x) = G(t + an, z). By the foregoing, (&,) converges in distribution to

21



some variable Y (7). We deduce that (§,) is tight, and thus (&,, W) is tight
also. We can thus choose Y (7) such that (&,, W) converges in distribution to
(Y(7),W). Then, by Proposition 3.2, for every T' > 7, X (. + o) converges
in distribution on C([r,T]; Hs) to the (unique in distribution) solution to

Y(t) = S(t—7)Y (r)+ / S(t—s)F (s, Y (s)) ds+ / S(t—5)G (s, Y (s)) dW (s).

Note that Y does not depend on the chosen interval [r,T], thus the con-
vergence takes place on C(R;Hy). Similarly, Y;, := Y (. + 5,) converges in
distribution on C'(R;Hs) to a continuous process Z such that, for ¢ > 7,

Z(t) = S(t—T)Z(T)+/ S(t—s)F(s,Z(s))ds—i—/ S(t—s)G(s, Z(s))dW (s).

But, by (15) and (16), X (.+7,) converges in distribution to the same process
Z. Thus X is almost periodic in distribution. ]

4 Weak averaging

In this section, we strengthen slightly the assumptions on the semigroup S
but we replace the condition of almost periodicity on F' and G by a weaker
condition that keeps only the features of almost periodicity that are useful
for averaging. More precisely, we assume Conditions (i), (iii), and (iv) of
Section 3, but we replace Condition (ii) by the stronger Condition (ii’) below
and Condition (v) by the weaker Condition (v’) below :

(ii’) Condition (ii) is satisfied and the semigroup S is immediately norm
continuous (see [11, Definition I11.4.24]), i.e. the mapping ¢t — S(¢) is
continuous in operator norm on |0, oo].

(v’) The mappings F : R x Hy — Hy and G : R x Hy — L(H;, Hy) satisfy :
(a) For every compact subset K of Hy, the sets
{F(t,z); teR, z € K} and {G(t,z);t €R, z € K}

are compact.

(b) There exist continuous functions Fy : Hy — Hy and Gy : Hy —
L(Hy, Hs) satisfying (2) and (3) uniformly with respect to = in
compact subsets of Hy.
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Contrarily to [24], no condition of analyticity of S is required. Condition
(ii’) is satisfied by a broad class of semigroups, see [11] for details. Condition
(v’) is weaker than (v) thanks to Propositions 2.4 and 2.5.

Let us define the Hilbert space Hy = range(Q'/?) as in Proposition 2.5,
where @ is the covariance operator of the Wiener process W.

Lemma 4.1 Under Hypothesis (i), (ii’), (iii), (iv), and (v’), for any con-
tinuous function x : R — Ho, we have

(19)
K+t s K+t
elir(r]lJr : S(/f—i—t—s)F(E x(s)) ds = /’.i S(k+t—s)Fy(x(s))ds

(20)

lim
e—0t

/:th (S(fﬁ—t - S)G(S,x(s))Qg* (zax(S))S*(K i)

— Sk 4+t — 8)Go(2(s) QG (x(s))S* (ks + t — 5)] ds| =0

for allk € R and t > 0.

Proof Let k € R and ¢ > 0. Let v > 0, and let us choose o« > 0 such that

/:th S(k+t— s)F(S,x(s)) ds

+t—a

and

K+t
/ S(k+1t—s)Fo(x(s))ds

+t—a

This is possible since the functions inside the integrals are bounded. By
Condition (ii’), the semigroup S is uniformly continuous on [a,t]. We can
thus divide the interval [k, x +t — ] by a partition (k + ih);—o,... n, in such
a way that ||S(k+t—s)—S(t+ih)|]| < v for s € [k +ih,k + (i + 1)h],
1=0,...,N —1. We have

/RHO{S(I{—Ft—S) (— @ ds— Z/ e K—Ft—S)F(S x(s)) ds
K +ih €
and

/W_a S(k+t— s)Fy(z(s))ds = Z /+ hm (k+t — 8)Fy(x(s)) ds.

23



But, for some constant C' and i =0,..., N — 1,

K+(i+1)h S Kk+(i+1)h
/ S(/f—i—t—s)F(—,x(s)) ds—/
K+ih K

€ +ih
and

‘ /n+(i+1)h k+(i4+1)h

S(k+t—s)Fy(x(s))ds — /
+ih
Now, by the Krasnoselski-Krein lemma [16], we have

S(t— 2h)F<§,x(s)) ds|| < Cv

S(t —ih)Fo(z(s))ds|| < Ch.
K+ih

Kk~+(i+1)h

tim S(¢  ih) /Wh F(Z,x(s)) ds = S(t — ih) /H+(i+1)h Fo(z(s)) ds,

K+ih
which proves (19).

To prove (20), we need to show that

gii% ( /:+t<5(/4 +1t— s)G(S, x(s))QG* <§, x(s))S*(/{ +1t—s)z, y> ds
K+t
_ /H (S0 +1 = 5)Go(2(5)) QG5 (x(5))S" (5 + t — 5), ) d5> —0.

uniformly with respect to z,y in the unit ball B(0, 1) of Hsy. As in the proof
of (19), we have

€

/:HQ<G<§= m(s))QG* <§, (s))S*(n +t—8)x,S*(k+t— s)y> ds
- Z /T:H)h<G(§= m(s))QG* (g, x(s))S*(n +t—8)x, S (k+t— s)y> ds
i=0 VT
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Replacing in the right hand sides S*(k +t — s) by S*(t —ih), we reduce the
proof to the equation

i [ G20 (2t e e )
+(i+1)h
- / ‘ <Go(fv(8))QG3(x(s))S*(t —ih)z, S*(t — ih)y> ds =0
K+ih

uniformly with respect to x,y in B(0,1). But again this follows from the
Krasnoselski-Krein lemma. ]

Recall that, if X and Y are two random vectors of a Banach space E,
the L2-Wasserstein distance W?(X,Y) between the distributions of X and

Y is WQ(X,Y) _ (infE <H)A( a }/}H12E>>

where the infimum is taken over all joint distributions of random vectors X
and Y satisfying law(X) = law(X) and law(Y) = law(Y).

By e.g. [23, Theorem 6.9]), if (X,,) is a sequence of random vectors of
E and if X is a random vector of E, the sequence (law(X,)) converges
to law(X) for W2 if and only if (X,,) converges to X in distribution and

HXnH§2> is uniformly integrable.

1/2

If X and Y are continuous Hs-valued stochastic processes, for any in-
terval [a,b], we denote by W[2a,b} the L2-Wasserstein distance between the
ditributions of X and Y, seen as C([a, b], Hy)-valued random variables.

We are now ready to state our main averaging result.

Theorem 4.2 Let the assumptions (i), (ii’), (iii), (iv), and (v’) be fulfilled
2

4K~* (1
and the constant 6’ = 5 (5 + tr Q) < 1. For each fized € €]0,1[, let X¢

be the mild solution to the equation
t t
21)  dXS(t) = AXE(H)dt + F<E,X€(t)) dt + G(E,Xe(t)) AW (t),
and let X° be the mild solution to
(22) dXO(t) = A(XO(t))dt + Fo(X°(t))dt + Go(XO())dW (t),

which is a stationary process. Then W[2a b (Xa,XO) — 0 as € — 0+, for
any compact interval [a,b].

25



Before we give the proof of this theorem, let us recall some well-known
results.

Proposition 4.3 ([7]) Let (X,,)n>0 be a sequence of centered Gaussian ran-
dom variable on a separable Hilbert space H with sequence of covariance op-
erators (Qn)n>0. Then (Xp)n>0 converges in distribution to Xo in H if and
only if

| Qn — Qo [n— 0,m — 00

Let U, V,H be real separable Hilbert spaces, let W be a U-valued (F)-
adapted Wiener process with nuclear covariance operator Q.

Proposition 4.4 (/24, Proposition 2.2]) Let o : H — V be a Lipschitz
mapping and o : R x H — L(U,V) be a measurable mapping such that
lotr, )y < ML+ o) and o(r,2) — o0 y)lLww < Mlls -yl
for a constant M and every r € [s,t],z,y € H. Let g € BL(V), we define

Y(y) = Eg(a(y) + /: a(r,y)dW(r)),y € H.

Let u : Q — H be a (Fs)-measurable random variable with E|jul? < oc.
Then

E{g(a(u) + /st o(r, u)dW(r)) |]:s} =¢(u) P-a.s.

Proof of Theorem 4.2 We denote F.(s,z) := F<§,x), Ge(s,x) ==
€
G(f,x), and, for every X € CUB(R,LZ(P,HQ)),
€

L (X)(t) == /_ S(t—s)F:(s,X(s))ds + /_ S(t—s)G:(s, X (s))dW (s),
Lo(X)(t) :== / S(t—s)Fy(X(s))ds + / S(t — s)Go(X(s))dW (s).

First step. Let X € CUB(R,L*(P,H,)). Let us show that L.(X) — Lo(X)
in distribution, as ¢ — 0, in the space C(R,Hj) endowed with the topology
of uniform convergence on compact intervals of R. This amounts to prove
that, for any compact interval [a,b], Lo(X) — Lo(X) in distribution in the
space C([a,b],Hy) (see [25, Theorem 5]). Actually, we will prove a slightly
stronger result, using the L?-Wasserstein distance.

By Conditions (ii) and (iii) we deduce that, for every n > 0, there exists
% such that, for every 7 > 0 and for each s < &, E[|Lo(X)(s)|[f, < 7. Thus,
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for the proof that L.(X) converges in distribution to Lo(X) on C(R, Hs), it
suffices to show the convergence in distribution on C([x,T],Hs), for every
T > k, of

Ye(t) = / S(t—s)F:(s,X(s))ds —i—/ S(t—s)G:(s,X(s))dW (s)

to

YO(t) := / S(t—s)Fo(X(s))ds + / S(t —s)Go(X(s)) dW (s).

As X € CUB(R,LQ(P,HQ)), it satisfies the following condition: For
every 11 > 0, there exist a partition

{k=to<t;<--- <ty =T} of [k, T
and an adapted process
X(t) = S0 X (8) gy 10 (1)
such that

sup E[X(t) — X(t)|E, < n.
te(k, T

Using the fact that L. is Lipschitz, we can furthermore choose the partition
(to,...,tx) such that

(23) sup sup E||L.X(t) — L X (t)|&, < 7.
>0 te[k,T]

For € > 0, we denote F.(s,z) := F(,z), G-(s,z) := G(£,z), and we set

o) = / S(t— 5)Fu(s, X (s)) ds + / S(t— )G (s, X (5)) AW (s)
k—1 tiv 1AL

-3 /t S(t — 5)Fe(s, X (t;)) ds

i=0 tiNt

N /t T S = )G X (1) AW (s)).

At

By [10, Theorem 6.10], each X¢ has a continuous modification.
Let us prove that, for each | = 1,... k, Xj converges in distribution to

)Nfg as € — 0. We define a mapping

Ye : Hb — LY(Q, Hy)
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by
! ”
Ye(os Y1, - yi-1) = Z(/ St — s)Fe(s,yi-1) ds
i=1 Yti-1
ti
+ S(t; — $)Ge(s,yi-1) dW(s)).
ti—1
Using Proposition 4.4, we get that
law (X)) = law (Y= (Xpg, Xty -+ Xy ).

Let L B
Pttty = 1aw (X, Xty s ooy Xy ).

Let g € BL(Hs), and h.(y) = E[g(7-(y))]; y € Hb. We have

E[g()?ti )] - E[hé()?tm th? cee 755151—1)] = /Hl ha(y)dlu'to,th---,tl—1 (y)
2

and

[Blg(XE)] ~ BloR)) = | [ hev) = howdb ...t W)
< /]HIZQ ’hs(y) - hO(y)’dﬂto,th---,tl—l(y)'

Let us show that he(y) — ho(y) as € — 0 for every y € H,. We have

l
€ - ():
Ye(y) —0(y ;/

t.ti St — $)(Fu(s,5i-1) — Folyi1))ds

Ly
+ 2/ S(t; — 5)(Ge(s,yi-1) — Golyi—1)) AW (s)

ti—1

=I. + J..

Lemma 4.1 implies that I. — 0 as € — 0, and since

! t;
Z/ S(t; — 5)Ge(s,yi1) dW (s)
i=1"ti-1
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is a centered Gaussian random variable in Hy, we deduce by Lemma 4.1 and
Proposition 4.3 that J. — 0 in distribution as ¢ — 0 hence v:(y) — v (y) in
distribution as € — 0. Consequently

(24) h(y) = ho(y) for any y € Hb.
For every i > 0, there exists a compact set K C HY such that
Nt07t17---7t1—1(H12 \K) <n.
We have

(25) h. € BL(Hb) and sup ||he||s, < o0
3

because, for all y, z € H}, and for some constant K7,

lhe(y) = he(2)] < llgllen E e (y) = 22 (2)lm, < Killgllaclly — 2le -

From (24), (25) and the compactness of I, we deduce that h. converges to
ho uniformly on K, hence

lim [ |he(y) — ho(y)|dptgt1,....t:, (y) = O
e—0 K

and, since ¢ is a bounded function,

L 1) = B0
2

< 2supsup |l (y)|n = 2supsup | E[g(r:())]|7 -
€ Yy 2 Y

Thus X¢(t;) — X°(¢;) in distribution as & — 0.

We now prove by induction that ()?fo,)?g, . ,)fok) converges in distri-
bution to (X%,Xg, e ,X?k) as € — 0. By construction, we have Xy — Xg)

in distribution. Assume that for 0 <[ < k-1, ()NCE X

b Xy
in distribution in Hl;l. Let us define a : Hl2+1 — HZ;FQ by

£
., X§)) converges

ti+1
Oée(yo, Yi,--- ’yl) = <y05 Y, -5 U, S(tl-f-l_tl)yl_'_/ S(tl-i-l_S)F&(S, yl)ds)
12

and S : Hl;l — LI(Q,HI;FQ) by

tiy1
Be (Yo, Y1, ---,y1) = (0, e ,07/ S(tiy1 — S)Ge(sayl)dW(S))

t
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so that

to?

law (o + B) (X7, X12, X])) = law((XP, X7, X2 XP ).

We denote u, = ()foo,)NCfl, e ,)Z'fl) and p. = law(u.). Let g € BL(HL),
and

he(y) = Eg(ac(y) + B:(y)), y € Hy™.
Proposition 4.4 yields

Bg(X G X)) = Ehelus) = [ he)dne(o)
HAT!

to?
It follows that

|Eg( to’XE

TEERE

g/Hz;l'hE( y) — ho(y)|due(y +|/ y)dpe( )_/Hm ho(y)dpo(y))|

2

JX5,,) - Eg(X, X

to> t19°°

X8+1)|
S J1(6) + JQ( )

As in the above reasoning, we can prove that
he € BL(HS™), sup ||he||sn < 00
g
and

ae(y) + Be(y) — ao(y) + Bo(y)

in distribution, for every y € Hl;l thus he(y) — ho(y) as e — 0, for any
Yy € HZQ'H. On the other hand, by the induction hypothesis we have p. — g
and since hg € BL(H5™) we have Jy(g) — 0 as ¢ — 0. The convergence of
fe implies that {y.} is tight, i.e. for each n > 0 there exists a compact set
K e Hl;rl such that

(26) sup pe(HLM\ K) <

Since for every y € Hl;rl, he(y) — ho(y), from (26) and the compactness of
K the function h. converges to hg uniformly on K, hence

;g%/ Ihe(y) — ho()]dpe(y) = 0
and

/ Ihe(y) — ho()ldpee(y) < 2supsup |he ()l
HL\K ey
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So Ji(e) — 0 as € — 0, consequently ()foo,)?fl,...,f(flﬂ) converges in
distribution in Hl2+2.
Now, we have

ey (1aw(ye(t0), L YE(), law (YO t), - - ,Yo(tk)))
<dy, <laW(Y5(t0), L YE(), law (X2 (f), - - ,5(’6(@)))
¥ dy (1aw()26(t0), X (1), Jaw (X (L), - ,)?O(tk)))
o+ dy (1w (X°(t0), .., X° () law (VO (t0), .., YO (1))
<B([[Y2(to) = X=(to)l| + -+ + V(1) = X (k)
o+ dy, (1w (X7 (t0), ., X (1), law (X0 (ko) ., XO(1s) )
+B(II(to) = XOto) 4+ -+ + IV O(tx) = Xt )

By (23), the first and third terms can be made arbitrarily small. Thus
(Y4(tg),...,Y?(t)) converges in distribution to (Y°(t),...,Y%(tx)). Now,
for any finite sequence 71, ..., 7, in [k, T], we can refine if necessary the par-
tition (¢1,...,tx) such as to include the points 74, ..., 7,,. This proves that
the finite dimensional distributions of (Y¢) converge to the corresponding
finite dimensional distributions of Y°.

To show that (Y¢) converges in distribution to Y in C([x, T], Hs), we
only need to prove that (Y¢) is tight in C([x, T], Ha).

By Condition (v’)-(a) and the equicontinuity of (F;), the sequence ( f,: S(t—

s)F:(s, X (s)) ds> is tight. Tightness of (f,: S(t—5)Ge(s,X(s)) dW(s)) fol-
lows from [13, Lemma 3.2] applied to the multifunction
&(t, x) =co{G:(t,2); € > 0},

(where 6 denotes the closed convex hull), which is compact-valued thanks
to Condition (v’)-(a). This result is given in [13] for p-integrable stochastic
processes with p > 2, in order to use the stochastic convolution inequality.
But the reasoning remains unchanged for p = 2 for a contractions semigroup,
as is the case here, because then the convolution equality still holds true,
see [10, Theorem 6.10].

Second step. We assume now that

(27) sup E|| X(®)|” < 400
te(r,T]
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for some p > 2. Let us prove that lim._,q W[2H 7] (Ya, YO) =0 for any T > 0.
We only need to prove that (HYEHg([Ii,T],HQ)) is uniformly integrable, which

is a consequence of (27): we have, for any € > 0,

E < sup ||Y5(t)||p> <oP~1E < sup || [ S(t— S)Fs(S,X(S))dSHp>

te(k,T) telk,T) Jk

+2p1E< sup || 5(75—S)Ge(s,X(S))dW(S)Hp>

tek,T]) Jr
t
<215 [ sup / e 9| Eu(s, X (5)) | ds )
telk,T] “J K

T
4 or1g, B / 1G5, X)) s, 12, 5

(where €, 7_ is given by the convolution inequality [10, Proposition 7.3])

<ot ([ et m s xo as))

T
+ 2p_1¢p,T/iE/ HG€(SaX(S))HIi(H1’H2) ds

K

T
< T =t [ R X )P ds

T
Lol E / 1G5, X (DI g1, 1, s

T
<PUKP (T = k)P + €y / (1+ | X(s)|)P ds.

K
This estimation is independent of €, thus (Y¢).~¢ is bounded in L?(C([x, T, Hz)).
Thus (supte[,_i’T]HY6 (t)Hz) is uniformly integrable, which entails that (Y¢)
converges to Y for W%&T}.

It is then straightforward to deduce that, if (X (t))ier is bounded in L,

im W p(Le(X), Lo(X)) = 0

for any interval [k, T] of R.

Third step. Now, let us show that L.(X?) converges to Lo(X?) in L2-
Wasserstein distance on compact intervals of R on the space C(R, Hy), which
means that W[QH (X5, X 9) — 0 as € — 0+ for any compact interval [, T).
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We have shown in the proof of Theorem 3.1 that L. is #-Lipschitz for the
norm of CUB (R, LQ(P, Hz)) This is not sufficient for our present purpose,

but the hypothesis ' < 1 allows a more precise calculation: For X,Y €
CUB(R,L?*(P,H>)), we have

E (sup [(LX)(t) — (LY)(t)H]%IQ)

teR

<9FE <sup(/t e 03| F(s, X (s)) — F(S,Y(S))HHst)2>

teR -

+28 (sup((l [ 50 - 9606, X)) = Gl Y IW (9)) )

teR
=J1 + Js.
We have
t 2
asm(wd/ ewﬂamwwxw»—F@wam@))
teR —00 oceR

_2F (iﬁ% IF (0, X (0)) — F(o, Y(a))u]%b) i2£< /_ ; e—5<t—8>ds)2
<% (sup P X(0) - Y (0) )
2

2K
§6—2 supE || X (1)) — Y(t))H?HIQ'
teR

By (iii) and (iv), the process [ S(.—s) (G(s,X(s)) — G(s,Y (s))) dW(s) is
a square integrable martingale. Using Doob’s inequality and It6’s isometry
identity, we get

TeR t<T

Jy =2sup E <sup<\|/ S(t — 5)[G(s, X(s5)) — G(5,Y(5))] dW(s)||H2)2>

T 2
<ssw (|l [ S = 9[G(s. X(5) = Gl Y (s)] aW (5,

T
§8;1é§tr62/ e TV E |G (s, X () — G5, Y ()1 a1, ) B

T
<8 sup tr QK> / eI E X (s) — Y (s)|f, ds
TeR —00

T
<8sup K? trQ(/ 6725(t75)ds) supE || X (o) — Y(U)Hl%lz
TeR —00 ceR
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AK?tr Q
S sup B || X (¢) — Y (1)|[fy, -
teR

Thus

E (p LX) <LY><t>||]%b) <t
teR

< 2 (3+2uQ) B (s x() - YOIR, )

with

We deduce
Wi (X5, X%) = WE(Le(X%), Lo(X?))
<SWE (Le(X%), Le(X°)) + W, 1y(Le(X?), Lo(X?))
<O Wi, (X%, X°) + W 17(Le(X?), Lo(X?)).
As 0’ < 1, this entails

1
1— ¢ W[Q/@,T}(LE(XO)a LO(XO))

(28) Wi (X%, X%) <

But, as 6’ < 1, there exists p > 2 such that (X°(t));cr is bounded in L, see
Remark 3.6 and Proposition 3.5. Thus the right hand side of (28) converges
to 0 as e — 0+.

Finally, by [9, Theorem 4.1], the mild solution (X°) to (22) is a stationary

process. []
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