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Weak Averaging of Semilinear Stochastic
Differential Equations with Almost Periodic
Coeflicients

Mikhail KAMENSKIT? Omar MELLAH'and Paul RAYNAUD DE FITTE?

Abstract

An averaging result is proved for stochastic evolution equations
with highly oscillating coefficients. This result applies in particular to
equations with almost periodic coefficients. The convergence to the
solution of the averaged equation is obtained in distribution, as in
previous works by Khasminskii and Vrkoc.

Keywords : averaging methods, stochastic evolution equations, almost
periodic solutions

1 Introduction

Since the classical work of N.M. Krylov and N.N. Bogolyubov [13] devoted
to the analysis, by the method of averaging, of the problem of the depen-
dence on a small parameter € > 0 of almost periodic solutions of ordinary
differential equation containing terms of frequency of order %, several arti-
cles and books have appeared, which develop this method for different kinds
of differential equations. See the bibliography in the book of V.Sh. Burd [5],
where a list of books related to this problem for deterministic differential
equations is presented. We note here that the authors of these papers are
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greatly influenced by the books of N.N. Bogolyubov and A.Yu. Mitropolskii
[4] and M.A. Krasnosel’skil, V.Sh. Burd and Yu.S. Kolesov [12].

The method of averaging has been applied of course to stochastic dif-
ferential equations, but in general it was applied to the initial problem in
a finite interval, see for example [11]. Even in this we can see a great dif-
ference with the deterministic case. To ensure the strong convergence in
a space of stochastic processes, we must assume such convergence of the
stochastic term when € — 0, which virtually excludes the consideration of
high frequency oscillation of this term. R.Z. Khasminskii [11] has shown, in
a finite dimensional setting, that it is possible to overcome this problem if
one only looks for convergence in distribution to the solution of the averaged
equation. Later Ivo Vrkoé [17] generalized this result in a Hilbert space set-
ting, for which the initial problem was at this time already well developed
(see for example the book of Da Prato and Zabczyck [9]).

During the last 20 years an intensive study of the problem of existence of
almost periodic solutions of stochastic differential equations was performed
by A. Arnold, C. Tudor, G. Da Prato and later by P.H. Bezandry and
T. Diagana [1, 2, 3]. For the first group, an almost periodic solution means
that the stochastic process generates an almost periodic measure on the
paths space. The second group claims the existence of square mean almost
periodic solutions, but square mean almost periodicity seems to be a too
strong property for solutions of SDEs, see counterexamples in [14].

In this paper we propose the averaging principle for solutions to a fam-
ily of semilinear stochastic differential equations in Hilbert space which are
almost periodic in distribution. The second member of these equations con-
tains a high frequency term. Under the Bezandry-Diagana conditions, we
establish the convergence in distribution of the solutions of these equations
to the solution of the averaged equation in the sense of Khasminskii-Vrkoc.

The paper is organized as follows: The next section is devoted to the
notations and preliminaries. We then prove in Section 3 that the solutions
of the equations we consider are almost periodic in distribution, when their
coeflicients are almost periodic. In section 4, we prove the fondamental
averaging result of this paper.

2 Notations and Preliminaries

In the sequel, (Hy, ||.||m,) and (Hs, ||.||lm,) denote separable Hilbert spaces
and L(Hy,Hs) (or L(H;) if Hy = Hy) is the space of all bounded linear
operators from Hj to Hy, whose norm will be denoted by ||| 1, m,)- If A €



L(H;) then A* denotes its adjoint operator and if A is a nuclear operator,

|A|nr = sup {Z | < Ae;, fi > |,{ei},{fi} orthonormal bases of Hl}

is the nuclear norm of A.

2.1 Almost periodic functions

Let (E, d) be a separable metric space, we denote by Cy(E) the Banach space
of continuous and bounded functions f : E — R with || f ||co= sup,eg |f(z)|
and by P (E) the set of all probability measures onto o-Borel field of E. For
f € Cy(E) we define

17 = sup{E0 L0 o)

1 M= max{|| f floos || £ [}

and we define
BL(E) = {f € Co(E); || f ||lse< oo}
For p,v € P (E) we define

o (11,v) = wp‘éfﬂu—ﬂ(

llfllBL<1

which is a complete metric on P (E) and generates the narrow (or weak)
topology, i.e. the coarsest topology on P (E) such that the mappings u —
wu(f) are continuous for all bounded continuous f: E — R.

Let (Eq,d;) and (Eg,d2) be separable and complete metric spaces. Let
f be a continuous mapping from R to Ey (resp. from R x E; to E). Let
K be a set of subsets of E;. The function f is said to be almost periodic
(respectively almost periodic uniformly with respect to x in elements of K)
if for every € > 0 (respectively for every ¢ > 0 and every subset K € K),
there exists a constant (e, K') > 0 such that any interval of length I(e, K)
contains at least a number 7 for which

sup do(f(t+7), f(t) <e

(respectively sup sup do(f(t + 7, 2), f(t,2)) < €).
teR ze K

A characterization of almost periodicity is given in the following result,
due to Bochner:



Theorem 2.1 Let f : R — H; be continuous. Then the following state-
ments are equivalent

e f is almost periodic.

o The set of translated functions {f(t + .)}her is relatively compact in
C(R; Ey) with respect to the uniform norm.

e f satisfies Bochner’s double sequence criterion, that is, for every pair
of sequences {a,,} C R and {B,} C R, there are subsequences (ay,) C
() and (B,) C (B),) respectively with same indexes such that, for

every t € R, the limits
(1) lim lim f(t+ ap + Bm) and lim f(t + o, + Bn),
o n—oo

n—oo m—

exist and are equal.

Remark 2.2

(i) A striking property of Bochner’s double sequence criterion is that the
limits in (1) exist in any of the three modes of convergences: pointwise,
uniform on compact intervals and uniform on R (with respect to dg).
This criterion has thus the avantage that it allows to establish uniform
convergence by checking pointwise convergence.

(ii) The previous result holds for the metric spaces (P (E), dg;,)
and (P (C(R,E)), dgL)

2.2 Almost periodic stochastic processes

Let (©2,F,P) be a probability space. Let X : R x 2 — Hy be a stochastic
process. We denote by pu(t) the distribution of the random variable X (¢).
Following Tudor’s terminology [16], we say that X has almost periodic one-
dimensional distributions if the mapping t — p(t) from R to (P (Hs), dgL)
is almost periodic.

If X has continuous trajectories, we say that X is almost periodic in
distribution if the mapping t — law (X (¢ +.) from R to P (C(R;Hy)) is
almost periodic, where C'(R;Hs) is endowed with the uniform convergence
on compact intervals and P (C(R;Hz)) is endowed with the distance dgy,.

Let L?*(P,Hy) be the space of Ha-valued random variables with a finite
quadratic-mean. We say that a stochastic process X : R — L?(P,H,) is
square-mean continuous if, for every s € R,

. _ 2 _
lim B 1 (1) — X (s) 3, =0.
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We denote by CUB (]R, L?(P, Hg)) the Banach space of square-mean contin-
uous and uniformly bounded stochastic processes, endowed with the norm

1X113. = sup(E || X (t)lIz,)-
teR

A square-mean continuous stochastic process X : R — L?(P,Hy) is said to
be square-mean almost periodic if, for each € > 0, there exists I(¢) > 0 such
that any interval of length [(¢) contains at least a number 7 for which

supE | X (t+7) — X(®)|f, <e.
teR

The next theorem is interesting in itself, but we shall not use it in the
sequel.

Theorem 2.3 Let F : R x Hy — Hy be an almost periodic function uni-
formly with respect to x in compact subsets of Ho such that

1E @ 2) |, < Cir(1+ [[2]lm,) and |F(t z) — F(t,y)llm, < Calle — yllm,-
Then the function
F:Rx L*(P,Hy) — L*(P,Hy)

(where F(t,Y)(w) = F(t,Y (w)) for every w € Q) is square-mean almost
periodic uniformly with respect to Y in compact subsets of L*(P,Hy).

Proof Let us prove that for each Y € L?(P,Hy) the process Fy : R —
L?(P,Hy), t — F(t,Y) is almost periodic.
For every § > 0, there exists a compact subset S of Hs such that

P{Y ¢ S} <.

Let € > 0, then there exist § > 0 and a compact subset S of Hy such that
P{Y ¢ S} <¢ and

€
L+ [Y|f,)dP < —.
[ o IR < 2o

Since F' is almost periodic uniformly with respect to x in the compact subset
S, there exists a constant [(g,.5) > 0 such that any interval of length (¢, S)
contains at least a number 7 for which

sup ||F(t+ 7,2) — F(t,2)||m, < Ve for all z € S.
t

V2



We have

E(|F(t+7,Y) - F(t,Y)|&,) =/{Y 5 IF(t+7,Y) = F(t,Y)|[,dP
S

s [ IFCnY) = 6 Y)IR,aP
{Y¢s}

<S+20n [ (v )ap
2 {(vesy
<£+E—e

2 2 7

Therefore the process Fy is almost periodic. Since Fis Lipschitz, it is almost
periodic uniformly with respect to Y in compact subsets of L?(P,Hy) (see
[10, Theorem 2.10 page 25]). ]

Proposition 2.4 ([7, 10]) For any almost periodic function F' : R x Hy —
Hy, there exists a continuous function Fy : Hy — Hy such that for each
x € Hy the mean value

T—oc0

T
@) lim — /O F(t, 2)dt = Fy(z).

Furthermore, if F(t,x) is Lipschitz in x € Hy uniformly with respect to
t € I, the mapping Fy is Lipschitz too.

Let @ € L(H;) be a linear operator. Then @ is a bijection from
range(Q) = Q(H;) to (ker Q). We denote by Q™! the pseudo-inverse of
Q (see [15, Appendix C] or [9, Appendix B.2]), that is, the inverse of the
mapping (ker Q)+ — range(Q), = — Q(x). Note that range(Q) is a Hilbert
space for the scalar product (z,y),,0e(0) = (Q Yz),Q Y (y)).

Proposition 2.5 Let G : R x Hy — L(H;,Hy) be an almost periodic func-
tion and let Q € L(Hy) be a self-adjoint nonnegative operator. Let Hy =
range(Q'/?), endowed with (T, Y) range(Q1/2) = (Q7Y2(x), Q7' ?(y)). There
exists a continuous function Gy : Hy — L(Hp,Hs) such that, for every
r € Hy,

t—o00

(3) lim |% /0 G5, 2)QG" (5, 2)ds — Go(x) QG ()] = 0,

where G*(s,x) = (G(s,2))* and Gi(x) = (Go(z))*.



Proof Observe first that Go(z)QG5(x) = (Go(z)QY?)(Go(z)QY?)*, thus
Go(z) does not need to be defined on the whole space Hj, it is sufficient
that it be defined on H.

Since G is almost periodic, the function H(s,z) = G(s,2)QG*(s,x) is
almost periodic too, with positive self-adjoint nuclear values in L(Hy). Thus
there exists a mapping Hy : Hy — L(Hs) such that, for every x € Ho,

lim ! tG(s,x)QG*(s,x) ds = Hy(x).

By e.g. [10, Theorem 3.1], Hy is continuous. Thus the mapping

[ Hy — L(Hy)
Hé/Q { .%'2 N (Ho(Qx))l/Q

is continuous with positive self-adjoint values.
Let Go(x) = HS/Q(:U)Q_U2 : Hy — Hy. We then have, for every x € Ho,

Ho(x) = Go(x)Q(Go())"

and G is continuous, which proves (3). ]

3 Solutions almost periodic in distribution
We consider the semilinear stochastic differential equation,
(4) dXy = AX(t)dt + F(t, X (t))dt + G(t, X (t))dW (t),t € R

Where A : Dom(A) C Hy — Hy is a densely defined closed (possibly un-
bounded) linear operator, F' : R x Hy — Hpy, and G : R x Hy — L(H;,Hy)
are continuous functions. In what follows we assume that:

(i) W (t) is an Hj-valued Wiener process with nuclear covariance operator
@ (we denote by tr@ the trace of @), defined on a stochastic basis
(Qa ]:7 (ft)t€R7 P)

(ii)) A : Dom(A) — Hy is the infinitesimal generator of a Cp-semigroup
(S(t))+>0 such that there exists a constant 6 > 0 with

1S(t)|| gy < €%t > 0.



(iii) There exists a constant K such that the mappings F' : R x Hy — Hpy
and G : R x Hy — L(H;,Hs) satisfy

1E(t )|, + |G o) Ly ) < KL+ |l

(iv) The functions F' and G are Lipschitz, more precisely there exists a
constant K such that

|E(t z) = F(t,y)|m, + |Gt 2) — G y) | L, me) < Kllz — yllm,
forall t € R and x,y € Hs.

(v) The mappings F' and G are almost periodic in ¢ € R uniformly with
respect to x in bounded subsets of H.

The assumptions in the following theorem are contained in those of Bezandry
and Diagana [1, 2]. The result is similar to [8, Theorem 4.3], with different
hypothesis and a different proof.

Theorem 3 1 Let the assumptions (i) - (v) be fulfiled and the constant
K2
=5 % + tr Q) < 1. Then there exists a unique mild solution X to
(4) in CUB (]R, L?(P, Hg)) Furthermore, X has a.e. continuous trajectories,

and X (t) can be explicitly expressed as follows, for each t € R:

= /_ S(t—s)F(s,X(s))ds —i—/_ S(t—s)G((s), X(s))dW (s).

4K

If furthermore 0/ = 5

< + tr Q) < 1, then X is almost periodic in

distribution.

To prove Theorem 3.1, we will use the following result, which is given in
a more general form in ([8]:

Proposition 3.2 (/8, Proposition 3.1-(c)]) Let T € R. Let (£,)o<n<co e @
sequence of square integrable Hy-valued random variables. Let (Fy,)o<n<oco
and (Gp)o<n<oo be sequences of mappings from R x Hy to Hy and L(H;,Hsy)
respectively, satisfying (iii) and (iv) (replacing F and G by F,, and G,, re-
spectively, and the constant K being independent of n). For each n, let X,
denote the solution of

Xn(t) = S(t = 7)&n

/St—s (5, X ds+/St—s (5), Xo(s)) AW (s).



Assume that, for every (t,x) € R x Ha,
lim F,(t,z) = Fxo(t,z), lim Gy(t,z) = Go(t, ),
n—00 n—0o0

ILm dg,(law (£, W), law (0o, W)) = 0,

(the last equality takes place in P (Ha x C(R,Hy))). Then we have in C([7,T); Ha),
for any T > T,
ILm dgi,(law (X,,) , law (X)) = 0.

We need also a variant of Gronwall lemma which is taylored for mild
solution. We give a slightly more general version than necessary because it
is interesting in itself.

Lemma 3.3 Let g : R — R be a continuous function such that, for every

t € R,

t t
©) 90 <a)+ 5 [ e glsds s, [ ey s
for some function a : R — R, and for some constants 1,...,8, > 0, and

some constants 01,...,0n, > B, where § := Y " | B;. We assume that the
integrals in the right hand side of (6) are convergent. Let § = minj<i<y 0;.
Then, for every v < § — §3,

(7) ) < a(t +ﬁ/ 1= o (s) ds.
In particular, if o is constant, we get

8 ) <a——:.

(8) 9(t) < a5— 3

Proof Let 5, = 3;/8,i=1,...,n. We have

n t
(o5 o)
i=1 —o0
d [ < ¢
= Zﬁge(“"si)t/ e‘sisg(s) ds
:ny 5 (’Y(S)t/@/ 18 ds—i—z yét&tﬁ()

e <g<t> SR / e g (s) ds)
i=1 e

<eMa(t).



The last inequality holds because v — 0; < —f. Integrating on | — oo, t], we
get

t

n t
et E 5{/ e 0 t=5) () ds S/ ea(s)ds
i=1 -

—0o0

i.e.
n t t
9) Z ﬁ;/ e 0% g(s) ds < e'yt/ e a(s)ds.
=1 o —o°
Using (9) in (6) yields
t

s <a®+83 4 [ D go)as <a@) + st [ otals)as
i=1 -

—00

Inequality (8) is a direct consequence of (7), with y =6 — 5. []

Corollary 3.4 With the notations of Theorem 3.1, if ' < 1, and if X €
CUB(R, LQ(P,HQ)) satisfies (5), then, for everyt € R,

g

E(IXOI) < 57

1
where § = 4K? (5 —|—trQ> .

10



Proof We have
E(Ix1)?)
<2E (H/_too S(t—s)F(s,X(s))ds

)

+2F (H/_; S(t - 5)G((s), X (5))dW (s)

)
=2b ((/_w e TR | P (s, X ()| ds>2>

t
+2trQ / PR G (s X (5)) [,

<oE ( / ; e [ ; e=5=5) | F (s, X (5)) | ds>

¢
+2trQ /OO e HIE |G (s, X(s)) Hi(Hl,Hg)dS

t
<2 [ B (s x(0) | as

¢
+2trQ /_OO e ?IE |G (s, X(s)) Hi(Hl,Hg)dS

2K2 t
< [ I B X, ds

—00

t
2K u«@/ 2 B (1 4 |[X||2,)ds

2 gt t
g%/ e 0t=%) ds + 4K? trQ/ e~ 20(t=5) g

—00

AK? Y s 2 2 b asii—s) 2
+ 5 e E[|X|g, ds +4K"trQ e E[|X|lg, ds
— 0o —00
4K? (1
== (=+t
5 <5+ rQ)
4K2 t

t
S [ B xR, ds 44k wQ [ eI E X, as
§ ) o : —o0 ’

As 0’ < 1, we have § > 3. The result then follows from Lemma 3.3.

]
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Proof of Theorem 3.1 Note that

X(t) = /; S(t—s)F(s,X(s))ds + /; S(t—s)G(s,X(s))dW(s)
satisfies
X(t) = S(t—s)X(s)+/st S(t—s)F(s,X(s))ds+/:S(t—s)G(s,X(s))dW(s)

for all t > s for each s € R, and hence X is a mild solution to (4).
We introduce an operator L by

LX(t) = /_ S(t—s)F(s,X(s))ds + /_ S(t—5)G(s, X(s))dW (s).

It can be see easily that the operator L maps CUB (R, L?(P, Hl)) into itself.

First step. Let us show that L has a unique fixed point.

X)) — (LYYl
=[St G X6 - Rl Y6l
#9606, X () - G ) )
< [T X))~ P Y () s
[ Sl (606, X(6) — G Y W )
Using the inequality (a + b)? < 2a? + 2b? we obtain
EILX)0) — LY,

= / e F(s, X(5)) - F(5,Y(5)lads)

—00

+28(] [ 8(- 5605 X(5) ~ Gls, Y ()W () )
=L + L.

12



We have

t t
I < 2/ e—5<t—s>ds/ e P E|F(s, X (s5)) — F(s,Y(s))||,ds

—00

t t
< 2K? / eé(m)ds/ eI E| X (s)) - Y(s))||A, ds

—00

t
gzK%/ e~=ds)*sup B | X (5)) ~ ¥ ()|

K? - 9
< 553 SWE[IX(5)) = Y(5)) i, -
seR

For I, using the isometry identity we obtain

t
nguQ/ e P EG(s,X(5)) — G(5,Y ()12 32, 1) 05

t
< 2tr QK2 / e E X (s) - V(5|2 ds

t
< 2K? trQ(/ e ?0)ds) sup B||X (s) = Y (s)||f,
— 00 seR
K?trQ
< == suwpEX(s) = Y(s) |-
seER

Thus

E[|(LX)(t) = (LY)O)fs, < L + 12 < fsup Bl 1 (s) = Y (5[,
se
Consequently, as 8 < 1, we deduce that L is a contraction operator, hence
there exists a unique mild solution to (4) in CUB(R, L*(P,H,)).
Furthermore, by [9, Theorem 7.4], almost all trajectories of this solution
are continuous.

Second step. We assume now that " < 1. Let us show that X is almost
periodic in distribution. We use Bochner’s double sequences criterion. Let
(a,) and (B,,) be two sequences in R. We show that there are subsequences
(o) C (er,) and (B,) C (B,,) with same indexes such that, for every t € R,
the limits

(10) lim lim u(t + o, + Bm) and li_)m w(t + an + Bn),

n—00 M—>00

exist and are equal, where pu(t) := law (X) (¢) is the law or distribution of

X(t).

13



Since F and G are almost periodic, there are subsequences (o) C ()

and (6,) C (8,) with same indexes such that

(11) nl;rrgo n}gnoo F(t+ oap+ B, x) = 111520 F(t + an + pp, ) =: Fo(t, )
and

(12)  lim lim G(t + ap + B, ) = nl;rrgo G(t+ an + B, x) =: Go(t, x).

n—oo m—oo

These limits exist uniformly with respect to ¢t € R and x in bounded subsets
of HQ.
Set now (v,,) = (e, + Br). For each fixed integer n, we consider

X"t = /_ ; S(t—5)F(s-4ym, X™(5))ds+ /_ too S(t—8)G(s-+ym, X™(5))dW (s)
the mild solution of
(13)  dX"(t) = AX™(E)dt + F(t + , X (1))t + G(t + 7, X(£))dW (1)
and

X0(t) = / ; S(t — 5)Fo(s, X°(s))ds + / ; S(t = $)Go(s, X°(s))dW (s)
the mild solution of
(14)  dX°(t) = AXO(t)dt + Fo(t, XO(t))dt + Go(t, X°(t))dW (t).

Make the change of variable o — v, = s, the process

t+vn
X(t+7n):/ St + v — s)F(s, X (s))ds

—00

N /mn S+ — 8)G(5, X (5))dW (s)

—00

becomes
t
X(t+v) = / St —8)F(s+ v, X(s+v))ds

+ / S(t —8)G (5 + Y, X (5 4 7)) dWi(s),

14



where W,,(s) = W (s + ) — W(y) is a Brownian motion with the same
distribution as W (s). Thus the process X (¢t + ;) has the same distribution
as X" (t).
Let us show that X" (¢) converges in quadratic mean to X°(t) for each
fixed ¢t € R. Using the inequality (a + b)? < 2a? + 2b% we obtain
B[lX" () - X°(t)]*
t
B [ S(= )P+ 70, X" (9) — Falis, X(s)]ds
t
b [ 8= )60 + 30, X7(5) = Gols, X)W ()P
t
<2B) [ (= 9)[F(s-+ 70 X" (5)) = Fols X°(5)lds|
t
28 [ 5 9)IGls 30 X7(5)) = Gl X)W (5) P
t
§4EII/ S(t = $)[F (s + v, X"(5)) = F(s + 70, X" (5))]ds
t
+ 4EH/ S(t = $)[F (s + v, X°(5)) = Fo(s, X°(s))]ds|

+ 4EH/ S(t = $)[G (s + 7y, X" (5)) = G(5 + 70, X(5))]dW (3)]*

+ 4EH/_ S(t = 8)[G(s +vn, XO(s)) — Go(s, X°(s))]dW (s)||?
<Iy + Ix + I3 + 14

Now, using (ii), (iv) and the Cauchy-Schwartz inequality, we obtain
t
=Bl [ (0= )G+ X)) Fs -+ 7 X6l

<4B( [ 180 = FG+ 70 X6 = Fls + 70 X0(6)) )’

[e.e]

< 4E(/_OO e )| F (s + 7, X™(s)) — F(s +%,X0(5))\|d5)2
< 4(/_t e_‘s(t_s)ds) (/_t e 0(t=s) E||F(s + Yn, X"(s)) — F(s+ an,XO(s))Hst)

4K2 t
< / =303 B X"(5) — X°(s)|%ds.

15



Then we obtain
t
I, = 4E| / S(t — $)[F(s + 7y X(s)) — Fols, X°(s))ds]

< 4E( / LI (s 4 XO(s) Fo(s, X°(s))|ds)”

—00

IN

48( / " -9 gg) / )| F (s + . X°(5)) — Fo(s, X°(s))|2ds)

IN

t
A / e~00=3) 45 25up BI| F(s + 7, X°(5)) — Fo(s, X°(s))|?

—00

4
< sz supE[F(s + s X0(5)) — Fols, X°(s))II%,

which converges to 0 as n — oo because sup,cg E[|X%(#)||> < oo which

implies that {X°(t)}; is tight relatively to bounded sets.
Applying It6’s isometry, we get

Iy = 4EH/ S(t = $)[G (s + v, X" (5)) = G(5 + 70, X°(5))]dW (3)*

< 4trQE/ IS(t = $)IPIIG(s + 7n, X" () = G(s + 7, X°(s)) | ds

t
= 4“"@/ & 2 BG(s + 7, X7 (5)) — G5+ 7, XO(s)|ds
t
<AK%trQ / e P B X7 (s) — XO(s)||%ds.

and

I, = 4E| / S(t = $)[G(s + 7n X°(s)) — Gols, X°(s))]dW ()|

§4trQE(/

1St = )IPIG (s + 7n, X°(s)) = Gols, X°(s)) ]| ds)

t
< 40 Q / e~ 45) sup B[ G(5 + Y, X°(s)) — Go(s, X°(s))|]

seR
<

Su[IR?EHG(S + 9, XO(5)) = Go(s, X°(s))[|*.
EIS

For the same reason as for I, the right hand term goes to 0 as n — oo.
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Note that, as in the proof of Corollary 3.4, and with the same notations,
we have § > 5. Thus, applying Lemma 3.3, we obtain

lim BJIX"(t) - X°(0)|* =0,

hence X" (t) converges in distribution to X°(¢), but since the distribution of
X"™(t) is the same as that of X (¢ + 7,,) we deduce that X (¢ + ;) converges
in distribution to X°(t), i.e.

i — 0 _.,,0
JLH;O pt+ an + By) = law (X°(t)) =: py.
By analogy and using (11), (12) we can easily deduce that
lim lim p(t+ ap + Br) = 12,

n—oo m—oo

We have thus proved that X has almost periodic one-dimensional dis-
tributions. To prove that X is almost periodic in distribution, we apply
Proposition 3.2: for fixed 7 € R, let &, = X(7+ ), Fu(t,z) = F(t+ay, ),
Gn(t,z) = G(t + an,z). By the foregoing, (&,) converges in distribution
to some variable Y (7). We can choose Y (7) such that (&,, W) converges
in distribution to (Y, W) Then, for every T' > 7, X(. + ay,) converges in
distribution on C([r,T]; Hz) to the (unique in distribution) solution to

Y(t) = / S(t—s)F(s,Y (s ds—l—/ S(t—s) Y (5))dW (s).

Note that Y does not depend on the chosen interval [r,T], thus the con-
vergence takes place on C(R;Hy). Similarly, Y;, := Y (. + 5,) converges in
distribution on C'(R;Hs) to a continuous process Z such that, for t > 7,

Z(t) = / S(t—s)F (s, Z(s ds+/ S(t—s) , Z(s))dW (s).

But, by (11) and (12), X (.4+,) converges in distribution to the same process
Z. Thus X is almost periodic in distribution. ]

4 Weak averaging

In this section we assume Conditions (i) — (iv) of Section 3, but we replace
Condition (v) by Condition (v’) below, which is weaker thanks to Proposi-
tions 2.4 and 2.5. Let us define the Hilbert space Hy = range(Q/?) as in
Proposition 2.5, where @ is the covariance operator of the Wiener process W'.
We assume that the mappings F' : RxHy — Hy and G : RxHy — L(H;, Hy)
satisfy
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(v’) There exists continuous functions Fy : Hy — Hy and Gy : Hy —
L(Hy, Hy) satisfying (2) and (3) for every = € H.

Theorem 4.1 Let the assumptions (i) — (iv) and (v’) be fulfilled and the
2

K< /1
constant 0 = 5 <§ +tr Q)< 1. For each fized € €]0,1], let X¢ be the mild

solution of the equation
(15)  dX°(t) = AX®(t)dt + F(é, X(t))dt + G(é, XE(t))dW (t), t € R.

Then (X2(t)) — (X°(t)) in distribution as € — 0+ on the space C(R,Hy)
endowed with the topology of uniform convergence on compacts subsets of R,
where (X°(t)) is the mild solution to

(16) dXO(t) = A(XO(t))dt + Fo(XO())dt + Go(X (t))dW (t)
which is a stationary process.

Before we give the proof of this theorem, let us recall some well-known
results.

Proposition 4.2 ([6]) Let (X,,)n>0 be a sequence of centered Gaussian ran-
dom variable on a separable Hilbert space H with sequence of covariance op-
erators (Qn)n>0- Then (Xp)n>0 converges in distribution to Xo in H if and
only if

| Qn — Qo |xv— 0,7 — 0

Let U, V,H be real separable Hilbert spaces, let W be a U-valued (F)-
adapted Wiener process with nuclear covariance operator Q.

Proposition 4.3 ([17, Proposition 2.2]) Let o« : H — V be a Lipschitz
mapping and o : R x H — L(U,V) be a measurable mapping such that

lo(r,2)lLwyy < MQA + |zla) and [jo(r,z) —o(ry)llLwy) < Mz -yl
for a constant M and every r € [s,t],z,y € H. Let g € BL(V), we define

Y(y) = Eg(a(y) + /: a(r,y)dW(r)),y € H.

Let u : Q — H be a (Fs)-measurable random variable with E||ul|f < oo.
Then

B[ (a(u) + / ta(r,u)dW(r))\}"s}:w(u) Poas.

18



Proof of Theorem 4.1 We denote F.(s,z) := F(=,z), G:(s,z) =
G(f,x), and for every X € CUB(R,LZ(P,HQ)),
€

Le(X)(t) = /_ S(t—s)F:(s,X(s))ds + /_ S(t—s)G:(s,X(s))dW (s),

zmm@:/'ap@%u@mw/ﬂp@%a@wmg

First step. Let us show that L.(X) — Lo(X) in distribution, as ¢ — 0,
in the space C(R,Hs) endowed with the topology of uniform convergence
on the compact subsets of R. This amounts to prove that, for any 7 € R
and any 7" € R such that 7 < T, L.(X) — Lo(X) in distribution in
the space C([7,T],Hs) (see [18, Theorem 5]). Since the previous integral
exists, then for every n > 0, there exists 7 such that for each ¢ < 7, we
have E ||Y”(0)||]%I2 < n, thus for the proof that Y™ converges in distribution
to YV on C(R, Hy), it suffices to show the convergence in distribution on
C([r,T],Hs) of

3 S(t—s)F-(s,X(s))ds + 3 S(t—s)G:(s, X (s))dW (s)
to . .
3 S(t—s)Fo(X(s))ds + 3 S(t —s)Go(X(s))dW (s).

Let (e,) be an arbitrary sequence in 0, 1] such that ¢,, — 0 and X €
CUB(R, L*(P,Hy)). We denote F,(s,z) := F(Z,2), Gu(s,z) = G(<, 1),

we simplify the notation L., in L,, and we denote
Y(t) := Ln(X)(t)

:/ap@&@x@m+/ap@agx@wwg

We have supE HXtH]%I2 < 00, thus the process X satisfies the following con-
dition: for every n > 0, there exist a partition

{r=to<ti<---<tp=T} of [1,T]
and a process

X(t) = S5 X (ti) gy y0((0)
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such that B
sup B[ X (1) - X ()%, <n.

Using the fact that L. is Lipschitz, we obtain
sup B || L X (1) — L X (t)|If, <7

uniformly with respect to €.
We set, with a slight abuse of notation:

k tiAE
(1) = LX) =3 /t S ) Bl Ko )ds

i=1 Jti-iNt

ti N\t "

+ / S(t—s)Gn(s, Xti_l)dW(s))
ti—1 /Nt

To prove that for each ¢ € [1,T], L, X (t) converges in distribution to Lo X (t),

it suffices to show that for each | € {0,1,...,k}, X"(t;) — X°(#;) in

distribution as n — oo, where

ti—1

! t; "
() =Y ([ st— ) Fs. Xt
=1 i

+/t St — S)Gn(S,)N((tz‘fl))dW(SD

:S(tl — tlfl))?n(tlfl) + " S(tl — s)Fn(s,)?(tl,l))ds

[ S(tr = 5)Gn(s, X (t1-1))dW (s).

t—1

Indeed, we just use the following two properties: For any v > 0 there exists
a partition {7 =to < --- <ty = T'} of the interval |7, T] such that

E< X(t) — X"(t D<
s%p l=1r,r.1.%+1 tl_rflsatxstz ( ) (l 1) 7
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and
ey (lavv (Lo X (1)), law (Lo X (1)) ) <d, <law (Lo X (1)), law ()Z"(t)) )
+ dy (law <X”( law <)~(°(t)) )
+ d (lavv <)~(0(t
<E|L,X(t) - X" ()|
+ d (lavv <)~(”(t)) law <)~(O(t)) )
+ ElLoX (1) = XO(2)].

We define a mapping
Vo : Hy — L1(Q, Hy)

by

l

ti
ol = ([ 8= 9P v ds

i=1 “ti-1
t;
+ [ 8= )Gl W ()
ti—1
Obviously, L N N
’Yn(Xt(n Xt17 e 7th_1) - Xtyll

Let B
Htg by, by = law (Xt()?th? e 7th_1> .

Let g € BL(Hs), and hy,(y) = Elg(.(y))]; ¥ € Hb. From Proposition 4.3,
we have

E[Q(Xg)] = E[hn(jzto’jztla s ’thfl)] = /Hl hn(y)dﬂto,tl,---,t171(y)

2

and

|Elg(X7)] - Blg(X0)]| = | / Wttt ()

/ |h )|dﬂto,t1, Lt 1(?/)
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Let us show that hy,(y) — ho(y) as n — oo for every y € Hb:

L
@) =20) =3 [ St = ) (Falo i) ~ Folyi)ds
=1 i

ti—1

ti—1

l ti
n Z/ S(ti = 5)(Gu(s,9i-1) — Go(yi—1)) AW (s)
=1 2
=1, + J,.

Assumption (v’) implies that I,, — 0 as n — oo, and since

l t;
> / Sty — 8)G(s,yi—1) AW (s)
i=1 /ti-1

is a centered Gaussian random variable in Hy, we deduce by Assumption
(v’) and Proposition 4.2 that J, — 0 in distribution as n — oo hence
Y (y) — Y0(y) in distribution as n — oo, consequently

(17) hn(y) — ho(y) for any y € H.
For every 77/ > 0, there exists a compact set K C Hé such that
it b1,y (HY \ K) <17
We have
(18) hy, € BL(HL) and sup ||hy ||z < oo
n

because, for all y, z € H, and for some constant K7,

[hn(y) = hn(2)] < llgllse E I (y) — v (2) e, < Killgllselly — 2l -

From (17), (18) and the compactness of K, we deduce that h,, converges to
ho uniformly on I, hence

lim /IC ’hn(y) - hO(y)’dﬂto,th---,tl—l (y) =0

n—oo

and, since ¢ is a bounded function,

L ) = Ho a0
2

’

< 2supsup |[hn(y)|n = 2supsup | Elg(y (y))]|n -
n Yy n Yy
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Thus X"(t;) — X°(#;) in distribution asn—oo. N

Let us now show that ()Z'[(‘),)Z'ﬁ,,X[;) — (XD, X7, ..., XP) in dis-
tribution as n — co. We proceed by induction. By the foregoing, we have
Xp — X? in distribution. Assume that for 0 <1 < k—1, (X7, X[, ..., X]")

tor) <ty
converges in distribution in H5'. Let us define oy, : H5H — HL2 by

tiy1
an(y07 Y1, ... 7yl) = <y07 Yi,-- -5 Y1, S(tl+1_tl)yl+/ S(tl+1_S)Fn(Sa yl)d3>
t
and S, : Hl;l — Ll(Q,Hé+2) by
tiy
/Bn(y07 Y1, 7yl) = (07 v 707/ S(tl+1 - S)Gn(S, yl)dW(S))
171

so that

(o + Bn) (X, Xi3 -, X)) = (Xg, Xi1, - XEL X))

We denote u, = (X7, X[, ..., X}") and i, = law (uy,). Let g € BL(HS™),
and
ha(y) = Eg(an(y) + Ba(y)), y € H5.

Proposition 4.3 yields

Eg()zg)7)zg7 ce ngﬂ) = Ehn(un) = / hn(y)dﬂn(y)'

1+1
HQ

It follows that

|[Eg(Xp. X2, X ) —Eg(Xp. X{,... . X]) )
= /Hz?ﬂ [ (y) = ho(y)ldpan (y) + | /H o M)k (y) = /H i Mo )dHo )|

< Ji(n) + Ja(n).
As in the above reasoning, we can prove that
hn € BL(HG), sup |y le < o0
n
and

an(y) + Bn(y) — ao(y) + Bo(y)

in distribution, for every y € Hl;l thus hy,(y) — ho(y) as n — oo, for
any y € HZQ'H. On the other hand, by the induction hypothesis we have
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fin — o and since hg € BL(HL™) we have Jy(n) — 0 as n — 0. The
convergence of p, implies that {u,} is tight, i.e. for each 77/ > 0 there exists
a compact set I € Hé"’l such that

(19) sup py (H5H\ K) <

Since for every y € H5™, h,(y) — ho(y), from (19) and the compactness
of IC the function h, converges to hg uniformly on /C, hence

,}ggo/ |ha(y (y)|dpn(y) =0
and
[ T = ho@)ldin(s) < 250 5up b )l
HL\K noy
So Ji(n) — 0 as n —» 0, consequently (X[(L),Xg, . ,)Z'gﬂ) converges in

distribution in Hl2+2, which implies that for every ¢ € N, we have
(20) (Vg Yl Yey) = (Yig, Vil Yy

in distribution on Hg“.
It remains to show that for each positive 7, v there exist o, 0 < o < 1
and an integer ng, such that

1
(21) —P{ sup ||[Y"(s)=Y"(@)| >v}<n n>ng
« s<t<s+a«a

for every s in [r, T]. We have
—Y"(s)
/St—a (0, X (0 da—/ S(s — 0)Fy(0, X (0))do
/ S(t — 0)Gn(o, X (0))dW (o / S(s — 0)Gn(o, X (0))dW (o)
= / S(t — 0)Fy(0, X (0))do + / S(t — 0)Gr(o, X (0))dW (7).
We have

“P{ swp [V7(5) =Y (@) > v} < — S B(_sup [¥7(s) — V(1))

« s<t<s+a s<t<s+a
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To check Inequality (21) it suffices to show that we can choose « such that

E( sup [[Y"(s) =Y (1)||") < aw'y
s<t<s+a

for every integer n and every s € [1,T].
Using the inequality (a + b)* < 8a* + 8b*, we obtain

E( sup [[Y"(s) - Y"(t)[|") SSE( sup H/ S(t — o) Fu(o, X (0))do||*)

s<t<s+a s<t<s+a

LSE( sup | / S(t — 0)Go(o, X (0))dWV ()]

s<t<s+a«
<Ii + I.

Applying Cauchy-Schwarz inequality, we get

I =8E( sup ||/ S(t — 0)Fo(0, X (0))do||")

s<t<s+a«

< SE( sup </t 15t - U)Fn(U,X(U)Hda>4)

s<t<s+a

SSES;EEM[(/ 5(t-0) da / 1F (0, X (o) da) }

<8K? sup (-1 ¥0-) E(/: 1+ [X(@)])do)

s<t<s+a«

For I, using the stochastic convolution inequality, we obtain, for some con-
stant C.,.,

L=8E( sup | / S(t — 0)Gin(0, X(0))dW ()]

s<t<s+a

< 8. B( [ IGulo X ) )

Sst+a
<8CL K [ L+ X))o
S
Thus, for o small enough,

E( sup [[Y"(s) = Y"(#)|*) <

s<t<s+a«

Therefore Lo (X) — Lo(X) in distribution as e — 0+ on the space C([, T, Hy)
for all 7,7 such that " > 7. Hence L.(X) — Lo(X) in distribution as
e — 0+ on the space C(R, Hy).
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Second step. Now, let us show that L.(X¢) — Lo(X") in distribution as
e — 0+ on the space C(R,Hy), which means that X* — X in distribution
as € — 0+ on the space C(R, Hy).
We denote by: pf(X) :=law (LF(X)) (k > 1) where L¥ = L.oL.o-- -oL,,
w(X) :=law (X) and pf(X) :=law (L§(X)) where L§ = Loo Ly o --- o Ly.
Observe that:

(a) Since, for every k € N, L¥ and L§ are contraction operators (see the
proof of Theorem 3.1), we deduce that, for every f € BL(C(R,Hs,)
such that ||f|[s. < 1, for each w € Q, f o L¥(w) € BL(C(R,H,) and
I1f o LE(w)ls < 1.

(b) Since X¢ and XY are solutions, we have u¥(X¢) = u(X¢) and pf(X0) =
u(X0) for every k € N*

(c) Since L. is 6-Lipschitz,

(BIZEC) — 25 )]) < BILECO) — 250 < 04 BJLX — V72

Now, using the properties of the metric dg;, on the probability space P (C(R, Hy))
and (c) we obtain, for X,Y € CUB(R, L?(P,H,)),

b)) = sup [ [ a0 - i)
Il FllBL<1'JC(R,Hz)

= swp | [ frEeo) —f[L’;(Y)]dP\

IfllBr <1
< /Q ILE(X) — LE(Y)|dP < *E|| X — V|2

Furthermore, from (a) we obtain

o (5 (), W (V) = sup_| / FIEECX)) — FIEYYaP|
IfllBL<1

22 ||f||BL<1‘/ fX) )dP‘: o (1), 1Y)

From above we deduce that there exist k € N* and 0 < 8’ < 1 such that

(23) i, (e (X), pE (V) < 0'disr, (u(X), (1))
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Indeed, assume that Inequality (23) is false, for every 0 < ' < 1 there exist
X,Y € CUB(R, L*(P,H,)) such that p(X) # p(Y) and

08 (BIIX = YI2)* > don (uE(X), 1t (V) > 0'di, (u(X), w(Y)); Wk € N

therefore taking k elarge enough, we see that dg, (M(X),,u(Y)): 0, a con-
tradiction with u(X) # p(Y).
Now, by using (b), (23), and (22), it is easy to conclude that
dBL(#(XE)nu(XO)) = dBL(Mlg(Xa) MIS(XO)

i (HE(X),  (XO)
k-1

dBL(Me(XO) I(XO)-
1-0
Indeed, we have

(24) (1= 0')du ((X%), (X))

) =0 i (u(X5), (X))
)—d (ME(XE) ue( )
)— 0))
) X))
571( )) +dBL( (XO) (XO))
We thus have

(1= 6 ) ((X7), <X°>)
< dpn (™ (Le(X), b (X )) + di, (pEH(X0), (X))
<l (i (X0), (X°)) + (1 (X), 15(X))
= dr (B (X0), 15(X°)) + din (1 (XO), (X))
< (k= D (12 (X), (X))

the last inequality being obtained by finite induction, repeating the calcu-
lation of (24). Thus, using the result of the first step,

)

lim di, ((X°), (X)) = 0.

Finally, by [8, Theorem 4.1] we deduce that the mild solution (X°) of
(16) is a stationary process. ]
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