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ON THE CLASS OF CAUSTICS BY REFLECTION OF PLANAR CURVES

ALFREDERIC JOSSE AND FRANCOISE PENE

ABSTRACT. Given any light position S € P? and any algebraic curve C of P? (with any kind
of singularities), we consider the incident lines coming from S (i.e. the lines containing S) and
their reflected lines after reflection on the mirror curve C. The caustic by reflection Xs(C) is the
Zariski closure of the envelope of these reflected lines. We introduce the notion of reflected polar
curve and express the class of ¥5(C) in terms of intersection numbers of C with the reflected
polar curve, thanks to a fundamental lemma established in [15]. This approach enables us to
state an explicit formula for the class of ¥5(C) in every case in terms of intersection numbers
of the initial curve C.

INTRODUCTION

Let V be a three dimensional complex vector space endowed with some fixed basis. We
consider a light point S[xg : yo : 20] € P? := P(V) and a mirror given by an irreducible algebraic
curve C = V(F) of P?, with F € Sym¥(VY) (F corresponds to a polynomial of degree d in
Clz,y, 2]). We denote by d¥ the class of C. We consider the caustic by reflection ¥g(C) of the
mirror curve C with source point S. Recall that ¥g(C) is the Zariski closure of the envelope of
the reflected lines associated to the incident lines coming from S after reflection off C. When S
is not at infinity, Quetelet and Dandelin [17, 9] proved that the caustic by reflection ¥g(C) is
the evolute of the S-centered homothety (with ratio 2) of the pedal of C from S (i.e. the evolute
of the orthotomic of C with respect to S). This decomposition has also been used in a modern
approach by [2, 3, 4] to study the source genericity (in the real case). In [15] we stated formulas
for the degree of the caustic by reflection of planar algebraic curves.

In [7], Chasles proved that the class of Xg(C) is equal to 2dV + d for a generic (C,S). In [1],
Brocard and Lemoyne gave (without any proof) a more general formula only when S is not at
infinity. The Brocard and Lemoyne formula appears to be the direct composition of formulas
got by Salmon and Cayley in [18, p. 137, 154] for some geometric characteristics of evolute and
pedal curves. The formula given by Brocard and Lemoyne is not satisfactory for the following
reasons. The results of Salmon and Cayley apply only to curves having no singularities other
than ordinary nodes and cusps [18, p. 82], but the pedal of such a curve is not necessarily a curve
satisfying the same properties. For example, the pedal curve of the rational cubic V (y?z — %)
from [4 : 0 : 1] is a quartic curve with a triple ordinary point. Therefore it is not correct to
compose directly the formulas got by Salmon and Cayley as Brocard and Lemoyne apparently
did (see also Section 5 for a counterexample of the Brocard and Lemoyne formula for the class
of the caustic by reflection).

Let us mention some works on the evolute and on its generalization in higher dimension
[10, 19, 6]. In [10], Fantechi gave a necessary and sufficient condition for the birationality of the
evolute of a curve and studied the number and type of the singularities of the general evolute. Let
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ON THE CLASS OF CAUSTICS BY REFLECTION OF PLANAR CURVES 2

us insist on the fact that there exist irreducible algebraic curves (other than lines and circles) for
which the evolute map is not birational. This study of evolute is generalized in higher dimension
by Trifogli in [19] and by Catanese and Trifogli [6].

The aim of the present paper is to give a formula for the class (with multiplicity) of the caustic
by reflection for any algebraic curve C (without any restriction neither on the singularity
points nor on the flex points) and for any light position S (including the case when S is
at infinity or when S is on the curve C).

In Section 1, we define the reflected lines R, at a generic m € C and the (rational) “reflected
map” Re g : P? — P? mapping a generic m € C to the equation of R,,.

In section 2, we define the caustic by reflection ¥g(C), we give conditions ensuring that 3g(C)
is an irreducible curve and we prove that its class is the degree of the image of C by Re¢ g.

In section 3, we give formulas for the class of caustics by reflection valid for any (C,.S). These
formulas describe precisely how the class of the caustic depends on geometric invariants of C
and also on the relative positions of S and of the two cyclic points I, J with respect to C. As a
consequence of this result, we obtain the following formula for the class of Xg(C) valid for any
C of degree d > 2 and for a generic source position S:

class(X5(C)) = 2d” +d — Q(C, o) — pr(C) — us(C),

where (C, £) is the contact number of C with the line at infinity ¢+, and with px7(C) and ps(C)
are the multiplicities number of respectively I and J on C.

In Section 4, our formulas are illustrated on two examples of curves (the lemniscate of Bernoulli
and the quintic considered in [15]).

In section 5, we compare our formula with the one given by Brocard and Lemoyne for a light
position not at infinity. We also give an explicit counter-example to their formula.

In Section 6, we prove our main theorem. In a first time, we give a formula for the class of
the caustic in terms of intersection numbers of C with a generic “reflected polar” at the base
points of R¢ g. In a second time, we compute these intersection numbers in terms of the degree
d and of the class d of C but also in terms of intersection numbers of C with each line of the
triangle 1JS.

In appendix A, we prove a useful formula expressing the classical intersection number in terms
of probranches.

1. REFLECTED LINES R,, AND RATIONAL MAP R¢ g

Recall that we consider a light position S[zg : yo : 2] € P? and an irreducible algebraic
(mirror) curve C = V(F) of P? given by a homogeneous polynomial F' € Sym%(V) with d > 2.
We write Sing(C) for the set of singular points of C. For any non singular point m, we write
TmC for the tangent line to C at m. We set S(xo,%0,20) € V \ {0}. For any m[z : y : 2] € P2,
we write m(x,y,z) € V \ {0}. We write as usual £, = V(z) C P? for the line at infinity. For
any P(x1,y1,21) € V\ {0}, we define

ApF =1 F, + 1 Fy+ 21 F; € Symdil(Vv).
Recall that V(ApF) is the polar curve of C with respect to P[xy : y; : 21] € P2

Since the initial problem is euclidean, we endow P? with an angular structure for which
I1:i:00 €P?and J[1: —i: 0] € P? play a particular role. To this end, let us recall the
definition of the cross-ratio S of 4 points of {s. Given four points (P;[a; : b; : 0]);=1,.. 4 such
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that each point appears at most 2 times, we define the cross-ratio 3(Py, Ps, P, Py) of these four
points as follows :

(b3a1 — blag)(b4a2 — b2a4)

(bsaz — baaz)(bsar — biay)’

5(P15P25P3,P4):

with convention % = 00. For any distinct lines A4; and A3 not equal to £, containing neither 1

nor J, we define the oriented angular measure between A; and Ay by 6 (modulo 7Z) such that

(a1 + ib1)(a2 — ibg)

(a1 — ’ibl)(ag + Zbg)

(where Pj[a; : b; : 0] is the point at infinity of A;). Let Q € Sym?2(V") be defined by Q(z,y) :=
22 + y2. It will be worth noting that Q(VF) = F2? + Fy2 = AjFA F. For every non singular
point m of C \ fs, we recall that t,,[F, : —F, : 0] € P? is the point at infinity of 7;,C and so
tm & {I,J} is equivalent to m € V(Q(VF)).

Now, for any m € C\ ({foo U Q(VF)) and any incident line ¢ containing m, we define as
follows the associated reflected line R,,(¢) (for the reflexion on C at m with respect to the
Snell-Descartes reflection law Angle(¢, T,) = Angle(Tm, Rim))-

e 20 = B(P, Py, 1,J) =

Definition 1. For every m € C\ ({oo U V(Q(VF))), we define ty, : log — log mapping P € lo
to the unique t,,(P) such that B(P,ty, I, J) = B(tm, tm(P),1,J).

We define Ry, : Fn — Fm with Fp = { € G(1,P?), m € £} by R (€) = (men(Pr)) if P
1s the point at infinity of £.

We have (on coordinates)
t([z1 2 y1 1 0]) = [ (F2 — Fy2) + 2y Fu Fy : —y1 (F2 — Fy2) + 22, F, Fy 2 0]

Remark 2. Observe that t,, is an involution on ls = P! with exactly two fized points t,,
and ny[Fy + Fy : 0. As a consequence, Ry, is an involution with two fixed points Tp,(C) and
N (C) := (mny,) the normal line to C at m.

Moreover t,(I) = J and vy, (J) = I.

Definition 3. For any mlz :y: z] € C\ ({S} Ul UV(Q(VF)) we define the reflected line
R on C at m (of the incident line coming from S) as the line Ry, := Ry, ((MS)).

For m[z : y : 2] € C\ ({S} U/l UV(Q(VF)), the point at infinity of (Sm) is sy[zez —
20z : Yoz — 20y : 0]. Due to the Euler identity, on C, we have zF, + yF, + zF, = 0 and so
(xoz — 20x)Fy + (Yoz — 20y)Fy = zAgF. Hence t(Sy,) = [—Um : um : 0] and the reflected line
R is the set of P[X :Y : Z] € P? such that umX + vmY + wmZ = 0, with

Um = (20y — 2y0)(F2 + F2) + 2:AgF.F, € Sym*™1(VY)
vm = (2wo = 202)(F} + Fy) — 2288 F.F, € Sym> (V)
— LUy — YU -
W = nym = (zyo — yxo)(F2 + F)) — 2AsF(aF, — yF,) € Sym* 1 (VY).

Definition 4. We call reflected map of C from S the following rational map

R P2 - P2
GS:m [Um : Um @ W]

We also define the rational map Te s := (Re,s)ic : C — P2,
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For any m € V, it will be useful to define Rpg(m) := (um, ¥m, wm) € V and to notice that
Rrs(m) =Q(VF(m)) - (mAS) —2AgF(m) - (mAnpy,) €V,
with! nm, (F;(m), F,(m),0) € V.
Proposition 5. The base points of T s are the following:

I, J, S (if these points are in C), the singular points of C and the points of tangency of C with
some line of the triangle (I1JS).

Proof. We have to prove that the set of base points of T¢ g is the following set: M := CnN
({I,J,S} UV(AsF,Q(VF))UV(Fy, Fy)). We just prove that Base(T¢,s) C M, the converse
being obvious (observe that if m € {I,J}, we automatically have Q(VF(m)) = 0 and ny, €
Vect(m)). Let mz;y;z] € C be such that Rpg(m) = 0. Then m and Q(VF(m)) - S —
2AgF(m) - ny, are colinear. Due to the Euler identity, we have 0 = DF(m) - m (with DF (m)
the differential of F' at m) and so 0 = —AgF(m) - Q(VF(m)) since DF(m)-S = AgF(m) and
since DF(m) - ny, = Q(VF(m)). Hence AgF(m) =0 or Q(VF(m)) = 0.

If AgF'(m) = 0, then either Q(VF(m)) =0or m = S.

If AgF'(m) # 0 and Q(VF(m)) =0, then Fy(m) = Fy(m) =0 or m = [F(m) : F,(m) : 0].
Assume that m = [Fy(m) : F,(m) : 0]. Then, since Q(VF(m)) = 0, we conclude that m €
(1,7}, O

In the following result, we state the S-generic birationality of T¢ 5. We give a short version
of the proof of [16]. Let us indicate that another proof of the same result has been established
at the same period by Catanese in [5].

Proposition 6 (see also [16, 5]). Let C be an irreducible curve of degree d > 2. Then, for a
generic S € P3, the map Te,s is birational.

Proof. For every m € Cp := C \ (fs UV (Q(VF))) and every S € P2\ {m}, we write R, g for
the reflected line R, ((mS)). For every m € Co, we consider the set K,, := {S € P2\ C:3Im’ €
C‘0 \ {m}7 7:\J/m,S = Rm/,S}-

e Let us prove that, for any m € Cy, K,, is contained in an algebraic curve K,, of degree
less than 2d? + 2.

Let m € Cy. Consider S € P?\ C and m’ € Cp \ {m} such that R,, s = R,y s. Then
we have Ry, 5 = Ryy.s = (mm') and s0 S € Ry N R/ -

Assume first that Ry, v = Ry m. Then this line is (mm’) and it is its own reflected
line both at m and at m/. This implies that (mm’) is either T,,C or N;,C, so that
S e TC UNLC.

Assume now that Ry, m # R/ m- Then S = 7,,(m’) with 7,,, : P2 — P? the rational
map associated to Tm : V = V with 7py(m’) = Rpp(m) A Rpm(m’). Hence K, C
Ko := TmC U N;,,C U T, (C), where A is the Zariski closure of a set A. Since the degree
(in m/) of the coordinates of T, is 2d, we conclude that deg K, < 2d? + 2.

e The set K of points S € P?\ C such that Rc s is not birational is contained in

= U N En

ECCo:#E<co meCo\E

Z22Y1 — 21Y2
l§ith A: VXV 5V being given in coordinates by (z1,y1,21) A (z2,y2,22) = 212 — 2271 | .
T1Y2 — Y1x2
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To conclude we will apply the Zorn lemma. We have to prove that {ﬂmECo\ B K., #E <

oo} is inductive for the inclusion. Let (F; := ﬂmeco\Ej K,)j>1 be an increasing sequence
of sets (with Ej finite subsets of Cy). Write Z for the union of these sets. Observe that
Z C Ky, for some fixed mg € Co \ U;>1 Ei- The set Ky, is the union of irreducible
algebraic curves Cf,...,C,. We write d; for the degree of C;. If C; C Z, we write
N; :=min{j > 1:C; C F;}. If C; € Z, then (C; N Fj);>1 is an increasing sequence of
finite sets containing at most d;(2d*+2) points and we set N; := min{j : (C;NZ) C F;}.
We obtain Z = Fax(ny,...,N,)- Due to the Zorn lemma, there exists a finite set Ep such
that K C ﬂmECO\ Eo K, from which the result follows.

O

2. CAUSTIC BY REFLECTION

Definition 7. The caustic by reflection Xg(C) is the Zariski closure of the envelope of the
reflected lines {Rpy;m € C\ ({S} Ulo UV(Q(VE))}.

Recall that, in [15], we have defined a rational map ®rg called caustic map mapping a
generic m € C to the point of tangency of Xg(C) with R,, and that Xg(C) is the Zariski closure
of q)F,S(C)-

In the present work, we will not consider the cases in which the caustic by reflection Xg(C) is
a single point. We recall that these cases are easily characterized as follows.

Proposition 8. Assume that

(i) S ¢ {1, J},
(ii) C is not a line (i.e. d # 1),
(iii) of d =2, then S is not a focus of the conic C.

Then ¥g(C) is not reduced to a point and is an irreducible curve.

Proof. Assume (i), (ii) and (iii) and that Xg(C) = {S"} with S’ = [z1 : y1 : 21].

When S ¢ (o, we will use the fact that ¥g(C) is the evolute of the orthotomic of C with
respect to S. Since C' is not a line, the orthotomic of C with respect to .S is not reduced to a
point but its evolute is a point. This implies that the orthotomic of C with respect to S' is either
a line (not equal to {) or a circle. But C is the contrapedal (or orthocaustic) curve (from 5)
of the image by the S-centered homothety (with ratio 1/2) of the orthotomic of C. Therefore
d =2 and S is a focal point of C, which contradicts (iii).

When S € ly but §" & l, then, for symetry reasons, we also have ¥Xg/(C) = {S} and we
conclude analogously.

Suppose now that S, 5" € fo. We have zg = 21 = 0. For every m = [z :y : 1] € C\ (loo U
V(Q(VF))), we have B(S,tm,I,J) = B(tm,S’,I,J) Therefore we have

(iwo - yo)(_iFy + Fx) o (iFy + Fp)(—iz1 — yl)

(iFy + Fy)(—izo — yo) (—ily + Fy)(iz1 — y1)

and so

(ixo — yo)(iml — yl)(—iFy + FJ;)Z = (iFy + Fgg)z(—ixo — yo)(—ixl — yl).
Now, according to (i), izg — yo # 0, —izg — yo # 0, ix1 —y; # 0, —izy — y1 # 0. Hence
(—iF, + F;)? = a(iF, + F,)? for some a # 0, which implies that d = 1 and contradicts (ii).
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Hence we proved that ¥g(C) is not reduced to a point. Now the irreducibility of ¥¢(C) comes
from the fact that ¥(C) = ®pg(C) and that C is an irreducible curve. O

Proposition 9. Assume that ¥g(C) is not reduced to a point. Then we have

class(Xs(C)) = deg(Te,s(C)), (1)
where Te g(C) stands for the Zariski closure of T¢ s(C).
Proof. This comes from the fact that ¥ g(C) is the Zariski closure of the envelope of {R,,, m €

C\ (Sing(C)U{S}tUlx UV(Q(VF))} and can be precised as follows. For every algebraic curve
I' = V(G) (with G in Sym*(V") for some k), we consider the Gauss map & : P2 — P2 defined

on coordinates by dr([z : y : z]) = [Gy : Gy : G.], we obtain immediately the commutative
diagram :
)
¢ e 2s(C)
Te,s ) (2)
N\ + 0550
ons0)(Bs(C)) = (5(C))Y
with ® g the caustic map defined in [15] (see the begining of the present section). O

Let us notice that, according to the proof of Proposition 9, the rational map 7¢ ¢ as the
same degree as the rational map (®rg)|c (since Xg(C) is irreducible and since the Gauss map
(5ES(C))|ES(C) is birational [11]).

3. FORMULAS FOR THE CLASS OF THE CAUSTIC

Since the map T¢ ¢ may be non birational, we introduce the notion of class with multiplicity
of ¥5(C):
mclass(Xg(C)) = 61(5,C) x class(Xg(C))
where class(Xg(C)) is the class of the algebraic curve ¥g(C) and where 6(S5,C) is the degree of
the rational map T¢ g. We recall that 6,(S,C) corresponds to the number of preimages on C of
a generic point of Xg(C) by T¢ s.

Before stating our main result, let us introduce some notations. For every m; € P2, we write
tm; = Hm, (C) for the multiplicity of m; on C and consider the set Branchp, (C) of branches
of C at m;. We denote by &£ the set of couples point-branch (mi,B) of C with m; € C and
B € Branchy,, (C). For every (my,B) € £, we write eg for the multiplicity of B and 7y, (B) the
tangent line to B at m;; we observe that p,,, = ZBeanchml () eB- We write ip, (T,T) the

intersection number of two curves I' and I” at m;. For any algebraic curve C' of P2, we also
define the contact number €,,,,(C,C’) of C and C’ at m; € P? by

Qmy (C,C) i= iy, (C,C") — piny (C) i, (C')  ifmy €eCNC’
and
Qm, (C,C):=0 ifmgCnC.
Recall that Q,,,(C,C’) = 0 means that m; ¢ C NC’" or that C and C’ intersect transversally at
mi.

Theorem 10. Assume that the hypotheses of Proposition 8 hold true.
(1) If S & Lo, the class (with multiplicity) of ¥s(C) is given by
melass(Ls(C)) =2d" +d—2f —g—f— ¢ + ¢, (3)

where
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e g is the contact number of C with Lo, i.e. g: = cerp. my (Cyloo),
o f is the multiplicity number at a cyclic point of C with an isotropic line from S, i.e.

f=1u(C,(I8)) +1is(C, (J9S)),
e [ is the contact number of C with an isotropic line from S outside {I,J,S}, i.e.
fl = Z le(c’ (IS)) + Z le(c’ (JS))’
m1€(CN(IS))\{I,S} m1€(CN(JS)\{J,S}
e ¢ given by ¢ :=1is(C,(IS)) +is(C,(JS)) — us;
e ¢ is given by
C]/ = Z [iml (B’ Tml (B)) - 268]'
(m1,B)e€E:m1&{1,J,5}, T, B=(IS) or TmyB=(JS), imq (B,Tm,(B))>2eps
(2) If S € loo, the class of ¥s(C) is
melass(X5(C)) = 2d” +d — 29 — py — pg — ps — ¢ (S), (4)
with
d(8) = > (es + min(is(B, Oscs(B)) — 3ep,0)),
BeBranchg(C):ig(B,lss)=2ep

where Oscg(B) is any smooth algebraic osculating curve to B at S (i.e. any smooth
algebraic curve C' such that ig(B,C") > 2ep).

The notations introduced in this theorem are directly inspired by those of Salmon and Cayley
[18] (see Section 5). Let us point out that, in this article, g is not the geometric genus of the
curve.

Remark 11. Observe that we also have
d(S) := Z (eg + min(B1(S, B) — 3ep,0)),
BeBranchg(C):ig(B,lss)=2ep

where (1(S, B) is the first characteristic exponent of B non multiple of ep (see [22]).

Observe that, when is(B,Ts(B)) = 2ep, we have min(ig(B, Oscs(B)) — 3ep,0) = 0 except if
S is a singular point and if the probranches of B are given by Y — xalyo =aZ?+ o720 + ..
in the chart X =1 if xg #0 (or X — yalxo = aZ? +a1Z% + ... in the chart Y = 1 otherwise),
with a« # 0, oy #0 and 2 < By < 3. Hence ¢(S) = D_BeBranchs(C)ris(Byto )=2¢i €8 When C admits
no such branch tangent at S to f.

Combining Proposition 6 and Theorem 10, we obtain

Corollary 12 (A source-generic formula for the class). Let C C P? be a fived curve of degree
d > 2. For a generic source point S, we have §1(S,C) = 1 and class(Xs(C)) = 2d¥+d—g—pr—pug
with g the contact number of C with {.

Proof. Due to Proposition 6, §1(S,C) = 1 for a generic S € P2. So class(Xg(C)) = mclass(Xs(C)).

Assume moreover, that S € { (so we apply the first formula of Theorem 10), S ¢ C (so
g = 0), that (I5) and (JS) are not tangent to C (so f'=¢ =0 and f = p;(C) + ps(C)). We
obtain the result. O

4. EXAMPLES

Let us now illustrate our result for two particular mirror curves.
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4.1. Example of the lemniscate of Bernoulli. We consider the case when C = V(F) is the
lemniscate of Bernoulli given by F(x,y,2) = (22 +y?)? — 2(2% — y?)2? and when S € P?\ {I, J}.
The degree of C is d = 4. The singular points of C are : I[1:4:0], J[1: —i:0] and O[0:0: 1].
These three points are double points, each one having two different tangent lines. Hence the
class of C is given by d¥ =d(d —1) —3 x 2 =6 and so

2dY + d = 16.

The tangent lines to C at I are ¢y := V(y —iz —ix) and ¢y 1 := V(y — iz +ix) (the intersection
number of C with ¢; ; or with fo; at I is equal to 4). The tangent lines to C at J are ¢; 5 :=
V(y+iz —ix) and ly 5 := V(y + iz +ix) (the intersection number of C with ¢, ; or with ¢; ; at
J is equal to 4). This ensures that we have

f = 2(2 + 1S€£17[ + 156(2’] + 1S€£17] + 1S€£27J)‘

Observe that £ is not tangent to C. Indeed I and J are the only points in C N £y, and { is
not tangent to C at these points. Therefore we have g = 0 and ¢/(S) = 0.

Since I and J are also the only points at which C is tangent to an isotropic line (i.e. a line
containing I or J), we have f' =0, ¢ = g, ¢ = 0. In this case, one can check that 6;(S,C) = 1.
Finally, we get

if § ¢ loo, class(E5(C)) =12 = 2(1ser, juts ; + Lsety yuts ;) — Hs- (5)
Moreover, since puy = pj = 2, we have
if el \{I,J}, class(Xg(C)) =16—-2—2=12, (6)

(since pur = pg = 2 and since pug = 0). For example, for S[1 : 0 : 1], we get class(Xs(C)) = 8,
since S is in 3 ;1 N 41,7 but not in C (so ps = 0).

4.2. Example of a quintic curve. As in [15], we consider the quintic curve C = V(F') with
F(z,y,2) = y?2% — 2°. We also consider a light point S[zg : yo : 20] € P?\ {I,J}. This curve
admits two singular points: A;[0:0: 1] and A2[0: 1 : 0], we have d = 5.

We recall that C admits a single branch at A;, which has multiplicity 2 and which is tangent
to V(y). We observe that i4,(C,V (y)) = 5.

Analogously, C admits a single branch at As, which has multiplicity 3 and which is tangent
to . We observe that iy, (C,/l) = 5.

We obtain that the class of C is d¥ = 5 and that C has no inflexion point (these two facts are
proved in [15]). In particular, we get that 2d" + d = 15.

Since Aj is the only point of C N/, we get that g = Q24,(C,lx) =2 and f = 0.

The curve C admits six (pairwise distinct) isotropic tangent lines other than /: ¢1, {2 and
{3 containing [
Vk e {1,2,3}, =V (zx —y+ S—éak%z> , with a = e
and /4, ¢5 and {4 containing J:
Vk € {1,2,3}, l3 =V (zx +y+ ;—éak v 20z> .

For every i € {1,2,3,4,5,6}, we write a; the point at which C is tangent to ¢; (the points a;
correspond to the points of CNV (F2 + Fyz) \ {41, A2}). Since C contains no inflexion point and
since A1 and A, are the only singular points of C, we get that,

f=4#{i€{1,2,3,4,56} : Sct;\{a;}} and ¢ =0
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when S ¢ (.

Now recall that ¢’ = ig(C, (IS)) + is(C,(JS)) — s. Again, in this case, one can check that
01(S,C) =1. If S & £, we have

class(¥5(C)) = 13 — 2 x #{i € {1,2,3,4,5,6} : Set;\{a;}} —¢ (7)
and if S € 0o \ {I, T}, we have
class(¥g(C)) = 11 — 3 x 1g—4,. (8)

We observe that the points of P?\ {I, 7} belonging to two dictinct £} are outside C. The set of
these points is
° 3 3 3 3 3
3 k 3 k 3 k 3 k 3 k
= ——V2 :0:1 —V2 D 2 01 2 D= 2 01
& U{[ 25\/ 0a™: 0 }, [50\/ O 50\/5\/ Oav ], [50\/ O 50\/5\/ O }}

k=1

with @ = e, Finally, the class of the caustic in the different cases is summarized in the
following table.

Condition on S € P2\ {I,J} class(Xg(C)) =
S = A 8
Seé& 9
S eCnUpy (4 \ {ar}) 10
S € (b \ {A2)) U (U2:1 0\ (EU C)) U{A} U {ar,...,a6) 11
e\ (loo U{A1} UUL, &) 12
otherwise 13

5. ON THE FORMULAS BY BROCARD AND LEMOYNE AND BY SALMON AND CAYLEY

5.1. Formulas given by Brocard and Lemoyne. Recall that, when S & (,, ¥g(C) is the
evolute of an homothetic of the pedal of C from S.

The work of Salmon and Cayley is under ordinary Pliicker conditions (no hyper-flex, no
singularities other than ordinary cups and ordinary nodes). In [18, p.137], Salmon and Cayley
gave the following formula for the class of the evolute :

n=m+n-—f-—g.
Replace now m, n, f and g by M, N, F and G (respectively) given in [18, p. 154] for the

pedal. Doing so, one exactly get (with the same notations) the formula of the class of caustics
by reflection given by Brocard and Lemoyne in [1, p. 114].

As explained in introduction, this composition of formulas of Salmon and Cayley is incorrect
because of the non-conservation of the Pliicker conditions by the pedal transformation. Never-
theless, for completeness sake, let us present the Brocard and Lemoyne formula and compare it
with our formula. Brocard and Lemoyne gave the following formula for the class of the caustic

by reflection ¥g(C) when S ¢ {:
class(¥s(C) =d+2(d" = f) =g - [ -3 +d, (9)

for an algebraic curve C of degree d, of class dV, g times tangent to £, passing f times through
a cyclic point, f’ times tangent to an isotropic line of S, passing ¢’ times through S, ¢’ being the
coincidence number of contact points when an isotropic line is multiply tangent. In [18], ¢’ is
defined as the coincidence number of tangents at points ¢, 5 of P2” (corresponding to (I1.5) and
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(JS)) if these points are multiple points of the image of C by the polar reciprocal transformation
with center S;i.e. ¢’ represents the number of ordinary flexes of C.

When S & lo, let us compare terms appearing in our formula (3) with terms of (9) :

g seems to be equal to g;

e it seems that f = ur + s and so
f=F+u(C,(19) +Q(C.(JS));
e it seems that f' = > mrecn(rs) mi (C, (1)) + 2o ecn(rs) mi (€, (J5)) and so
1= 1= u(C,(19)) = 24(C, (J9)) = Qs(C. (15)) = Qs(C. (J5));
e it seems that §' = ug, therefore

g/ = ?]/ + QS(C’ (IS)) + QS(C’ (‘]S))a

our definition of ¢’ appears as an extension of ¢’ (except that we exclude the points

mi € {I, J, S})

Observe that these terms coincide with the definition of Brocard and Lemoyne if (15) and (J.S)
are not tangent to C at S, I, J. In particular, if we call BL the right hand side of (9), the first
item Theorem 10 states that, when S is not at infinity we have

melass(Xs(C)) = BL+ Q(C, (IS)) + Q5(C, (JS)) + Qs(C, (IS)) + Qs(C, (J9)).

5.2. A counterexample to the formula of Brocard and Lemoyne. We consider an
example in which Q;(C,(1S5)) = Q;(C,(JS)) = 1, which means that (IS) is tangent to C
at I and (JS) is tangent to C at J. Let us consider the non-singular quartic curve C =
V(223 4222y + 2213 +2y* — 2230+ 22y2? +5y%02 +32*) and S[0 : 0 : 1]. This curve C has degree
d =4 and class d” = 4 x 3 = 12, is not tangent to £, is tangent to (SI) at I and nowhere else,
is tangent to (SJ) at J and nowhere else; these tangent points are ordinary. S is a non singular
point of C. Therefore, with our definitions, we have g =0, f =2+2 =4, f'=0,¢ = 1+1-1 =1,
¢’ = 0, which gives class(Xg(C)) = 4+2(12—0)—0—4—1—0 = 23, since in this case 6;(S,C) = 1.
In comparison, the Brocard and Lemoyne formula would give g = 0, f =1+1=2, f’ =1+1=2,
¢ =1, ¢ =0 and so their formula gives class(Xs(C)) =4+2(12—-2)—-0—2—-1-0= 21 but
this is false!

6. PROOF OF THEOREM 10

To compute the degree of T¢ s(C), we will use the Fundamental Lemma given in [15]. Let us
first recall the definition of p-polar introduced in [15] and extending the notion of polar.

Definition 13. Let p > 1, ¢ > 1 and let W be a complex vector space of dimension p + 1.
Given ¢ : PP := P(W) — P? a rational map defined by ¢ = [po : -+ : @q] (with p1,...,¢p4 €
Symd(WVY)) and a = [ag : -+ : a] € P9, we define the p-polar at a, denoted by Py, the

hypersurface of degree d given by Py 4 =V <Zg:0 ajgpj) C PP,
With this definition, the “classical” polar of a curve C = V(F) of P? (for some homogeneous
polynomial F' € C[z,y, 2]) at a is the dc-polar curve at a, where o¢ : [x : y : 2] = [Fy : Fy : F3].

Definition 14. We call reflected polar (or r-polar) of the plane curve C with respect

to S at a the R¢ g-polar at a, i.e. the curve Pgi(C) = Phre s ,a-
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(r)

From a geometric point of view, Pg/(C) is an algebraic curve such that, for every m €

CﬂPgi(C), R, contains a (if R, is well defined), this means that line (am) is tangent to 3g(C)
at the point m’ = ®pg(m) € Xg(C) associated to m (see picture).

o
i~

Let us now recall the statement of the fundamental lemma proved in [15].

Lemma 15 (Fundamental lemma [15]). Let W be a complex vector space of dimension p + 1,
let C be an irreducible algebraic curve of PP :=P(W) and ¢ : PP — P? be a rational map given
by o = [po : -+ 1 @g] with @, ..., pq € Sym®(WV). Assume that C € Base(p) and that ¢|c has
degree 61 € NU {oo}. Then, for generic a = [ag : -+ : aq] € PY, the following formula holds true

01.deg <<p(C)> = 0.deg(C) — Z ip (C,Ppa)
peBase(p|c)

with convention 0.00 = 0 and deg(¢(C)) = 0 if #¢(C) < co.

Due to this lemma and to Proposition 9, we have
melass(Ss(C)) =d(2d —1) — Y. im, (C,PSLC)). (10)
m1E€Base(T¢,s)
Now, we enter in the most technical stuff which is the computation of the intersection numbers
imy (C,Pgi(C)) of C with its reflected polar at the base points of R¢ . To compute these

intersection numbers, it will be useful to observe the form of the image of R¢ ¢ by linear changes
of variable. It is worth noting that Rrg can be rewritten

RF,S :idA[AIFAJF-S—AsFAIF-J—AsFAJF-I].
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Proposition 16. Let M € GL(V). We have

-1
Rpys 0 M = Com(M) - R, /DA )

with Com(M) = det(M) - 'M~1 and
R(GAS]?) =id A [AAGABG .8 — AgGAAG -B — AgGARG - A] )

Proof. We use M(u) A M(v) = (Com(M))(uAv) and Ay (F)(M(P)) = Au(FoM)(P). O

We write IT : V\ {0} — P? for the canonical projection, Py[0: 0 : 1] € P? and P(0,0,1) € V.
Let m; be a base point of C and M € GL(V) be such that II(M(Py)) = m; and such that
the tangent cone of V(F o M) at Py does not contain V(z). Let p,, be the multiplicity of
my in C (mq is a singular point of C if and only if ji,,, > 1). Then, for every a € P?, writing
a’ == M~1(a), we have

imy (C,PYAC) = imy(C.V ({2, Res(-)))
= ip(V(FoM),V({(a,RpsoM(- )>))

= ip,(V(Fo M), V(@ RO, NP 0))
_ > BV, R( st e o).
BeBranchp, (V(FoM))

where Branchp,(V(F o M)) is the set of branches of V(F o M) at Py. The last equality comes
from Proposition 18 proved in appendix (see formula (14)). Let b be the number of such branches.
Of course, b = 1 for non-singular points. Writing eg for the multiplicity of the branch B, we have

Hmy = Y _BeBranchp, (V(Fo)) €B- Let us write C(CE%> and (C<$%,y> for the rings of convergent
0

power series of x%,y. Let C(z*) := Uns1 (C(x%> and C(z*,y) := Un> (C(x%,y) For every

h=34cq, aq? € C(z*), we define the valuation of & as follows:

val(h) := valy(h(x)) = min{q € Q4+, a4 # 0}.

Let B be a branch of V/(FoM) at Py. We precise that By = M (B) C P? is a branch of C at m;. Let
A(za,ya,24) := M I(X), B(zp,yp,25) = M~1(J) and S’ := M~1(S). Let Tz be the tangent
line to B at Py. The branch B can be splitted in eg pro-branches with equations y = g; g(x) in
the chart z =1 (for ¢ € {1,...,eg}) with g; € C(z*) having (rational) valuation larger than or
equal to 1 (so g;(0) = 0). For j € {1,...,ep }, consider also the equations y = g; (x) (in the
chart z = 1) of the pro-branches V; g for each branch B’ € Branchp,(V(F o M)). This notion
of pro-branches comes from the combination of the Weierstrass and of the Puiseux theorems.
It has been used namely by Halphen in [13] and by Wall in [21]. One can also see [15]. There
exists a unit U of C(z,y) such that the following equality holds true in C(z*,y)

€p’

F(M(I‘,y, 1)) = U(xay) H H(y - gj,B’(x))'

B'€Branchp, (V(FoM)) j=1

For a generic a (with o’ := M~1(a)), using (15)), we obtain

in (B V(& RiZig () = X vel. (@ R (@, 9.5(2),1)))

— 1 (AvB) .
= Zjinﬁggvalx <{RF0M,S/(m7glyB(x)7 1)L) )



ON THE CLASS OF CAUSTICS BY REFLECTION OF PLANAR CURVES 13

Hence Formula (10) becomes

mclass(Xg(C)) :=d(2d — 1) Z ZZ mln val <{R§£13)S,(x, gi B(x), 1)]j> , (11)

mi1eC B i= 1

where, for every my € C, M depends on m; and is as above, where the sum is over B €
Branchp,(V(F o M)). Due to Lemma 33 of [15], for every P(zp,yp,zp) € V \ {0}, we have

(Ap@)F) o M(z,9:8(x),1) = Ap(F o M)(z, gi5(2), 1) = D;g(x)Wp,;5(2),
with
Wr,i5(z) = yp — g; g(z)rp + 2p(29; 5(z) — 9i5(2))

and with D; () := U(2, 9i,5(¢)) L Branchp, (v (porr)) Lljz1, .. e g)25.0) (9i.5(2) — 9. (%))
Hence we have

R (2.905(x). 1) == (Dig)* - Rip(x) (12)
with
X
R p(z) = 91,15‘1(90) ANWaip(x)Wsp(x)-S" — We ; p(x)Wais(z) - B—Wsr; 5(x)Ws,5(z) - A .

First, with the notations of [15] (since U(0,0) # 0), we have

€B

> > wal(D;g) = Vi,

BeBranchp, (V(FoM)) =1

(which is null if m; is a nonsingular point of C). Second, writing A, ; 5 := min(val([R; 5;), j =
1,2,3), we observe that, due to Proposition 29 and to Remark 34 of [15], the quantity Y ;2 hm, .8
only depends on m; and on the branch By = M (B) of C at m; (it does not depend on the choice
of M € GL(V) such that II(M(Fy)) = m; and such that V() is not tangent to M~1(By)).

Hence we write
Py By Z Py i, B-
With these notations, due to (12), formula (1 ) becomes
melass(Ss(C)) =2d(d—1)+d—2 Y Vi, — > > Pomy Bo-
m1 €Sing(C) m1€C Bo€Branchm, (C)

Moreover, as noticed in [15], we have d(d —1) =}, csing(c) Vi1 = dV, where d" is the class of
C. Therefore, we get

melass(Ss(C)) = 2d" +d— ) > Ry Bo- (13)
m1€C Bo€Branchm, (C)

Theorem 10 will come directly from the computation of h,,, ; 5 given in following result.

Lemma 17. Let m; € C and By € Branchy,, (C). Writing T, Bo for the tangent line to By
at my, im, (Bo, Tm,Bo) for the intersection number of By with Ty, Bo at my and ep, for the
multiplicity of By, we have

(1) hpmyBy =0 if I,J,S & T, Bo.
(2) By By =0 if #(Tmy Bo N {1, J,5}) =1 and my ¢ {1, J,S}.
(3) hml,Bo = €By 2.]03’%&(7-77%160 N {L J, S}) =1 and m; € {I, J7 S}
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(4) hml,Bo = iml (BO,TmlBO) + min(z’ml (BO,TmlBO) — 26[50,0) if TmlBO = (IS), J ¢ TmlBO
and my ¢ {I,S}.
hml,Bo = iml (Bo, TmlBO) —i—min(iml (Bo,TmIBQ) - 26[50, 0) imelBQ = (JS), I ¢ TmlBO
and my & {J,S}.
(5) hml,Bo = iml(Bo,TmlBo) ’imelBo = (IS), J ¢ TmlBO and mq € {I, S}
hm1,Bo = iml (Bo,TmlBo) if TmlBO = (JS), I ¢ TmlBO and my € {J, S}
(6) hm1780 = imy (807 Tm1BO) — €8 if 7-mlBO = (IJ)7 that S ¢ 7-mlBO and my ¢ {L J}
(7) hm1,Bo = imy (BOaTnuBO) if 7-mlBO - (IJ)7 that S ¢ 7-mlBO and my € {Ia J}
(8) hml,Bo = Qiml (BO, TmlBO) — 26[50 if 1,J,5¢ TmlBO and mq ¢ {I, J, S}
(9) hml,Bo = Qiml (BO,TmlBO) — €3, if[, J,S e TmlBO and mq € {I, J}
10) hm1,Bo = Qiml (BO, TmlBO) — €3, if 1,J,5 ¢ TmlBQ, my1 =S and iml (BO,TmIBO) 7é 26[50.
11) hm1,Bo = 6[50(1 + min(ﬂl,?))) if 1,J,8 ¢ TmlBQ, myp = S and iml (BO,TmIBO) = 2630,
eByB1 = imy (Bo, Oscm, (By)), where Oscp, (Bo) is any osculating smooth algebraic curve
to By at my (the last formula of hy,, B, holds true if we replace ep,B1 by the first char-
acteristic exponent of By non multiple of eg,, see [22]).

Proof. We take M such that Tg = V (y) (with B = M~1(By)). To simplify notations, we ommit
indices B in Wp ; 3 and consider i € {1, ...,e5}.

e Suppose that I, J,S & T, Bo. Then Wg ;(0) = yp # 0, Wa ;(0) = ya # 0 and Wg/ ;(0) =

ys' # 0 so
. 0
R;i(0) = 0 | Ayays S —yays - B —ypys - Al
1
YAYBYS'
= YAYBLS —YAYS'TB — YBYS'TA
0

Hence hyy,, ;53 = 0 and the sum over i = 1, ..., eg of these quantities is equal to 0.

e Suppose I € Ty, Bo, J,S & T, Bo and mq # I. Take M such that S'(0,1,0), A(1,0,0),
yp # 0. We have Wg;(0) = yg, Wa(0) = 0 and Wg ;(0) = 1 and so Ri(0) =
0 —YB 0
0| A 0 = —yp | . Hence hp,, ;5 = 0 and the sum over ¢ = 1,...,e5 of
1 0 0

these quantities is equal to 0.

e Suppose I € T, Bo, J, S & Ty, Bo and my = I. Take M such that S’(0,1,0), A(0,0,1),
y 0. We have Wi (@) — 4z — gl(@)op + 25(0g)(x) — 9:(2)), Was(2) = 2g)(z) — g:(x)
and Wg ;(xz) =1 and so

. z —(zg{(z) — 9i)zB
Ri(x) = | gilz) | A| (zgi(z) — 9:)(—gi(x)xB + 25(xg{(x) — 9i(x)))
1 —yB + g;(x)rp — 22(xg;(x) — gi(x))

—yBgi(2) + 2(gi(z))’zp — zB((xg}(2))* — (9i())?)
= | —2B(2zgi(z) — gi(x)) + zyp + 2228(2g;(2) — gi(2)) |,
—zp(zgi(x) — gi(2))? + 2p(zgi(x) — gi(x))
the valuation of the coordinates of which are larger than or equal to 1 and the valuation
of the second coordinate is 1. Hence h,,, ; 5 = 1 and the sum over i =1, ...,e5 = ep, of
these quantities is equal to eg,.
e Suppose S € Ty, Bo, I,J & T, Bo and mq # S. Take M such that A(0,1,0), S'(1,0,0),
yp # 0. We have Wg;(0) = yp # 0, Ws;(0) = 0 and Wa ;(0) = 1 and so R;(0) =
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0 YB 0
0 | A 0 = | yp | .Hence hy, ;5 =0 and the sum over ¢ = 1, ..., ep of these
1 0 0

quantities is equal to 0.

Suppose my = S and I,J & Ty, Bo. Take M such that S'(0,0,1), A(0,1,0), yg # 0.
We have Wei(x) = yi — g)(@)e + 25(20!(z) — :(2)), Wei(2) — 2g!(z) — gi(x) and
Wa.i(z) =1 and so

x —(zgi(z) — gi)zp
= | gi(@) | AN —(zgi(z) - gi(2))ys — gi(z)2B + 2p(29(2) — gi(2)))
1 Yy — g;(z)rp

9i(z)(yB — gi(z)xB) + (2gi(z) — gi(*))(2ys — gi(x)xp + 2B (2gi(*) — gi(7)))
= —(zgj(z) — gi(x))xB — 2(yB — gi(T)2B)
—(zgi(x) — gi(x))(2xyB — gj(x)r2B + 2BT(24)(2) — 9i(7)) + 9i(x)(2gi(2) — gi(7))TB)

the valuation of the coordinates of which are larger than or equal to 1 and the valuation
of the second coordinate is 1. Hence Ay, ; 5 = 1 and the sum over ¢ = 1, ...,eg of these
quantities is equal to ep,.

Suppose T, Bo = (IS), J & T, Bo and my & {I,S}. Take M such that S'(1,0,0),
B(0,1,0), ya =0, 24 # 0, 24 # 0. We have Wy ;(z) = —gi(x), Wa,i(z) = —gi(z)za +
za(zgi(z) — gi(z)) and Wg(x) =1 and so

) x za(zgi(x) — gi(x))
Ri(x) = | gi(x) | A| —(gi(@)*xa+ gj(x)(xg;(z) — gi(x))2a
1 9i(z)2a
9i(2)gi(x)2a + (gj(x))*xa — gj(2)(xg)(x) — gi())2a
— —9i(7)24a ,

—x(gj(x))*xa + (zgj(x) — gi(x))*2a

the valuation of the coordinates of which are respectively 2val(g;) — 2, val(g;) and
2val(g;) — 1. Hence hyy,, ; 3 = val(g;) + min(val(g;) — 2,0) and the sum over i =1, ...,ep
of these quantities is equal to iy, (Bo, Tm, Bo) + min(iy,, (Bo, Tm,Bo) — 2€5,,0).

Suppose T, Bo = (IS), J & T, Bo and my = I. Take M such that S’(1,0,0), B(0,1,0),
A(0,0,1). We have Wy ;(x) = —gi(x), Wa.i(z) = zg}(x) — gi(x) and Wg;(z) = 1 and
S0

) x zgi(x) — gi(x) () (2gi () — zgj(x))
Ri(z) = | gi(x) | A | gilx)(zgi(z) —gi(x)) | = —gi(x)
1 gi(x) (zg)(z) — gi(x))?

the valuation of the coordinates of which are larger than or equal to val(g;), the second
coordinate has valuation val(g;). Hence hy,, ; 3 = val(g;) and the sum over i = 1,...,ep
of these quantities is equal to iy, (Bo, T, Bo)-

Suppose Ty, Bo = (IS), J & T Bo and my = S. Take M such that A(1,0,0), B(0,1,0),
S’(0,0,1). We have Wy ;(x) = zg,(z) — gi(x), Wa,i(z) = —g(z) and Wg;(z) = 1 and

SO

A x —(zgj(z) — gi(x)) —x(g}(x))?
Ri(z) = gi(x) | A| gi(zgi(z) —gi(x)) | = gi(x) :
1 —gi(z) (zgj(x))* — (gi(x))?

the valuation of the coordinates of which being larger than or equal to val(g;) and the
valuation of the second coordinate is equal to val(g;). Hence hy,, ;58 = val(g;) and the
sum over i = 1, ..., ep of these quantities is equal to i, (Bo, Tm, Bo)-
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e Suppose T, Bo = (IJ), S & TmyBo and my & {I,J}. Take M such that S’(0,1,0),
B(1,0,0), ya =0, z4 # 0, z4 # 0. We have Wy i(z) = —gi(z), Wa,i(zx) = —g.(z ) +
za(xgi(z) — gi(x)) and WS/J‘(.%') =1 and so

) z 2gi(z)xa — za(xgi(x) — gi(x))
Ri(x) = | gix) | A (gi(x)*za — gj(x)(xg](x) — gi(x))2a
1 9i(2)2a

(9i(x))*(z24 — x4)
= 2gi(x)ra — 24 (2xgi(x) — 9i(7)) :
—za(zgi(x) — gi(x))* + zagi(z)(zg;(z) - 2g:(x))
the valuation of the coordinates of which are respectively 2val(g;) — 2, val(g;) — 1 and
larger than val(g;). Hence hp,, ;3 = val(g;) — 1 and the sum over i = 1,...,ep of these
quantities is equal to iy, (Bo, Tm, Bo) — €s,-
e Suppose that T, By = (IJ), that S & T,,,Bo and m; = I. Take M such that
S’(0,1,0), B(1,0,0), A(0,0,1). We have Wg(z) = —gi(z), Wa i(z) = zgi(x) — gi(x)
and Wg ;(xz) =1 and so

. x —(zgi(x) — gi(x)) (gi(x))?
Ri(x) = | gi(z) | A| —gi(@)(zgj(z) —gi(x)) | = [ —(2zgj(2) = gi(x)) |,
1 gi(x) —(zgj(x) — gi(x))?

the valuation of the coordinates of which being larger than or equal to val(g;) and the
valuation of the second coordinate is equal to val(g;). Hence hy,, ;53 = val(g;) and the
sum over i = 1, ..., ep of these quantities is equal t0 %, (Bo, Tm, Bo)-

. Suppose that I J S € Tm,Bo and my ¢ {I,J,S}. Take M such that S'(1,0,0), y
=0, xA#O 24 #0, 2 #0, 2 # 0, xa2B # xpza. We have Wy ;(x) = — ( ),
WA,z‘(fﬂ) = —gi(x)za + z2a(xgi(x) — gi(x)) and Wr,i(z) = —gj(x)zp + 2B(7gi(7) — 9i())

and so

R T —xa(g;(x))*zp + zazp(zgj(x) — gi(x))*
Ri(x) = gi(z) | A 0
1 —(g(2))*(zzB + wB2Aa) A + 224289 (%) (xg)(z) — gi(x))

—9i(%)(9;(2))* (2B + wp2a) A + 224289:(2) g} (2) (29} (x) — gi(x))
= —za(g}(x))*xp + zazp(2g)(r) — gi(2))* — z[....] :
zagi(2)(g;(2))*wp — za2p9i(z)(2g](x) — gi(x))?
the valuation of the coordinates of which are larger than or equal to 2val(g;) — 2, the
valuation of the second coodinate is 2val(g;) — 2. Hence hy,, ; 3 = 2val(g;) — 2 and the
sum over i = 1, ..., ep of these quantities is equal to 2iy,, (Bo, Tm, Bo) — 2ep,-

e Suppose that I,J,S € T, By and m; = J. Take M such that B(0,0,1), S'(1,0,0),
ya = 0, z4 # 0 and 24 # 0. We have Wy ;(z) = —gi(x), Wai(z) = —gl(x)za +
za(zgi(z) — gi(z)) and Wy (x) = zg)(x) — gi(x) and so

z za(zg(z) — gi(2))?
Ri(z) = | gi(z) | A 0
1 —z4(g{(2))* + 22a(2gj(z) — gi(2))gi(z)
9i(x)g (90%( gi(@)ra + 224(2g;(x) — 9i(2)))
= | zalzgi(z ) 9:(x))? — 2! (x)( —0i(2)2a + 224(2gi(x) — 9i(2))) |,
—gi(x)za(zg;(z) — gi(z))
the valuation of the coordinates of which are larger than or equal to 2val(g;) — 1 and the

valuation of the second coordinate is 2val(g;) — 1. Hence hyy,, i 8 = 2val(g;) — 1 and the
sum over i = 1, ..., ep of these quantities is equal to 2i,,, (Bo, Tm, Bo) — eB,-
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e Suppose that I,J,S € T, By and m; = S. Take M such that S’(0,0,1), B(1,0,0),
ya = 0, z4 # 0 and z4 # 0. We have Wg(z) = —gi(z), Wai(z) = —gl(x)xa +
za(zgi(x) — gi(z)) and Wy ;(x) = zg(x) — gi(x) and so

A x 20 49;(x)(2g)(x) — gi(x)) — za(zgj(z) — gi(x))?
Ri(z) = gi(z) | A
1 (g5 (2)) %A
gi(x)(gj(x))*x A

= zag;()(xgi(x) — 20i(z)) — 2a(zgi(7) — gi(x))”

—224gi(2)g}(2)(2gi(x) — gi(x)) + 249:(2)(xg}(z) — gi(x))?

The valuation of the first coordinate is 3val(g;) — 2 is smaller than or equal to the
valuation of the third coordinate.

If val(g;) # 2, the valuation of the second coordinate is 2val(g;) — 1; hence hy,, ;g =
2val(g;)—1 and the sum over i = 1, ..., eg of these quantities is equal to 2i,,, (Bo, T, Bo) —
€8, -

Suppose now that val(g;) = 2, then 3val(g;) —2 = 4 and there exist a, a3 € C and
B1 > 2 such that g;(z) = aa®4 o127 4.... Then, the second coordinate has the following
form (xa2a(By —2)z%*1 + ..) + 2*(...). Therefore hy,, ;5 = min(B; + 1,4) and the sum
over i = 1,...,ep of these quantities is equal to ep,(1 + min(3i, 3)).

O

Proof of Theorem 10. Recall that (13) says

mclass(X5(C)) = 2d” +d — Z Z R Bo

m1€C By €Branchm, (C)
and that the values of h,,, 5, have been given in Lemma 17.

e Assume first S € {. Then we have to sum the h,,, 5, coming from Items 3, 4, 5, 6 and
7 of Lemma 17.

The sum of the h,,, 5, coming from Items 3 and 5 applied with m; = S gives directly
/

qJ.
The sum of the hy,, g, coming from Items 3, 5 and 7 applied with m; € {I, J} gives

F+QCls) +Q5(C, ls).

The sum of the h,,, g, coming from Item 6 gives g — Q;(C, ls) — Qs(C, loo).

The sum of the hy,, B, coming from Item 4 gives 2f" — ¢’ (notice that hp,, 5, =
2(1.7711 (BOv TnMBO) - 650) - (iﬂn (807 Tm1 BO) - 2650)1im1 (Bo,TmlBo)ZQGBO)'

e Assume first S € fo,. Then we have to sum the h,,, 5, coming from Items 3, 8, 9, 10

and 11 of Lemma 17.

The sum of the hy,, g, coming from Items 3 (with m; = S, 10 and 11 gives 2Q5(C, {0 )+
ps + ().

The sum of the hy,,, 5, coming from Items 3 and 9 applied with m; € {I,J} gives
2(QI(C,£00) + QJ(C,EOO)) +pr A+ -

The sum of the hy,, g, coming from Item 8 gives 2(g — Q7(C,ls) — Qy(C, o) —
Ns(C,lx)).

O
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APPENDIX A. INTERSECTION NUMBERS OF CURVES AND PRO-BRANCHES

The following result expresses the classical intersection number i,,, (C,C’) defined in [14, p.
54] thanks to the use of probranches.

Proposition 18. Let m € P2. Let C = V(F) and C' = V(F') be two algebraic plane curves
containing m, with homogeneous polynomials F, F' € C[X,Y,Z]. Let M € GL(C?) be such that
II(M(Pg)) = m and such that the tangent cones of V(F o M) and of V(F' o M) do not contain
X =0.

Assume that V(FoM) admits b branches at Py and that its 3-th branch Bg has multiplicity eg.
Assume that V(F' o M) admits V' branches at Py and that its 3'-th branch By, has multiplicity

/
€
Then we have
-1

b 66 ! b/ B/ -/ +
SR Y ST vl — )
B=1 j=0 B'=1 j/'=0

1 g
with y = hg(¢lx ) € C(x*) an equation of the j-th probranch of Bg at Py, y = W (¢ z') €

2im 217r

C(z*) an equation of the k'-th probranch of By, at Py, with ( :== e and ' = B .

With the notations of Proposition 18, we get

m(C,C) = E:zR)B& ), (14)
with the usual definition given in [21] of intersection number of a branch with a curve
eg—1 n
ipy(Bg, V(F' o M)) = Y walo(F' o M(w,h; g(¢'z%9))). (15)
j=0

Proof of Proposition 18. By definition, the intersection number is defined by

o o CIX.Y.Z]
m(C,C") =ip,(V(FoM,F oM)_length<<(FoM,F/OM) (X.Y.2)

where (%)(){,sz) is the local ring in the maximal ideal (X,Y,Z) of Py [14, p. 53].

According to [12], we have

. ClX,Y,Z]
m(C’C)—dlm(C <<(FOM,FIOM) (X,Y,Z)

Let f, f’ be defined by f(z,y) = F o M(z,y,1), f'(z,y) = F' o M(z,y,1). We get

N — dime | [ C1E2Y) _ dime. G2 Y)
m(€)=d C(((f,fw)(m,y)) e Ty

Recall that, according to the Weierstrass preparation theorem, there exist two units U and U’

of C(z,y) and f1,..., fp, f1, .-, fi, € C(x)[y] monic irreducible such that

b b
f=U]l]fs and f'=0U"T] fh
=1 g'=1
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fs = 0 being an equation of Bg and fé, = 0 being an equation of BIB“ According to the Puiseux
theorem, Bg (resp. BIB’) admits a parametrization

T = 1% z =t%
{ x = hg(t) € C(t) (resp- My (t) € C(t) )

. L 1
We know that, for every § € {1,..,b} and every j € {0,..,eg}, hg((?z#) € C(x“) are the
L 1
y-roots of fz (resp. hB/(C’j/xeB’ ) € C{z"#") are the y-roots of f[’;,) In particular, we have

r,—1

eg—1 L €gr 1
fo(ey) = ] = hp(Pa™)) and fh(z,y) = ] v~ (7).
Jj=0 §'=0

Therefore we have the following sequence of C-algebra-isomorphisms:

(C(ac,y> Clz,y) :
(f, ) (Hg 1f5(x y), f'(x 1;[

IIZ

where Ag := W%% Let 8 € {1,...,b}. We observe that we have

eg—1

Cla)
Ay = —
o= ey

On another hand, we have

1
B B
Dy = Clxvy) Clz s, y)

(fa(x,y), f'(z,y)) (H?igl(y — hg(¢Iz<s)), f'(z,y))

1
€s— C ?7
e |

0 (y— hﬁ(@ﬂceﬁ)f’(x,y)) =0

with

p— L .
(f'(x, hp (7))
We consider now the natural extension of rings ig : Ag ; < Dg ; such that
Vg € Ag, wal 15 ((i5(9))(x)) = egvals(g(z)).
We have

eg—1 L
~ 11 C=?)
Dy = H DR
1

1 . L
where vg is the valuation in ¢ of (f'(z,hg({Tz#))), i.e

vg = vals (F/(#, hs (70))) = eg valu(f (b (T ).



ON THE CLASS OF CAUSTICS BY REFLECTION OF PLANAR CURVES 20

We get
b es—1
im(C,C') = Zdlm(c Ag = Z Z —valt 8, hg(C7t)))
B=1 j=0
b ep—1 eg—1 v 1
= Z Z val, (f'(x hg(C] ) = Z Z valw(fé,(x,hg(ij%))).
B=1 j=0 p=1 j=0 p'=1

Observe now that ) )
valy(fi(z, hs(¢7x%9))) € —N

€p
and that
oL % L, Y
For(a, hg(ae)) = Res(fp, faiy) = [ (W (¢7 2%") = hg(¢Faeo)),
§'=0

where Res denotes the resultant and where = means "up to a non zero scalar”. Finally, we get
-1

,_.

eg—1 ¢ 23 -+ 1
= Z Z valy [hﬁ’(C 'z 5') — hB(le"%)]-

B=1j=0 f'=1 j'=0
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