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Alessio Guarino è un fisico italiano nato a
firenze nel 1970. Attualmente, lavora
all'Università della Polinesia francese a
Tahiti. Precedentemente ha lavorato
all'Università della California a Santa Santa
Barbara (UCSB) e con la Scuola Normale di
Lione (ENS-Lyon).|nextline>Le sue
ricerche riguardano i sistemi non-lineari
fuori equilibrio. Ha condotto studi sui
Plasmi, i cristalli liquidi, la fratturazione, i
materiali granulari e la fisica medica e
sociale.

In questo libro si presentano la teoria e gli esperimenti,
condotti su un Tubo ad Onde Progressive, del sistema
Plasma-fascio di elettroni. Il sisema Plasma-fascio di elettroni
costituisce il paradigma della turbolenza nei plasmi. Il plasma,
che nell'interazione con gli elettroni gioca soltanto il ruolo di
un dielettrico, può essere vantaggiosamente rimpiazzato da
una struttura ad onde lente del tipo di quella che si trova in
un tubo ad onde progressive (T.O.P.). Sostituire il plasma con
una struttura del genere è vantaggioso poiché si eliminano il
rumore di fondo intrinseco ai plasmi e perchè si possono
creare delle turbolenze dall'esterno. Non si è quindi costretti a
studiare quelle generate spontaneamente dall'agitazione
termica.
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">-7&'-#4*-+'!)*((\&-$&*4*/!

D*(! <,&4'! %#<&+'('! )&4'$+,*,*4'! %J*! (*! *E>#7&'-&! )*((\&-+*,#7&'-*! <(#$4#8"#$%&'! $'-'!

"',4#(4*-+*! &)*-+&%J*! #! E>*((*! )*(! $&$+*4#! $+,>++>,#! #)! '-)*! (*-+*8"#$%&'/! W>*$+'! %&!

#>+',&77*,N! #! $'$+&+>&,*! &(! <(#$4#! %'-! &(! ^/g/R//! 6(! $*%'-)'! %#<&+'('! I! )*)&%#+'! #((\#<<#,#+'!

$<*,&4*-+#(*/![*$%,&L*,*4'! (*! %#,#++*,&$+&%J*! *)! &(! <,&-%&<&'!)&! ">-7&'-#4*-+'!)*((*! $&-?'(*!

<#,+&! )*(! ^/g/R//! D*(! +*,7'! %#<&+'('! $'-'! )*$%,&++*! (*!4&$>,*H!4*+')&=! #-#(&$&! *! ,&$>(+#+&/! 3#!

)&$%>$$&'-*!)*&!,&$>(+#+&!*!(*!%'-%(>$&'-&!$&!+,'L#-'!-*(!E>#,+'!*)!>(+&4'!%#<&+'('/!
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.!1/1/!KJ*-=!#$%&'(&!)*+',-'!&./!-0.120%%3/!45',0.67!R(*->4=!D*o!p',V=!.:59/!

2!C/!C/!c*)*-'L=!a/!R/!c*(&VJ'L!#-)!;/!q/!M#?)**L/!D>%(/!1>$&'-!.=52=!.:h./!

B!M/!6/!^$>-')#=!1/!['L*&(!#-)!m/!Q/!S#(G*,?/!RJn$/!;*L/!3*++/!05=!...2=!.:5@/!

9!A/!3#L#(=!#-)![/!R*$4*/!RJn$/!1(>&)$!2h=!02!Y.:5BZH!RJn$/!;*L/!3*++/!0B=!2@O=!.:59/!

0!^/!S/!g\D*&(=!m/Q/!r&-",*n!#-)!m/!Q/!S#(G*,?/!RJn$/!1(>&)$!.9=!.2O9=!.:@./!

h!R&*,%*=!m/!;/=!#82&93%,.:!;&93!15<3'67![/!c#-!D'$+,#-)!K'4<#-n=!6-%/=!.:0O/!

@!M/!6/!^$>-')#=!1/!['L*&(!#-)!m/!Q/!S#(G*,?7!#"=)32,(3.1&%!13'1!04!1*3!>5&',%,.3&2!1*302+k/!

RJn$&%$!'"!1(>&)$=!2B=!205=!.::./!

5! [/! C/! Q#,+4#--/! ial<*,&4*-+$! '-!o#L*8<#,+&%(*! &-+*,#%+&'-$k/! RJ[! +J*$&$=! _-&L*,$&+n! '"!

K#(&"',-&#=!M#-![&*?'=!.::9/!

:!A/![&4'-+*=!#?3'125-1,0.!04! 12&)),.:!0'-,%%&1,0.'6@!RJ[! +J*$&$=!_-&L*,$&+n!'"!K#(&"',-&#=!

M#-![&*?'=!.:5:/!

.O!P/!r/!A*-+(*=!#-)!K/!r/!;'G*,$'-=!RJn$/!1(>&)$!.9=!29h2=!.:@.!

..!Q/!a/!Sn-&%V=!#-)!C/!D/!P#>"4#-=!RJn$/!1(>&)$!2.=!h0B=!.:@5!
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,#!$%+&-*!'$+#'$(+./-01!'#(!#+2+%%&'$!#

!"!"#$%&'()*$+%'#,-)./)01).2$+#3$#'-'&&(+%$#

! R*,! $+>)&#,*! &(! $&$+*4#! "#$%&'! )&! *(*++,'-&8<(#$4#! >+&(&7&#4'! (#! +*',&#! %&-*+&%#/! M&!

$><<'-*!%J*!&(!<(#$4#!$&#!%'$+&+>&+'!)#!>-!&-$&*4*!)&!&'-&!<'$&+&L&!%J*!%'-$&)*,*,*4'!"&$$&!*!)#!

*(*++,'-&! L&-%'(#+&! #! 4>'L*,$&! $'(+#-+'! (>-?'! (T#$$*! 7/! K'-$&)*,&#4'=! &-'(+,*=! )&! <'+*,!

+,#$%>,#,*! ?(&! >,+&! +,#! &! %'$+&+>*-+&! )*(! <(#$4#/!3*! *E>#7&'-&! >$#+*! -*((#! +*',&#! %&-*+&%#! $'-'!

(T*E>#7&'-*!)&!c(#$'L!*!E>*((#!)&!R'&$$'-/!D*(!-'$+,'!%#$'!(T*E>#7&'-*!)&!c(#$'L!d]!

∂1

∂+
+ L

∂1

∂7
−
*a

4

∂1

∂L
= O
! ././.!

)'L*! *=! 4=! L! *)! 1 = 1YL= 7=+Z @! $'-'! ,&$<*++&L#4*-+*]! (#! %#,&%#= (#! 4#$$#! (#! L*('%&+N! *! (#!

)&$+,&G>7&'-*!)*((*!L*('%&+N!)*?(&!*(*++,'-&/!"!d!&(!%#4<'!*(*++,&%'/!

3T*E>#7&'-*!)&!R'&$$'-!&-L*%*!d]!

ε O ⋅
∂"

∂A
= ρYA=1Z

././2!

%'-!εO !%'$+#-+*!)&*(*++,&%#!)*(!L>'+'!*!ρY7=+Z !)*-$&+N!)&!%#,&%#!)*"&-&+#!%'4*]!

ρY7=+Z = −-* 1YL=7=+Z)L −.!( )
! ././B!

&-! %>&!.! d! (#! )*-$&+N! )*?(&! &'-&=! %J*! $><<'-&#4'! *$$*,*! %'$+#-+*! *)! &$'+,'<#/! 64<'-&#4'! #(!

$&$+*4#! >-#! <*,+>,G#7&'-*! )&! <>($#7&'-*!ω! *! $L&(><<&#4'! 1YL=7=+Z *)! &(! %#4<'! *(*++,&%'! &-!

$*,&*!)&!1'>,&*,]!
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./2

1YL=7= +Z = 1'YL=7Z + 1ω-
YL=7Z!

ω- ≠ '
" * &ω-+

! ././9#!

aY7=+Z = aω -
Y7Z!

ω -≠ '
" * &ω-+

! ././9G!

%'-]!

ω- =
2π-

^ ././0!

&-!%>&!^!d!&(!<*,&')'!)*((#!<*,+>,G#7&'-*!*! 1' YL=7Z!d!(#!%'4<'-*-+*!)*((#!$*,&*!)&!1'>,&*,!<*,!

ω-sO=! %&'I! d! (#! )&$+,&G>7&'-*! $+#7&'-#,&#! %J*! $&! J#! E>#-)'! &(! $&$+*4#! -'-! d! <*,+>,G#+'/!

K'-$&)*,#-)'!%J*]!

1ω-
YL=7Z = 1ω-

YLZ!*− &V-7

! ././h!

*)!&-$*,*-)'!(*!Y././9/Z!-*((T*E>#7&'-*!)&!c(#$'L!Y./././Z!'++*-&#4']!

&Yω- − V-LZ1ω-
+
*

4
Y
∂1ω

-T

∂L
ZaYω

-
− ω

-T
Z

# 

$ 
% 

& 

' 
( 

ω
-T

≠ '
" +

*

4
aω-

∂1'
∂L

= O
!././@!

['L*!V-!d!&(!->4*,'!)\'-)#/!

6(! +*,4&-*!)*((#! $'44#+',&#! d!)'L>+'! #((T#%%'<<&#4*-+'! +,#! &!L#,&!4')&/!M&! $><<'-*!%J*! $&#!

#GG#$+#-7#! <&%%'('! )#! <'+*,('! +,#$%>,#,*/! a(&4&-#-)'! E>*$+'! +*,4&-*! )#((T*E>#7&'-*! *)!

*$<(&%&+#-)'!&-!">-7&'-*!)&!1ω-
!$&!+,'L#]!

1ω-
=
*

4

aω-

&Yω- − V-LZ

∂1'
∂L ! ././5!
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3T*E>#7&'-*!)&!R'&$$'-=!>+&(&77#-)'!(#!Y././9Z!<>`!*$$*,*!$%,&++#]!

ε'V-aω-
= −-* 1ω-

Y,=LZ ⋅ )L!( )
! ././:!

*!)#((#!Y././5Z!$&!,&%#L#!(#!,*(#7&'-*!)&!)&$<*,$&'-*!)*(!$&$+*4#]!

. −
ω<
2

V -

∂1'
∂L

V -L − ω-

⋅! )L = O
! ././.O!

)'L*]!

ω< =
-*2

ε'4 ././..

d!(#!<>($#7&'-*!)&!<(#$4#/!

M><<'-&#4'!%J*! (#!)&$+,&G>7&'-*!)*((*!L*('%&+N!)*(!$&$+*4#!$&#!%'4*!E>*((#!,#<<,*$*-+#+#! &-!

"&?>,#! ././! M&! &<'+&77#! %&'I! %J*! &-! >-! <(#$4#! &-! *E>&(&G,&'=! ,#<<,*$*-+#+'! )#((#! ?,#-)*!

?#>$$&#-#!%*-+,#+#!$>(('!7*,'=!$&#!$+#+'!&-&*++#+'!>-!"#$%&'!)&!*(*++,'-&!)&!L*('%&+#T!4*)&#!>=!(#!

<&%%'(#!?#>$$&#-#=!%J*!=!%'4*!L*),*4'=!&-)>,,N!)*((*!&-$+#G&(&+N!-*(!$&$+*4#/!M&!"#!(T&<'+*$&!%J*!

&(!"#$%&'!$&#!)*G'(*=!'LL*,'!%J*!(#!$>#!)*-$&+#T!$&#!4'(+'!<&%%'(#!,&$<*++'!#!E>*((#!)*(!<(#$4#/!

=!?;@

;

6 5I,'!

6 !I,'9

7ωJ K

∆;

;
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1&?>,#!./.!

R'$$&#4'!)>-E>*!$%,&L*,*]!

1' YLZ = "< YLZ +
-G
-'
"' YLZ

! ././.2!

K'-! "<YLZ! *! "OYLZ! ,&$<*++&L#4*-+*! ">-7&'-*! )&! )&$+,&G>7&'-*! )*(! <(#$4#! *! )*(! "#$%&'! )&!

*(*++,'-&=! -'! )*-$&+N! )*(! <(#$4#! *! -G! )*-$&+N! )*(! "#$%&'! )&! *(*++,'-&/! R'$$&#4'! $%,&L*,*! (#!

,*(#7&'-*!)&!)&$<*,$&'-*!%'4*]!

. −
ω<
2

V -

∂"<
∂L

V -L − ω-

⋅! )L =
ω <
2

V-

- G
- '

∂"'
∂L

V-L− ω-

⋅! )L
! ././.B!

[*"&-&#4'!ε Yω.= B. Z !">-7&'-*!)&*(*++,&%#!)*(!<(#$4#!%'4*]!

εYω- =V- Z = .−
ω<
2

V-

∂"<
∂L

V-L− ω-

⋅! )L
! ././.9!

aT! (#! ">-7&'-*!)&*(*++,&%#!%J*!#L,*GG*!&(!$&$+*4#!$*!-'-!%&!"'$$*!&(! "#$%&'!)&!*(*++,'-&!Y-GsOZ/!

D*(!-'$+,'!%#$']!

εYω- =V- Z =
ω <
2

V-

- G
-'

∂"'
∂L

V-L− ω-

⋅! )L
! ././.0!

[&$+&-?>&#4'!#)*$$'!)>*!%#$&!)&""*,*-+&=!"#$%&'!%#()'!'!"#$%&'!",*))'!)T*(*++,'-&/!3#!$'(>7&'-*!

)*((T&-+*?,#(*! *! E>&-)&! &(! %'4<',+#4*-+'! "&$&%'! )*(! $&$+*4#! $#,N! )&L*,$'! <*,! &! )>*! %#$&/! 3#!

)&""*,*-7#! +,#! &! )>*! "#$%&! $+#! -*((#! (#,?J*77#! )*((#! )&$+,&G>7&'-*! )*((*! L*('%&+N=! E>&-)&! )#((#!

)&""*,*-+*! +*4<*,#+>,#=!)#!E>&! (#!)*-'4&-#7&'-*!"#$%&'!%#()'!'!",*))'/!M&!)&%*!"#$%&'!",*))'!
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E>#-)'! d! L*,&"&%#+#! (#! %'-)&7&'-*!
V&-
V-

>>
V-∆c<

ω-

! %'-! ∆c< ! (#,?J*77#! #!4*+#T! #(+*77#! )*((#!

)&$+,&G>7&'-*! )*((*! L*('%&+N! )*(! "#$%&'! *! B,. ! <#,+*! &44#?&-#,&#! )*(! L*++',*! )T'-)#/! W>*$+#!

%'-)&7&'-*!&4<(&%#!%J*!(#!)&$+,&G>7&'-*!$&#!4'(+'!$+,*++#=!#(!(&4&+*!>-#!)*(+#!)&![&,#%/!D*(!%#$'!

'<<'$+'=!%&'I!$*!
V&-
V-

<<
V-∆c<

ω-

!$&!J#!E>*(('!%J*!$&!%J&#4#!>-!"#$%&'!%#()'!)&!*(*++,'-&/!

1ABCDE#CAFGE#GD#HFHIIJEKD#

M><<'-&#4'! %J*! &(! "#$%&'! )&! *(*++,'-&! $&#! %#()'=! %&'I! %J*! $'))&$"&! (#! %'-)&7&'-*!
V&-
V-

<<
V-∆c<

ω-

/!

R'-&#4'! B. = B2. + ,B,. %'-! B2. !<#,+*!,*#(*!*!B,. <#,+*!&44#?&-#,&#!)*(!L*++',*!)T'-)#/![#((#!

Y././.0/Z!'++*-&#4']!

B.
2εYω. =B. Z = ω)

2 .<

.0

∂ 40
∂9

9 −
ω.

B2.
+ ,
B,.ω.

B2.
2

) 

* 
+ , 

- 
. 

9 −
ω.

B2.

) 

* 
+ , 

- 
. 
2

+
B,.ω .

B2.
2

) 

* 
+ , 

- 
. 
2! /9

! ././.h!

6$'(#-)'!(#!<#,+*!&44#?&-#,&#]!

64 V -
2εYω-= V- Z[ ]= ω<

2 -G
-'

∂"'
∂L

V &-ω -

V,-
2

) 

* 
+ 
+ 

, 

- 
. 
. 

L−
ω-
V,-
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* 
+ 
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, 

- 
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+
V &-ω-
V ,-

2
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* 
+ 
+ 

, 

- 
. 
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$ 
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& 

' 

( ! )L
! ././.@!

3T&<'+*$&! )&! "#$%&'! %#()'! %&! <*,4*++*! )&! <'+*,! %'-$&)*,#,*! %'$+#-+*!
∂"'
∂L
! &-! E>#-+'! (#! $>#!

L#,&#7&'-*!I!+,#$%>,#G&(*!&-!%'-",'-+'!#!E>*((#!)*(!+*,4&-*!)*((T*E>#7&'-*!Y././.@Z!,#%%J&>$'!&-!

<#,*-+*$&!E>#),#/!;&$'(L*-)'!(T&-+*?,#(*!'++*-&#4']

64 V -
2εYω- =V - Z[ ]= πω <

2 -G
-'

∂"'
∂L L =

ω-
V,- ! ././.5!
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6-!?*-*,#(*=!(#!">-7&'-*!)&*(*++,&%#!<'$$&*)*!>-#!<#,+*!,*#(*!*)!>-#!<#,+*!&44#?&-#,&#]!

ε Yω.= B. Z = ε2 Yω. =B. Z + ,ε,Yω.=B. Z
! ././.:!

)'L*! ε, Yω. =B. Z=! (#! <#,+*! &44#?&-#,&#=! )*$%,&L*! (T*""*++'! 3#-)#>! )*(! <(#$4#/! M*=! %'4*! -*(!

-'$+,'!%#$'=! &(! "#$%&'!)T*(*++,'-&!$&! +,'L#!-*((#!%')#!)*((#!)&$+,&G>7&'-*!)*((*!L*('%&+N=!%&'I!&-!

>-#!7'-#!&-!%>&!%&!$'-'!<'%J&!*(*++,'-&!)*(!<(#$4#=!#((',#!(T*""*++'!3#-)#>!d!<&%%'('!*!<'$$&#4'!

+,#$%>,#,('/!M><<'-&#4'!&-'(+,*!%J*!&(!<(#$4#!-'-!$&#!$',?*-+*!)&!&-$+#G&(&+N=!'LL*,'!%J*!$*,L#!

$'(+#-+'!)#!$><<',+'!)&!<,'<#?#7&'-*!<*,!(*!'-)*=!E>&-)&]!

εYω- =V'-Z = O
././2O!

['L*! V'- !I!&(!->4*,'!)T'-)#!%J*!#L,*GG*!&(!4')'!ω- !$*!-*(!$&$+*4#!-'-!%&!"'$$*!&(!"#$%&'!)&!

*(*++,'-&/!

ML&(><<&#4'!#(!<,&4'!',)&-*!(#!">-7&'-*!)&*(*++,&%#!)*(!<(#$4#]!

ε Yω.= B. Z ≈ δB2. + ,B,.( )
∂ε 2
∂B B0.

! ././2.!

%'-]!

!!B. = B0. + δB2 . + ,B,.
! ././22!

^,#$%>,#-)'!?(&!',)&-&!$><*,&',&!#(!<,&4'!(#!Y././.5Z!)&L*-+#]!

64 V -
2εYω- = V -Z[ ]= V &- V '-

2 ∂ε ,
∂V V '-

! ././2B!

*!E>&-)&]!
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V&- = πω<
2 - G
- '

.

V '-
2 ∂ε ,

∂V
V'-

∂"'
∂L L=

ω -
V'-

! ././29!

M&! L*)*! %J*! +>++&! &! 4')&! %J*! J#--'! (#! L*('%&+N! )&! "#$*! cφ =
ω-

V '-
! $>((#! <#,+*! #! <*-)*-7#!

<'$&+&L#=
∂"'
∂L cϕ

> O =)*((#!)&$+,&G>7&'-*!)*((*!L*('%&+N!)*(!"#$%&'!)&!*(*++,'-&!$'-'!&-$+#G&(&/!A(&!

*(*++,'-&! %J*! J#--'! >-#! L*('%&+N! 9! <,'$$&4#! #! E>*((#! )&! "#$*! )*((T'-)#! Cϕ ! ,&$>'-#-'! %'-!

E>*$+T>(+&4#/!C((#!,&$'-#-7#=!?(&!*(*++,'-&!,*$+#-'!&-+,#<<'(#+&!-*((T'-)#!*!$&!J#!>-'!$%#4G&'!)&!

*-*,?&#/! W>#-)'! (#! L*('%&+N! &-&7&#(*! )*((#! <#,+&%*((#! I! )&! <'%'! $><*,&',*! #! Cϕ ! I! ,#((*-+#+#!

)#((T'-)#! *! E>&-)&! ?(&! %*)*! *-*,?&#=! 4*-+,*! $*! (T*(*++,'-*! I! &-&7&#(4*-+*! >-! <'T! <&F! (*-+'!

)*((T'-)#!I!#%%*(*,#+'=!%&'I!#%E>&$+#!*-*,?&#/!j!%J&#,'!%J*=!$*!-*((T&-+',-'!)*((#!L*('%&+#!)&!"#$*!

)*((T'-)#=! $'-'! <&F! ->4*,'$&! ?(&! *(*++,'-&! %'-! 9 = Cϕ + δ9 ,&$<*++'! #! E>*((&! %'-! L*('%&+N!

9 = Cϕ − δ9 =%&'I! $*!
∂"'
∂L cϕ

> O =! (T'-)#! $#,N! #4<(&"&%#+#! #!)&$%#<&+'!)*((T*-*,?&#! %&-*+&%#!)*?(&!

*(*++,'-&! )*(! <(#$4#/!CGG&#4'! E>&-)&! (#! %,*$%&+#! )*&!4')&! %J*! J#--'! L*('%&+N! )&! "#$*! $>((#!

<#,+*!#!<*-)*-7#!<'$&+&L#!)*((#!)&$+,&G>7&'-*!)*((*!L*('%&+N!)*?(&!*(*++,'-&=!%&'I!)&!>-'!$<*++,'!

)&! (#,?J*77#! <,'<',7&'-#(*! #((#! )&$<*,$&'-*! )*(! "#$%&'=! "&?>,#! ./2#/! R*,! (#! %'-$*,L#7&'-*!

)*((T*-*,?&#=! E>*$+#! %,*$%&+#! -'-! <>`! *$$*,*! &-"&-&+#/! K&! $#,N! )>-E>*! >-#! $#+>,#7&'-*=! %J*!

#,,&L*,N!E>#-)'!?(&!*""*++&!-'-!(&-*#,&!-'-!$'-'!<&F!+,#$%>,#G&(&/!1&?>,#!./2G/!3#!$#+>,#7&'-*!d!

)'L>+#!#((#!)&"">$&'-*!)*?(&!*(*++,'-&!)*(!"#$%&'=!(#!%>&!)&$+,&G>7&'-*!<*,)*!E>&-)&!(#!$>#!"',4#!
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<,'<#?#7&'-*]! (T#$$*! )*((T*(&%#/! 3*! '-)*=! $'-'! +,#$"*,&+*! -*((#! $+,>++>,#! +,#4&+*! >-#! <&%%'(#!

#-+*--#!'!$'-)#/!3'!$+*$$'!$&$+*4#!d!>+&(&77#+'!<*,!+,#$"*,&,(*!)#((#!$+,>++>,#!#)!'-)*!(*-+*!#&!

%&,%>&+&!*(*++,'-&%&!)&!4&$>,#/!

R*#,%*=!$&4>(#!(*!<,'<,&*+N!)*(!^/g/R/!%'-!>-#!(&-*#!)&!+,#$4&$$&'-*!%#<#%*!)T&-+*,#?&,*!%'-!>-!

"#$%&'! )&! *(*++,'-&! +,#4&+*! >-T&4<*)*-7#! )T&-+*,#7&'-*/! 6(! "#$%&'! )&! *(*++,'-&! 4')&"&%#! (#!

%',,*-+*!-*((*!(&-*#!)&!+,#$4&$$&'-*!*!L&%*L*,$#]!&(!$&$+*4#!d!%&'I!#>+'%'-$&$+*-+*/!

6-&7&*,*4'!%'-!('!$+>)&'!)*((#!<,'<#?#7&'-*!)*((*!'-)*!-*((#!(&-*#!)&!+,#$4&$$&'-*/!c*),*4'!

<'&!%'4*!E>*$+*!'-)*!$'-'!<*,+>,G#+*!)#((#!<,*$*-7#!)*(!"#$%&'!)&!*(*++,'-&/!6-"&-*!?>#,)*,*4'!

(#!<*,+>,G#7&'-*!%J*!&(!%#4<'!*(*++,&%'!)*((#!$+,>++>,#!#)!'-)*!(*-+*!<,')>%*!$>?(&!*(*++,'-&!-*(!

%#$'!)&!"#$%&'!%#()'!*!<'&!&-!E>*(('!)&!"#$%&'!",*))'/!

-A#FDKHA#GD#IJABNDBBDEKH#

! [*$%,&L&#4'!(#!(&-*#!)&!+,#$4&$$&'-*=!%J*!$><<'-&#4'!)&!(>-?J*77#!&-"&-&+#=!%'4*!>-#!

$*,&*!)&! %*((>(*=! >-#!<*,!'?-&!>-&+#T! )&! (>-?J*77#/!3#! $+,>++>,#!)&! '?->-#!)&!E>*$+*!%*((>(*!d!

4'$+,#+#!&-!!"&?>,#!./5]!

;!)7 3!)7

A!)7K!)7

*(&%#

?>&)#!)T'-)#

)7

cY7Z cY7u)7Z

6Y7Z

1&?>,#!./5!
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./.:

;! ,#<<,*$*-+#! (#! ,*$&$+*-7#! <*,! >-&+N! )&! (>-?J*77#! %J*! %#>$#! (*! <*,)&+*! (>-?'! (T*(&%#=! (#! $&!

4&$>,#! &-! gJ4! <*,! 4*+,'/! 3! d! (T&-)>++#-7#! <*,! >-&+#T! )&! (>-?J*77#! )*((T*(&%#=! (#! $&! 4&$>,#!

E>&-)&!&-!Q*-,n!<*,!4*+,'/!3T*(&%#!d!&-$*,&+#!#((T&-+*,-'!)*((#!?>&)#!)T'-)#=!+,#!&!)>*!%'-)>++',&!

$'-'! &-+*,<'$+&! )>*! &$'(#-+&]! #,&#! *! L*+,'/!CGG&#4'! E>&-)&! >-! #%%'<<&#4*-+'! %#<#%&+&L'! +,#!

(T*(&%#!*!(#!?>&)#!)T'-)#/!K!,#<<,*$*-+#!#<<>-+'!E>*$+#!%#<#%&+#T!<*,!>-&+#T!)&!(>-?J*77#!*!A!(#!

%'-)>++#-7#! )&! <*,)&+#=! $*4<,*! <*,! >-&+#T! )&! (>-?J*77#/! W>*$+*! )>*! >(+&4*! ?,#-)*77*! $'-'!

4&$>,#+*!,&$<*++&L#4*-+*!&-!1#,#)!<*,!4*+,'!*!&-!M&*4*-$!<*,!4*+,'/!

R'-&#4']!
&Y7= +Z = 6Y7Z*&ω+

LY7=+Z = cY7Z* &ω+ ./2/.!

['L*! &Y7=+Z! *! LY7=+Z! ,#<<,*$*-+#-'! ,&$<*++&L#4*-+*! (#! %',,*-+*! %J*! $%',,*! -*((T*(&%#! *! (#!

)&""*,*-7#!)&!<'+*-7&#(*!+,#!(T*(&%#!*!(#!?>&)#!)T'-)#!-*(!<>-+'!7!#(!+*4<'!+/!!

3*! *E>#7&'-&! )&! P&,%J'""! %&! )&%'-'! %J*! (#! )&""*,*-7#! )&! <'+*-7&#(*! +,#! (*! )>*! *$+,*4&+N!

)*((T*(*4*-+'! )&! (>-?J*77#! )*((\*(&%#! =cY7Z8cY7u)7Z=! d! )'L>+#! #((#! %#)>+#! )&! +*-$&'-*!

$>((T&4<*)*-7#!<*,!>-&+N!)&!(>-?J*77#]!

cY7Z − cY7 + )7Z = −
∂c

∂7
)7 = Y; + &ω3Z6Y7Z)7

! ./2/2!

3#!L#,&#7&'-*!)\&-+*-$&+N!)&!%',,*-+*!+,#! (*!)>*!*$+,*4&+N!)*((#!%*((>(#! =6Y7Z86Y7u)7Z=!d!)'L>+#!

#((#! %',,*-+*! %J*! $%',,*! +,#! (T*(&%#! *! (#! ?>&)#! )T'-)#! #++,#L*,$'! (T#44*++*-7#! <*,! >-&+N! )&!

(>-?J*77#!YA + &ωKZ)7 /!a$$#!L#(*]!

6Y7Z − 6Y7 + )7Z = −
∂6

∂7
)7 = YA + &ωKZcY7Z)7

! ./2/B!
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./2O

[*"&-&#4'! ,&$<*++&L#4*-+*! qYωZ = Y; + &ω3Z)7 ! *! pYωZ = YA + &ωKZ)7 ! &4<*)*-7#! *)!

#44*++*-7#!<*,!>-&+N!)&!(>-?J*77#/!^*-*-)'!%'-+'!)&!E>*$+*!)*"&-&7&'-&!'++*-&#4'!E>*((*!%J*!

$&!%J&#4#-'!v*E>#7&'-&!)*&!+*(*?,#"&$+&v]!

∂c

∂7
= −qYωZ6

∂6

∂7
= −pYωZc

./2/9!

[*,&L#-)'!,&$<*++'!#!7=!(*!)>*!>(+&4*!*E>#7&'-&!)&L*-+#-']!

∂c2

∂72
= qpc

∂62

∂72
= qp6 ./2/0!

R'-&#4']!

6Y7Z = 6*− &V'7

cY7Z = c*− &V'7

./2/h!

%'-! V' = V , + &V & /!6-$*,*-)'(*!-*((\*E>#7&'-&!)*&!+*(*?,#"&$+&!'++*-&#4']!

V' = & qp ./2/@!

M*! -'-! %&! "'$$*,'! <*,)&+*! #L,*44'! V' = P, = ω 3K /! K&'I! (T'-)#! $&! <,'<#?J*,*GG*! #)!

#4<&*77#!%'$+#-+*=!-'-!$#,*GG*!#++*->#+#/!

3T&4<*)*-7#!%#,#++*,&$+&%#!)*((#!(&-*#!)&!+,#$4&$$&'-*!d!)*"&-&+#!%'4*!; ( =
c

6
=!)#((*!*E>#7&'-&!

)*&!+*(*?,#"&$+&!*!)#((*!Y./2/hZ!+,'L&#4'!; ( =
q

p
/!R'$$&#4'!&-'(+,*!$%,&L*,*!q!&-!">-7&'-*!)*(!

->4*,'!)T'-)#]!
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./2.

q = &V'; (
./2/5!

CGG&#4'! E>&-)&! L&$+'! %J*! #++,#L*,$'! (#! (&-*#! )&! +,#$4&$$&'-*! $&! <,'<#?#-'! )*((*! '-)*!

<,'?,*$$&L*! )&! L*('%&+N! cϕ =
ω

V ,
/! W>*$+*! '-)*! $'-'! #++*->#+*! #! %#>$#! )*((*! <*,)&+*! )*?(&!

&$'(#-+&! *! )*((#! ,*$&$+&L&+N! )*&! %'-)>++',&! %'$+&+>*-+&! (#! (&-*#/! c*),*4'! #)*$$'! E>#(&!

<*,+>,G#7&'-&!<',+#!>-!"#$%&'!)&!*(*++,'-&!%J*!$&!<,'<#?#!(>-?'!(T#$$*!)*((T*(&%#/!

$KIHJAODEKH#FDKHA#GD#IJABNDBBDEKH0LABCDE#GD#HFHIIJEKD#

! R*,!>-! "#$%&'!)T*(*++,'-&!%J*! $&!<,'<#?#!#!G#$$#!L*('%&+N=! ,&$<*++'!#!E>*((#!)*((#! (>%*=!

<'$$&#4'!<*-$#,*!)&!$%J*4#+&77#,*!(#!$>#!&-+*,#7&'-*!%'-!(#!$+,>++>,#!#)!'-)*!(*-+*!$*%'-)'!('!

$%J*4#!$*?>*-+*=!"&?>,#!./:]!

*M ωωωωN ∆∆∆∆; *M ωωωωN ∆∆∆∆; *M ωωωωN ∆∆∆∆;

OMωωωωN ∆∆∆∆; OMωωωωN ∆∆∆∆; OMωωωωN ∆∆∆∆;

I:@J<=#?<#898PPB=><
$
I

$

Q

RJ:A:J<P<S=:JJ=AA<:E8>P=

1&?>,#!./:!
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K'-$&)*,&#4'! &-&7&#(4*-+*! ?(&! *""*++&! %J*! &(! "#$%&'! )&! *(*++,'-&! <,'L'%#! $>((#! (&-*#! )&!

+,#$4&$$&'-*/! K&! '%%><*,*4'! &-! $*?>&+'! )*((*! <*,+>,G#7&'-&! %J*! E>*$+T>(+&4#! <,'L'%#! $>?(&!

*(*++,'-&/!

6(! "#$%&'! )&! *(*++,'-&=! #%%'<<&#+'! %#<#%&+&L#4*-+*! %'-! (T*(&%#=! &-)>%*! >-#! %',,*-+*! )&!

$<'$+#4*-+'!YmZ!<*,!>-&+#T!)&!(>-?J*77#!+#(*!%J*]!

m = −
∂6"
∂7 ./2/:!

^*-*-)'!%'-+'!#-%J*!)&!E>*$+#!%',,*-+*=!(*!Y./2/9Z!)&L*-+#-']!

∂c

∂7
= −qYωZ6

∂6

∂7
= −pYωZc + m

! ./2/.O!

K'-$&)*,#-)'!>-#!)&<*-)*-7#! +*4<',#(*!*! $<#7&#(*!)*(! +&<'! *l< &Yω+ − V7Z[ ]!)#((*!>(+&4*! +,*!

*E>#7&'-&!,&%#L&#4']!

m = &V6"
− &Vc = −q6

− &V6 = −pc + &V6" ! ./2/..!

)#!%>&]!

cYV2 + qpZ = &Vq6" ! ./2/.2!

M&! <>`! -'+#,*! %J*! &(! L*++',! )T'-)#! d! )&L*,$'! )#(! %#$'! &-! %>&! -'-! %T*,#! &(! "#$%&'! )&! *(*++,'-&/!

R'-*-)'!6 " = O !,&+,'L&#4'! V = V' /!

[#((#!Y./2/@Z=!(#!Y./2/5Z!*!(#!Y./2/.2Z=!'++*-&#4']
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./2B

c = −
VV'; (
V2 − V '

2 6"
./2/.B!

R'$$&#4'! #-%J*! ,&$%,&L*,*! (*! *E>#7&'-&! )*&! +*(*?,#"&$+&! <*,! &(! %#$'! &-! %>&! %&! $&#! >-! "#$%&'! )&!

*(*++,'-&]!

∂c2

∂72
− qpc = −qm

∂c2

∂72
+ V'

2c = ωV'; (ρ
! ./2/.9!

%'-]!

m = −
∂6 "
∂7

=
∂ρ

∂+
= &ωρ

! ./2/.0!

)'L*!ρY7=+Z = ρ* &Yω+−V7 Z !d!(#!)*-$&+N!)&!%#,&%#!)*(!"#$%&'!)&!*(*++,'-&/!

A>#,)&#4'! ',#! E>#(Td! (#! <*,+>,G#7&'-*! %J*! &(! %#4<'! *(*++,&%'! %J*! $&! <,'<#?#! $>((#! (&-*#! )&!

+,#$4&$$&'-*!<,')>%*!$>(!"#$%&'!)&!*(*++,'-&/!

1ABCDE#LJHGGE#GD#HFHIIJEKD

! M><<'-&#4'!%J*!&(!"#$%&'!)&!*(*++,'-&!$&#!4'-'*-*,?*+&%'/!3T*E>#7&'-*!)&!4'L&4*-+'!

)*?(&!*(*++,'-&=!$*%'-)'!(#!+*',&#!)*&!"(>&)&!d]!

4-
∂ >

→

∂+
+ Y>

→

⋅ ∇Z>
→→# 

$ 
% 

& 

' 
( = −*-a

→

! ./2/.h!

['L*! >
→

! ,#<<,*$*-+#! (#! L*('%&+N! )*?(&! *(*++,'-&/! 6(! -'$+,'! d! >-! %#$'! >-&)&4*-$&'-#(*=! ?(&!

*(*++,'-&! $'-'! L&-%'(#+&=! +,#4&+*! >-! "',+*! %#4<'! 4#?-*+&%'! <#,#((*('! #((T#$$*! )*((T*(&%#=! #!
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4>'L*,$&!(>-?'!(T#$$*!7=!%&'I! >
→

= >w!7!/!6-'(+,*=!<*,!(#!?*'4*+,&#!)*(!$&$+*4#=!&(!%#4<'!*(*++,&%'!d!

#-%JT*$$'! )&,*++'! <#,#((*(#4*-+*! #((T#$$*! 7=! 'LL*,'! a
→

= aw!7!= −
∂c

∂7
w!7!/! R'-&#4'! &-'(+,*=! <*,!

"#%&(&+#,%&!(#!$%,&++>,#]!η = −
*

4
=!(T*E>#7&'-*!)&!4'L&4*-+'!)&L*-+#!)>-E>*]!

∂>

∂+
+ >

∂>

∂7
= η

∂c

∂7 ! ./2/.@!

M&!$><<'-*!%J*!(#!(&-*#!)&!+,#$4&$$&'-*!&-)>%#!>-#!<*,+>,G#7&'-*!<&%%'(#!$>(!"#$%&'!)T*(*++,'-&=!

<'$$&#4'!E>&-)&!(&-*#,&77#,*!(T*E>#7&'-*!)&!4'L&4*-+'/!R,*-)&#4']!

> = >' + >.
6 " = 6'" + 6."
ρ = ρ' + ρ. ./2/.5!

K'-!(\&-)&%*!O!&-)&%J&#4'!&!L#(',&!&-!#$$*-7#!)&!<*,+>,G#7&'-*=!%'-!(T&-)&%*!.!$&!,#<<,*$*-+#-'!

&-L*%*!(*!L#,&#7&'-&=!%J*!%'4*!#GG&#4'!)*++'!$><<'-&#4'!<&%%'(*=!)'L>+*!#(!%#4<'!*(*++,&%'!

%J*!$&!<,'<#?#!$>((#!(&-*#!)&!+,#$4&$$&'-*/!3&-*#,&77#-)'!(T*E>#7&'-*!)*(!4'+']!

∂>.
∂+

+ > '
∂>.
∂7

= η
∂c

∂7 ! ./2/.:!

*!<,*-)*-)'!>-#!)&<*-)*-7#!)*(!+&<'!*l< &Yω+ − V7Z[ ]!#-%J*!<*,!(*!<*,+>,G#7&'-&!$&!J#]!

>. = −
Vηc

>' YV* − VZ ! ./2/2O!

)'L*!$&!d!<'$+'! V* =
ω

>'
/!

R'$$&#4'!&-'(+,*!$%,&L*,*!(T*E>#7&'-*!)&!%'-+&->&+N]!
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∂ρ

∂+
+

∂ ρ>( )

∂7
= '

./2/2.!

3&-*#,&77#-)'!(#!Y./2/.0Z]!

∂ρ.
∂+

= −
∂6."
∂7 ./2/22!

$&!+,'L#]!

ρ. =
V

ω
6."

./2/2B!

R'$$&#4'!(&-*#,&77#,*!#-%J*!(#!)*"&-&7&'-*!)&!%',,*-+*!)*(!"#$%&'!*(*++,'-&%'!6 " ]!

6 " = ρ> = ρ'> ' + ρ.>' + ρ'>. = 6'" + 6."
! ./2/29!

)'L*]!

6'" = ρ'>'
6." = ρ.>' + ρ'>. ./2/20!

W>*$+T>(+&4*=!&-$&*4*!#((#!Y./2/2OZ!*!#((T*E>#7&'-*!)&!%'-+&->&+N!%&!)#--']!

6." =
VV *c6'"ρ'
2c' YV * − VZ2 ! ./2/2h!

)'L*! c' ! ,#<<,*$*-+#! (#! +*-$&'-*! )T#%%*(*,#7&'-*! #<<(&%#+#! #?(&! *(*++,'-&=! )*"&-&+#! %'4*!

c' =
>'
2

2η
/!

K'4G&-#-)'!(#!Y./2/2hZ!*!(#!Y./2/.BZ!+,'L&#4'!(#!,*(#7&'-*!)&!)&$<*,$&'-*]!
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./2h

. =
V2V 'V *6'"; (

2c' YV
2 − V'

2 ZYV * − VZ2 ! ./2/2@!

j! >-T*E>#7&'-*! )&! E>#,+'! ?,#)'=! #L,*4'! E>&-)&! E>#++,'! L#(',&! )&! V=! '?->-'! )*&! E>#(&!

,#<<,*$*-+#!>-!4')'!-#+>,#(*!)&!<,'<#?#7&'-*/!3*!'-)*!%J*!%&!&-+*,*$$#-'!)&!<&F!$'-'!E>*((*!

%J*! $&! <,'<#?#-'! %'-! L*('%&+N! <,'$$&4#=! &-! 4')>('! *! L*,$'=! #! E>*((#! )*?(&! *(*++,'-&! )*(!

"#$%&'Y V = V * + &ξ Z/! C$$>4&#4'! V* = V' =! %&'I! )&%&#4'! %J*! &-&7&#(4*-+*! ?(&! *(*++,'-&! J#--'!

>-#!L*('%&+N!>?>#(*!#!E>*((#!)&! "#$*!)*((T'-)#!%J*!$&!<,'<#?J*,*GG*!-*((T*(&%#! &-!#$$*-7#!)*(!

"#$%&'/![>-E>*! V = V' + &ξ !*!!(T*E>#7&'-*!Y./2/2@Z!)&L*-+#]!

./2/25!

R'$$&#4'! +,#$%>,#,*! &! +*,4&-&! )*(! $*%'-)'! ',)&-*! &-! ξ =! )#+'! %J*=! %'4*! #GG&#4'! )*++'=! %&!

&-+*,*$$&#4'!#((*!$'(>7&'-&!#<<#,+*-*-+&!#)!>-!<&%%'('!&-+',-'!)&! V* =!%&'I!ξ << V * /!M&!+,'L#]!

ξ B = &
6'";(
9c'

V *
B

./2/2:!

K'4*! $&! L*)*! %&! $&#4'! ,&)'++&! #)! >-T*E>#7&'-*! )&! +*,7'! ?,#)'! "#%&(4*-+*! ,&$'(L&G&(*/! 3#!

$'(>7&'-*! %J*! d! #-)#+#! <*,)>+#=! 'LL*,'! >-'! )*&! E>#++,'! 4')&! -#+>,#(&! )*(! $&$+*4#=! J#! >-#!

L*('%&+N!)&!"#$*!4'(+'!)&L*,$#!)#!E>*((#!)&!<,'<#?#7&'-*!)*?(&!*(*++,'-&/!W>*$+'!L>'(!)&,*!%J*!

-'-!R>`!,&$>'-#,*!%'-!&(!"#$%&'!*!%J*!E>&-)&!(#!<*,+>,G#7&'-*!)#!(>&!&-+,')'++#!d!+,#$%>,#G&(*/!j!

<*,!E>*$+'!4'+&L'!%J&!%&!)&$&-+*,*$$&#4'!)&!+#(*!$'(>7&'-*/

6-+,')>%&#4'!',#!K=!<#,#4*+,'!)&!?>#)#?-'!%#,#++*,&$+&%'!)*(!^/g/R/!%'4*]!

KB =
6'"; (
9c' ./2/BO!

R'$$&#4'!E>&-)&!,&$%,&L*,*!(#!Y./2/2:Z]!
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./2@

ξ = V *Kδ

./2/B.!

%'-]!

δ = &
.
B

= *
& Y2-+

.

2
Zπ# 

$ % 
& 

' ( 

.
B

! ./2/B2!

M%,&L&#4'!(*!+,*!,#)&%&]!

δ. =
B
2

−
&
2

δ 2 = −
B

2
−
&

2
δ B = & ./2/BB!

g++*-&#4'!E>&-)&!+,*!'-)*!<,'?,*$$&L*!%'-!->4*,'!)T'-)#!]!

V- = V *Y.+ &KδZ !!!!!!!!!!!!!!!!!!!!!!!!!!!!!. G H@I@J ! ./2/B9!

(#!%>&!<#,+*!,*#(*!d]!

;* V -[ ]= P-, = V* Y.− δ-&KZ ! ./2/B0!

*!E>*((#!&44#?&-#,&#]!

64 V -[ ]= P-& = KV *δ-, ! ./2/Bh!

['L*! %'-! δ -, =δ-& ! &-)&%J&#4'! ,&$<*++&L#4*-+*! (#! <#,+*! ,*#(*! *! E>*((#! &44#?&-#,&#! )&! δ- /3#!

)&<*-)*-7#!$<#7&#(*!)*&!4')&!d]!
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*l<Y−&V -7Z = *l<YKV *δ-,7Z ⋅ *l<Y−&V* Y. −δ-&KZ7Z ! ./2/B@!

S*-+,*!(#!L*('%&+N!)&!"#$*!d]!

cφ =
ω

V *Y. − δ-&KZ ! ./2/B5!

K'4*!$&!<>`!L*)*,*=!(#!<,&4#!,#)&%*!%&!)#T!>-T'-)#!(#!%>&!#4<&*77#!%,*$%*!%'-!(T#>4*-+#,*!)&!
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! K#(%'(&#4'! #)*$$'! (#! ,*(#7&'-*! )&! )&$<*,$&'-*! <*,! &(! $&$+*4#! "#$%&'! %#()'8(&-*#! )&!
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,&$<*++&L#4*-+*!(#!%'',)&-#+#!,#)&#(*!*)!#$$&#(*/!
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E>#-+'!"#++'!<*,!('!$+>)&'!)*((T&-+*,#7&'-*!<(#$4#8"#$%&'!)&!*(*++,'-&=!E>*$+'!+*,4&-*=!$><<'$+'!
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a +ω-
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∂"'
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∂72
+ V'-

2 cω -
= ω -V'-;(ρω -

! ./2/9h!
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! ./2/9@!
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)*(!"#$%&'!)&!*(*++,'-&/!M><<'-*-)'!%J*!-'-!%&!$&#-'!?,#-)&!<*,)&+*!-*((#!$+,>++>,#=!<'$$&#4'!

%'-$&)*,#,*! V ,'- >> V &'- /![#((#!./2/9h!*!$#<*-)'!%J*!
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< aω-
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2
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!$&!*$<,&4*=!
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! ./2/02!

'++*-&#4']!

; ( =
5π

V ,'-
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ω - =V '-
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R*,!%#(%'(#,*!&(!%#4<'!*(*++,&%'!)'L>+'!#((#!%#,&%#!$<#7&#(*!)*(!"#$%&'=!>+&(&77&#4'!(T*E>#7&'-*!
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− V2c$% ω-
= −9πρω -

! ./2/09!
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= −
∂C'-
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∂A
= −,B.C'-

ω.

! ./2/00

R*,! %#(%'(#,*! "'-
ω.

=!4')*((&7&#4'! (T*(&%#!%'4*!>-!%&(&-),'!%'-)>++',*/!M*! $&! $><<'-*!%J*! (#!
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! ./2/0h
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)#((#!Y./2/9BZ!*!)#((#!Y./2/90Z!'++*-&#4']!
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! ./2/hB!
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*(*++,'-&/!C-#('?#4*-+*!#!E>#-+'!"#!&(!<(#$4#!-*((T&-+*,#7&'-*!%'-!>-!"#$%&'!)&!*(*++,'-&/!!

_-!"&('!)&!G*,&((&'8,#4*!YX*K>Z!)&!O/B!4&((&4*+,&!)&!)&#4*+,'!d!#,,'+'(#+'!&-!4')'!)#!'++*-*,*!

>-T*(&%#! )&! <#$$'! <s! O/O5! %*-+&4*+,&=! )&! ,#??&'! #s./.h! %*-+&4*+,&! *! )&! (>-?J*77#! 9! 4*+,&/!

3T*(&%#=! <*,! <*,4*++*,*! #(! "#$%&'! )&! *(*++,'-&! )&! <,'<#?#,$&! (&G*,#4*-+*! (>-?'! &(! $>'! #$$*=! d!

&-$*,&+#!&-!>-!+>G'!)&!L*+,'!&-!Rn,*l!*!4*$$#!$'++'!L>'+'/!6(!+>++'!d!<'$+'!-*((T#$$*!)*((#!?>&)#!

)T'-)#/!

3#!?>&)#!)T'-)#!%'-$&$+*! &-!>-!%&(&-),'!)T#((>4&-&'!)&!9!4*+,&!)&! (>-?J*77#!*!)&!0/@0!%4!)&!

,#??&'/!3#!",*E>*-7#!)&! +#?(&'!$><*,&',*!I!)&!2@O!SQ7/!W>#++,'!"*$$>,*=!#!:Ox!+,#!(','=!$'-'!

<,#+&%#+*! $>! +>++#! (#! (>-?J*77#! )*(! %&(&-),']! E>*$+'! <*,! <'+*,! #LL&%&-#,*! *! ?>&)#,*! (*! $'-)*!

,&%*L*-+&!*!+,#$4&++*-+&!#((T*(&%#/!3*!"*$$>,*!J#--'!>-#!(#,?J*77#!)&!O/0!%4/!

6-!"&?>,#!2/2!d!&((>$+,#+#!(#!$+,>++>,#!#)!'-)*!(*-+*/!6-!+#(*!)&$*?-'=!%J*!<*,!#(+,'!-'-!d!&-!$%#(#=!

d!,#""&?>,#+#!$'(+#-+'!>-#!)*((*!E>#++,'!"*$$>,*!%J*!$*,L'-'!)#!?>&)#!#((*!$'-)*/!
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2/B!

P7)-*,-.$'-* 49*00&%%&,-),1755$0%$

4$'-*
=&1170*,5&0,1$'-*

"&?>,#!2/2!

M*4<,*!-*(('!$+*$$'!)&$*?-'!$&!<'$$'-'!L*)*,*!(*!+,*!$G#,,*++*!"&(*++#+*!)&!C( Bg2 !%J*!$*,L'-'!#!

4#-+*-*,*! ,&?&)#! (T*(&%#/! 6(! "&('! )&! X*K>! "',4#-+*! (T*(&%#=! d! &-$*,&+'! -*((#! $%#-#(#+>,#! )*((#!

"&(*++#+>,#!)&!+#(&!$G#,,*++*=!"&?>,#!2/B/!6-!+#(!4#-&*,#!$&#4'!$&%>,&!%J*!&(!<#$$'!)*((T*(&%#!<!$&#!

%'$+#-+*! $>! +>++#! (#! $>#! (>-?J*77#/! 6(! ,#??&'! )*((*! $G#,,*++*! d! )&! O/20! %4=! &(! <#$$'! )*((#!

"&(*++#+>,#!d=!'LL&#4*-+*=!>?>#(*!#!E>*(('!)*((T*(&%#!YO/O5!%4Z/!!

5

L -

NA
0

3C

*

6)+$,C&D7,

-),0*>>)$,*
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2/9!

"&?>,#!2/B!

6(!<#$$'!)*((T*(&%#=!%'$U!%'4*!&(!$>'!,#??&'=!$'-'!<#,#4*+,&!4'(+'!&4<',+#-+&/!c*),*4'!&-"#++&!

%J*!<*,!?,#-)&!",*E>*-7*!(#!,*(#7&'-*!)&!)&$<*,$&'-*!)&L*-+#!(&-*#,*!*!(#!L*('%&+N!)&!"#$*!+*-)*!

#! cφ = % $&-ψ /! ['L*! % ! ,#<<,*$*-+#! (#! L*('%&+N! )*((#! (>%*! *! ψ ! (T#-?'('! $'++*$'! +,#! &(! <&#-'!

<*,<*-)&%'(#,*!#((T#$$*!)*((T*(&%#!*)!&(!"&('!%J*!"',4#!(T*(&%#=!"&?>,#!2/9/!

5

2Q*

E

;

(

ψ

"&?>,#!2/9!

R*,!<'+*,!%#(%'(#,*=!&-!4')'!<,*%&$'!*!%'4<(*+'=!(#!,*(#7&'-*!)&!)&$<*,$&'-*!)*((#!$+,>++>,#!#)!

'-)*!(*-+*=!d!-*%*$$#,&'!,&$'(L*,*!(*!*E>#7&'-&!)&!S#lo*((/!

D#+>,#(4*-+*!)'L,*4'!"#,*!>-#!4')*((&77#7&'-*!*)!>-#!$*4<(&"&%#7&'-*!)*(!$&$+*4#/!

(HFAODEKH#GD#GDBPHJBDEKHM#CAFCEFE#IHEJDCE#

!3#! "&?>,#! 2/0! %&! 4'$+,#! (#! $*7&'-*! +,#$L*,$#(*! )*(! 4')*(('! %J*! >$*,*4'! <*,! %#(%'(#,*! (#!

,*(#7&'-*!)&!)&$<*,$&'-*/!
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2/0!

*
N2

NB

NG

A2!M

NA

9

19*00&%%&,-),1755$0%$,,

R79$,)',#F0&:

P7)-*,-.$'-*,

)',*++78)')$

&+)E*

"&?>,#!2/0!

3#!$+,>++>,#!#)!'-)*!(*-+*!d!%'-$&)*,#+#!&-"&-&+#4*-+*!(>-?#!*!%'4<'$+#!)#]!>-T*(&%#!)&!,#??&'!

#=!%J*!$%J*4#+&7&#4'!%'-!>-!%&(&-),'!)&!$<*$$',*!+,#$%>,#G&(*!&-!%>&!(#!%',,*-+*!I!%'$+,*++#!#!

$%',,*,*! -*((#! )&,*7&'-*! )*((*! $<&,*=! +,*! $G#,,*++*! "&(*++#+*! )&! C( Bg2 ! )&! ,#??&'! ;.! <'$+*! #!

$'$+*?-'!)*((T*(&%#=!>-!+>G'!&-!Rn,*l!)&!,#??&'!&-+*,-'!;2!*)!*$+*,-'!)&!;B!%J*!%'-+&*-*!(T*(&%#!

*!(*!$G#,,*++*!*!)#!>-#!?>&)#!)T'-)#!&-!#((>4&-&'!)&!,#??&'!&-+*,-'!;9/!

M%,&L&#4'!(*!*E>#7&'-&!)&!S#lo*((!<*,!&(!-'$+,'!$&$+*4#=!&-!K/A/M/!#GG&#4']!

∇ ∧ a!s 8
.
%

∂Β 

∂+

∇ ∧ Β =
εY,Z
%

∂Ε 

∂+

∇ Ε = O

∇ Β = O

2/./.!

K#(%'(#-)'! (*! %'4<'-*-+&! )&! a! *! X! &-! >-! $&$+*4#! )&! %'',)&-#+*! %&(&-),&%J*! %'4*! E>*(('!

,#""&?>,#+'!&-!"&?>,#!./.O/!
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2/h!

!!!!

.

,

∂

∂,
,

∂

∂,
a7 s ^2 Y, Za7

.
,

∂
∂,
,

∂
∂,
X7 s ^2 Y, ZX7

! 2/./2!

!!

a , = −
yV

^2
∂a7
∂,

X, = −
yV

^2
∂X7
∂, 2/./B!

!!!!

aθ =
yω

%^2
∂X7
∂,

Xθ = −εY, Z
yω

%^ 2
∂a7
∂, ! 2/./9!

K'-]!

!!!!̂
2 Y,Z s V 2 − ε Y, ZV O

2 ! 2/./0!

*!

!!
V O =

ω

%
2/./h!

['L*! !!!!ε Y, Z ! d! (#! %'$+#-+*!)&*(*++,&%#=! %! (#!L*('%&+N!)*((#! (>%*! *!^! *!V! $'-'! ,&$<*++&L#4*-+*! (#!

%'4<'-*-+*!,#)&#(*!*!E>*((#!('-?&+>)&-#(*!)*(!->4*,'!)T'-)#/!

M&!$><<'-*!%J*!
!!

ω

V
< % =!)&!4')'!%J*!!!!!̂

2 Y,Z !$&#!<'$&+&L'/!

!!a7! !*!!!X7 !$'-'!#((',#!>-#!%'4G&-#7&'-*!(&-*#,*!)*((*!">-7&'-&!)&!X*$$*(!4')&"&%#+*!)&!',)&-*!

7*,'!*!)&!#,?'4*-+'!^Y,Z ⋅ , /!K*,%J*,*4'!E>&-)&!)*((*!%'$+#-+&!C=!X=!K=![!+#(&!%J*!]!!

X
7
s C6O Y^,Z u XP O Y^,Z

a
7
s K6O Y^,Z u [POY^,Z

! 2/./@!
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2/@!

[&L&)&#4'!(#!$*7&'-*!+,#$L*,$#(*!)*((#!$+,>++>,#!#)!'-)*!(*-+*!&-!7'-*!#((T&-+*,-'!)*((*!E>#(&!$&!

<>`! %'-$&)*,#,*! %J*! (#! %'$+#-+*! )&*(*++,&%#! $&#! %'$+#-+*/! [#((#! "&?>,#! 2/h! -'+&#4'! %J*! $&!

<'$$'-'!+,'L#,*!0!,*?&'-&!)&!E>*$+'!+&<'/!

N&>)$'&,A

N&>)$'&,2

N&>)$'&,S

N&>)$'&,G

N&>)$'&,B

*

9

NG

NB

N2

"&?>,#!2/h!

8!;*?&'-*!.]! d! &(! %*,%J&'! %'-! %*-+,'! $>((T#$$*! )*((T*(&%#! *! ,#??&'! G/! 1&-'! #! E>#-)'! -'-! $&!

#,,&L#!#((*!$G#,,*++*=!&-!E>*$+#!,*?&'-*!%Td!&(!L>'+'=!)>-E>*]!

O!f!,≤ !G]!

!!ε. = . 2/./5!

.̂Y,Z = V 2 − V '
2

8!;*?&'-*!2]!! d! (#! 7'-#=! #((T&-+*,-'! )*((T*(&%#=! &-! %>&! %Td! $&#! )*(! L>'+'! %J*! )*((#! %*,#4&%#/!

3T*$&$+*-7#!)&!E>*$+#!7'-#!d!)'L>+#!#(!"#++'!%J*!(T*(&%#!<*-*+,#!-*((*!$%#-#(#+>,*!)*((#!"&(*++#+>,#!

)*((*!$G#,,*++*=!"&?>,#!2/B/!M&!$><<'-*!%J*!(#!<*,4*++&L&+N!)&*(*++,&%#!)&!E>*$+#!7'-#!$&#!%'$+#-+*!

*!<,'<',7&'-#(*!#((#!$><*,"&%&*!'%%><#+#!)#((*!$G#,,*++*/![>-E>*]!

G!f!,≤ !#]!
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2/5!

ε2 = Yε , −.ZB
M2#
M2%

+.! 2/./:!

^2 Y,Z = V 2 − ε2V '
2

K'-!!!ε , !%'*""&%&*-+*!)&*(*++,&%'!)*((*!$G#,,*++*!*! B
M2#
M2 %
,#<<',+'!+,#!(#!$><*,"&%&*!'%%><#+#!)#((*!

$G#,,*++*!*!E>*((#!+'+#(*!)*((#!,*?&'-*!2/!

8!;*?&'-*!B]! !d!(#!7'-#!%'4<,*$#!+,#!(T*(&%#!*)!&(!+>G'!&-!Rn,*l/!c#(?'-'!(*!$+*$$*!&<'+*$&!"#++*!

<*,!(#!,*?&'-*!2/!R*,!%>&]!

#!f!,!≤ !;!!2

εB = Yε , −.ZB
MB#
MB%

+.! 2/./.O!

^B Y,Z = V 2 − εBV '
2

!;*?&'-*!9!]! d!(#!7'-#!'%%><#+#!)#(!+>G'!&-!Rn,*l=!)&!%'$+#-+*!)&*(*++,&%#!9/00/!

;2 < , ≤ ;B

!!!!ε9 = 9/ 00 2/./..!

^9 Y,Z = V 2 − ε9V '
2

8!;*?&'-*!0]! !d!(#!7'-#!%'4<,*$#!+,#!&(!+>G'!&-!Rn,*l!*!(#!?>&)#!)T'-)#/!j!L>'+#=!E>&-)&]!
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2/:!

;!!B !f!,!≤ !;!!9

ε0 =. 2/./.2!

^0 Y,Z = V 2 − V '
2

M%,&L*-)'!(*!%'-)&7&'-&!)&!<#$$#??&'!+,#!>-#!7'-#!*!(T#(+,#!+,'L&#4'!>-#!$*,&*!)&!*E>#7&'-&!%J*!

%&!<*,4*++*,#--'!)&!,&$'(L*,*!&(!$&$+*4#]!

&-]!,sG]!

"AH = "AI

"θH = "θI

ε."2H = ε I" 2I

M
AH

= M
AI 2/./.B!

C!,s#!]!D*((T*(&%#!-'-!$%',,*!%',,*-+*=!&(!%#4<'!*(*++,&%'!(>-?'!(*!$<&,*!d!)>-E>*!->((']!

!!

a72$&- Yψ Z u aθ 2%'$Yψ Z s O

a7B$&- Yψ Z u aθ B%'$Yψ Z s O
! 2/./.9!

%'-]!

^#-YψZ s
<

2π#
2/./.0!

3#!%'-+&->&+N!)*((#!%'4<'-*-+*! +#-?*-7&#(*!#((T&-+*,"#%%&#! +,#! (#!,*?&'-*!2!*! (#!,*?&'-*!B!)*(!

%#4<'!*(*++,&%'!%&!<*,4*++*!)&!$%,&L*,*]!

"
AI

= "
AJ

"θI = "θJ

2/./.h!
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2/.O!

S*-+,*! (#! %'-+&->&+N! )*((#! %'4<'-*-+*! -',4#(*! )*(! %#4<'! 4#?-*+&%'! #((#! $><*,"&%&*! )&!

$*<#,#7&'-*!%&!)&%*!%J*]!

M2I = M2J 2/./.@!

6-! #$$*-7#! )&! %',,*-+*! $>((#! $><*,"&%&*! )*((T*(&%#=! <'$$&#4'! $%,&L*,*! (#! %'-+&->&+N! )*((#!

%'4<'-*-+*!<#,#((*(#!#((*!$<&,*!)*(!%#4<'!4#?-*+&%']!

MAI',.NψOP Mθ I-0'NψO G MAJ',.NψO PMθ J-0'NψO ! 2/./.5!

&-!,s;!!2 !]!

"A J = "A Q

"θJ = "θQ

εB"2 J = ε9"2 Q

MAJ = MAQ

2/./.:!

6-!,s;!!B !]!

"A Q = "AR

"θQ = "θR

ε9"2 Q = ε0"2 R

MAQ = MAR

2/./2O!

C!,s;!!9 !]!a$$*-)'!(#!?>&)#!)T'-)#!>-!%'-)>++',*=!#GG&#4']!

!!

a70 = O

aθ 0 = O
2/./2.!

^>++*! E>*$+*! *E>#7&'-&! %&! <*,4*++'-'! )&! ,&$'(L*,*! &(! $&$+*4#! Y2/./@! *! )&! )*+*,4&-#,*! (*!

&-%'?-&+*]!

ML'(?*-)'!&!%'-+&!$&!+,'L#]!
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2/..!

C. =
C2

6OY .̂GZ
6OY 2̂GZ u PO Y 2̂GZ

Q9
QB

! 

" # 
$ 

% & 
! !

C 2 =
R.Q B

8&
ω

% 2̂

R9W.

^#-YψZ

C B = &
% B̂

ω

z 2R.
_BW.

^#-YψZ

C 9 = &
% 9̂

ω

_hc2z2R.
_ BM.W.

^#-YψZ

C 0 = C9
P.Y 0̂;9 Z
WB

6OY 9̂;B Z 8
c.
c2
PO Y^9;BZ

! 

" # 
$ 

% & 

! !

!!

X. = O

X2 = C 2

Q 9

Q B

XB = −C B

z.
z2

X9 = −C 9

c .

c2

X0 = C 0

6.Y^0;9 Z

P. Y^0;9 Z

! !

!!

K. = O

K2 =
Q .

W .

KB =
z9R.
_.W .

K9 s KB
c9_ 2

MBz9

K0 s
_ 2R .P O Y^0;9 Z

_ .W .W 0

! !
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2/.2!

!!

[ . = O

[ 2 =
Q 2

W .

[ B = −KB
zB
z9

[ 9 = −K9
cB
c9

[ 0 = −K0
6O Y^0;9 Z

PO Y^0;9 Z

! !

%'-=!

Q. s P.Y 2̂GZ6O Y .̂GZ u
2̂

ε2 .̂

6.Y .̂GZP OY 2̂GZ

Q 2 =
^2

ε2 .̂

6O Y^2GZ6. Y .̂GZ 8 6OY .̂GZ6.Y 2̂GZ
! !

QB s 6O Y .̂GZP.Y 2̂GZ u
2̂

.̂

6. Y .̂GZPO Y 2̂GZ

Q 9 s 6O Y .̂GZ6.Y^2GZ 8
2̂

.̂

6OY 2̂GZ6.Y .̂GZ
! !

!!

R . s Q .6O Y^2# Z u Q 2PO Y^2# Z

R 2 s Q .6. Y^2#Z 8 Q 2P .Y^2# Z

R B s Q B6O Y^2# Z u Q 9P O Y^2# Z

R 9 s Q B6. Y^2# Z 8 Q 9P .Y^2# Z

! !

W. s 6O Y^2GZP.Y 2̂GZ u 6.Y 2̂GZPO Y^2GZ

W2 s 6.Y^0;B ZP.Y^0;9 Z 8 6.Y^0;9 ZP.Y 0̂;BZ

WB s 6O Y 0̂;B ZP. Y 0̂;9 Z u 6. Y 0̂;9 ZP OY 0̂;BZ

W9 s 6.Y^0;B ZPO Y 0̂;9 Z u 6OY 0̂;9 ZP.Y^0;B Z

W0 s 6O Y 0̂;B ZPO Y^0;9 Z 8 6O Y^0;9ZPO Y^0;B Z

! !

!!

c. s W 26 O Y^9;B Z 8
^0
^ 9
W B6. Y^9;B Z

c 2 s W 2PO Y^9;B Z u
^0
^9
W BP .Y^9;B Z

! !
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2/.B!

!!

c B s W 96O Y^ 9;B Z 8 ε9
^0
^9
W 06. Y^ 9;B Z

c 9 s W 9P O Y^ 9;B Z u ε9
^0
^9
W 0P .Y^9;B Z

! !

!!

M. s 6.Y^9;2 Zc 2 u P.Y^9;2 Zc.
M2 s 6O Y^9;2 Zc2 8 PO Y^9;2 Zc.
MB s 6O Y^9;2 Zc9 8 PO Y^9;2 ZcB
M9 s 6.Y^9;2 Zc 9 u P.Y^9;2 Zc B

! !

!!

z. s M.6O Y^B;2 Z 8
^9
^B
M26. Y^B;2 Z

z2 s M.P O Y^B;2 Z u
^9
^B
M2P .Y^B;2 Z

zB s M96O Y^B;2 Z 8
εB^ 9
ε9^B

MB6. Y^B;2 Z

z9 s M9P O Y^B;2 Z u
εB^9
ε9^B

MBP.Y^B;2 Z
! !

_. s z96 O Y B̂#Z 8 zBPO Y B̂#Z

_ 2 s z96O Y B̂;2 Z 8 zBP OY B̂;2 Z

_B sz 26.Y^B#Z u z.P.Y^B#Z

_ 9 s z26O Y B̂#Z 8 z.P O Y B̂#Z

_ 0 s z96.Y B̂#Z u zBP.Y^B#Z

_ h s z26.Y B̂;2 Z u z.P.Y B̂;2 Z

! !

)'L*=!%'4*!)#!)*"&-&7&'-*]!

6. Y^,Z =
)

)Y^,Z
6' Y^,Z[ ]

P.Y^,Z =
)

)Y^,Z
P' Y^,Z[ ]

! 2/./22!

,#<<,*$*-+#-'!(*!">-7&'-&!)&!X*$$*(!)&!',)&-*!./!

R'$$&#4'!#-%J*!,&%#L#,*!(#!,*(#7&'-*!)&!)&$<*,$&'-*!)*(!$&$+*4#/!
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2/.9!

ω =

^B_ 9

^2_B
−
RB
R9

εB
^2_0
B̂_.

− ε2
R2
R.

% 2̂^#-YψZ

! 2/./2B!

W>*$+#! *E>#7&'-*! d! )&""&%&(4*-+*! ,&$'(L&G&(*! <'&%Jd! (T#,?'4*-+'! )*((*! ">-7&'-&! )&! X*$$*(!

%'-+&*-*! $&#!V! %J*! ω /! 6-"#++&! ^ = ^Yω = VZ /!R'$$&#4'!<*,`! $><<',,*! %J*! (#!L*('%&+N!)&! "#$*! $&#!

#GG#$+#-7#!<&%%'(#=!,&$<*++'!#!E>*((#!)*((#!(>%*=!)#!#L*,*!
!!
ε

ω 2

%2V 2
<< ./!6-!E>*$+'!%#$'!$&!<>`!

%'-$&)*,#,*! ^ = ^YVZ/! W>*$+#! #<<,'$$&4#7&'-*! %&! <*,4*++*! )&! <'+*,! %#(%'(#,*! (#! ,*(#7&'-*! )&!

)&$<*,$&'-*=!"&?>,#!2/@]!
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ω4l

' = Cω %'$Yω+ + Vω7Z

ω=ω4-

ω4l

'

M2
+ = M2ω

+

ω=ω4-

ω4l

' = Cω %'$ ω+ + Vω Y7+
λ 

9
Z +

π

2

! 

" 
# 

$ 

% 
& 

ω= ω4-

ω4l

'

M.
−

= M.ω
−

ω=ω4-

ω4l

' = Cω %'$Yω+ − Vω7Z

ω=ω4-

ω4l

'

M2
− = M2ω

−

ω=ω4-

ω4l

' = Cω %'$ ω+ − Vω Y7+
λ 

9
Z +

π

2

! 

" 
# 

$ 

% 
& 

ω= ω4-

ω4l

'
! 2/2/B!

*!E>&-)&]!

M# = M.
+ +M2

+ = Cω %'$Yω+ + Vω7Z − %'$Yω+ +Vω7 + ξ ω Z[ ]
ω= ω4-

ω4l

'

M% = M.
−

+M2
−

= Cω %'$Yω+ − Vω7Z + %'$Yω+ − Vω7− ξω Z[ ]
ω= ω4-

ω4l

'
! 2/2/9!

%'-!ξ ω =
π

2

λ − λ
ω

λω

!%J*!,#<<,*$*-+#!('!$"#$#4*-+'!&-!*%%*$$'!'!&-!)&"*++'/!

R*,!4*?(&'!L*)*,*!?(&!*""*++&!)&!ξ ω !%#(%'(&#4'!&!4')>(&!)*((*!'-)*!%J*!$&!<,'<#?#-']!
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M#ω
= 2Cω . − %'$ ξω

M%ω
= 2Cω . + %'$ ξω ! 2/2/0!

M*!<*,!*$*4<&'!L'?(&#4'!%J*!-*((#!)&,*7&'-*!%'-+,#,&#!#!E>*((#!)&!<,'<#?#7&'-*!)*(!"#$%&'!%&!

$&#-'! '-)*! %'-! 4')>('! )&! #(4*-'! )&*%&! L'(+*! <&F! <&%%'('! )&! E>*(('! %J*! $&! <,'<#?#! -*((#!

)&,*7&'-*!'<<'$+#=!G&$'?-#!%J*! −O/ 2 ≤ ξω ≤ O/ 2 /!R*,!$'))&$"#,*!E>*$+#!%'-)&7&'-*!d!-*%*$$#,&'!

%J*!O/ 5: ≤
λω

λ 
≤ ./.9 /!3#!(#,?J*77#!)*(('!$<*++,'!)&<*-)*!E>&-)&!)#!E>*$+*!%'-)&7&'-&!(*!E>#(&=!#!

(','! L'(+#=! )&<*-)'-'! )#((#! ",*E>*-7#! <,&-%&<#(*! )*(('! $<*++,'/! R*,! >-'! $<*++,'! %'-! ω s! 0O!

SQ7! $*! (*! ",*E>*-7*! <'$$&G&(&! $'-'! E>*((*! %'4<,*$*! +,#! &! 92! *! 0@! SQ7/! M&! J#! %&'I! >-#!

(#,?J*77#!)&!$<*++,'!)&!.0!SQ7/!_-'!$<*++,'!)*(!?*-*,*!I!<&>T!%J*!$>""&%&*-+*!<*,!(*!4&$>,*!%J*!

&-+*-)&#4'!"#,*/!

4"6## $-#2)/,+#/)7%'&$2+#

C<<(&%#-)'!>-!%#4<'!4#?-*+&%'!#$$&#(*!)&!0OO!A#>$$!#((#!$+,>++>,#!#)!'-)*!(*-+*=!,&>$%&#4'!#!

%'-"&-#,*!,#)&#(4*-+*!&(!"#$%&'!)&!*(*++,'-&/!

3T*-*,?&#! %&-*+&%#! ('-?&+>)&-#(*! )*?(&! *(*++,'-&! -'-! d! <*,+>,G#+#! )#((#! <,*$*-7#! )*(! %#4<'!

4#?-*+&%'=!E>&-)&! ,&4#-*!%'$+#-+*!$>! +>++#! (#! +,#&*++',&#/!3#!L*('%&+N!#$$&#(*!)*?(&!*(*++,'-&!d!

)>-E>*!E>*((#!%J*!J#--'!#((T>$%&+#!)*(!%#--'-*/!

6(!%#4<'!4#?-*+&%'!4')&"&%#!<*,`!(T*-*,?&#!%&-*+&%#!+,#$L*,$#(*!)*?(&!*(*++,'-&/!6(!4'+'!)&L*-+#!

*(&%'&)#(*/!6(!,#??&'!)&!?&,#7&'-*!2: =!'LL*,'!&(!,#??&'!)*((T*(&%#!%J*!>-!*(*++,'-*!)&$*?-#!&-+',-'!

#)!>-#!(&-*#!)&!"',7#!)*(!%#4<'!d]!

2: =
(9⊥

3M
2/B/.!

['L*!4=!*=! 9⊥ !$'-'!,&$<*++&L#4*-+*!(#!4#$$#=!(#!%#,&%#!*!(#!L*('%&+N!<*,<*-)&%'(#,*!#((T#$$*!7!

)*((T*(*++,'-*/!;&$<*++'!#((#!(>-?J*77#!)*((#!$+,>++>,#=!9!4=!&(!,#??&'!)&!?&,#7&'-*!d!+,#$%>,#G&(*/!
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M*! #)! *$*4<&'! %'-$&)*,&#4'! >-#! L*('%&+N! +,#$L*,$#(*! 9⊥ ! )*((T',)&-*! )&! !!
.Oh (' =!

%',,&$<'-)*-+*!#)!>-T*-*,?&#!)&!>-#!)*%&-#!*c=!#GG&#4'!>-!,#??&'!)&!?&,#7&'-*!)*((T',)&-*!)*&!

%*-+*$&4&! )&!4&((&4*+,'/! j! )>-E>*! (*%&+'! %'-$&)*,#,*! ,*++&(&-*#! (#! +,#&*++',&#! )*?(&! *(*++,'-&/!

^#-+'!<&F!%J*!(T*-*,?&#!+,#$L*,$#(*!$><<'$+#!-*((T*$*4<&'!d!4'(+'!<&F!?,#-)*!)&!E>*((#!,*#(*/!

3#!",*E>*-7#!)&!?&,#7&'-*!)*?(&!*(*++,'-&=!)*((T',)&-*!)*&!AQ7=!d!+,'<<'!*(*L#+#!<*,!<,')>,,*!>-!

#%%'<<&#4*-+'!%'-! (*!'-)*!)*((#!$+,>++>,#!#)!'-)*!(*-+*/!W>*$+*!'-)*!-'-!<'$$'-'!-*#-%J*!

<,'<#?#,$&!#((T&-+*,-'!)*((#!$+,>++>,#!#)!'-)*!(*-+*!&-!E>#-+'!(#!",*E>*-7#!)&!+#?(&'!)*((#!?>&)#!

)T'-)#!I!G*-!&-"*,&',*!Y2@O!SQ7Z/!

R*,!<,')>,,*!&(!%#4<'!4#?-*+&%'!)&!%'-"&-#4*-+'!#GG&#4'!#LL'(+'!(#!$+,>++>,#!#)!'-)*!(*-+*!

%'-!B!G'G&-*!%&(&-),&%J*=!>-#!<,&-%&<#(*!*!)>*!)&!%',,*7&'-*!"&?>,#!2/.B/!

X'G&-#!<,&-%&<#(*

K#-#(*!<*,!#%E>#!!
)&!,#"",*))#4*-+'

X'G&-#!)&!%',,*7&'-*

A>&)#!)T'-)#

!!K#--'-*!
!)&!*(*++,'-&

C-#(&77#+',*!L*('%&+#T!*(*++,'-&

"&?>,#!2/.B!

3#!G'G&-#!<,&-%&<#(*!d! (>-?#!0!4*+,&!*)!d!%'4<'$+#!)#!'++'!$+,#+&!)&!.O5.!$<&,*!%&#$%>-'/!6(!

%#4<'!)#!(*&!&-)'++'!$>((T#$$*!d!%'$+#-+*=!%'-!L#,&#7&'-&!&-"*,&',&!#((T.|=!$'('!#!<#,+&,*!)#!h:/9!
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%4! )#&! G',)&/! K&`! L>'(! )&,*! %J*! (T*(&%#! -'-! d! &44*,$#! &-! >-! %#4<'!4#?-*+&%'! %'$+#-+*! *!

E>&-)&! (#! +,#&*++',&#!)*?(&! *(*++,'-&!-'-!<>`!<&F!*$$*,*!%'-$&)*,#+#! ,*++&(&-*#/!X&$'?-#!E>&-)&!

"#,*! &-!4')'!)&! #4<(&#,*! (#! 7'-*! )&! %'$+#-7#! )*(! %#4<'!4#?-*+&%'/!W>*$+#! 7'-#!-'-!)*L*!

(&4&+#,$&! $'('! #! %'<,&,*! ('! $<#7&'! '%%><#+'! )#((T*(&%#=! 4#! #-%J*! E>*(('! )*(! %#--'-*! *!

)*((T#-#(&77#+',*/! 6-"#++&! &(! %#4<'! 4#?-*+&%'! #((T&-+*,-'! )*((T#-#(&77#+',*! )&! L*('%&+N! )*?(&!

*(*++,'-&!)*L*!*$$*,*!('!$+*$$'!)*((T*(&%#=!E>*$+'!<*,%Jd!>-#!L#,&#7&'-*!)*(!%#4<'!<,')>,,*GG*!

>-#!L#,&#7&'-*!)*((T*-*,?&#!%&-*+&%#!('-?&+>)&-#(*!)*?(&!*(*++,'-&!*!E>&-)&!(*!4&$>,*!$#,*GG*,'!

"#($#+*/! D*(! %#--'-*! )&! *(*++,'-&=! &-L*%*=! d! -*%*$$#,&'! #L*,*! >-! *(*L#+'! %#4<'! 4#?-*+&%'!

<*,%Jd=! #(+,&4*-+&=! &(! ,#??&'! )&! ?&,#7&'-*! )*?(&! *(*++,'-&! $#,*GG*! +,'<<'! ?,#-)*! *! E>*$+&! -'-!

<'+,*GG*,'! <#$$#,*! #++,#L*,$'! &(! )&#",#44#/! 6-'(+,*=! $*! %&! "'$$*! >-! ?,#)&*-+*! )&! %#4<'!

4#?-*+&%'!+,#!&(!%#--'-*!*!(T*(&%#=!?(&!*(*++,'-&!#L,*GG*,'!>-!4'+'!*(&%'&)#(*!)&!)*,&L#!&-+',-'!

#((T#$$*!)*((T*(&%#/!

j!<*,!#4<(&#,*!(#!7'-#!)&!%'$+#-7#!)*(!%#4<'!4#?-*+&%'!%J*!$'-'!$+#+*!#LL'(+*=!#((T*$+,*4&+N!

)*((#!G'G&-#!<,&-%&<#(*=!)>*!G'G&-*!)&!%',,*7&'-*/!W>*$+*!G'G&-*!$'-'!(>-?J*!.O!K4!*!$'-'!

%'$+&+>&+*!)#!9!$+,#+&!)&!B2!$<&,*!%&#$%>-'/!

6(!%#4<'!4#?-*+&%'!+'+#(*!d!%'$+#-+*=!%'-!L#,&#7&'-&!&-"*,&',&!#((T.|=!#!<#,+&,*!)#!.B/@!K4!)#(!

G',)'/!K&`! $&?-&"&%#! %J*! (T*(&%#=! (T#-#(&77#+',*! *)! &(! %#--'-*!)&! *(*++,'-&! $'-'! &44*,$&! -*(('!

$+*$$'!%#4<'!4#?-*+&%'!#$$&#(*=!"&?>,#!2/.9/!
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P*711

S!!

G]G,

G]2

D*85$,8*>'&%)E$,-),E$'6)'*8&'%$

D*85$,-&++*,

9$9)'*,50)'E)5*+&,

D*85$,%$%*+&

82IS SA G!

/+)E*

C$9)'*,#0)'E)5*+&

^$'*,*,E*85$,V*>'&%)E$,E$1%*'%&,

,,,,,,,,,,,,,,,,,,? ∆C_A`@

∆CaS,P*711

"&?>,#!2/.9!

R*,! #L*,*! >-! %#4<'! )&! 0OO! A#>$$=! d! -*%*$$#,&'! "#,! $%',,*,*! .5/0! C! &-! %&#$%>-#! )*((*! +,*!

G'G&-*/!W>*$+'!%'4<',+#!>-!$>,,&$%#()#4*-+'!)*(!^/g/R//!C((T*E>&(&G,&'!+*,4&%'=!%&!$'-'!%&,%#!

.OO! xK! $>((T*$+*,-'! )*((*! G'G&-*/! j! <*,! E>*$+#! ,#?&'-*! %J*! d! $+#+'! <,*L&$+'! >-! $&$+*4#! )&!

,#"",*))#4*-+'! &),#>(&%'/![*((T#%E>#! #! +*4<*,#+>,#! #4G&*-+*=! <>`! $%',,*,*=! #++,#L*,$'! )*?(&!

#<<'$&+&! %#-#(&=! +,#! (#! ?>&)#! )T'-)#! *! (#! G'G&-#! <,&-%&<#(*/! A,#7&*! #! E>*$+'! $&$+*4#! (#!

+*4<*,#+>,#!*$+*,-#!)*((*!G'G&-*!$%*-)*!"&-'!#!%&,%#!0O!xK/!

6(! "#$%&'! )&! *(*++,'-&=! %'-"&-#+'! )#(! %#4<'! 4#?-*+&%'! )&! %'-"&-#4*-+'=! $>G&$%*=!

&-*L&+#G&(4*-+*=! >-#! )*"(*$$&'-*! )'L>+#! #(! %#4<'!4#?-*+&%'! +*,,*$+,*/! R>,! *$$*-)'!<&%%'('=!

O/0! A#>$$=! )*L&#! &(! "#$%&'! )&! E>#(%J*! 4&((&4*+,'/! R*,! %'4<*-$#,*! E>*$+T*""*++'=! #GG&#4'!

%'$+,>&+'!)>*!E>#),&!&-!#((>4&-&'!)&!5l.!4*+,&!$>&!%>&!$'-'!#LL'(+*!.h!$<&,*!)&!,#4*!)&!0!44!

)&!)&#4*+,'/! 6(! %#4<'!4#?-*+&%'! &-)'++'!)#!'?-&!E>#),'!d!%'$+#-+*=! %'-!L#,&#7&'-&! &-"*,&',&!

#((T.|=!$>!E>#$&!+>++'!&(!$>'!#$$*!('-?&+>)&-#(*/!CGG&#4'!"&$$#+'!&!)>*!E>#),&!#!:Ox!+,#!(','!*!(&!
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#GG&#4'! 4*$$&! &-! 4')'! %J*! &(! (','! #$$*! ('-?&+>)&-#(*! %'&-%&)*$$*! %'-! E>*(('! )*(! ^/g/R//!

1&?>,#!2/.9!G&$/!

R*,! *""*++>#,*! (#! %#(&G,#7&'-*! )*(! %#4<'! 4#?-*+&%'! )&! %'4<*-$#7&'-*=! d! $+#+'! 4*$$'! >-'!

$%J*,4'=! ,&%#L#+'!)#!>-!L*%%J&'!,#)#,!4&(&+#,*=!#((T*$+,*4&+N!)*(!^/g/R/!'<<'$+#!#!E>*((#!)*(!

%#--'-*/!M&!?&'%#!$>((*!%',,*-+&!)*&!E>#),&=!)&!E>#(%J*!C4<*,*=! "&-'!#!%J*!&(!"#$%&'=!L&$&G&(*!

$>(('!$%J*,4'!$'++'"',4#!)&!<>-+'!(>4&-'$'=!-'-!d!%*-+,#+'/!6-!E>*$+'!4')'!$&#4'!$&%>,&!%J*!

$&!<,'<#?J&!(>-?'!(T#$$*!)*((T*(&%#/!

4"8# -9)%)-$**)&+('#&(+2+$3)-'#

3'! $+,>4*-+'! )#! -'&! >+&(&77#+'! <*,! 4&$>,#,*! (T*-*,?&#! )*?(&! *(*++,'-&! I! $+#+'! <,'?*++#+'! *!

,*#(&77#+'!)#((#!-'$+,#!dE>&<*/!

3#!<#,+*!"'-)#4*-+#(*!)*((T#<<#,*%%J&'!I!,#<<,*$*-+#+#!)#!>-!4'-'%,'4#+',*!+,'%'&)#(*=!%J*!

*T! )&! $'(&+'! >$#+'! <*,! <,')>,,*! "#$%&!4'-'*-*,?*+&%&! )&! *(*++,'-&! &-! %#4<&!4#?-*+&%&! #$$&#(&/!

C??&>-?*-)'! >-! %#4<'! *(*++,&%'! ,&+#,)#+',*! #((T*-+,#+#! *)! >-#! ?#GG&#! )&! 1#,#)#n! #((T>$%&+#=!

+,#$"',4&#4'!&(!4'-'%,'4#+',*!&-!4&$>,#+',*!)&!*-*,?&#!)&!*(*++,'-&/!

3T#-#(&77#+',*!+,'%'&)#(*!">-7&'-#!$>(!<,&-%&<&'!%J*!>-#!<#,+&%*((#!%#,&%#!%J*!<#$$#!#++,#L*,$'!

>-#! 7'-#! &-! %>&! %TI! >-! %#4<'! *(*++,&%'!a! <*,<*-)&%'(#,*! #)! >-! %#4<'!4#?-*+&%'!X=! "&?>,#!

2/.0=!d!)*L&#+#!(#+*,#(4*-+*=!%&'I!-*((#!)&,*7&'-*!<#,#((*(#!#! a!∧ X!/!3#!L*('%&+N!)&!)*,&L#!L) !*T!

(#!$+*$$#!<*,!+>++&!?(&!*(*++,'-&=!&(!$>'!4')>('!L#(*!&-"#++&]!
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a

X
2/9/.!
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o < =
4

2*

3

[

a

X
( 
) 

* 
+ 

2

2/9/2!

['L*!4!*)!*!$'-'!,&$<*++&L#4*-+*!(#!4#$$#!*!(#!%#,&%#!)*((T*(*++,'-*!*!3!I!(#!(>-?J*77#!)*((#!
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)#(! "','! $'-'! E>*((&! %J*! J#--'! >-T*-*,?&#! %&-*+&%#! #((T*-+,#+#! )*(! 4'-'%,'4#+',*=! o > =!

%'4<,*$#!&-!>-!%*,+'!&-+*,L#(('!∆o!&-+',-'!#!o < =!%&'I]!

o < − ∆o <o> < o< + ∆o/! 2/9/B!
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