Example of neighborhood : bit strings

Sample the neighborhood to have information on local features of the search space

From local information : deduce some global features like general shape of search space, "difficulty", etc.
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Fitness landscapes and graphs

Goal of the fitness landscapes study

Study of the geometry of the landscape allows to study the difficulty, and design a good optimisation algorithm Fitness landscape is a graph (S, N , f ) where the nodes have a value (fitness) : can be "pictured" as a "real" landscape 

Multimodal Fitness landscapes

Local optima s * :

no neighbor solution with higher fitness value

∀s ∈ N (s * ), f (s) < f (s * )
Search space

Fitness
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Multimodal Fitness landscapes

Adaptive walk : (s 0 , s 1 , . . .) where s i+1 ∈ N (s i ) and f

(s i ) < f (s i+1 ) Hill-Climbing (HC) algorithm Choose initial solution s ∈ S repeat choose s ∈ N (s) such that f (s ) = max x∈N (s) f (x) if f (s) < f (s ) then s ← s end if until s is a Local optimum Basin of attraction of s * : {s ∈ S | HillClimbing (s) = s * }.

S. Verel

Fitness landscapes and graphs

Multimodal Fitness landscapes

Search space

Fitness

Optimisation difficulty : number and size of attractive basins (Garnier et al [10])

The idea :

if the size of attractive basin of global optima is relatively "small" the problem is difficult to optimize

The measure :

Length of adaptive walks (distribution, avg, etc.) 

ρ(n) = E [(f (s i ) -f )(f (s i+n ) -f )] var (f (s i )) autocorrelation length τ = 1 ρ(1)

Neutrality and difficulty

We know for certain that :

No information is better than Bad information : Hard trap functions are more difficult than needle-in-a-haystack functions

Good information is better than No information

When there is No information : you should have a good method to find it ! S. Verel Fitness landscapes and graphs

In the following Neutral networks (Schuster 1994 [25])

genotypes space

Fitness

Fitness

Neutral Network Doors S. Verel Fitness landscapes and graphs

Definitions

Test of neutrality

isNeutral : S × S → {true, false} For example, isNeutral(s 1 , s 2 ) is true if : f (s 1 ) = f (s 2 ). |f (s 1 ) -f (s 2 )| ≤ 1/M with M is the search population size. |f (s 1 ) -f (s 2 )| is under the evaluation error.
Neutral neighborhood of s is the set of neighbors which have the same fitness f (s)

N neut (s) = {s ∈ N (s) | isNeutral(s, s )}

Neutral degree of s

Number of neutral neighbors : nDeg (s) = (N neut (s) -{s}).
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Definitions

Neutral walk

W neut = (s 0 , s 1 , . . . , s m ) for all i ∈ [0, m -1], s i+1 ∈ N (s i ) for all (i, j) ∈ [0, m] 2 , isNeutral(s i , s j ) is true. Neutral Network graph G = (N, E )
N ⊂ S : for all s and s from V , there is a neutral walk belonging to V from s to s ,

(s 1 , s 2 ) ∈ E if they are neutral neighbors : s 2 ∈ N neut (s 1 )
A fitness landscape is neutral if there are many solutions with high neutral degree. 

Autocorrelation of evolvability :

Evolvability evol = avg fitness in the neighborhood Autocorrelation of (evol(s 0 ), evol(s 1 ), . . .).

Informations : 

if

Basins of attraction in combinatorial optimisation

Example of small NK landscape with N = 6 and K = 2

Color represent fitness value 

Basins of attraction in combinatorial optimisation

Example of small NK landscape with N = 6 and K = 2

Color represent fitness value 

Basins of attraction in combinatorial optimisation

Example of small NK landscape with N = 6 and K = 2

Each color corresponds to one basin of attraction

Basins of attraction are interlinked and overlapped

Basins have no "interior" S. Verel Fitness landscapes and graphs

Basins of attraction in combinatorial optimisation

Example of small NK landscape with N = 6 and K = 2

Basins of attraction are interlinked and overlapped ! Most neighbours of a given solution are outside its basin 

Basin of attraction

Hill-Climbing (HC) algorithm

Choose initial solution s ∈ S repeat choose s ∈ N (s) such that f (s ) = max x∈N (s) f (x) if f (s) < f (s ) then s ← s end if until s is a Local optimum
Basin of attraction of s * : {s ∈ S | HillClimbing (s) = s * }.
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Methods

Extracted and analysed networks 

(i) = 1 s i (k i -1) j,h w ij + w ih 2 a ij a jh a hi
where s i = j =i w ij , a nm = 1 if w nm > 0, a nm = 0 if w nm = 0 and k i = j =i a ij .

Disparity dishomogeneity of nodes with a given degree 

Y 2 (i) = j =i w ij s i 2 S.

  Search space : S = {0, 1} N Algorithm : simple GA, hill-climbing, or simulated annealing, etc. {y ∈ S | d Hamming (y , x) ≤ 1} S. Verel Fitness landscapes and graphs Example of neighborhood : permutations Traveling Salesman Problem : find the shortest tour which cross one time every town Search space : S = {σ | σ permutations } Algorithm : simple EA operator : 2-opt N (x) = {y ∈ S | IP(y = op 2opt (x)) > 0} S. Verel Fitness landscapes and graphs Example of neighborhood Traveling Salesman Problem : find the shortest tour which cross one time every town Search space : S = {σ | σ permutations } Algorithm : simple EA operators : 2-opt and 3-opt N (x) = {y ∈ S | IP(y = op 2opt (x)) > 0 or IP(y = op 3opt (x)) > 0} S. Verel Fitness landscapes and graphs Example of neighborhood : memetic algorithms Algorithm : memetic algorithm, EA + operator hill-climbing N (x) = {y ∈ S | y = op HC (x)} Algorithm : memetic algorithm, EA + operator hill-climbing and bit-flip mutation 2 possibilities : Study 2 landscapes : one for HC operator, one for bit-flip mutation Study 1 landscape : N (x) = {y ∈ S | y = op HC (x) or IP(y = op bit-flip (x)) > } It depends on what you want to know S. Verel Fitness landscapes and graphs Point of view : Before putting a particular heuristic FL = (Sol., Neighbors, Fitness)

  F, IP) : probability space op : S → S stochastic operator of the local search X (s) = f (s) Y (s) = f (op(s)) Fitness Cloud of op Conditional probability density function of Y given X S. Verel Fitness landscapes and graphs Fitness cloud : Measure of evolvability Fitness f(s) Fitness f(op(s)) Neutral sets (done) : set of solutions with the same fitness ⇒ No structure Fitness cloud (done) : Bivariate density (f (s), f (op(s))) ⇒ Neighborhood relation between neutral sets Neutral networks (to be done) : ⇒ Neighborhood structure into the neutral sets : Graph S. Verel Fitness landscapes and graphs

Neighborhood

  nodes are connected if the energy barrier separating them is sufficiently low (transition state) S. Verel Fitness landscapes and graphs Basins of attraction in combinatorial optimisation Example of small NK landscape with N = 6 and K = 2 Bit strings of length N = 6 2 6 = 64 solutions one point = one solution S. Verel Fitness landscapes and graphsBasins of attraction in combinatorial optimisationExample of small NK landscape with N = 6 and K = 2Bit strings of length N = 6

  , 470 34 162139 4592 0.53 0.0070 0.050 0.0006 12 2, 254 32 227912 2670 0.44 0.0031 0.043 0.0003 14 3, 264 29 290732 2056 0.38 0.0022 0.040 0.0003 15 3, 868 33 321203 2061 0.35 0.0022 0.039 0.0004 Clustering Coefficient : For high K, transition between a given pair of neighboring basins is less likely to occur Disparity : For high K the transitions to other basins tend to become equally likely, an indication of the randomness of the landscape Adami, R. K. Belew, H. Kitano, and C. Taylor, editors, ALIFE VI, Proceedings of the Sixth International Conference on Artificial Life, pages 18-27. ALIFE, The MIT Press, 1998. Proceedings of the 2001 Congress on Evolutionary Computation CEC2001, pages 30-37, COEX, World Trade Center, 159 Samseong-dong, Gangnam-gu, Seoul, Korea, 27-30 2001. IEEE Press. U. Bastolla, M. Porto, H. E. Roman, and M. Vendruscolo. Statiscal properties of neutral evolution. Journal Molecular Evolution, 57(S) :103-119, August 2003. The roles of mutation, inbreeding, crossbreeding, and selection in evolution. In Proceedings of the Sixth International Congress of Genetics 1, pages 356-366, 1932.

	General network statistics N = 16 Weights distribution : transition probability between basins Interior and border size Shortest path length between local optima Shortest path length to global optima L. Barnett.
	K Ruggedness and neutrality -the NKp family of fitness nodes edges C w Ȳ landscapes.	d
	Verel 9129 2930 516 358 41791 4690 0.79 0.0154 0.084 0.0028 Fitness landscapes and graphs 0.96 0.0245 0.326 0.0579 56 14 0.92 0.0171 0.137 0.0111 93384 4394 0.65 0.0102 0.062 0.0011 Fitness landscapes and graphs S. Verel Fitness landscapes and graphs S. Verel Fitness landscapes and graphs S. Verel Fitness landscapes and graphs S. Verel Fitness landscapes and graphs 10 1S. Verel 2 33 15 4 178 33 6 460 29 8 890 33 0.0001 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.001 0.01 0.1 1 W K=2 K=4 K=10 K=14 K=17 distribution of the network P(wij=W) weights w ij for outgoing edges border with j = i in log-x scale, N = 18 Weights are small For high K the decay is faster Low K has longer tails On average, the transition probabilities are higher for low K (less local optima) 0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018 2 4 6 8 10 12 14 16 18 average of the mean size K N=14 N=16 N=18 Average of the mean size of basins interiors Question : Do basins look like a "montain" with interior and border ? solution is in the interior if all neighbors are in the same basin Interior is very small Nearly all solution are in the K Average distance (shortest path) between nodes K up to K = 10, then stagnates optimum from all the other basins increasing K Average path length to the global Increase steadily with For a given N, increase with K Answer 0 50 100 150 200 250 300 2 4 6 8 10 12 14 16 18 average path length N=14 N=16 N=18 Question : Are the basins "far" from each other ? Increase with N ( of nodes 50 100 150 200 250 Question : Is the global optimum basin is far ? In C. Lionel Barnett. Netcrawling -optimal evolutionary search with neutral average path length to the optimum N=14 N=16 networks. More relevant for increases exponentially) 0 2 4 6 8 10 12 14 16 18 N=18 optimisation In
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Overview and Motivation

Bring the tools of complex networks analysis to the study the structure of combinatorial fitness landscapes Goals : Understand problem difficulty, design effective heuristic search algorithms Methodology : Extract a network that represents the landscape (Inspiration from energy landscapes [START_REF] Verel | The network topology of a potential energy landscape : a static scale-free network[END_REF] 

Weights of edges

From each s and s , p(s → s ) = IP(s = op(s))

For example, S = {0, 1} N and bit-flip operator

w ij : Total probability of going from basin b i to basin b j is the average over all s ∈ b i of the transition prob. to s ∈ b j :