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Nucleation pathway in coherent precipitation  

 

The non-classical nucleation pathway of coherent precipitates has been computed 

through the minimisation of the nucleation barrier in the composition (c) – size (R) 

space so that to predict the evolution of the nucleus composition. The generalized Gibbs 

model developed by Schmelzer et al. has been extended so that to include the misfit 

elastic energy. The composition of critical embryos c* has been found independent on 

the interfacial constant. The composition of critical nuclei (c*) was found to decrease 

with supersaturation. The elastic energy increases both c* and the nucleation barrier as 

well as R*. The evolution of the nucleus composition (c) as a function of its size (R) 

along the minimum energy pathway was computed. Nucleation only starts when 

exceeding a size threshold. Then, a rapid enrichment up to the expected composition 

(cβ) precedes a constant composition regime. However, for small supersaturation, the 

change in cluster composition can occur sharply for very small radius and then the 

composition slowly increases with a significant change in size. Coherency misfit energy 

was found to slow down the evolution of the nuclei composition with R. Model was 

confronted to experiments. 

 

Keywords: solid state phase transformations, precipitation, non-classical nucleation, 

minimum energy pathway  

 

1. Introduction 

Numerous solid state transformations among them precipitation proceed via 

first-order phase transitions. According to the supersaturation, the early stages of 

precipitation in alloys can be classically accounted for either by nucleation and growth 

of embryo or spinodal decomposition for which no barrier is involved. The early 

developments of the thermodynamics of first-order phase transitions were performed by 

Gibbs [1] and van der Waals [2,3]. The first formulation of the nucleation-growth model 

was done by Gibbs [4-9]. Cahn and Hilliard re-expressed the van der Waals method to 

develop a continuum theory of nucleation [10,11]. Many developments and refinements 

were brought about to the early theories of pioneers like Becker [12]. Let us mention the 

models of Zeldovich and Turnbull which provide us with a latent nucleation time 

[13,14].  
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When the equilibrium phase has a different structure as the parent solid solution, 

the system often prefers to form a transient coherent phase that has the same structure as 

the initial solid solution (coherent nucleation). This is well known in Al base alloys, 

notably in AlCu where coherent GP zones nucleate prior the precipitation of the 

equilibrium phase Al2Cu [15]. It is well accepted that these GP zones are almost pure in 

copper. However, in other systems, and outside the spinodal region, dilute and diffuse 

clusters are observed to form before the equilibrium phase precipitates. Such non-

classical nucleation processes were observed both in metals (Fe-Cu, Fe-Cr) and in 

semiconductors (Si-B, Si-As) using atom probe tomography (APT) [16,17]. Because of 

its ultimate spatial resolution, APT has played a major role in the investigation of the 

early stages of decomposition [18-31]. Although the system is in a metastable state (e.g. 

outside the spinodal regime of decomposition where the system is in an unstable state), 

nuclei were observed with a lower solute content than the equilibrium phase and found 

to enrich with time before reaching the expected composition. Interfaces sometimes 

appear diffuse. Diffusion as well as thermodynamics control kinetics pathway during 

precipitation [32-34]. In this paper, diffusion effects have been ignored. Only arguments 

based on thermodynamics are taken into account.  

 

The nucleation of embryos that have a low solute content may appear surprising 

when considering the only contribution of the driving force for nucleation ∆f. This force 

is clearly shown in figure 1 to decrease when the solute content in the nucleus is 

smaller. However, this can be counterbalanced by the lower interfacial energy (σ) that 

occur between diffuse nuclei and the parent phase. σ is indeed proportional to the 

concentration gradient (∇c)
2
 at the interface. The nucleation barrier, proportional to σ3

, 
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is consequently much lower for dilute and diffuse nuclei. Dilute nuclei also leads to a 

smaller mismatch between phases that reduces the misfit elastic energy that also acts 

against nucleation. In other terms, in spite of the lower driving force, the barrier of 

nucleation of such dilute and diffuse solute-enriched zones can be lower than that of the 

expected coherent phase. This article aims at predicting the optimum composition of 

nuclei that minimises the nucleation barrier. Kinetics arguments related to diffusion 

were not considered in this approach. Another question to which this article wishes to 

answer is also how the composition of nuclei evolves towards equilibrium with 

increasing size.  

 

The diffuse interface theory of non-classical nucleation developed by Cahn and 

Hilliard has been the first to deal with this issue [10,11]. The theory is based on the 

determination of the radial concentration profile of the critical nucleus minimizing the 

nucleation barrier. They found that the classical nucleation theory was only operative 

for small supersaturation. Composition profile of a critical nucleus as a function of the 

nominal composition (c0) from the equilibrium composition (cα) to the spinodal one (cs) 

was investigated in regular solutions (T/Tc=0.8656). They found that the nucleus 

composition (at the core of the nucleus) approaches the matrix composition near the 

spinodal line. The critical radius of nucleation was found to diverge to infinity not only 

near cα but also close to the spinodal line cs. The strong point of this diffuse interface 

theory is that no hypothesis about the chemical homogeneity of nuclei is required. More 

recently, Schmelzer et al. developed a simpler model (the generalized Gibbs theory) 

based on the same ideas as Cahn and Hilliard, i.e the minimization of the nucleation 

barrier [35]. In contrast to Cahn, the authors considered nuclei with an homogeneous 
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composition. However, the elastic energy related to misfit stress between phases was 

not considered despite of its crucial importance for precipitation in solids. 

 

In this work, we have focused on the nucleation of precipitates in solids. We 

have therefore extended the generalized Gibbs model developed by Schmelzer et al. 

[35,36] so that to include the contribution of the misfit elastic energy [37]. The latters 

have studied the influence of elastic stress on crystallisation in glasses [38]. Here, we 

have focused on the influence of misfit on solid state precipitation. We have confronted 

predictions to experiment results provided by atom-probe tomography. The latter is one 

of the very rare instruments able to measure the composition of small embryo (1 nm) in 

the early stages of nucleation. The model is only based on thermodynamics arguments. 

The influence of diffusion and coupling effects of diffusion fluxes on the kinetics 

pathway was not considered. Nucleation was modelled as a function of the composition 

and radius of nucleus. The composition of embryo was assumed to be uniform and was 

not constrained to be that of the equilibrium phase contrary to the classical nucleation 

theory. The chemical composition (c*) of the critical nucleus as a function of the 

nominal composition was computed through the determination of the saddle point of the 

nucleation barrier W(R,c) in the R,c space. A regular solution was considered in order 

to compute the driving force for nucleation. Isotropic elastic energy was considered 

(Eshelby theory of inclusions [37]). The most probable trajectory, the minimum energy 

pathway, along the free energy surface W(R,c) was computed numerically. This made it 

possible to predict how the composition evolves as a function of the embryo size in the 

early stages of nucleation. Confrontation of predictions to experiments dealing with the 

early stages of precipitation in Si-B, Fe-Cr and Fe-Cu systems has been carried out. 
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2. Determination of saddle point 

a. Model 

Let us consider the nucleation of B-enriched precipitates in A-B binary solid 

solution (α). The contribution of the misfit elastic energy has been considered. 

Interfacial and elastic energies have been assumed to be isotropic. The nucleus 

composition has been assumed to be uniform. The nucleation of the new phase called 

hereafter β has been investigated as a function of the size (spherical nucleus of radius R) 

and composition (nucleus composition c). As for classical nucleation theory, the 

composition of the parent solid solution was assumed to be nearly constant during 

nucleation (negligible volume fraction of β phase). The free energy change due to the 

formation of a nucleus can be classically expressed as: 

( )F f V Sγ σ∆ = − ∆ − +  (1) 

f∆ (in J/m
3
) is the driving force for nucleation (Fig.1) is defined as following: 

0

0 0( ) ( ) ( )
c c

f
f f c c c f c

c =

∂
∆ = + − −

∂
 (2) 

where c is the nucleus composition (i.e. atomic fraction of B), c0 the nominal one and 

the function f is the free energy (fig.1). For the sake of simplicity, an isotropic inclusion 

has been considered.  The elastic energy γ, as given by Eshelby [37] can be written as 

proportional to the square function of the lattice misfit between the nucleus β and the 

parent phase α. The misfit being proportional to the composition difference between 

both phases (Vegard law), one can simply express γ as:  

2

0( )c cγ γ= −%   (3) 
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with γ% =E.δ2
/(1-υ), with E the Young modulus, υ the Poisson coefficient and δ the 

misfit between pure phases (δ = δa/a, with a the average lattice parameter and δa = aB – 

aA).  

The interfacial energy was written as proportional to the concentration gradient 

squared:  

 2

0( )c cσ σ= −%   (4) 

with σ% =ε/d
2
, ε the pair interaction energy and d the interface thickness. This latter 

parameter (d) may account for the diffuseness of interfaces.  

Nuclei were assumed to be spherical (radius R) so that the change of free energy 

reads: 

( )3 2 2 2

0 0

4
( ) 4 ( )

3
F R f c c R c c

π
γ π σ∆ = − ∆ − − + −% %   (5) 

The free energy surface, ∆F(R,c), for a given nominal composition (c0) acts as a 

thermodynamic barrier over which the growing nucleus must pass through before 

growth. The major nucleation flux generally passes through the saddle point [12]. The 

location of this saddle point is defined by the two following equations: 

2

0

2

0

2 ( )
0

( )

c cF
R

R f c c

σ
γ
−∂∆

= ⇔ =
∂ ∆ − −

%

%
  (6) 

0 00 2 ( ) 2 ( ) 0
3

F R f
c c c c

c c
γ σ

∂∆ ∂∆ = ⇔ − − − + − = ∂ ∂ 
% %   (7) 

The composition of the critical nucleus (c*) can be derived by combining 

equations (6) and (7): 
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0

* 0

3
( * )

*c c

f f
c c

c c c
γ

=

∂∆ ∆
+ − =

∂ −
%   (8) 

The expression of ∆f (section b) makes it possible to find c*. Once the critical 

composition (c*) is determined, the critical radius (R*) can be derived from equation 

(6). It is worth mentioning that equation (8) does not depend on the interfacial energy 

factorσ% . As a result, surprisingly, c* is independent of σ%  (eq.8). The work required to 

form a nucleus (nucleation barrier W) is defined as the free energy change associated 

with the formation of a critical nucleus (R*,c*): 

( )

3 6

0
0 2

2

0

( * )16
( *, )

3 ( * )

c c
W F c c

f c c

σπ

γ

−
= ∆ =

∆ − −

%

%

  (9) 

As the interfacial term of W grows as the 6
th

 power of the nucleus composition, 

it may be anticipated that the nucleation of nuclei of low solute content (smaller W) 

may be favoured although the driving force is smaller for such dilute nuclei. The model 

will be applied in the next section to a regular solution for the sake of simplicity. More 

realistic functional can however be used. 

 

b. Non-classical nucleation in a regular solution 

Let us consider a regular solution subject to unmixing. The free energy (f) can 

be expressed as: 

2
(1 ) ln (1 ) ln(1 )

B

f
c c c c c c

k T η
= − + + − −   (10) 

where c is the atomic fraction of solute atoms and η the reduced temperature defined as 

T/Tc with T the temperature and Tc the critical temperature. The critical temperature Tc 

is related to the interaction parameter ε by  
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2
c

B

Z
T

k

ε
=  (11) 

with Z the coordinance and ε the energy of ordering classically expressed as a function 

of effective pair interaction energies between first nearest neighbour atoms (AA, BB, 

AB). 

The binodal line (df/dc=0 – solubility limits cα) and the spinodal line (cs, 

d
2
f/dc

2
=0) in the (η,c) phase diagram are given respectively by: 

1 2
ln (1 2 )

c
c

c

α
α

α η
 −

= − 
 

 (12) 

(1 )
4

s sc c
η

− =   (13) 

Both curves classically coincide at the critical point (η=1, c=0.5). As an 

illustration, let us choose a system for a reduced temperature η=0.3 (solubility limit 

cα~0.0013). The spinodal curve gives cs~0.0816. We have focused on the range cα<c0<cs 

where precipitation proceeds via nucleation (spinodal decomposition has not been 

considered). The driving force for the formation of a nucleus with a given composition c 

(∆f(c), Fig. 1) can be computed as a function of the nominal composition (c0). 

Combining  equations (2) and (10) leads to: 

0. ( , )Bf k T c cρ∆ = Γ   (14) 

with 2

0 0

0 0

2 1
( , ) ( ) ln (1 ) ln

1

c c
c c c c c c

c cη
 −

Γ = − − + − − 
  (15) 

where ρ is the atomic density (at/m
3
). Note that the driving force does not depend on the 

free energy of pure A, B components (FA and FB). In the classical nucleation theory, 
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c*=cβ (right part of the binodal curve). Here, the composition of the nucleus is not 

constrained to be that of the equilibrium coherent phase (cβ). The consequence is that 

we do not consider any local equilibrium at the α/β interface at stated in classical 

growth theories. We consider that the nucleus composition is the one that minimises the 

nucleation barrier. However, all values of c* are not valid. Indeed, a phase separation 

may only occur if the thermodynamic driving force of the transformation ∆f is strickly 

positive (fig. 1). The minimum value (cm, fig. 1) of c* is given by ∆f=0, i.e. Γ(c,c0) = 0 

(eq.14 and 15). The latter equation has no analytical solution. For a given initial 

composition, cm increases when T/Tc increases. Once the composition of the critical 

nucleus c* is determined (equation (8)), the expressions of W and R
*
 can be derived for 

c=c* from equation (6) and (9). 

 

Properties of the critical clusters as predicted by this model are shown and 

compared to predictions of the classical nucleation theory in Fig.2. We will first 

examine the situation where the elastic contribution is null (γ=0 – null misfit). The 

composition of the critical cluster is observed to drastically decrease with the initial 

solute concentration c0 (Fig.2a). For small supersaturations (c0 close to cα), c* is close to 

equilibrium (cβ ~ 1) as stated in the classical theory. It decreases with increasing values 

of c0 and tends towards c0 when approaching the spinodal line (c0~cs). The driving force 

for nucleation (equation (14)) tends to zero when the spinodal curve is approached (fig. 

2.b) whereas it reaches a maximum in the classical case. This result (Γ=0) was expected 

as c* tends toward c0 when approaching the spinodal line. The work, W, required to 

form a critical nucleus (Fig.2c, with 16πσ
3
/3(ρkBT)

2 
= 2.33 and 2σ/ρkBT = 12.7) is 

obviously lower than the classical nucleation barrier. W→0 when the initial solute 

concentration approaches the spinodal line. As a result, the critical radius tends to 
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infinity when the binodal or the spinodal lines are approached (Fig2.d). This confirms 

that the classical nucleation theory is only valid for small supersaturation for which 

cluster properties (composition and critical radius) are close to the classical theory and 

that the nucleation regime does not apply anymore when approaching the spinodal line. 

When the nominal composition approaches the spinodal line, c*→cs, Γ→0, R*→∞ and 

W→0. This shows that the transition between the nucleation-growth and the spinodal 

regimes is smooth in contrast to the predictions of classical nucleation theory. 

 

It should be kept in mind that nucleation in solids may only occur if the driving 

force is larger than the elastic energy so that to ensure that the critical radius remains 

positive. In the classical case, this condition leads to an additional constraint on the 

nominal composition c0 that should be larger than a minimum value given by: 

2

0 0( , ) ( ) 0Bk T c c c cβ βρ γΓ − − >%   (16) 

The properties of critical clusters are represented as a function of the initial 

solute concentration in Fig.2 for different value of the elastic constant k ( / Bk k Tγ ρ= % ). 

k=1,2 have been used to study the influence of relatively high misfit on the properties of 

critical clusters. Typically, k=1 corresponds to a misfit of ~5.6% and k=2 to a misfit of 

~7.9% (E=130 GPa, ρ=5*10
22

 at/cm
3
 and T=873 K). Again, for small supersaturation 

(c0 small), c* tends to equilibrium (cβ). The minimum composition c0 required for 

nucleation to start (positive effective driving force, equation (16)) is thus equivalent to 

the classical one. This composition corresponds to the solubility limit as given by the 

coherent bimodal composition (close to 0.01 for k=2, i.e., the coherent T/Tc is equal to 

0.43). As shown in Fig.2a, the composition of the critical cluster increases drastically 

when the elastic energy parameter k increases. In other terms, the minimization of the 
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nucleation barrier occurs for greater c* when increasing the coherency misfit. This 

could appear as paradoxical as larger values of c* increase the elastic energy and as a 

result the nucleation barrier (equation (9)). However, in the present non-classical theory, 

the effective driving force also depends on c* and may win in the competition. 

Moreover, as the addition of the elastic energy corresponds to an increasing of T/Tc, the 

minimal composition of the critical cluster, cm, increases. In contrast to the classical 

theory, the elastic energy influences the composition of embryo that in turn has a direct 

influence on the driving force. The chemical driving force Γ(c*) increases with the 

elastic energy because c* increases (Fig.2b). The work required to form a critical 

nucleus (W) also increases with the elastic energy. It was also find that W vanishes and 

R* diverges when the initial solute concentration approaches the coherent spinodal line 

(Fig.2c and 2d). The coherent spinodal defined as d
2
f/dc

2
 = -2γ%  is located inside the 

incoherent spinodal line (d
2
f/dc

2
 = 0), i.e. the spinodal limit is found for higher 

concentrations (minimum of W in Fig.2c). As already demonstrated by Cahn and 

Hilliard, the classical nucleation theory tends to overestimate the work of formation of 

the critical nucleus. This difference could have a great influence on the calculation of 

the number density of nuclei (/m
3
) as it depends on the exponential function of W. 

 

3. Minimum energy pathway of nucleation 

We propose here to determine the properties of the sub- and supercritical 

clusters. For that purpose, we consider that the evolution of the cluster properties (R,c) 

proceed along a valley of the thermodynamic potential (Fig.3, i.e the 2D nucleation 

barrier). At the saddle point of the free energy surface W(R, c), the direction of negative 

curvature is related to the unstable variable (here R), while the direction of positive 

curvature is associated to the stable one (c). Whereas for many problems of physics the 
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behaviour of stable variable is more interesting, it is not the case for nucleation. The 

minimum energy path is defined as the evolution of the cluster along the nucleation 

barrier following the path of the steepest descent from the saddle point. Numerical 

approaches to derive the minimum energy pathway of nucleation in multidimensional 

space were recently proposed (the nudged elastic band method [39,40] and the string 

method [41,42]). Zhang et al. have investigated the computed the MEP of nucleation 

using the string method from the phase field equation [43]. They focused their work on 

the order parameter and the morphology of critical and equilibrium nuclei [44-46]. 

 

Let us now consider the dimensionless reduced energy landscape Φ(r,c) defined 

as : 

( , )
( , )

F r c
r c

W

∆
Φ =  (17) 

where W is the height of the nucleation barrier at the saddle point. Let us also introduce 

the reduced radius r = R/R
*
. For a given composition of the system (c0), Φ defines the 

landscape of the energy barrier (fig. 3). Using equations (1) (5), (6), (9) and (17), the 

function Φ can finally be written as: 

2 2
3 20 0 0

2 2

0 0 0

( , ) ( ) ( )
( , ) 2 3

( *, ) ( * ) ( * )

f c c c c c c
r c r r

f c c c c c c

γ
γ

∆ − − −
Φ = − +

∆ − − −

%

%
 (18) 

Surprisingly, Φ(r,c) does not depend explicitly on the interfacial constant. There 

is however an implicit dependence of Φ as a function of R as r=R/R* and R* is 

controlled by σ. It is worth mentioning that there is no analytical expression of the 

minimum energy pathway (MEP) through such a barrier Φ(r,c). The MEP was therefore 

computed numerically from a steepest descent method. 
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The function Φ for a regular solution (η=0.3 and c0=0.04) has been plotted in 

Fig.3 (no elastic energy). The kinetic pathway has to pass through the saddle point (r=1 

and e.g. c=c*=0.456 for c0=0.04). The nucleation pathway in (R,c) space for η=0.3, as a 

function of supersaturation, was first investigated for k=0 (no misfit between phases). 

For c0=0.04, a process in three steps is exhibited (fig. 4). The cluster composition stays 

equal to the initial solute concentration up to Rs =6. This means that nucleation only 

starts at Rs = 6. For 6<R<8, the cluster composition sharply increases up to the expected 

value (c = 1). The change in size (R) related to this sharp enrichment of embryos is 

rather small. For R>8, the cluster grows without change of composition. The trajectory 

for c0=0.07, c0=0.03 and c0=0.02 are similar (Fig.4). This non-classical model of 

nucleation gives rise to unanticipated effects. Surprisingly, nucleation is indeed 

observed to start for smaller radius R, when the supersaturation decreases (i.e. c0 

decreases). This is the consequence of the modification of the topology of the barrier 

Φ(r,c) (fig. 3) when changing the nominal composition. This modification, that is the 

result of computation, is complex and is almost impossible to foresee. This three-step 

nucleation process has already been found by Schmelzer et al. for η=0.7 [36]. However 

our results show that this three-step process is not universal. Indeed, for smaller 

supersaturation (c0=0.01 and η=0.3 in Fig.4), there is no more plateau before nucleation 

starts. The cluster composition increases sharply for c~0.46 and for R close to zero. 

After this step, the composition slowly increases towards the equilibrium value. 

 

We shall now examine the influence of the misfit on the minimum energy 

pathway for various values of the elastic energy parameter (k=0,1,2). For the same 

temperature, η=0.3 and nominal composition (c0=0.04, Fig.5) the lattice misfit is shown 
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to slow down the evolution of the nuclei composition with R. Increasing k increases the 

time required to reach the expected composition c=1 (k=0,1). However increasing 

further k (k=2, Fig.5) reduces the onset size (Rs) for nucleation.  A similar behaviour 

was found for c0=0.02 (Fig.6). For increasing misfit, the size required for the embryo to 

reach its asymptotic composition increases. 

 

4. Model versus experiments 

There are several systems where experiments show that during the early stages 

of precipitation, nuclei do not have the expected composition. This is the case of Fe-Cu 

[47-51] and Fe-Cr [52] where temporal evolution of the nuclei composition has been 

observed. In boron implanted silicon where the expected precipitated phase has a 

different structure compared to the diamond lattice of silicon, very dilute boron-

enriched clusters (7-20 at.% of boron – 1-5 nm in size), thought to be coherent with 

silicon, were evidenced [16,53-55]. This suggests that the problem is general and not 

simply limited to the early stage of precipitation in metallic alloys. We shall apply the 

present model to theses systems in order to highlight whether thermodynamic 

considerations (i.e. minimization of the nucleation barrier) can explain the nucleation of 

non equilibrium transient coherent clusters during the early stages of precipitation.  

 

Dilute boron-enriched clusters were observed in implanted silicon. Due to the 

quite different structure of the SiB3 equilibrium phase compared to the diamond 

structure of the Si parent phase, the direct nucleation of the equilibrium phase appears 

difficult if not impossible. Instead, precipitation of this phase should proceeds through 

the formation of coherent isostructural boron-enriched clusters having the structure of 

the parent silicon phase. Experiments indeed showed the formation of dilute boron-
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enriched clusters (typically 7-20 at.% B, 1-5 nm in size) [16]. The nucleation of such 

boron-enriched clusters at supersaturations and temperatures corresponding to the 

experimental conditions was modelled. The solubility limit of boron in silicon cα is 

close to 10
-4

 at 873 K. In a regular solution model, the critical temperature is given by 

equation (12), Tc~4000K. This corresponds to T/Tc~0.22 (T=873 K). For a nominal 

composition c0 of 1%, the minimum value cm of the critical composition is ~0.3. The 

computed value of the composition c* of the critical cluster is ~0.63 (driving force for 

nucleation (∆f) close to 7.5*10
8
 J/m

3
). The critical radius R* was found close to 0.5 nm 

(=2σ/∆f with σ=0.2 J/m
2
 [56]), a reasonable value compared to experiments. If now we 

take a rather high elastic energy (misfit of 10% [16]), critical clusters become almost 

pure in boron (c*~0.96). The effective driving force (i.e. taking into account elastic 

energy) was found lower (~6.3*10
8
 J/m

3
). The nucleation barrier therefore increases in 

comparison to the zero misfit case (as in Fig.2) but it remains lower than that computed 

for lower solute content with a misfit of 10%. Thermodynamics therefore cannot 

thoroughly explain the formation of such dilute nuclei (less than 10% for R~1-2 nm) 

observed during the early stages of precipitation in boron implanted silicon. Kinetics 

arguments should also be taken into account to explain the formation of dilute nuclei. 

Diffusion mechanisms, particularly boron interactions with self-interstitials should be 

studied in more details in order to clarify the role of kinetics in the nucleation process in 

this system. Note that artefacts may also affect composition measured by atom probe 

tomography (APT). Local magnification effects may lead to underestimate the solute 

content in very small nuclei [57]. This can be particularly pronounced for SiB as boron 

is known to have a high evaporation field (defocusing effects in APT images [57]).  
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The early stages of precipitation in binary Fe-Cr alloy for a nominal composition 

(c0) below the spinodal line were recently investigated [52]. Using atom probe 

tomography, Novy et al. showed that the composition of the Cr-enriched precipitates 

(~0.62 for R~1-1.5 nm [52]) does not reach equilibrium (cβ~0.84) during the early 

stages of precipitation. This was modelled in the same conditions as this experimental 

work (i.e. T=773K, c0=0.2). Instead of a regular solution model, we have used the rather 

complex free energy function given by Bonny et al. [see appendix of ref 58] so that to 

compute the driving force for nucleation as a function of the nucleus composition. This 

gives a solubility limit cα close to 15% at 773 K (in good agreement with experimental 

phase diagram) and the spinodal is cs ~ 34%. The critical nucleus composition c* was 

found equal to 0.78 (eq.8 neglecting the elastic energy). The addition of a low elastic 

energy (typically a misfit of 1%) does not change c* because it is negligible in 

comparison to the driving force. The critical nucleus composition c* get closer to the 

equilibrium state (cβ~0.84) than that observed by Novy et al. (c~0.62 for R~1-1.5 nm 

[52]). The corresponding driving force for nucleation (∆f) is close to 3*10
8
 J/m

3
. The 

critical radius R* is thus close to 1 nm (=2σ/∆f with σ=0.15 J/m
2
 [59]). Our model 

based only on thermodynamics considerations shows the good trend but again it does 

not fully explain such the Cr content in the early stages of precipitation in Fe-Cr. Again, 

kinetics effects related to diffusion should play a role. 

 

Precipitation of Cu (FCC) in the low temperature BCC phase of Fe is known to 

proceed via the nucleation of transient coherent embryo that have the same BCC 

structure as the parent Fe phase. The composition of such bcc Cu-Fe precipitates is still 

a controversial issue [47]. One source of this is that composition data estimated using 

APT may be biased because of the occurrence of already mentioned local magnification 
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effects. Copper is indeed known to have a lower evaporation field compared to iron 

(focusing effects). Consequently, iron coming from the matrix may fall in the precipitate 

region in APT images. This may artificially increase its iron content (i.e. lower Cu-

content). The influence of these effects has been studied theoretically and simulations 

predict them to be fairly small [57]. After thermal annealing or neutron or electron-

irradiation, a substantial fraction of Fe was detected in precipitates in the early stages, 

typically form 50 to 20 at.% (i.e. 50-80 at.% Cu for R=1-2 nm) [47-51]. Various 

interpretations accounting for the substantial amounts of Fe observed in Cu precipitates 

were proposed such as coherency stresses that might stabilize the precipitates or kinetic 

considerations [60]. We have applied the present model to the Fe-Cu system in order to 

establish whether thermodynamics considerations can account at least partly for the 

nucleation of clusters containing less than 100 at.% of Cu, the expected equilibrium 

value. We have considered the Fe-Cu system at 773K and for a nominal composition 

c0=0.015. The free energy curve, f(c), was obtained from Thermo-Calc® [61]. The 

corresponding solubility limit is close to 10
-4

. The minimum value cm of the critical 

composition is ~0.4. Equation (8) (no misfit) gives a critical composition in copper, c*, 

equal to 0.75. As in Fe-Cr, the elastic energy addition (misfit of 1%) does not change 

drastically c*. The driving force for nucleation (∆f) is close to 2.2*10
9
 J/m

3
 (no misfit). 

The critical radius R* is thus close to 0.25 nm (=2σ/∆f with σ=0.28 J/m
2
 derived from 

the nearest neighbour broken bond model [62]). This time, this suggests that 

thermodynamically it is easier to form a critical nucleus with a much lower Cu-content 

than that of the equilibrium phase [47-51]. Nagano et al. have simulated the 

composition of Cu particles formed during isothermal aging in bcc Fe–Cu alloys using 

the Cahn–Hilliard nucleation theory and non-linear diffusion equation [63]. They found 

that whereas Cu nuclei are almost pure Cu in low Cu content alloys (<1 at.% Cu), the 
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Cu concentration in the nucleus is significantly less than unity in higher Cu content 

alloys (>1 at.% Cu). Results derived from the present theory are in good agreement with 

the work of Nagano et al. as we found c*=0.75 for a high Cu content alloys (1.5 at.%). 

The minimum energy pathway during nucleation was computed using a steepest descent 

method along the nucleation barrier and is shown in Fig.7. The black dashed line 

indicates the nucleation pathway in the present theory. This pathway passes through the 

saddle point (c=0.75, r=1). The nucleation barrier is overestimated in the classical 

nucleation theory (grey trajectory in Fig.7 is a vertical line located at c = 1). It was 

found that the equilibrium composition (c ~ 1) is only reached when the radius 

approaches 1 nm (~1.5 R*). This indicates that even if nuclei are fairly dilute, they 

rapidly enrich up to the equilibrium. This behaviour is similar to the evolution of the 

nucleus composition simulated by Nagano et al. [63]. They found that during aging the 

nucleus composition sharply increases up to unity without any significant change in 

size. The particle growth then proceeds. This model predicts (for c0=0.015 and T=773 

K) that for size larger than 1.5 R*, pure Cu-enriched nuclei should be observed. As the 

critical radius is small (< 0.5 nm), the present approach does not explain the large iron 

content observed in larger precipitates (typically R>2 nm) observed by atom probe 

methods in similar conditions [47-51]. 

 

5. Conclusion 

This paper has dealt with the non-classical nucleation of coherent precipitates 

that have a solute content lower than the “equilibrium” phase. This issue not only 

concerns the early stages of coherent precipitation (e.g. FeCr) but also the nucleation of 

transient coherent phases preceding the precipitation of incoherent phases (e.g. FeCu, 

SiB). The generalized Gibbs model developed by Schmelzer et al. [35] has been 
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extended so that to include the influence of the elastic energy originating from the 

lattice misfit between nuclei and the parent phase. Isotropic elastic energy related to 

misfit has been considered. The composition of critical nuclei was determined through 

the minimization of the nucleation barrier in the radius (R) and composition (c) space.  

 

Properties of critical nucleus (R*,c*) were derived from the saddle point in the 

R,c space for a regular solid solution (T/Tc=0.3) and investigated as a function of the 

supersaturation. The model confirms that the classical nucleation theory is only valid for 

small supersaturation. Surprisingly, it was demonstrated that in the present theory the 

critical composition is independent on the interfacial coefficient that controls the 

dependence on the interfacial energy with the concentration gradient. The composition 

of critical nucleus was found to approach the matrix composition near the spinodal line. 

The critical radius of nucleation was found to diverge to infinity not only near the 

solubility limit cα but also close to the spinodal line cs. The driving force and the 

nucleation barrier were both found to vanish near the spinodal line. The transition 

between the nucleation-growth and the spinodal regimes is found to be smooth in 

contrast to the classical nucleation theory.  

 

The study of the influence of the elastic energy has shown non-anticipated 

effects. Paradoxically, increasing the elastic energy was found to increase the solute 

content in the critical nucleus. In spite of this non-classical behaviour, as expected, 

increasing the elastic energy increases both the nucleation barrier height and the critical 

radius. The minimum energy pathway was computed so that to predict the kinetic 

pathway of nucleation. We found that nucleation often proceeds with three step process. 

Nuclei grow without change in composition and then they rapidly enrich until the 
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expected composition (cβ). Finally, they grow with the composition cβ. However, in 

contrast to Schmelzer et al. [36], we found that this behaviour is not general. For small 

supersaturation, the change in cluster composition occurs sharply for very small radius 

and then the composition slowly increases with a significant change in size. The elastic 

energy was found to slow down the evolution of the nuclei composition with R.  

 

Predictions were confronted to experiments. In good agreement with 

observations in dilute Fe-Cu alloys, this model shows that nuclei have a Cu content 

lower than the expected BCC phase (pure Cu). In agreement with Nagano et al. [63] we 

found that even if nuclei are fairly dilute, they rapidly enrich up to the equilibrium 

composition without a significant change in size. This thermodynamics approach 

however fails to fully account observations in Si-B and Fe-Cr. Kinetics effects related to 

diffusion should play a role. Monte carlo simulations are here of great interest to 

elucidate the role of diffusion in kinetics of precipitation [64-69]. It should be kept in 

mind that the results derived from the present theory are strongly dependent on the 

shape of the free energy curve f(c). More realistic expressions of f(c) based on first 

principles computations should lead to better agreement with experiments. 
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Fig.1 Schematic representation of the free energy curve for a system exhibiting 

isostructural decomposition. 

 

Fig.2 Nuclei properties as a function of the nominal composition c0 for a reduced 

temperature equal to 0.3.  Composition of the critical cluster c* (a), driving force Γ (b), 

nucleation barrier W (c), critical radius R* (d). The influence of the elastic energy due 

to lattice misfit between phases is also shown for various elastic constants (k=0,1,2).  

 

Fig.3 The reduced nucleation barrier Φ as a function of the nucleus size (reduced radius 

r = R/R*) and composition (c) for η=0.3, and a nominal composition c0=0.04 (k=0). The 

saddle point is localized at r=1 and c= c*=0.456.  

 

Fig.4 Evolution of the solute content in nuclei (c) as a function of their size (R) for 

various solute concentration (c0= 0.01 – 0.07, η=0.3) and for no lattice misfit (k=0). 

 

Fig.5 Evolution of the solute content in nuclei (c) as a function of their size (R) for 

various elastic constant (k= 0, 1, 2 and η=0.3). The nominal composition was c0=0.04. 

 

Fig.6 Evolution of the solute content in nuclei (c) as a function of their size (R) for 

various elastic constant (k= 0, 1, 2 and η=0.3). The nominal composition was c0=0.02. 

. 

Fig.7 Nucleation pathway in the (r,c) space for the precipitation of Cu in FeCu (0.015 

Cu, T=773K). In the classical nucleation theory (grey trajectory) the nucleus 

composition c is constant and equal to c = 1, the equilibrium concentration as given by 

the phase diagram. 
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