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Abstract

Currently, almost all material manufacturing processes are simulated using

methods based on continuum approaches such as the Finite Element Method

(FEM). These methods, though widely studied, face difficulties with multi-

body, contact, high-strain and high-displacement problems, which are usu-

ally found in manufacturing processes. In some cases, the Discrete Element

Method (DEM) is used to overcome these problems, but it is not yet able

to simulate some of the physics of a continuum material, such as 3D heat

transfer.

To carry out a realistic simulation of a process, its thermal field must

be properly predicted. This work describes a fast and efficient method to

simulate heat conduction through a 3D continuum material using the Discrete

Element Method. The material is modelled with spherical discrete elements

of different sizes to obtain a compact and isotropic domain adequate for

carrying out mechanical simulations to obtain straightforward thermal and
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mechanical coupling.

Thermal simulations carried out with the proposed Discrete Element

Method are compared to both the analytical and FEM results. This com-

parison shows excellent agreement and validates the proposed method.

Keywords:

Discrete Element Method, Heat conduction, Thermal field, Transient

temperature, Continuum materials.

1. Introduction

The importance of temperature fields in almost any manufacturing method

is indisputable. Due to the very strong dependence of metallurgical phenom-

ena on these fields, they critically influence the mechanical properties of the

processed material. Consequently, the search for a realistic thermal simula-

tion of a process, including accurate temperature predictions, is an issue of

capital importance for the desired full control of manufacturing techniques.

A law for heat conduction through a continuous material – equation 1 in

the case of constant conductivity where Θ is the temperature, λ is the thermal

conductivity, ρ is the density of the material, and t represents the time – was

first proposed by Fourier in 1822 [1]. This equation provides analytical

solutions for some geometrically simple problems [2] and has been widely

solved using various numerical methods, but primarily by the Finite Element

Method [3] due to its natural adaptation to partial differential equations.

∂Θ

∂t
=

λ

ρ cp

(
∂2Θ

∂x2
+
∂2Θ

∂y2
+
∂2Θ

∂z2

)
(1)

In tooling processes, regions with high thermal gradients and heat fluxes

are often located near the tool-piece contact. In the contact area, continuous
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approaches have difficulty accurately describing high strains and temperature

gradients. In this area, the Discrete Element Method [4] is a good alterna-

tive to the FEM to locally solve problems related to material fracture [5],

multibody system coupling [6] or dry sliding contact with a third body pres-

ence [7], among others. A long term solution consists of solving the contact

area with the DEM and solving the piece and tool far from the contact with

continuous approaches, such as the FEM or the NEM [8], and then coupling

these methods (figure 1).

Figure 1: Simplified example of a milling process. Discrete Element Method is used in the

zone in contact with the tool (dotted) in order to simulate complex thermo-mechanical

behaviours. DEM is also used beyond the contact zone (solid) in order to ease the coupling

with a Finite Element Method zone (striped).

There are many works that describe the use of the Discrete Element

Method in a mechanical field such as [9], which uses Lennard-Jones po-

tentials [10] to describe the interaction forces between discrete elements; [11],

where discrete elements are linked in a truss, and exact results for the stress

and strain fields of 2D shells are obtained, or [12], which links discrete ele-
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ments by beams and describes how to carry out wear simulations for brittle

elastic materials.

However, examples of the DEM in thermal fields are mostly focused on

problems involving granular materials [7, 13, 14, 15, 16, 17], with the excep-

tion of [18], in which the mathematical proof of the 2D DEM for a continuous

thermal field is described.

The present work describes a method to simulate isotropic heat conduc-

tion through a 3D continuum material using the Discrete Element Method.

The material is modelled with spherical discrete elements of different sizes to

obtain a compact and isotropic domain adequate for carrying out 3D mechan-

ical simulations [12]. The validity of the described method in such a discrete

domain is the basis for thermo-mechanical simulations using the DEM.

The paper is structured as follows: In section 2 a description of the

method is given. This method is proved in section 3 for 3D crystal do-

mains and in section 4 for isotropic domains. In section 5 numerical results

are shown and discussed. Finally, conclusions are inferred in section 6.

2. General description of the method

Figure 2 shows a typical discrete domain created exclusively with spher-

ical discrete elements.

To find the variation of a given magnitude through a discrete domain,

there are two principal steps to follow, as explained in [13]:

• First, variations due to the interaction between each discrete element

and all its neighbours must be separately analysed and stored.
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Figure 2: A sample of a spherical discrete domain and an example of neighbour discrete

elements.

• Then, stored variations of each discrete element must be summed to

obtain the total variation of the magnitude for the discrete element.

Mathematically:

Gi =

Nneigh∑
gij (2)

Where Gi is the variation of the measured magnitude for the discrete element

i and gij is the variation of the magnitude of discrete element i due to its

interaction with its neighbour j.

2.1. Application to heat conduction

In the particular case of heat conduction, transferred heat between two

discrete elements for a given instant, Wij, can be calculated using Fourier’s

law as follows:

Wij = St λ
(θj − θi)
dij

(3)
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Where St is the heat transmission surface’s area; (θj − θj) is the tempera-

ture difference between discrete element i and discrete element j; λ is the

material’s heat conductivity and dij is the distance between discrete element

i and discrete element j.

Furthermore, the thermal energy gain of a discrete element i, ∆Ei in the

equation, can be calculated as a function of its rise in temperature:

∆Ei = cp ρd Vi ∆θi

Where cp is the specific thermal capacity of the discrete element; ρd repre-

sents the discrete element’s density; Vi is the volume and ∆θi is the raise of

temperature of a discrete element i.

The time derivative of the thermal energy gain represents the heat being

transferred to discrete element i:

∆Ei

∆t
= Wij =

cp ρd Vi ∆θi
∆t

(4)

If the time step ∆t is small enough to consider (θj − θi) constant during

the time step, equations 3 and 4 can be combined to obtain the temperature

rise of discrete element i due to its interaction with a neighbour j:

∆θi =
(θj − θi) St λ

dij cp ρd Vi
∆t (5)

Finally, equation 2 is used to obtain ∆Θi, the total variation of the tem-

perature of discrete element i, after the time step ∆t:

∆Θi =

Nneigh∑
∆θi
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3. Proof of concept on 3D crystal domains

In the work by Hahn et al. [18], a method to predict temperature fields

in 2D discrete domains formed by hexagonal discrete elements is proved.

In this section a proof for 3D discrete domains formed by identically-sized

spherical discrete elements placed following a simple cubic crystal pattern

will be given, following the method described in paragraph 2.1.

3.1. Proof

Figure 3 represents an example of the domain described above. To fill all

of the domain’s volume, each discrete element represents a cube of continuous

material whose volume equals (2R)3.

Figure 3: 3D crystal domain and example of a random particle with 6 neighbours. The

volume represented by each discrete element is 2R× 2R× 2R = 8R3.

Equation 5 can be modified for the particular case of the crystal domain

of figure 3 as follows:

First, the mass of each discrete element must equal the mass of the rep-

resented volume. Then, the discrete element’s density ρd is linked to the
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material’s density ρc by means of the volume fraction fv following:

ρd =
ρc
fv

=
Vcube
Vsph

ρc =
8R3

4/3 π R3
ρc =

6

π
ρc (6)

Let us consider the transmission surface’s area to be equal to the surface

of the cube face St = 4R2 and the distance between discrete elements equal

to the cube side dij = 2R.

Equation 5 then becomes:

∆θi =
(θj − θi) St λ

dij cp ρd Vsph
∆t =

(θj − θi) (4R2) λ

(2R) cp ρc (Vcube/Vsph) Vsph
∆t =

=
λ

ρc cp

(θj − θi)
(2R)2

∆t

Let us consider the 6 discrete elements around discrete element i. The

total temperature variation is then given by:

∆Θi =
6∑

∆θi =
λ

ρc cp

(θ1 + θ2 + θ3 + θ4 + θ5 + θ6 − 6θi)

(2R)2
∆t

Therefore:

∆Θi =
6∑

∆θi =

=
λ

ρc cp

(
θ1 + θ2 − 2θi

(2R)2
+
θ3 + θ4 − 2θi

(2R)2
+
θ5 + θ6 − 2θi

(2R)2

)
∆t

Which is an exact fit to the finite central difference stencil for the 3D heat

equation (equation 1) with a mesh size equal to 2R:

∂Θ

∂t
=

λ

ρc cp

(
∂2Θ

∂x2
+
∂2Θ

∂y2
+
∂2Θ

∂z2

)
≈

≈ λ

ρc cp

(
θ1 + θ2 − 2θi

(2R)2
+
θ3 + θ4 − 2θi

(2R)2
+
θ5 + θ6 − 2θi

(2R)2

)
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3.2. conclusions

The use of equation 2 to describe heat conduction through a 3D con-

tinuous material modelled with a discrete crystalline domain fits a central

difference stencil if:

• The mass of each discrete element must be equal to the mass of the

discretized continuous material.

• The transmission surfaces are considered to be equal to the surfaces of

the polyhedron surrounding each discrete element (a cube in the given

example).

4. Extension to 3D isotropic domains

To ease the coupling of the thermal and mechanical aspects of a simu-

lation, both the thermal DEM and mechanical DEM should work together

using the same discrete domain. To assure the quantitative simulation of a

solid material by the use of the DEM, [12] shows that the discrete domain

must be compact, homogeneous and isotropic (in therms of the contact di-

rections). For this purpose, a size repartition greater than 15% around the

main diameter must be chosen.

To extend the results of paragraph 2.1 to isotropic domains, the conclu-

sions inferred in section 3.2 will be supposed to be necessary, even if the

structure of the 3D discrete domain differs.

The problem is that there is no geometrical method for finding transmis-

sion surfaces and volume fractions (figure 4). So, parameters St and ρd from

equation 5 must be locally obtained using a robust and numerically efficient
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method that constitutes the main originality of the present work. The use of

this 3D method is in agreement with 2D results of [18] that show that “local

anisotropy in the thermal heat conductivity on a small scale has no effect on

the heat flux on the macroscale”.

Crystal domain Isotropic domain

S
??

Figure 4: 2D example of a crystal domain – known transmission surface & known volume

fraction – and an isotropic domain – unknown transmission surface & unknown volume

fraction.

4.1. Determination of local parameters for each discrete element

To determine the transmission surface’s area and the discrete element’s

density in an isotropic domain, an equivalent regular polyhedron – that de-

pends on the number of neighbours – is considered for each discrete element.

An example is shown in figure 5.

Figure 5: Example of an equivalent regular polyhedron.

The transmission surfaces areas and local volume fractions are calculated
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from this polyhedron. (Due to the random packing of discrete elements, the

volume fraction may vary from one discrete element to another, consequently,

the concept of “local” volume fraction is now used instead of the concept of

volume fraction used before).
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Figure 6: Non-dimensional transmission surfaces and volume fractions as a function of the

number of neighbours.

4.2. Calculation of discrete element’s transmission surface

As stated in paragraph 4.1, discrete element i is related to a regular

polyhedron by means of its number of neighbours. The number of surfaces

of the chosen polyhedron is equal to this number. Then, the area of that
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Nneigh Snd
t fvl Nneigh Snd

t fvl

1 19.98076 0.08502 11 1.69019 0.72540

2 16.78460 0.17004 12 1.38757 0.74048

3 13.58845 0.25506 13 1.30888 0.75555

4 10.39230 0.34008 14 1.23020 0.77063

5 7.19615 0.43184 15 1.15152 0.78570

6 4.0 0.52359 16 1.07284 0.80078

7 3.29903 0.60188 17 0.99415 0.81586

8 2.59807 0.68017 18 0.91547 0.83093

9 2.29545 0.69525 19 0.83679 0.84601

10 1.99282 0.71032 20 0.75810 0.86109

Table 1: Calculated values for Sndt and fvl as a function of the number of neighbours.

polyhedron’s face is calculated and used as the transmission surface area of

discrete element i. In the cases where such a regular polyhedron does not

exist, the transmission surface is chosen by linear interpolation (figure 6).

In the example of figure 5, in which six discrete elements are in contact, the

transmission surface’s area is considered to be 4 times the square of its radius

(2R)2, as shown in figure 6 and in table 1.

4.3. Calculation of local volume fraction

A similar method is used to calculate the volume fraction occupied by

the discrete element. In this case, the number of neighbours is related to

the kissing number of known crystal structures. Once a crystal structure is

“linked” to the discrete element by means of its number of neighbours, the

volume fraction of that crystal structure is used as the discrete element’s
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volume fraction to carry out future calculations. Just as in paragraph 4.2,

if the number of neighbours does not match any crystal structure, the local

volume fraction is calculated using a linear interpolation (figure 6). For

instance, the discrete element shown in figure 5 will occupy nearly 52.359%

of the space, as will an atom in a simple cubic unit cell (figure 7). Figure 6

and table 1 gives the results for any other neighbourhood configuration.

a

r

Figure 7: Example of a simple cubic unit cell. fv = a3

(4/3)πr3 = (2r)3

(4/3)πr3 = 6
π ≈ 0.52359.

The methods described in paragraphs 4.2 and 4.3 are numerically very

efficient. The knowledge of the number of neighbours directly provides the

transmission surface and local volume fraction that must be employed for

the heat transfer calculation.

4.4. Interactions between each discrete element and its neighbours

Once the transmission surfaces and local volume fractions are obtained

for each discrete element, some considerations must be taken into account to

calculate the temperature rise. First, the heat exchange between any discrete

element i and its neighbour j must be the same, irrespective of the identity of
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the discrete element of reference. This requirement means that the resultant

amount of exchanged heat must be the same, whether reference element i or

element j is used in the calculation. This equivalence is achieved by averaging

the parameter St from equation 3.

The transmission surface’s area is calculated for discrete elements i and

j using the non-dimensional values taken from table 1 (Si = Snd
i R2

i , for

example). Then, the equivalent transmission surface area between the two

discrete elements is calculated by means of a geometric average Sij =
√
SiSj.

Taking into account the results of this section, equation 5 can be expressed

as follows if the unknown ρd is substituted by the now known ρc/fvl (equation

6):

∆θi =
(θj − θi) Sij λ fvl

dij ρc cp Vi
∆t

And the temperature variation after a time step ∆t of a discrete element

i belonging to an isotropic domain can be then described as:

∆Θi =

Nneigh∑
j=0

∆θi =

Nneigh∑
j=0

(θj − θi) Sij λ fvl
dij ρc cp Vi

∆t (7)

5. Validation

To validate the method described in the previous section, two different

types of simulations were carried out.

5.1. Cylindrical beam in contact with a hot plane

In the first case, the cylindrical domain shown in figure 8, with an initial

temperature of 298 K, is submitted to a boundary temperature of 798 K at
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x−→

Figure 8: Beam used in the calculations at a given time of the simulation. Color scale

represents temperature from 298K (in blue) to 798K (in red).

value unit

Length 2.18445 mm

Radius 0.1155303 mm

Initial temperature 298 K

Density 2790 Kg/m3

Specific heat 880 J/Kg/K

Thermal conductivity 134 W/m/K

Discrete elements 19465 –

Elements’ average radius 8.9983411 µm

Table 2: Beam’s characteristics

x = 0. There is no heat exchange trough the rest of the surfaces. Further

characteristics of the beam are given in table 2.

The results obtained with the DEM simulation are compared to analytical

results from [2] (equation 8, where ΘM is 798K and Θm is 298K in our

particular case) and plotted in figure 9. The simulation and its analytical

solution are in good agreement, both at the beginning of the simulation when

the greatest temperature gradient is found and at the end of the simulation

when the temperature gradient is least.
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Figure 9: Numerical and analytical temperature distributions at various times in the beam

with initial uniform temperature 298 K and surface temperature 798 K.

Θ(x, t) = ΘM −
4(ΘM −Θm)

π

∞∑
n=0

(−1)n

2n+ 1
· cos

(2n+ 1)πx

2L
· e

−λ(2n+1)2π2t

cp ρ 4L2 (8)

5.2. Dynamically heated sheet

In the second type of simulation, the experiment described below is car-

ried out with both the method developed in this paper and the FEM software

Abaqus 6.10
TM

:
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The sheet shown in figure 10, whose properties are described in table 3,

is heated with a moving cylindrical heat source. The heat source’s char-

acteristics are shown in table 4. The sheet is completely adiabatic. Local

temperature evolutions are measured at different check-points (A, B and C )

with both the FEM and DEM. The coordinates of the check-points are given

in table 5.

30 mm

2 mm

50 mm
v

4 mm
w

A

B

C

x

y

Figure 10: Scheme of the sheet used in calculations.

The FEM domain is meshed with cubic elements whose edges are 0.5

mm long. To test the convergence of the DEM calculations, three different

type of domains have been created. These domains comprise 1000, 5000 and

20000 discrete elements, and five domains of each type have been used for

each calculation.

The averaged relative dispersion of the resulting thermal fields obtained

at checkpoints A, B and C are shown in figure 11 for each type of domain.

The dispersion from the five domains created with 20000 discrete elements
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value unit

Length 50 mm

Width 30 mm

Height 2 mm

Initial temperature 25 ◦C

Density 2790 Kg/m3

Specific heat 880 J/Kg/K

Thermal conductivity 134 W/m/K

Table 3: Sheet’s properties.

value unit

Radius 4 mm

Depth 2 mm

Velocity 3.3 mm/s

Heat power 1011 W/m3

Initial x position 20 mm

Table 4: Heat source’s characteristics.

check-point x (mm) y (mm)

A 9.5 -0.5

B 31.0 0.0

C 41.5 -9.5

Table 5: Coordinates of the control points.

is considered to be little enough; thus, the average thermal field of the five

domains is calculated and compared with the Abaqus 6.10
TM

results. Figures
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Figure 11: Averaged relative dispersions of results obtained in the checkpoints for each

type of domain.

12, 13 and 14 show this comparison.

The maximal temperature difference is found for every figure, and the

relative error between the FEM and DEM results is calculated at that point.

The aim of this simulation is to theoretically validate the method ex-

plained in this work using a complex thermal example, including high tem-

perature gradients. Because of this aim, the sheet is allowed to reach elevated

temperatures that would be impossible to reach experimentally in the simu-
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lated material because the sheet’s properties are those of an aluminum alloy,

which would melt before reaching such high temperatures.
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Figure 12: Thermal field obtained at check-point A by the DEM and FEM.

6. Conclusion & perspectives

This work shows the way in which DEM can be used to carry out complex

thermal field simulations using 3D, compact, homogeneous, and isotropic (in

therms of the contact directions) discrete domains. Those domains can also
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Figure 13: Thermal field obtained at check-point B by the DEM and FEM.

be used to calculate mechanical fields so that thermo-mechanical simulations

are straightforward to implement.

The results show that the relative error between the FEM and DEM

results is acceptable, even during a complex thermal simulation involving

high temperature gradients.

To reduce the calculation time, a long-term solution will consist of cou-

pling the DEM with continuous approaches such as the FEM or NEM. Once

again, the type of domain used in this paper eases this task.

21



0 1 2 3 4 5 6 7 8

2

4

6

8

10

12

14

Relative error = 1, 4144%

Time (s)

Te
m

pe
ra

tu
re

(◦
C

)·
10

3

DEM result
Abaqus

TM

Figure 14: Thermal field obtained at check-point C by the DEM and FEM.
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