NUMERICAL DIMENSION AND A
KAWAMATA-VIEHWEG-NADEL TYPE VANISHING
THEOREM ON COMPACT KAHLER MANIFOLDS
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ABSTRACT. Let X be a compact Kdhler manifold and let L be a pseudo-
effective line bundle on X with singular metric ¢. We first define a no-
tion of numerical dimension of the pseudo-effective pair (L, ¢) and then
discuss the properties of it. We prove also a very general Kawamata-
Viehweg-Nadel type vanishing theorem on an arbitrary compact Kéahler
manifold.

1. INTRODUCTION

Let X be a compact Kéhler manifold and let (L, ) be a pseudo-effective
line bundle on X (c.f Section 3 for the definition of a pseudo-effective pair
(L,p)). H.Tsuji [Tsu] has defined a notion of numerical dimension by an
algebraic method:

Definition 1. Let X be a projective variety and (L,p) a pseudo-effective
line bundle. One defines

Vnum (L, @) = sup{dim V' | V' subvariety of X such that
@ s well defined on 'V and (V, L, ) is big.}

Here (V, L, ) to be big means that there is a desingularization 7 : VoV
such that
T WOV, mn*(L) ® Z(me o))
m—00 mn

>0

where n is the dimension of V. !

Since Tsuji’s definition depends on the existence of subvarieties, it is more
convenient to find an analytic definition if the base manifold is not projec-
tive. Following a suggestion of J-P. Demailly, we first define a notion of
numerical dimension nd(L, ) (cf. Definition 4) for a pseudo-effective line
bundle (L, ¢) on a manifold X which is just assumed to be compact Ké&hler.
The definition involves a certain cohomological intersection product of pos-
itive currents, introduced in Section 2. We then discuss the properties of
nd(L, ¢) in Section 3 and 4. The main properties are as follows.

1[Tsu] proved that the bigness does not depend on the choice of desingularization.
1
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Proposition 1.1. Let (L, ) be a pseudo-effective line bundle on a projective
variety X of dimension n and nd(L,p) =n. Then

0
Jim R (X, mL ® Z(myp)) -

n
m—00 m

0.

Proposition 1.2. Let (L, ) be a pseudo-effective line bundle on a projective
variety X. Then

Vnum(L, ) = nd(L, @).

Our main interest in this article is to prove a very general Kawamata-
Viehweg-Nadel type vanishing theorem on an arbitrary compact Kéahler
manifold. Our statement is as follows.

Theorem 1.3. Let (L,p) be a pseudo-effective line bundle on a compact
Kahler manifold X of dimension n. Then

HP(X,Kx @ L®Z:(p)) =0  foranyp>n—nd(L,p)+1,

where L (p) is the upper semicontinuous variant of the multiplier ideal sheaf
associated to ¢ (cf. [FJ]).

The organization of the article is as follows. In Section 2, we first re-
call some elementary results about the analytic multiplier ideal sheaves and
define our cohomological product of positive currents by quasi-equisingular
approximation. In Section 3, using the product defined in Section 2, we give
our definition of the numerical dimension nd(L, ) of pseudo-effective line
bundles with singular metrics. The main goal of this section is to give an
asymptotic estimate when nd(L, ) = dim X. In section 4, we prove that
our numerical dimension coincides with the definition in [Tsu] when X is
projective. We also give a numerical criterion of the numerical dimension
and discuss a relationship between the numerical dimension without mul-
tiplier ideal sheaves and the numerical dimension defined here. In Section
5, we first give a quick proof of a Kawamata-Viehweg-Nadel type vanishing
theorem on projective varieties. We finally generalize the vanishing theorem
on arbitrary compact Kéhler manifolds by the methods developed in [DP]
and [Mou].

Acknowledgements: I would like to thank Professor J-P. Demailly for
numerous ideas and suggestions for this article, and also for his patience
and disponibility.

2. COHOMOLOGICAL PRODUCT OF POSITIVE CURRENTS

We first recall some basic definitions and results about quasi-psh func-
tions. Let X be a complex manifold. We say that ¢ is a psh function (resp.
a quasi-psh function) on X, if

i00¢p > 0, (resp. i00p > —c - wx)
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where c is a positive constant and wx is a smooth hermitian metric on X.
We say that a quasi-psh function ¢ has analytic singularities, if ¢ is locally
of the form

p(z) =c- (Y lail*) +0(1)
with ¢ > 0 and {g;} are holomorphic functions. Let ¢, be two quasi-psh
functions. We say that ¢ is less singular than v if

<o+ C

for some constant C'. We denote it ¢ < 1.
We now recall the analytic definition of multiplier ideal sheaves. Let Z(¢y)
be the multiplier ideal sheaves associated to the quasi-psh function ¢, i.e.

T(p)e = {f € Ox| /U P2 < oo}

where U, is some open neighborhood of = in X (cf. [Dem] for a more
detailed introduction to the concept of multiplier ideal sheaf). When ¢
does not possess analytic singularities, we need to introduce the “upper
semicontinuous regularization” of the multiplier ideal sheaf, namely the ideal

sheaf
Ti(p) = lim (1 + )p).
e—0t

By the Notherian property of coherent ideal sheaves, there exists an € > 0
such that

(o) =Z((1+€)p) for any 0 < € <e.
When ¢ has analytic singularities, it is easy to see that Zy(¢) = Z(yp).
Conjecturally we have the equality for all psh functions. 2
Important Convention: When we talk about a line bundle L on X, we
always first implicitly fix a smooth metric hg on L. Given a singular metric
@ on L or sometimes ¢ for simplicity, we just means that the new metric on
L is given by hge™?. Recall that the curvature of the metric ¢ for L is

K2

2m
The pair (L, ) is said to be a pseudo-effective line bundle if 5~0,(L) > 0
as a current.

{
O,(L) = %@hO(L) + dd .

Let 7 : X — X be a modification of a smooth variety X, and let ¢,
be two quasi-psh fuctions on X such that Z(¢) C Z(¢). In general, this
inclusion does not imply Z(p o ) C Z(¢) o ). We thus need the following
lemma.

Lemma 2.1. Let E ="Ky — Kg. If Z(p) C Z(¢), then
I(pom) @ O(—FE) C Z(¢Yom),

2This equality is well known in dimension 1 and is proved to be true in dimension 2 by
Favre-Jonsson [FJ]. See [DP] for more details about Z5 (¢).
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where the sheaf O(—FE) is the germs of holomorphic functions f such that
div(f) > E.

Proof. Tt is known that Z(¢ o m) C 7*Z(¢) (cf. Proposition 14.3 of [Dem]).
Then for any f € Z(y o), we have

/ 7. (f)e % < +o0,
w(Uz)

where U, is some open neighborhood of x and 7 (U,) is its image under 7
which is not necessary open. Combining with the condition Z(yp) C Z(v),
we get

(1.1) / | mf |2 672 < 400.
m(Uz)
(1.1) implies that
(1.2) ‘/\fﬂjpfww<+m,
Uz
where J is Jacobian of w. Since O(—FE) = J - Ox, (1.2) implies the lemma.

O

Let X be a compact Kéhler manifold and let T be a closed positive (1,1)-
current. It is well known that 7' can be written as

T =0 + dd°p,

where 6 is a smooth (1,1)-closed form representing [T] € HY(X,R) and ¢ is
a quasi-psh function. Demailly’s famous regularization theorem states that
 can be approximated by a sequence of quasi-psh functions with analytic
singularities. We say that it is an analytic approximation of ¢. Among all
these analytic approximations, we want to deal with those which keep the
information concerning the singularities of T. More precisely, we introduce
the following definition.

Definition 2. Let 6 4 dd°p be a positive current, where 6 is a smooth form
and ¢ is a quasi-psh function on a compact Kdhler manifold (X,w). We
say that {pr}72, is a quasi-equisingular approzimation of ¢ for the current
0 + dd°yp if it satisfies the following conditions:

(i) {or}e, converge to ¢ in L' topology and

0+ddyp > —T - w

for some constants 1, — 0 as k — 400.
(7i) all vy have analytic singularities and i < pr+1 for any k.
(73i) For any 6 > 0 and m € N, there exists ko(d, m) € N such that

Z(m(1+9)pr) C Z(myp) for every k > ko(0,m)

Remark. By condition (4), such type of approximation depends not only on
© but also on the current 6 + ddp.
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The existence of such quasi-equisingular approximations was proved in
Theorem 2.2.1 of [DPS 01] by a Bergman kernel method. The choice of such
approximations corresponds in some sense to the most singular approxima-
tions asymptotically. The following proposition makes this assertion more
precise.

Proposition 2.2. Let 0 4+ dd®p;1,0 + dd°py be two positive currents on a
compact Kdhler manifold X as usual. We assume that the quasi-psh function
o is more singular than ¢1. Let {p;1}72, be an analytic approzimation to
1 and let {@; 2}, be a quasi-equisingular approximation to s. For any
closed smooth (n — 1,n — 1)-semi-positive form u, we have

(2.1) lim (dd°pin)ac Au > lim (dd°pi2)ac N u

1= Jx 1= Jx

where (dd°p; 1)ac denotes the absolutely continuous part of the current dd°y; ;.

Proof. Tt is enough to show that

(22) / (ddc(ps,l)ac Au > lim (ddc@i,Z)ac AU
X

for any s € N fixed. Since {y; 2}, is a quasi-equisingular approximation
to 2, for any 6 > 0 and m € N, there exists a ko(d,m) € N such that

(2.3) Z(m(1+6)pr2) C Z(mps) for every k > ko(d,m).
Since ¢1 < @2 and 51 < @1, (2.3) implies that
(2.4) Z(m(1+ 6)pr2) C Z(mpsa)

for any s € N fixed and k > ko(J, m).
Using (2.4), we begin to prove (2.2). Let 7 : X — X be a log resolution
of s 1. We can thus assume that

dd°ps o7 = [F] + O,
where F' is a R-normal crossing divisor. Using Lemma 2.1, (2.4) implies that
(2:5)  Z(m(l +0)ppz 0m) @ O(=J) C L(mps, om) = O(=[mF])

for k > ko(0,m), where J is the Jacobian of the blow up 7. Since F is a
normal crossing divisor, (2.5) implies that m(1 4+ 6)dd g 207+ [J] — |mF |
is a positive current. Then

/A(ddcm(l +9) - VK2 © 7T)ac ANu < C+ / (ddcm (510 T)ac AU

X X

for k > ko(d, m), where the constant C is independent of m and k. Therefore,
if m — +o0, we get

(2.6) / (dd°pr,2 0 T)ac AN < O(i) +Ci6+ / (dd®ps1 0 T)ac A
X m X
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for k > ko(d,m) and a constant C independent of m and k. Then

1
/ (dd°pr2)ac Nu < O(—) + C16 + / (dd°ps.1)ac N u
X m X

for k > ko(d, m). Letting m — +o0 and 6 — 0, we get

lim (ddcg0k72)ac ANu < / (ddc@s,l)ac Au.
k—oo Jx X

Thus (2.2) is proved.
(]

Remark. Assume that {¢;1},{¢i2} are two quasi-equisingular approxima-
tions to the same ¢. Proposition 2.2 implies in particular that

Im [ (dd°pii)ac Au= lim [ (dd°p;2)ac A u.
1—00 X 1—00 X
Thanks to Proposition 2.2 and the above remark, we can define a related
cohomological product of closed positive (1,1)-currents.

Definition 3. Let Ty, - , T} be closed positive (1,1)-currents on a compact
Kahler manifold. We write them by the potential forms T; = 0; + dd°p; as
usual. Let {cpi,j};il be a quasi-equisingular approrimation to p;. Then we
can define a product

<T1,T2a e ,Tk‘>
as an element in Hgg(X) such that for all w € H" kn=F(X),

<T17T27“' 7Tk>/\u

= 1im (91 + ddchLj)aC FANKIIRIVAN (ak + ddcgpkd‘)ac Au

J]—00 X

where N s the usual wedge product in cohomology.

Remark. Thanks to Proposition 2.2 and its remark, the product defined
here does not depend on the choice of quasi-equisingular approximation.
Moreover the product here is smaller than the product defined by any other
analytic approximations.

3. NUMERICAL DIMENSION

Using the product defined in the last section, we can give our definition
of the numerical dimension.

Definition 4. Let (L,p) be a pseudo-effective line bundle on a compact
Kihler manifold X such that 5=0,(L) > 0. We define the numerical di-
mension nd(L, ) as the largest v € N, such that ((i©,)") # 0, where the
cohomological product ((1©,)") is the v-fold product of i©,(L) defined in
Definition 3.
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Let (L,¢) be a pseudo-effective line bundle on X of dimension n and
nd(L, ¢) = n. If moreover ¢ is a quasi-psh function with analytic singulari-
ties, it is not difficult to see that

PO(X,mL @ L(my))
mn

admits a strictly positive limit by using the Riemann-Roch formula. When
¢ is just a quasi-psh function, H.Tsuji conjectured in [Tsu] that
WX, mL @ Z(mp))
mn

admits also a strictly positive limit. The main goal of this section is to prove
that if nd(L, ¢) = n, then

> 0.

OX mL®T
h_mh( ,mL ®I(my))

n
m—00 m

For the more precise estimates, we first need to explain the construction
of quasi-equisingular approximations by a Bergman Kernel method. Before
doing this, we first prove a useful estimate which is essentially proved in
[DP] in a more general situation. For the sake of completeness, we give the
proof here with a more precise estimate.

Lemma 3.1. Let A be a sufficiently large very ample line bundle on a pro-
jective manifold X and let (L, ) be a pseudo-effective line bundle. Let oy,
be the metric on L constructed by the Bergman Kernel of H*(X, A +mL ®
O(me)) with respect to the metric myp. Then

sm

Z( ©m) C Z(sp) for any m,s € N.

m— S

Proof. First of all, we have the following estimate on X:

/ o~ 250(z) _ / (2(m—s)-p(x) ~2m-p(x)
5 p(2) <= oy () 5 p(2) < i ()

_ / 2 eme=2m e — pO(X A+ mL @ Z(my)) < 4oo.
X

sm
m—S

[rrpemes [ ppperes [ ppeie
Uz @S%@m Uz

<sup | f[*- / Tt / | [P e mem < oo,
P< o, Uz

m—s

Then f € Z(sp). The lemma is proved. O

Using the above finiteness, for any f € Z( ©m)z, We have
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We are going to construct a quasi-equisingular approximation to ¢. Such
type of approximations were implicitly constructed in[DPS 01] for the local
case. Philosophically, we can generalize the local properties to the global
case after tensoring by Kx. The Ohsawa-Takegoshi extension theorem and
the Skoda theorem are two typical examples. In fact, at least in the pro-
jective case, when S is a smooth zero divisor of a section of an ample line
bundle then X \ S is Stein. So we can reduce the proof to the Stein case.
The reason for tensoring with K is that the L? integral is globally well
defined after tensoring by Kx.

Proposition 3.2. Let X be a projective variety of dimension n and let w
be a Kdihler metric in H"'(X,Q). Let (L,p) (i.e. the metric on L is hoe™%
for some smooth metric hy and quasi-psh function ) be a pseudo-effective
line bundle on X such that nd(L, @) = n.

Let (G,hg) be an ample line bundle on X with smooth metric hg, such
that the curvature iOp,(G) is positive and sufficiently large (e.g. G very
ample and G — Kx ample). Let {7, q:}i be an orthonormal basis of

HO(X,2°G + 211 ® Z(2%y))

with respect to the singular metric hg -h%q -e72'%. We define
1 2
Pp,qg = 2 In Z |Tp,q,i|hép.h(2f-
(2
Then there exist two increasing integral sequences p,, — +0o and ¢, — +00
with
lim(qy, — pm) = +00 and ¢ — Gm-1 > Pm — Pm—1 for allm € N,

such that {@p,. o 14 is a quasi-equisingular approzimation to o for the

current 5-Op, (L) 4+ dd®p. We denote oy, 4., by om for simplicity.
Moreover, {pn,} satisfies the following two properties:

() HO(X,2PmG + 29 L @ T(2%p,,,))
= HY(X,2P"G + 29" [ @ Z(29m¢))
for every m € N*.

(19) There ezists a constant C > 0 independent of G, sg, such that for all
€ > 0, we have

/ (—Z Oy, (L) + ew)y, > C
X 2
for m > my(e).

Proof. By Theorem 13.21, 13.23 of [Dem], there exists two squences p,, —
400 and ¢, — +oo with

lim gy, /pm = +o0 and ¢ — gm-1 > Pm — Pm—1 for all m € N,

such that {¢,, } is an analytic approximation to ¢ for the current %@ho (L)+
dd°p, i.e. it satisfies property (i) in Definition 2. Lemma 3.1 implies that
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{@m} satisfies property (éi7) in Definition 2. To prove that {¢,,} is a quasi-
equisingular approximation, it is enough to prove property (ii) in Definition
2.

We first prove that
(2.1) Pp-1,4-1 = Ppg and Ppg—1 = Pp-1,g-1-

Let A be the diagonal of X x X and 71,7 the two direction projections
from X x X to X. We define a new bundle on X x X:

F=2"10:G + 2770y G + 297 et L 4 297 Ml L
with the singular metric
217 i () + 297 5 ().
Since 2P7'G — Kx is enough ample, we can apply the Ohsawa-Takegoshi

extension theorem from A to X x X for the line bundle F'. Thus the following
map is surjective:
(2.2) (HO(X, (2" G+ 217 L) @ I(27p)))*
— HY(X,2PG + 21L © T(2%)).

Let {fp—14-1.}Y, be an orthonormal basis of

HY(X, 2P 1@ + 2971 L @ Z(297 1))
with respect to the singular metric h%;_l . h%q_l ce 2!
g€ H(X,2°G + 21L © I(2%p)),

applying the effective version of Ohsawa-Takegoshi extension theorem to the
morphism (2.2), we obtain the existence of constants {c; ;} such that

9(2) = O cijfp-1,4-16(2) 1415 (0)) [ 2=u

0,

?. For any

with

> leijl? < Culgl?

irj
where O] depends only on X and ||g|| is the L?-norm with respect to the
singular metric h%f . h%q e~2'%. By the Cauchy inequality, we have

|9(Z)|;21g.h(z)q <O les O |fp*1,q71,i(z)fp71,qfl,j(Z)|Zg’.hgq)

4,J 4,J
< CillglP (3 fp-ra-1@)gr-1 o)
Thus for g with norm ||g|| = 1Z we have
2_1qlnlg<z)li2g-hgq = 1n201 +—ln Z|fp 1a-14(2) a1 a0-1)
_ InCy b optgei(2).

29
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By the extremal property of Bergman kernel, we obtain finally

Pp-1,4-1 = Ppyg-

The second inequality in (2.1) is obvious by observing that G is very am-
ple. Thanks to the construction of p,,gm, (2.1) implies that @,,—1 < @m.
Therefore ¢, is a quasi-equisingular approximation to ¢ for the current
5=, (L) 4 dd®ep.

We check the two properties listed in the proposition. Property (i) comes
directly from the construction of ¢,,. Since nd(L,y) = n and ¢, is an
quasi-equisingular approximation, the definition of the numerical dimension
implies property (i7).

O

The rest of this section is devoted to prove Proposition 1.1. The strategy
is as follows. Thanks to property (ii) of the approximating sequence {p, },
we can construct a new metric on L with strictly positive curvatures and
the new metric is much singular than ¢ in an asymptotic way. Proposition
1.1 follows by the standard estimate for this new metric. Before giving the
construction of this new metric, we first prove two preparatory propositions.

Proposition 3.3. Let ¢, be the quasi-psh function constructed in Propo-
sition 3.2. Then there exists another quasi-psh function @, such that
~ i 1) ~
sup Spm(x) = 0’ 2_6357”([’) > ~-w and Pm = Pm,
zeX a 2

where 0 s a strictly positive number independent of m.

Proof. Let m: X,,, — X be a log resolution of ¢,,. We can hence assume
that

i

27
where [E] is a normal crossing divisor. Keeping the notations in Proposition
3.2, we can suppose A to be a Q-ample line bundle such that ¢;(4) = w,
and e to be a positive rational number in property (ii) of Proposition 3.2,
ie.

Oppor(77(L)) = [E] + C,

2

Thanks to Proposition 3.2,
i

o
is a Q-nef class for m large enough. We can thus choose a Q-nef line bundle
F,, on X, such that

/ (Lm0, (L) + ) > C.
X

O o (T (L)) + €m*W)ac

7

c1(Fn) = (%@wmoﬂ(w*(L)) + em* W) ac.
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Thanks to property (i) of Proposition 3.2 and the cohomological fact that
F=1. * A are uniformly bounded for all m, we can thus choose a constant
6 > 0 independent of € and m, such that

(3.1) F' > ndF" 1. 1 A,
Using the holomorphic Morse inequality (cf. [Dem] or [Tra]) for the Q-bundle
F,, — 0 -7*(A) on X,,, we have

n
(3.2)  AY(Xpn, kE,, — ko -7*A) > C%(F;}L —ndF" L A) + Ok ).
Combining (3.1) and (3.2), we get that F,, — 07*w is pseudo-effective. In
particular, if we take € < g, the pseudo-effectiveness of F},, — d7*w implies
the existence of a quasi-psh function v, on X,, such that
1
2
Choosing a constant C such that

sup (pm o+ Yy, + Ch)(z) =0,
{L’GXm

0
(3.3) Oppmor (7 (L)) 4+ dd“p, > §7T*w.

(3.3) implies that ¢, om(z) 4+ 1m, () + C} induces a quasi-psh function on X
satisfying all the requirements in the proposition. We denote it by ©,,. O

Remark. The essential point here is the holomorphic Morse inequality. There-
fore 5-©,,,or is Tequired to be rational. By using other techniques, Demailly
and Paun proved in [DP 04] the same results for the case of a real class.

Thanks to Proposition 3.3, we are going to construct a singular metric
on L which is a kind of limit of ¢,,. We first recall the notion of upper
semicontinuous regularization. Let @ C R™ and let (uq)acr be a family of
upper semicontinuous fuctions {2 — [—o00, +00[. Assume that (u,) is locally
uniformly bounded from above. Since the upper envelope

U = SUP Ug,
ael
need not be upper semicontinuous, we consider its upper semicontinuous
regularization:
u*(z) = lim sup u.
e—0 B(z,€)

We denote this upper semicontinuous regularization sup(uq). It is easy to

(6%
proof that if {us }aer are psh fonctions with locally uniformly bounded from
above, then sup(u,) is also a psh function (cf. [Dem] for details).
(6%

We need the following lemma.

Lemma 3.4. Let ¢ be a quasi-psh fonction with normal crossing singulari-
ties and let {1;} be quasi-psh functions such that

sup ¢;(2) <0 and dd“; > —Cw
zeX
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for some uniform constant C independent of i. If ¢ < ; for all i, then

@ < sup(¢;).

Proof. Since ¢ has normal crossing singularities and ¢ is less singular than
i, Y; — @ are quasi-psh functions and

(41) ddc(ﬂ)l — QD) Z —Clw

for some uniform constant C; independent of 7.

On the other hand, since sup ¥;(z) < 0 and ddp; > —Cw for a uniform
zeX
C, by the standard potential theory, there exists a constant M such that

/ P < M for all 1.
X
Therefore

(4.2) /X (Wi — ) < M’

for a uniform constant M’.
(4.1) and (4.2) imply the existence of a uniform constant Co such that

sup (Y (z) — ¢(2)) < Cy for all 1.
zeX
Then ¢ < sup(¢;). The lemma is proved. O

The following metric will be useful in our context. Using the same ter-
mology as above, we have
Proposition 3.5. Let ¢(z) = lim sup((@m+s(z))). Then the new metric
m—0o0 820
@ satisfies:
(5.0) 5-95(L) 2
for any m > 1.

Proof. By Proposition 3.3, we have

0
i@gm(ll) > v for m > 1.

Then 5=05(L) > %w. To check ¢, < @, it is enough to show that
(5.1) ©m < SUD(Prmts)

s>0
by observing ¢ < sup(@m+s). Combining Proposition 3.3 and Proposition

s>0

3.2, we have
(5.2) Om X Pmts I Pmts for any m, s.

Let 7 be a log resolution of ¢,,. Then

(5.3) OmOT =< PmisOT <X Pmts OT.
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Thanks to Lemma 3.4, (5.3) implies that

Pm O T =< SUP(Pmts 0 7).
s>0

By passing to 7., (5.1) is proved. O
Using the new metric ¢, we can give an asymptotic estimate.

Proposition 3.6. Let (L, ) be a pseudo-effective line bundle on a projective
variety X of dimension n with nd(L,¢) = n. Then

OX mL®T
h_mh( ,mL® (Wp))>

n
m—00 m

0.

Proof. Lemma 3.1 implies that for any m € N,
0 0 m - QQk

Let @ be the metric constructed in Proposition 3.5. Then Proposition 3.5
implies that

0 m - 29k 0 m .29
for any k,m. Combining (6.1) and (6.2), we get
m - QQk
(6.3) R(X, mL ® Z(mep)) > h%(X,mL ® Lop—?))-

Since (6.3) is true for all m and k, if we take k such that 2% > m, by
applying 5-05(L) > 0 proved in Proposition 3.5, (6.3) implies that
lim

Jim RO(X,mL ® Z(my)) S

n
m—00 m

0.

4. A NUMERICAL CRITERION

Until now, we have two kind of numerical dimension of pseudo-effective
line bundles: vyum(L, ) in Defintion 1 and more analytically nd(L,¢) in
Definition 4. We prove in this section that vyym (L, ¢) = nd(L, ¢) when X is
projective. Before giving the proof, we first list some properties of multiplier
ideal sheaves which will be useful in our context. The essential tool here is
the Ohsawa-Takegoshi extension theorem.

Lemma 4.1. Let (L,p) be a pseudo-effective line bundle on a projective
variety X of dimension n and let {¢x} be a quasi-equisingular approximation
to . Let s1 be a positive number such that

() Z((1+€)p) =T () for any 0 < € < 51

Assume that A is a very ample line bundle and S is the zero divisor of a
general global section of HY(X, A). We have the following properties:
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(1) The restrictions

(1.1) Z(m(1 +0)pr) = Z(S,m(1 + 6)px |s)

(1.2) Z(m(1+9d)p) = Z(S,m(1+)p|s)

are well defined for allm € N, § > 0, where ¢ |g denotes the restriction of
v on S and Z(S, ¢ |s) is the multiplier ideal sheaf associated to ¢ |g on S.
3 Moreover we have

Z(S,(1+ N |s) = Z(S, (1 + 51)¢ |s) for any 0 < € < s1.
(13) {¢k |s} is also a quasi-equisingular approzimation to ¢ |g.
(13i) If the restrictions are well defined, we have an exact sequence:
0= Z.(¢) @ O(~8) - adis(¢) = To(S, |s) = 0

for any 0 < € < s1, where
;€ f 2 — €
adjs(¢)z = {f € Ox, %e 20499 < oo}
e | 87072
and I, (S, ¢ |s) is multiplier ideal sheaf T, (p|s) on S.
() adj5(v) = Z4(p) for any 0 < € < s7.

Proof. (i) By the Notherian property, except for countably many s € R™,
we have

Z(sp) = Z((s + )¢)
for 6 > 0 small enough. Therefore there exists a countable set I C R* such
that for any t € R™, we can find an « € I such that

(1.3) Z(owp) = Z(tep).
Since [ is a countable set, we can take S to be very general in such a way
that the restrictions

Z(ap) = I(S, vp |s)
are well defined for all @ € I. Then (1.3) implies that (1.1) and (1.2) are

well defined for all m,é > 0.
For the second part of (i), if the restrictions

Z(p) = Z(S,¢ |s)
Z((1 +0)p) = Z(S, (L + 0)¢ |s)

are well defined, then the Ohsawa-Takegoshi extension theorem and (%) im-
ply immediately that

I(S, (L +€)p s) = Z(S, (L + s1) |s)-
(73) Since {¢k} is a quasi-equisingular approximation to ¢, we have

Z(m(1+9)pr) C Z(myp) for any k > ko(0,m).

30 |s is also psh if it is well defined.
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Using (1.1),(1.2) and the Ohsawa-Takegoshi extension theorem, we have
I(S,m(1 +6)py |s) C T(S,mep|s)  for any k > ko(6,m).
Therefore ¢y, | is a quasi-equisingular approximation to ¢ |g.

(73i) First of all, the Ohsawa-Takegoshi extension theorem implies the
surjectivity of the sequence. We need only to prove the exactness of the
middle term, i.e., for any f € O, satisfying the conditions

(1.4) ! €0 and ie_Q(HE)@ < 400
s s P02 ’
we should prove the existence of some € > 0 such that
[P sase
1.5 <)¢
(1.5) s |2 < 400,

where s is a local function defining S. In fact, if f € O, then

|/
(1.6) /UI (s 10 < 400 for any 6 > 0.

If we take ¢ = § in the left side of (1.5), then

(1.7) /U “J;“z 2(1+9)e

| f | 2(14e)py / | fP
< - e €)P) T+e 1+e
_(Ax|8|2(1—5) ) (Ux’S’a)

by Holder’s inequality, where

e 1+¢ 4 10e + €2
2—-2(1— = R = <4
=22 2)1+ )46 5 3¢

Thanks to (1.4) and (1.6), the second line of (1.7) is finite. Thus (1.5) is
proved.

(iv) By the definition of Z (), we have an obvious inclusion

adjs(p) C Zi(p).

In order to prove the equality, it is enough to show that for any f € Z((1+
€)¢)z, we have

2
(1.8) / Le_Q(H‘E)“’dV < +o0,
Uz

s P9

where s is a general global section of H(X, A) independent of the choice of
f and x.

(1.8) comes from the Fubini theorem. In fact, let {so,---,sn} be a basis
of H°(X, A). Then

Z|SZ )2 #0 for any = € X.
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Taking {r9,--- ,7n} € CV*!, we have
2
(1.9) /N dr / ~ /] e 2ty
i;)\n@:l Uz ’ z 8 ’2(1*%)
i=0
2
:/ ‘f’ e—2(1+e)<pdv/ 1 dr
Us | & 1-£ %IT'P:l 3 ; 2(1—%
X Isi@)? [ ST (D )P0
i=0 =0 3 |si(x)]?
1=0
fP —a(14e 1
_ / | | e 2(1+ )‘Pdv N de < +00

3 5 2=
U3 Jsi(a)? 02 3 It o
i=0
For any f € Z((1 + €)yp), fixed, applying the Fubini theorem to (1.9), we
obtain

’ / ’2 —2(14€)p
(1.10) /U WECHE < +00
for a general element s € H(X, A). Observing that Z((1 + ¢)y) is finitely
generated on X, we can thus choose a general section s such that (1.10) is
true for any f € Z((1 + €)¢). The equality adjs(p) = Z4(p) is proved. O

The next proposition confirms that our definition of numerical dimension
coincides with Tsuji’s definition.

Proposition 4.2. If (L, p) is a pseudo-effective on a projective variety X
of dimension n, then

Vnum(La Qp) = Dd(L, 90)

Proof. We first prove vnum(L,¢) > nd(L,¢) by induction on dimension.
If nd(L,p) = n, the inequality comes from Proposition 3.6. Assume now
nd(L,¢) < n. Let A be a general hypersurface given by a very ample line
bundle and let {¢x} be a quasi-equisingular approximation to ¢. Lemma
4.1 implies that ¢k |4 is also a quasi-equisingular approximation to ¢ |4.
Since A is a general section and nd(L, ¢) < n, we have

lim ((%@%)ac)s Aw "1 >0

k—oo J A
where s = nd(L, ¢). Thus Definition 2 implies that
(2.1) nd(A,L,p |4) > s =nd(L, ).

Notice moreover that the definition of vy, implies

(22) Vnum(La QD) > Vnum(A,LaQD |A)

Combining (2.1) and (2.2), the equality vyum(L, ¢) > nd(L, ¢) is concluded
by induction on dimension.



A KAWAMATA-VIEHWEG-NADEL TYPE VANISHING THEOREM 17

We now prove vyum (L, ¢) < nd(L,p). Assume that vyym(L,¢) = k. By
definition, there exists a subvariety V of dimension k such that

— hO L®T
= h(Vim % (myp))
m—o0 m
Let  : X — X be the desingularization of the ideal sheaf of V in X, and
let V' be the strict transform of V.
By the Ohsawa-Takegoshi extension theorem, there exists a very ample

line bundle A on X such that the following restrictions are surjective

(2.3) H' (X, A+mr* (L)@ Z(mpon)) — H(V,A+mr*(L) @ I(mpor))
for all m > 0. Fix a smooth metric hg on L and let {e; ,, } be an orthonormal
basis of HY(X, A+ mn*(L) ® Z(mep o 7)) with respect to ha - hte™ ™™, It
is well known that we can take a smooth function ¢ 4 independent of m on
X such that

> 0.

1 LAY 2 *
—i00 (¢ +an l€imlf ) > —Cwx.

7

Then (¢ + In}- |eivm|%A,h6”) induces a quasi-psh fucntion on X and we

1
denote it by ¢,,,. We claim that
. i 1 k n—k
(2.4) n{gnoo X(%GWM(L) + Ew)ac A w > 0.
We postpone the proof of (2.4) in Lemma 4.3 and conclude first the proof
of Proposition 4.2. By Lemma 3.1, {¢,, o7} is a quasi-equisingular approx-

imation to ¢ ow. Thanks to the formula
m(Kg 7 T(9)) = T(9),

{¢¥m} is a quasi-equisingular approximation to . Therefore (2.3) implies
nd(L, ¢) k. Since vpum(L,¢) = k by assumption, we conclude that

>
nd(L, ®) > vpum(L, ¢). The proposition is proved. O

Remark. From the proof, it is easy to conclude that if S1,S55,...,5, are
divisors of general global sections of a very ample line bundle, then

(%) nd(S1NSaN---N Sk, L, ) = max(nd(L, p),n — k).

In fact, if nd(L, ¢) < n —k, by the same argument as above, ¢y, |s,05,..n5,
is also a quasi-equisingular approximation to ¢ |s,ns,n.-ns,- Then (x) is
proved by simple calculation.

We now prove Lemma 4.3 promised in the above proposition.

Lemma 4.3. We have

) 1
(3.1) lim [ (=0, (L) + —w)k, Aw"™* > 0.
m

m—oo [y 21

4we can take a smooth metric on the exceptional divisor O(—E), and the canonical

section gives this function. See [Bou] for details.
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Proof. Let {e; ,,} be an orthonormal basis of HO(V, A+mr*(L)®T(myor))
with respect to hu - h'e™™%°" and let ¢}, = L () +In)" |e;~7m|%m h6”) which
i bl
is a psh function on V.. We prove (3.1) in two steps.
Step 1: We first prove that

? ?

] 1 1
- L _ k? n—k > / - or L _ kf — / _ ’ L -
A(QWGWm( )+mw)ac/\w > Ch ‘7(27{.@%0m ( )+mw)ac Ci ‘7(27T®‘Pm( )+mw)

for some constant C7 > 0. Noting that we abuse a little bit the notation
here. We denote L also for the pull back of L on X.

In fact, there exis‘ps a Cy such that [V] < C1w"™ % in the sense of coho-
mology class, and (520, (L) + Lw)ac is the push forward of a nef class.
Therefore

/(ie (L)+1)k/\"_k>(3’/ (L0, (L) + Lw)t
—w w — —W) e
¥ Pm m’ac = V1 V\Viing 21 $m —r

2
Since V is the strict transformation of V', we have
i 1 i

—9 L — k == _@ o L - " .

[ G0+ mrithe = [ (-Opmen(D) + il
We obtain thus the first inequality. N
We now prove the second equality. Since 1 is a smooth function on X,
we have (ddy)ac = ddp. Therefore (ddi)),. has no contribution for the
integral on V' by a cohomological reason. We can thus suppose for simplicity

that
i

i 1 9
5O (L) = 5O, (L) + —dd° mZi: |€i,mli

and
i i 1 )
591, (L) = 5O (L) + —dd’ 1n§i: i

Thanks to the surjectivity of (2.3) in Proposition 4.2 and the extremal prop-
erty of Bergman kernels,

7
2 |e;7m|%m,h6”
(2
is thus a smooth function and does not vanish on V. Therefore (52040 )ac(L) I

and (%@@n)ac(lz)

proved.

|‘~/ are in the same cohomology class. The equality is

Step 2: We prove in this step the existence of a uniform constant C' > 0
such that

ac

/ (L@%L(L))k >C for m > 1.
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For any m fixed, since ¢/ is less singular than ¢, we have
(3.2) RV, A+ sLeL(sp)) <h'(V,A+sL®I(sg,)).
Notice that by the bigness of (V, L, ¢) we have

— KOV, A+ sL®Z(sp))

lim -
$—00 S

> Cy
for some constant Cyp > 0. Then (3.2) implies
(3.3) WV, A+sL®ZI(sg,)) > h(V,A+sL®I(sp)) > Cos*

for a sequence s — oo.
On the other hand, since ¢/, has analytic singularities, we have
~ i
(34) ROV, A+ 5L I(sgl)) = Crs* /ﬁ(%@%){; +O(s)
for m > 1. Combining (3.3) and (3.4), we get

7 CO
—O, (L) > >0 1.
/‘7(271' @m( ))ac— Cl or m >
Step 2 is proved.

Combining Steps 1 and 2, the lemma is proved. O

We now give a numerical criterion to calculate the numerical dimension.

Proposition 4.4. Let (L, ) be a pseudo-effective line bundle on a projectvie
variety X, and let A be a very ample line bundle. Then nd(L, ) = d if and

only if
ln( im hO(X,meAJTrnZLL(@I(map)))
m— o0 —n — d.

lim
e—0 Ine

Proof. First of all, the inclusion
H(X,meA +mL®Z(myp)) D H(X,meA +mL @ I (my))

D> HY (X, meA +mLZI((m+1)p)),

implies that h°(X, meA+mL®Z,(my)) has the same asymptotic comport-
ment as h®(X, meA + mL ® T(myp)). Since we have constructed the exact
sequence for Z; in Lemma 4.1, we prefer to calculate h%(X, meA + mL ®
Z.(mep)) in the following argument.

If nd(L,») = n, the proposition comes directly from Proposition 4.2.
Assume now that nd(L,¢) = d < n. Let {Y;}!"; be n general sections of
H°(X, A). By the remark of Proposition 4.2, there exists a uniform constant
C > 0 such that for all m, e,

(4.1) (YN NY,_q,meA+mL ® L, (mg)) = C(e, m)m.
and C(e,m) > C. We prove by induction on s that
1

mnfs

(4.2) RO(Yi NN Y5, meA +mL @Iy (my))
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1 1
— C(E, m)en—s—d ' + O(En—s—d-i-l) + O(E)

(n—d—s)
for 0 < s < n —d, where the constant C(e, m) is the same constant in (4.1),
in particular it does not depend on the codimension s.

If s=n—d, (4.2) comes from the definition of C'(e, m). We suppose that
(4.2) is true for sp < s < n —d. We now prove that (4.2) is also true for
s=sg— 1.

Let Y be the intersection of zero divisors of sy — 1 general elements of

HO(X, A), and let

43 Eem = (
We claim the formula:

(4.4) !

mnfsoJrl

- R e m) + O,
q>1

me

¢ >h0(YﬂY1ﬂ---ﬂYq,meA®mL®I+(mg0)).

RO(Y, meA + mL ® T, (myp))

We postpone the proof of (4.4) in Lemma 4.5 and conclude first the proof
of the formula (4.2). First of all, if ¢ > n —d — sp + 1, we have by definition
. 1 0 —d—
(4.5) W}gnoo Weva(e) = O(e) < O(m050+2),
Thus (4.4) and the induction hypothesis of (4.2) implies that

1
n—d—so+1

_ . Gn_d_80+10(6,m) n—d—so i
=—( Z (-1) q!(n—q—80+1—d)!)+0(6 d +2)+O(m)

q=1
n—d—so+1

_ J€ T C(em) (n—so+1—d ned—so
= —( Z (—1) (n_80+1_d)!< Oq >)—|—O(e d=s0t2) 1 O

q=1

en—d=s0t1C (e, m) ndzsotl n—sp+1—d n—d—so+2
S (n—80+1—d)!( > (_1)q< . >)+O(e o) +0(
=

1
(n—d—sg+1)!
Therefore (4.2) is proved for s = so — 1.

In particular, since (4.1) implies that

= C(e,m)e" -0t +O(eT0t?) 0(%).

— 1
lim im —A%(Y1 N - NY,_g, meA +mL ® I (mep)) >0,

e—0m—o0 md

by taking s = 0 in (4.2), we obtain

lim lim RO (X, meA +mL @ T, (my)) > 0.

e—0m—o00 m"e"—d

)

-
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The proposition is proved. U
We now prove the formula (4.4) promised in the above proposition.

Lemma 4.5. We have

1 1
W}LO(Y, meA + mL ® Z+(m<p)) = W O 0(6, m)
1 0
- _mn_SO"'l (Z(_l)qelﬂ(e? m)) + O(E)
q=>1

Proof. Thanks to (i), (iv) of Lemma 4.1 and the section 4 of [K], Oy (mL®
Z.(my)) is resolved by

(¥) Oy(meA+mL ®Zi(mp)) = Bi<i<meOyny; (meA +mL @ I, (myp))

— ®1<ir<io<meOyny;, ny;, (MeA +mL @ I (mep))
% P
Then

(5.1) H*(Y,mL ® I (mg)) = H"(e,m)

where H¥ (¢, m) represents the hypercohomology of ().
We now calculate the asymptotic behaviour of on the both sides of (5.1).
The Nadel vanishing theorem implies that

1
(5.2) lim ————h*(Y,mL ® T, (myp)) =0 for any k> 1.

m—o0 1 —s0+1
Moreover, since we assume that nd(L,h) = d < dimY, we have

(5.3) lim ——BO(Y, mL ® T, (my)) = 0.

m—oo mM—so0+1

By calculating the asymptotic cohomology on both sides of (5.1), the equa-
tions (5.2) and (5.3) imply in particular that

k k
(5.4) lim ———g Z h"( =0,

m—o0 M50

where h¥(e,m) denotes the dimension of HF (e, m).

For the right side of (5.1), we have
1 me
lim ——— PPY NnYin---NY,, meA®mL I (myp)) =0
q

m—oo mn—s0+1

for every p > 1 by Nadel vanishing theorem. If p = 0, then
me\ g 0,q
< >h Y nYin---NY,meA@mL @I (mp)) =e;?(e,m)
q
by definition. Thus (5.4) implies that

1 0
n%gnoo W(Z(—l)qel’q(e,m)) =0 for any € > 0.
920
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Then
1 0 1 0,0
W}L (Y, meA + mL®Z+(m<p)) = Wel (e,m)
1 0 1
= e O (D e m) +O().
q>1

O

Remark. Let L be a pseudo-effective line bundle on a compact Kéhler man-
ifold. S.Boucksom defined in [Bou] a concept of numerical dimension nd(L)
of pseudo-effective line bundles without metrics. Let pnin be a positive
metric of L with minimal singularity. Proposition 4.4 implies in particular
that
nd(L) > nd(L, pmin)-
The example 1.7 in [DPS 94] tells us that we cannot hope the equality
nd(L) = nd(L, ¢min)-

In that example, the line bundle L is nef and nd(L) = 1. But there exists a
unique positive singular metric A on L with the curvature form

—en(1) =[C),

where C' is a curve on X. Therefore ¢, = h. Moreover, since h has
analytic singularities, we have nd(L, ¢pin) = 0 by definition. Thus

nd(L) > nd(L, ¢min)-

Remark. The example 3.6 in [Tsu] tells us that we cannot hope the following
equality:

— Inh%(X, A+ mL®Z(myp))

sup lim

A M—0o0 Inm

where A runs over all the amples bundles on X. In fact, H.Tsuji defined a

closed positive (1,1)-current T on P

=nd(L, ¢),

+o0 3471 1
) SETY

i=1 j=1
where {P; ;} are distinct points on P'. There exists thus a singular metric ¢
on L = O(1) with 5=0,(L) =T It is easy to construct a quasi-equisingular
approximation {pg} to ¢ such that

i EE
ESMED 9 R VIR

i=1 j=1

Then nd(L, ¢) = 0.
On the other hand, thanks to the construction of ¢, we have

— RO(PY, O(s + m) ® Z(my)) (PL,O(s +4F —1) @ T((4* — 1)p))

N AU
lim = lim
m—oo m k—oo 4k -1
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for every s > 1. By construction,
I((4k - 1)90)96 =0,

fqr x & {P}i<k—1, and Z((4F — 1)) has multiplicity {41“4?” =41 _1on
31 points {P; 1, ..., P, 3i-1}. Therefore

k—1
WP, O(s + 45 — 1) @ (4 — 1)p)) = s +4F = > 3771 (4= — 1)
i=1
_ 9okt
= 23 +s 5
Then
— Inh(PL, A+ O(m)®Z(my)) In3
sup lim =,
A Mo Inm In4
Therefore

nd(Lyg) # sup T SOEL A+ Olm) @ Z(me))

A M—00 ln m

5. A KAWAMATA-VIEHWEG-NADEL VANISHING THEOREM

In this section, we will prove that given a pseudo-effective line bundle
(L, ) on a compact Kéhler manifold X of dimension n, then

HP(X,Kx @ LRI (p))=0  for p>n—nd(L,p)+ 1.

The main advantage of this version of the Kawamata-Viehweg-Nadel van-
ishing theorem is that we do not need any strict positivity of the line bundle.
In our case, we just suppose that X is a compact Ké&hler manifold and ¢ is
a quasi-psh function such that ﬁ@w(L) > 0. But as a compensation, we
need the multiplier ideal sheaf Z, (¢) instead of Z(¢y).

When X is projective, the proof of our vanishing theorem is much easier.
We first give a quick proof of this vanishing theorem in the projective case
by the tools developed in the previous sections. First of all, we prove the
vanishing theorem in the case nd(L, ¢) = dim X.

Proposition 5.1. Let (L,¢) a pseudo-effective line bundle on a smooth
projective variety of dimension n with nd(L, @) = n. Then

HY(X,Kx +L®I(p)) =0 for any i > 0.

Proof. Fix a smooth metric hy on L. (L, ) is pseudo-effective means that
i

Pl

Since %@w(L) is not strictly positive, we need to add a portion of the metric

@ constructed in Proposition 3.5 to make the new curvature become strictly

positive. We will see that this operation preserves Z, (o).
First of all, by the definition of Z,, there is a § > 0 such that

Zi(p) =Z((1 4 6)p).

)
O,4(L) = 5=,y (L) + ddp > 0.
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Let © be the psh function constructed in Propositon 3.5. For any € > 0, we

define a new metric B
hoe~(1o()—)p—cp

on L where 0 < o(e) < e. Since dd°¢ > —cw for some constant ¢, ® the
condition o(€) < € implies that

i i i .
%@(lJrU(e)fe)threfﬁ(L) = (1+U(€)—6)%@«:@)4’6%@&@)4‘0(6”‘1 v > 0.

Applying the standard Nadel vanishing theorem on
(X, LI(1 + 0(e) — ) + 7))
we get
(1.1) H (X, Kx +LRI((1+0(e) —e)p+€@)) =0  for i > 0.
On the other hand, it it not hard to prove that
(1.2) Zi (o) =Z(1 4+ 0(e) — €)p + €p) for e < 1.
We postpone the proof of (1.2) in Lemma 5.2 and conclude first the proof
of Proposition 5.1. Taking € small enough, (1.1) and (1.2) imply the propo-
sition. U
Lemma 5.2. If € is small enough, then
Zi(p) =Z((1 + o(e) — )¢ + €p).

Proof. By Proposition 3.5, we have ., < ©. Therefore

(1+0(e) = €)om + eom < (L+0(€) — €)p + €0,
which implies that

(2.1) Z(14+0(e) —e)p+€p) CZ((1+ o(€))pm)-
Notice moreover that Lemma 3.1 implies that
(2.2) Z((L+ o(€))em) C Ly ()

for m large enough with respect to o(€). Combining (2.1) and (2.2), we
obtain
Z((1+o(e) — €)p + €5) C Iy ().
For the other side inclusion, we take f € Z,(p)., i.e., f satisfies

(2.3) / | f P e 20499 < 400,
Uz

We need to prove that

feZ((l+a(e) —€)p + €p)e.
Since ¢ is a quasi-psh function, by taking e small enough, we have

(2.4) / e 25% < fo0.

5In our context, ¢ is a function on X, then £0,(L) = 5=, (L)+dd°p > 0. Therefore
dd°p > —cw.
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Therefore (2.3) and (2.4) imply that
/ ‘ f ‘2 672(14’0'(6)76)4,0726(5

x

S/ ’f’2 e2(1+5)<p/ 672§6<+OO
Uz Uz

by Holder’s inequality. Then f € Z((1 + o(e) — €)p + €p), and we obtain
Zi(p) CZ(1+0(e) —€)p + €) for e < 1.

The lemma is proved.

O

Using Proposition 5.1, we now prove a Kawamata-Viehweg-Nadel type
vanishing theorem by induction on dimension.

Proposition 5.3. Let (L, p) be a pseudo-effective line bundle on a projective
variety X of dimension n. Then

HY(X,Kx +L®ZI()) =0  for p>n—nd(L,¢)+ 1.

Proof. If nd(L, ¢) = n, the proposition has already been proved in Proposi-
tion 5.1.

Assume now that nd(L,¢) < n. Let A be a sufficient ample line bundle
large enough with respect to L, and let S be the zero divisor of a general
section of HY(X, A). Let € > 0 be small enough such that the condition of
(iv) of Lemma 4.1 is satisfied (by Lemma 4.1, such kind of € is independent
of A! ) . Then we have an exact sequence:

(B1) 05T (p) ©O(—8) - adis(e) — T4 (S, ) > 0.
By (iv) of Lemma 4.1, we have
adj§ (i) = I ().
Then (3.1) induces the following exact sequence:
HI(S, Ks+LET4 (¢ls)) = HL(X, Kx+LOTs (¢) = HI (X, Kx+A+LET4 (),
for every g. Taking A to be sufficient ample, we have
H"™Y X Kx + A+ LT, (¢)) =0
by Nadel vanishing theorem. Thus the above exact sequence implies that
HY(S, Ks + L& Ty (¢ls) = H™ (X, Kx + L& T(¢))

is surjective. The proposition is proved by induction on dimension.

Remark. We can also prove that
H(X,Kx + A+ L®adj5(p)) =0  for i >0,

which gives another proof of this theorem.
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The main goal of this section is to prove our vanishing theorem in the
Kéhler case. For this, we combine the methods developed in [Mou] and
[DP]. First of all, we prove that Z, is essentially with analytic singularities.
More precisely,

Lemma 5.4. Let (L,p) be a pseudo-effective line bundle on a compact
kdahler manifold X. Then there exists a quasi-equisingular approrimation

{eK} of ¢ such that

(4.1) IO+ Do) =Tulp)  fork> 1

Proof. By [DPS 01], there exists a quasi-equisingular approximation {py}
of ¢. The comparison of integrals techniques discussed in [DPS 01] implies
that we can choose a subsequence {¢y )} such that

(11) (1 + D)) C Telo)

In fact, if X is projective, we take s = 1 + € and a subsequence {f(k)}2,
for f(k) > k in Lemma 3.1. Using Lemma 3.1, we get the inclusion (4.1).
If X is just a compact Kéhler manifold, we can get the same inclusion for
some Stein neighborhood. Using the glueing techniques, we obtain also the
inclusion (4.1). (see [DPS 01] for details)

On the other hand, since gy, is less singular than ¢, the definition of Z ()
implies that

2
Z((1+ %)@f(lc)) DZ(p) for k> 1.

The lemma is thus proved.

O

The following lemma will be important in the proof of our Kawamata-
Viehweg-Nadel vanishing theorem. The advantage of the lemma is that to
prove the convergence in higher degree cohomology with multiplier ideal
sheaves, we just need to check the convergence for some smooth metric.

We first fix some notations. Let (L, ) be a pseudo-effective line bundle
on a compact Kahler manifold X and let & = {U, }ner be a Stein covering
of X. We denote Usgay.ay = Uay N -+ NUq, and CUU, Kx & L ® L1 (p))
the Cech g-cochain associated to Kx ® L @ Z,(¢). For an element ¢ €
ClU,Kx ® L®TI,(p)), we denote its component on Ungay-..ay DY Capar-aq-
Let

5y O UL T () — CPU T4 (9))
be the Ceech operator, and ZP(U, T, (¢)) = Ker d,41.
Lemma 5.5. Let L be a line bundle on a compact Kdhler manifold X and

¢ a singular metric on L. Let {Uy}acr be a Stein covering of X. Let u be
an element in HP(X, Kx + L®Z,(p)). If there exists a sequence {vy}32, C
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CP(U,Kx @ LRZ,(p)) in the same cohomology class as u satisfying the key
L? convergent condition:

(5.1) lim |vk?7040---a’p|2 — 0,

k=00 JUayg...ap

where the L? norm |v|? in (5.1) is taken for some fived smooth metric on L,
then u =0 in HP(X,Kx + LRI, (p)).

Proof. On the p-cochain space CP(U,Z,(p)), we first define a familly of
natural semi-norms: for f € CP(U,Z;(y)), we define a family of semi-norms:

{/V |f|?w™| any open set V & Ung...cp }-

We claim that CP(U,Z,(y)) is a Fréchet space with respect to the family of
semi-norms as above.

Proof of the claim: We need to prove that if f; € Z,(¢) and f; — fo
in the family of the above semi-norms, then fy € Z,(¢). First of all, by
the definition of the semi-norms, fj is holomorphic. By Lemma 5.4 we can
choose a quasi-psh function ¢ with analytic singularities such that

Z(¥) = L (#)-
Let 7 : X;, — X be a log resolution of ¢). Then the current E = |dd(¢o)]
has normal crossing singularities. Since f; € Z; (¢) = Z(v)), we have
) (fiom)-J € O(~E),

where J is the Jacobian of 7. Since f; om™ — fy o m in the sense of weak
convergence and F has normal crossing singularities, (5.2) implies that

(foom)-J e O(-E).
Therefore fo € T4 (). The claim is proved.

As a consequence, the Cech operator 0p is continuous and its kernel
ZP~Y U, T, (p)) is also a Fréchet space. Therefore we have a refined contin-
uous morphism between the following two Fréchet spaces:

Gy : CP"H U, T () — ZP(U, L4 (¢))-

Since the cokernel of 4, is HP(X, (Kx + L) ® Z,(p)) which is of finite di-
mension, by the standard Fredholm theory, the image of ¢, is closed. Thus
the quotient morphism

ZPU, I, (p))

. ZPU,T.
is continuous. By observing %{ig“’)) = HP(X,Kx + L®Z(p)), (5.3)

implies that
(5.4) ZPU, I (p)) = HP (X, Kx + LR T ())

is continuous.
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Thanks to the claim, the condition (5.1) implies that {v;}2°, tends to 0
in the Fréchet space ZP(U,Z,(¢)). Therefore their images in HP(X, Kx ®
L®Z,(p)) tend to 0 by the continuity of (5.4). Since by construction their

images are in the same class [u], we conclude v = 0in HP(X, Kx@LRZL(p)).
(]

Remark. The essential point here is that for the quasi-psh function ¢ without
analytic singularities, we should consider Z, (¢) instead of Z(¢). We do not
know whether this lemma is also true for Z(¢y).

We prove Theorem 1.3 in the rest of this section. Since ¢ has not neces-
sarily analytic singularities, this makes troubles when we use L? estimates.
Therefore we replace ¢ by a quasi-equisingular approximation. Thanks to
Lemma 5.4, we can keep Z () by the metrics (1 + 2)¢p;, with analytic sin-
gularities. We should also use a Monge-Ampeére equation to construct other
metrics P, of which we can control the eigenvalues. Therefore we can use L?
estimates for every . By some delicate analysis, we can prove the theorem.
This idea comes from [DP] and [Mou]. We will construct the key metrics
P in Lemma 5.6 and prove some important properties of @ in Lemma 5.7
and 5.8. We prove finally the vanishing theorem in Proposition 5.9.

Lemma 5.6. Let (L,p) be a pseudo-effective line bundle on a compact
kahler manifold (X,w) and let p > n —nd(L,¢) + 1. Then there exists a
sequence of new metrics {Qy}72, with analytic singularities on L satisfying
the following properties:

() T(@x) = T+ () for all k. |

(i) Let Aip < dop < --- < Ay be the eigenvalues of 5-Og, (L) with
respect to the base metric w. Then there exist two sequences T — 0, €, — 0
such that

1 C
€ > T + Z and AMg(z) > —ep — " Tk

for all x € X and k, where C is a constant independent of k.
(i7i) We can choose >0 and 0 < a < 1 independent of k such that for
every k, there exists an open subset U of X satisfying

vol(Uy) < eg and Ap +2¢; > € on X\ Uy.

Proof. Recall that we first fix a smooth metric hg on L. Then given a new
metric ¢ as a form of function, we just means that the hermitian metric
form on L is hge™%.

By definition, there exists a s1 > 0 such that

(%) Zi(p) = Z((1 + s1))-
Let ¢ be the quasi-equisingular approximation of ¢ in Lemma 5.4. Then

there is a positive sequence 7, — 0 such that

61) 0u,(0) > —mw  and I+ g = Ti(9)
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for every k. We can also choose a positive sequence e, — 0 such that
€ > Tk + %

We begin to construct new metrics by solving a Monge-Ampére equation.
Let 7 : Xj;; — X be a log resolution of ¢j. Then dd®(py o ) is of the form
[Ex] + C*° where [E%] is a normal crossing Q-divisor. Let Zy = m.(Ey). By
[Bou], there exists a smooth metric hy on [Ej], such that for all § > 0 small
enough,

N i
™ (w) + 5%@hk(—Ek)

is a Kahler form on X. Therefore, fixing a positive sequence d — 0, we
can solve a Monge-Ampere equation on Xj:

i N i
(6'2) ((%ﬂ-*@@k (L))ac + e w + 5k%@hk(_Ek) + ddc?/)k,evék)n

= Ok, b,¢) - 4w+ 5k%@hk(—Ek))n
with the condition

SUp (@k O T + Yg,e.5, + Ok In | Eglp, )(2) = 0

z€Xy,
where d = nd(L, ¢). Thanks to the definition of the numerical dimension,
there exists a uniform constant C' > 0 such that C'(k, d,e) > C. By observing
moreover that

R i

100 In ’Ek‘hk = [Ek] + %@hk(—Ek),
the equation (6.2) implies

]

(6.3) %Q‘Pk+wk,e,6k+5k In[Eg|n, (7"L) = —€pw.

We define now a new metric on (X, 7*L) by (i.e. hge %% as a metric
form ! )

N 2
(6.4) = (1+ i s)pr o+ s(ppom+ Y5+ 0In|Eglp,)

where s is a constant sufficient small with respect to s;. s will be made
precise in Lemma 5.7. Then
(6.5)

i i . i 2
%@S’Q\k (W*L) = (1_5)%6@1@(7{- L)+S%®§0k+wk,e,6k+5k ln|Ek‘hk (W*L)_{_Eddc@k

(6.3) gives the estimate for the second term of the right hand side of (6.5).
For the last term of the right hand side of (6.5), since ¢y, is a function on X
satisfying

i i

04, (L) = 5-On,(L) + dd°py. > e,

we have
dd“pr > —Cuw
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for some uniform constant C'. Then

(6.6) %9@9 (7*L) > —€pw — Tpw — %w.
Thus @), induces a quasi-psh function on X by extending it from X \ Zj to
the whole X. It is the metric that we want to construct. We denote it also
¢k for simplicity. We will prove properties (i) to (¢i¢) in Lemma 5.7 and
Lemma 5.8. U

Lemma 5.7. If we take s in (6.4) small enough with respect to s1 in (x) of
Lemma 5.6, then

—~ _1
[ 1 < Qe [ (s 20000) 75
U U

Jor all U in X and k > 1, where C|y|, . 15 a constant depending only on
|floee (in particular, it is independent of the open subset U and k). As a
consequence, we have

I(By) = Ii(p)  for any k.

Proof. Thanks to (6.3) in Lemma 5.6, we can extend @y + vy, ¢ 5, +0 In | Eg|p,
to the whole X, satisfying the same inequality. Then the condition

sup (@i + Y,e,s + 0 In | Eglp, )(x) =0
rxeX

and (6.3) in Lemma 5.6 imply the existence of a > 0 such that

/ e~ 20(Pr+Vk,e,5+0k In | Eilny, )
X

is uniformly bounded for all k.
By Holder’s inequality and the construction (6.4) in Lemma 5.6, we have

(7.1) / e 2Pk <

2(1+ )
/|f|2 —2(1+s1) ‘Pk 1+sl /|f e = (¢k+wk65k+5k1n|Ek\hk))1i—lsl

for £ > 1, where U is any open subset of X. If we take s > 0 satisfying
8(1%181) < a, then the uniform boundness of fX e 20(Prt ke 60k In [ By, )
implies that

(79) / |f|2 25(1+s1)(¢k+¢k65k+5k In|Ey|n, ) <C-|f|pe
for any U C X and k> 1. Combining (7.1) and (7.2), we have
5 1

1
< Clf| oo (/U |f|Pem2(Fs0e) s,

for some constant C||, ., independent of the open subset U and k> 1.
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We now prove the equality Z(p) = Z4 (). The inclusion Z(py) D Zi(p)
comes directly from (7.3). By the construction, @y is more singular than
(14 2)py. Then equality (6.1) in Lemma 5.6 implies that Z($y) C T (i).
The lemma is thus proved.

O

The following lemma was essentially proved in [Moul].

Lemma 5.8. The new metrics {Q}72, satisfy properties (i) and (iii) in
Lemma 5.6.

Proof. Let M\ (z) < Aa(z) < --- < A\u(2) be the eigenvalues of the new metric
(X, L, pr) with respect to the base metric w for simplicity, ( i.e. \; here is
equal to \; ; in Lemma 5.6, since the proof is for fixed k, the simplification
here will not lead misunderstanding.) By (6.6) in Lemma 5.6, we have

Xi(z) > —er — % — Tk

Let /)\\Z = \; + 2¢;. Since s is a fixed positive constant, the Monge-Ampere
equation (6.2) implies that

(8.1) [1h) > Ccls)ep
=1

where C'(s) > 0 does not depend on k. Since p > n — d, we can take a such
that 0 < a<land n—d < ap.
Let

Up={z € X | M(2) <]}
Since €, > 7), + 1, we have /)\\Z(z) = Xi(2) + 2¢; > 0 for any z and . Thus

the cohomological condition

/(X1+X2+---+Xn)w"<M
X

implies that

(8.2) / A1+ Az 4+ Ap)w™ < M.
Uy
Observe that (8.1) and the definition of Uy imply that
=N 6nfal
H Ni(2) > C(s) Lo for z € Uy.
p+1<i<n €k
Then
=R 6n—cl e

(8.3) Y Ne)=C(Em) for z €T

p+1<i<n
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by the inequality of arithmetic and geometric means. Applying (8.3) to
(8.2), we have

6nfal 1
(8.4) / (L) mrw™ < M.
U

€k
Since n — d < ap, (8.4) implies the existence of 5 > 0 such that
vol(Uy) < €f.
The lemma is proved. (]
We now prove the final conclusion.

Proposition 5.9. Let (L, ) be a pseudo-effective line bundle on a compact
kahler manifold (X,w). Then

HY(X,Kx ® L®Zi(¢)) =0  for p>n—nd(L,¢p)+ 1.

Remark. One of the reason to use Z () instead of Z(y) is that it does not
seem to be easy to prove that

HP(X,Kx ® L®&Z(p)) =0 for p>1
even when X is projective and nd(L, ¢) = dim X.

Proof. We prove it in two steps.

Steps 1: L? Estimates

Let {@r}72, be the metrics constructed in Lemma 5.6, and let [u] be
any element in HP(X,Kx ® L ® Z,(¢)). Let f be a smooth (n,p)-form
representing [u]. Then

/ |f|2672(1+31)<,0<+oo,
X

for the constant s; in (%) of Lemma 5.6. Lemma 5.7 implies that

01) [ 15Pee <o [ [Pttt @
U U

for any open subset U of X and k > 1, where C' is a constant independent
of U and k (but certainly depends on |f|r=). We now use the L? method
in [DP] to get a key estimate: we can write

(9.2) f= guk + vk

with the following estimate

(9.3)
/m%%w—ijm%%%/A P,
X 2per Jx X Mg+ Aokt Ak

for Xivk‘ = A\ + 2€;. This comes from the Bochner inequality:

1Bull2, + 3" ul2, > /X ik Rap o s — Cep)luf2, dV

— 7
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where Zj is the singular locus of ¢ in X. (see [DP] or the appendix for
details)

Using (9.3), we claim that
(9.4) lim / | 2e™ 2P — 0.
k—o0

Proof of the claim: Properties (i7), (zm in Lemma 5.6 and (9.3) imply that

[ e+ o [ e
X
Cl 2 —20 1 2 —20
S _f e ‘Pk_|_/ f e 4{%.
L%” [ G
Then

(95) / |UI¢|2€_2@c < C36]1€a/ |f|2€_2¢k + 0y |f|26_2$k,
X X

Uy

Since vol(U) — 0 by property (iii) of Lemma 5.6, (9.1) implies that the
second term of the right hand side of (9.5) tends to 0. Reminding that
0<a<1lande — 0ask — oo, (9.1) implies thus that the first term of
the right hand side of (9.5) also tends to 0. The claim is proved.

Step 2: Final step

We use Lemma 5.5 to obtain the final conclusion. Let U = {U,}acr be
a Stein covering of X. Thanks to (9.4), we get a p-cycle representative of
each v, by solving O-equations, i.e., v; can be writen as

V= {vk,ao---c‘ép} S C”(Z/{,KX ®L ®I(g/5k))

satisfying the L? conditions:

(9.6) / Uk g |27 < C / [ |2~ 2P
U, X

where C' does not depend on k. (9.6) and property (i) in Lemma 5.6 imply
that {v,}p2, are all in CP(U, Kx ® L ® Z4(p)).
Since g <0, (9.4) and (9.6) imply that

(9.7) lim |V .1, | = O
k=00 Jus, iy

By (9.2), {vx}2, are in the same cohomology of u. Using Lemma 5.5, (9.7)
implies that [u] = 0. Since we choose [u] as any element in HP(X, Kx ® L ®

Z.(p)), the proposition is proved.
O

6. APPENDIX

For the convenience of reader, we give the proof of estimate (9.3) in Propo-
sition 5.9, but the proof is just extracted from [DP].
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Proposition 6.1. Let (X,w) be a compact Kahler manifold and let (L, hge™%)
be a line bundle on X where hy is a smooth metric on L and the quasi-psh

function ¢ has analytic singularities and smooth outside a subvariety Z.

Assume that

]
— >
271_@LKJ(L) > —ew

on X\ Z, and f is a smooth L-valued (n,p)-form satisfying

/ |f|2e™2¢dV < oo.
X

Let A1 < Ao < ... < A\, be the eigenvalues of %GW(L) and /)\\Z =\ +2c>e
Then there exist u and v such that f = Qu+v and with the following estimate
1

1
/|u|26—280dv+—/ |v|26—2¢dvg/ SO ~|f|?e"%aV.
X 2pe Jx XA+t + A

Proof. Let wy be a complete Kéhler metric on X \ Z and ws = w + dw; for
some § > 0. We now do the standard L? estimate on (X \ Z,ws, L, ).

If s is a L-valued (n,p) form in C°(X \ Z), then the Bochner inequality
implies that:

(1) \@ﬂ§+ﬁfﬂ§zfgzﬁr+%+~~+xp—%dbﬁf”w?

where ||s[|? = [y |s|?e"2?w}. Notice that there is an abuse of notion here.
We calculate the norm |u|? by the metric (or the volum form) in the equa-
tions. For example, if the volum form is w}, then we calculate the norm of
u by the metrics ws and hyg.

Since f is a (n,p)-form, the condition [y |f|?e”*?w™ < 400 implies that

feLl*(X\ZL,p,ws) for 6 > 0.

We write every form s in the domain of the L? extension of 9" as s = 51+ 59
with

s1 € Kerd  and so € (Kerd): C Kerd'.
Since f € Ker d, by (1) we obtain

s 8) s = [(Fr sl

1 o~ N
< / =~ = = |f|2€_2wd‘/;5/ M+X+-+ )\p)|51|2€_2“"dV5
X\Z)\1+)\2+"'+)\p X\Z

1 _ —x —
S/ ~= = |fPPe™*#dV;(|0" 5113 + 2pe]|9s1]13)
X\Z A1+ A+t N

1 _ —x% =
g/ — | 222 dV5 (8|2 + 2pe]|s]2).
X\Z A1+ X+ A

By the Hahn-Banach theorem, we can find vgs, us such that

(f,8)s = (ug,d s)s + (v5,8)s  for any s,
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and with the following estimate
1

1
2 2 2 -2
uslls + 5 —=I1vs SC/AA —|f|7e™ ¥
s + gl <€ [ —ameel
Thereofre
(2) f= gu(g + vg.
Since the norm ||-||5 for (n, p)-forms is increasing when ¢ — 0, we find limits
(3) U= %12(1) us and v= (%g% U5
satisfying
@ gl scf < e
)\1 + )\2 + -+ )\
1
<C |flPe”

X)\1+)\2+ —i—)\

for any § > 0. Formulas (2) and (3) imply that f = u 4+ v. Let 6 — 0 in
(4), we obtain the estimate in the proposition.
O
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