N

N
N

HAL

open science

Diffusivity of a random walk on random walks

Emmanuel Boissard, Serge Cohen, Thibault Espinasse, James Norris

» To cite this version:

Emmanuel Boissard, Serge Cohen, Thibault Espinasse, James Norris. Diffusivity of a random walk

on random walks. 2012. hal-00742938

HAL Id: hal-00742938
https://hal.science/hal-00742938

Preprint submitted on 17 Oct 2012

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00742938
https://hal.archives-ouvertes.fr

Diffusivity of a random walk on random walks
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Abstract

We consider a random walk (Zy(Ll), . ,Z,(LKH)) € ZK+1 with the

constraint that each coordinate of the walk is at distance one from the

following one. In this paper, we show that this random walk is slowed

down by a variance factor 0% = Ki-s-z with respect to the case of the

classical simple random walk without constraint.

Keywords: Random walk, Graph, Central limit theorem
AMS classification (2000): 05C81, 60F05.

1 Presentation of the random walk

Let (Zél), - ,Z,(IKH) € ZK+1 denote the heights of K + 1 simple random

walks on Z, conditioned on satisfying

vneN,Vie[1,K],|z0tD) — z0)| = 1. (1)

n

More precisely, the random walk is a Markov chain on the state space of
K-step walks in Z

S ={(zW, ..., 2EF)y e zKF i e 1, K], |20 — (0] = 1}
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where the next step from 2z € Sg is selected uniformly among the neighbours
of z in the usual lattice ZX ! that belong to Sx. In other words, we consider
K +1 simple random walks on the lattice Z coupled under a shape condition.

As in the case of a simple random walk, the rescaled trajectory of a
walker, say Z(1), will converge in law to a Brownian motion. However, it
is interesting to note that the constraint between each coordinate only slow
down the walk by decreasing its variance.

Since it is classical to illustrate for our students the simple random walk
as the motion of a drunk man, we can illustrate the previous mathematical
fact by considering the random walk as the motion of a chain of prisoners.
It should convince even non mathematicians that the motion of the walk is
slowed by the constraint. However it seems very hard to guess the variance
from this comparison !

More precisely, denote

w _ Zimy
Vt > 0,Vn e N, ¢ = 4
Vn

where |z ] is the integer part of the real number x.

THEOREM 1. The rescaled random walk (ﬁt(”)) . converges in law, as n
t

goes to infinity, to a Brownian motion with variance

2

2 _
KT K+

Convergence to the Brownian motion is the usual invariance princi-
ple : the noteworthy statement here is that it is possible to give an explicit
expression for the limit diffusivity of the process, and that its expression is
particularly simple.

Our object of interest, the motion of Z(M) is a non-Markovian process
that falls into the class of random walks with internal structure. Related
questions of limit diffusivity for random walks conditioned to respect some
geometric shape have been studied in the literature, under the name of
“spider random walks” or “molecular spiders”, see [5]. The computation of
the limit diffusion coefficient is also a central aim there, although the model
and methods are different.

Our initial motivation was however more remote. Actually we first ad-
dressed this question starting from combinatorial problems related to 6-
Vertex model in relation with the Razumov Stroganov conjecture (See [2] for



instance). The problem can also be related to random graph-homomorphisms
(See [1]) or the Square Ice Model (See [3] where Z(}) evolves on a torus.)

Roughly speaking we can say that, in the literature we read, the authors
consider questions related to the uniform distribution on a sequence of finite
graphs Gx and wonder about various asymptotics when K — +oco. Later in
the article the evolution of Z,, will be described as the simple random walk
on a graph Gg. Hence on the one hand our problem is a very simplified
version of the problems stated above, On the other hand we were surprised
to have such a simple formula for O‘%{ = KLH, which is true for all K and not
only for K — 400. We thought in the beginning that the proof of this fact
should be simple but it turns out that, although elementary, the tools used
to obtain the result are more sophisticated than expected. It is the aim of
this note to show these tools.

To prove the theorem, we will look for a decomposition

Zr(Ll) = Mn + f(Zn—h Zn)a

where (M,,)nen is a martingale, and where f : ZEK+! x ZK+1 5 Ris a
bounded function. We will then show that the following limit exists :

2 1 2
O = nlLIEO EE [Mn] .

and that it is indeed the desired diffusivity. The path to this conclusion
is akin to classical results for Central Limit Theorems for Markov chains
(E.g. [4]).

We will use another equivalent, albeit more geometric, point of view on
this decomposition. We split the chain in two parts : on the one hand, the
motion of one of the walkers, and on the other hand, the relative positions
of the walkers (which we call the “shape” of the chain at a given time). The
latter part is a Markov chain over the state space {—1, 1}K and our quantity
of interest is (almost) an observable of this chain. Computing the martingale
decomposition that we wish for amounts to decomposing a discrete vector
field over this new state space into a divergence-free part (corresponding to
the martingale part) and a gradient part (corresponding to the function f).
Owing to a particular geometric property of this vector field, for which we
coin the term “stationarity”, it is indeed possible to perform this calculation
explicitly.



2 The random walk with constraint
Let us denote

vneN,Vie [1,K],Y,® = z0+) _ z0),

n

and
Yn = <Yrgl)7 e 7YTSK)) € {_17 ]-}K .
Here Y,, describes the shape of (Z,gl), cee Z,(lKH)) € ZK+1 je. the position

of each Zr(f) relatively to the previous one, and belongs to Vx = {—1, 1}K,

whereas Z,(Il) can be seen as the height of the first walker. Obviously,
the evolution of the chain of walkers may be described by the variables

1
neN . . . .
For a convenient analysis, we will represent our process as the simple

random walk on a (multi)-graph G, which we define below.

Set Vi = {—1,1}% : the multi-graph G is given as a triplet (Vg E}, Ey)
where E;g, E C Vg x Vi are two edge sets, called respectively the set of
“positive and "negative“ edges. A couple (a,b) € Vi x Vi, a # b, belongs
to B} if the vector b —a € {—2,0,2}% has nonzero entries of alternating
signs, with the first one negative. Moreover, E}; also contains a loop from
each a € Vi to itself, noted (a,a)™.

Likewise, ;. contains those couples (a,b) € Vk x Vi, a # b, such that
b—a € {—2,0,2}% has nonzero entries of alternating sign, with the first one
positive, and self-loops noted (a,a)~ for each a € V.

Set Ex = E;g U E . Finally, we consider the following function on Ef.

DEFINITION 1. Let A : Ex — {1, —1} be the function that takes the value 1
on E} and —1 on E. Note that we have, for any a € Vi, A((a,a)*) = £1.

PROPOSITION 1. Let (WK

(1) ’ K K K
processes (Yn,Zn ) and (Wn i AW W )>n€N have the same
distribution.

Jn>0 be the simple random walk on Gg. The

neN

Proof. 1t is sufficient to prove that the two Markov chains (taking values in
1 n
(~1,115 x 2) (Yn,Zfl ))neN and (WT{(,ZFIA(W;{I,WJK))“GN have the

same transition matrix.



We claim that

e T

L Wn-‘rl - Wn7A(W1{(7Wrﬁl)’Wn72A(WJ€1’M/JK)
j=1

Recall that S = {z € ZF 1 Vi € [1, K],

2+ z(i)‘ = 1}. Denote

:1}.

Since (Zn)nen and (Wy,)nen are both simple random walks, the corre-
sponding transition matrices are given respectively by

A= {(2’1,2’2> €Si.Vie[l,K +1], zy) - zéi)

1
P? = 1
22 Card{z € S, (21,2) € A} (21,22)EA
1
PK,W =

]l(w Jw2)EEK*
Card {we {—1,1}K,(w1,w) EEK} R

Denote now

§:8 = {-1,1}F
(0, BTy o (22 (S (KD

)

so that Y,, = §(Z,,),n € N.
To prove the proposition, it is sufficient to prove that

(21,22) e A& ‘zél) - zgl)‘ =1 and d(z2) — 0(21) € EY,
where € = — sgn(zgl) - z%l)) (and sgn is the sign function).

First note that, if e = £1, and if Vi € [1,K + 1],2%2) = zg — €
then (z1,22) € A. Moreover, we have in this case d(z1) = §(
(0(21),0(22)) € EY as claimed. On the other hand, if §(z1) = d(22) and
zél) - z%l) =eec{—1,1}, then Vi € [1, K + 1],z§i) = zéi) +e.

For the chain, it means that, if Y11 = Y, then Zfll_gl — Zfll) is +1, -1
with equal probability % independently of Yy, Y11, Zr(Ll).

Assume now that z; # zo. We will prove that (0(21),6(21)) € E%, where
€ = z%l) - zél), ie. 8(z2) — d(z1) € {—2,0,2}K with nonzero entries of
alternating signs, and a first one of the sign of e.



Indeed, there is a first index
7 = inf{i € [1, K], such that 6(z1)® # 6(z9)@}.
There are two possible cases
5(z1)™) = 41, §(20)™) = =1, 2 = 2™ 41, LmHD _ D)

6(21)(71) =-1, 5(22)(Tl) = +1, Zén) = Zng) -1, ZéTlJrl) = Z§T1+1) + 1.

In the two cases we have A(8(z1),d(z2)) = zéﬁ) — ziﬁ) = zél) — z%l).
Furthermore, we have

8(22) ™) — 6(21)™) = —24(6(21),6(22)).
Then if 1 < K let us define
9 = inf{i € [r, + 1, K], such that 8(z)® # §(z)@},

where we set by convention 79 = K +1, if the condition defining the infimum
is never satisfied.
Using the same arguments, we get

8(22)(™) — §(21)™) = 24(5(21), 8(22)).
By induction one can define
Tj = inf{i € [ijl +1, K] , such that 5(21)@ # 5(22)(i)}7

until Tj—1 > K.
‘We have

8(22)) = §(21)) = 2(=1) A(6(=1),6(2))-

By definition, we get (6(z1),0(22)) € ES, where € = zgl) - zél).

On the other hand, if (6(21),0(22)) € E%, where € = z%l) —zél) e {-1,1},
then one can recover explicitly (z1,22) from the definition of 6. Moreover,
the condition Vi € [1,K + 1], ‘zg) — zgi)‘ = 1 is implied by the previous
arguments (following the definitions of the 7;).

0



We may denote, Y, = Y, when e € ET (Zfiﬁl =z + 1) and
Y, & Yoy when e € E- (28, = 2V — 1),

For a general a € Vi the previous enumeration of its neighbors is sur-
prisingly complicated but we can provide some simple examples.

For instance if a = (1,...,1) € Vg, has only K + 2 neighbors:

a<—a
a— a
Vi [1,K],a— (1, =1, 1), 2)

where the —1 is in the ¢-th position.

Note now that the graph Gk can also be described inductively : there are
only six following possibilities for (Z}ll), Z,(?), Z1(11+)1a ZT(,i)l), described below:

R ) Y1 =1b

@ Y, =la R a Y,=(-1a

5 K+1 1

S ~b Yo =(=1)b
E i g Yn = 1la
Ty Ve = (—=1)b "
) w1 = (—1) e DY =1b
......... 2 o
2 - T (—1)(1
g Y, = 1a N A ey Yogr =10
>< - v ey Yn+l _ (71);) nd Y — (_1)a

1 2 o K+1 ! 2 K+l

In the figure, we have used the concatenation notation : given a string
a, the string la, resp. (—1)a, is obtained by adding a 1, resp. —1 in front
of a. Looking only at the 3 cases such that Zfll_gl — Z7(11) =1, we can deduce

the construction of G}H from G}:

Viepr = {=1, 1}

Ef . ={a,1b),(a,b) € E} U{((-1)a, (—=1)b),(a,b) € B} U {(1a, (—1)b), (a,b) € B}
Figure 1 shows the first two graphs Gf and G;. Note that each edge of

G gives 3 edges for G, one on each facet {la,a € Vi }, and {(—1)a,a € Vi}

and one crossing from the facet {la,a € Vi } to the facet {(—1)a,a € Vi }.
We obtain the cardinality Dy of Fx (as a multigraph) by induction:

Dy = 2.3%.



Figure 1: Construction of Gf and G; .

1 11
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We will also make use of the number dx of edges of the form (1la, (—1)b) €
E;g which can be computed by induction:

O = 3E-1

Let us now describe vector fields on this graph.

3 Vector fields on graphs

In the previous section a function A has been defined on edges of Gx. We
will consider here A as a vector field on G .

3.1 Definitions

Let us first recall some classical definitions.

DEFINITION 2 (Vector fields). A vector field on Gx = (Vk, Ex) is a func-
tion S : EFx — R such that

Y(a,b) € Ex,a #b,5(a,b) = —S(b,a). (3)
and such that, for any a € Vi, S((a,a)™) = —=S((a,a)™).

DEFINITION 3 (Gradient vector fields). We say that the vector field S on
Gk is a gradient vector field if there exists a function f on the vertices of
Gk such that for each edge (a,b) € Ex, S(a,b) = f(b) — f(a). The gradient
vector field associated with f is denoted by Vf.



DEFINITION 4 (Divergence and divergence-free vector fields). The diver-
gence of a vector field S at point x € G is defined by

(V-9 = >, Sy
(mvy)EEK
We say that a vector field S is divergence-free if its divergence vanishes

at all points.

We can endow the set of vector fields with a scalar product
1
(8,8 = 5= 2 S(e)S(e).
ecEg

Please note that the sum runs over all edges, including loops (a, a)i.

Denote also, for any subsets ¢, ¥ of Vi,
J¢>ﬂ/’(5) = Z S(a,b),
acp,ber,(a,b)EEK

the flux of S going from ¢ to ¥. Note that a divergence free field B verifies

qu C VK, Jd),VK\qb(B) =0.

3.2 Hodge decomposition of vector fields on graphs

In analogy with the case of vector fields in Euclidean spaces, we can decom-
pose any vector field on G into the sum of a gradient vector field and a
divergence-free field. The following proposition is well-known.

PRrROPOSITION 2. Let S be a vector field on Gx. There exist a unique
gradient vector field V f and a unique divergence-free field B such that

S=Vf+B.
Moreover (Vf,B)g, =0

The last identity simply means that gradient fields and divergence-free
fields are orthogonal complements of each other in the vector space of vector
fields over G .

In our case we are interested in stationary vector fields.



DEFINITION 5 (Stationary vector field). A subgraph G of the complete
graph on {—1,1}¥ is stationary, if the following holds. For u,u’ € {—1,1}#
and v € R* such that u +v,u/ +v € {—1, 1}, if (u,u +v) is an edge of G,
then (u/,u' + v) is an edge of G.

A vector field S defined on a subgraph of the complete graph on {—1, 1}/
with a stationary domain is stationary if for all (u,v) edges of G, S(u,v)
only depends on u — v (where {—1,1}¥ is embedded in R¥ in an obvious

way).

REMARKS 1. Note that, thanks to the construction of Ef(, it is stationary.
Moreover if (u,u +v) € E} and v/,u' +v € Vg, then (v/,u/ +v) € Ef
and thus the vector field A taking values 1, resp. —1, on E;g, resp. E,
is stationary. So we may expect the gradient vector field Vf in the Hodge
decomposition of A to be stationary. Unfortunately if S is a stationary
vector field on G and its decomposition is

S=Vf+B

as per Proposition 2, then V f is not always stationary.

Nevertheless it turns out that the gradient vector field V f in the Hodge
decomposition of A is actually stationary as it will be shown in the next
section.

3.3 Hodge decomposition of A
Let us recall the Definition 1 the vector field A on G is such that
Ve € B, Ale) =1
Ve € By, Ale) = —1.
In this section our aim is to compute a function f such that
(V-A)(a) = (V- (Vf))(a) VaeVk. (4)
One can first remark that Va € Vg

(V-A)(a) = Card{b€ Vk, (a,b) € Ef:} — Card{b € Vg, (a,b) € Ex}.
(5)

In the previous equation we used the notation Card for cardinality of sets.
We will introduce various notations related to other cardinalities

ala) = Card{b€ Vg, (a,b) € Ef} (6)
a(a) = Card{be Vg, (a,b) € E.}. (7)

10



Then we need also to define for 0 < k < K, ai(a) the number of the
vertices b such that (a,b) € Ej with k digits i € {1,..., K} such that
a; # b;. Similarly ay,(a) is the number of the vertices b such that (a,b) € E
and k digits i € {1,..., K} such that a; # b;. Then we consider a.,(a) =
Zk even ak(a) and aOd(a) = Zk odd ak(a)' Similarly dev(a) = Ek even ak(a)
and Qoq(a) =D 4 ogq Ok(a)-

Let us consider the function f; on Vi such that

fi(a) = a1(a) — a1 (a Z (8)

=1

The last equation is trivial since «;(a) is the number of the a;s equal to 1
and @i (a) the number of a;s equal to —1. Obviously we also get

al(a) + 071(a) =K (9)

for any vertex a in Vk. Let us remark that for any function f on Vi

(v = > fo

(a b EEK

Since fi yields the sum of the digits of any vertex, we first observe that if
(a,b) € Ex and the number of digits ¢ € {1,..., K} such that a; # b; is
even then f1(b) — fi(a) = 0. If the number of digits i € {1,..., K} such that
a; # b; is odd and (a,b) € E}. then f1(b) — fi1(a) = —2. One can then deduce
that

(V- (Vf))(a) = =2(aca(a) — qoa(a)). (10)
It turns out that if we consider the function fo on Vi such that
fala) = az(a) — ax(a), (11)
then
(V- (Vf2))(a) = =(K + 2)(acv(a) — dev(a)). (12)

We will prove (12) by induction on K. To do that we split (V - (V f2)) into
the sum of two functions

dla) = D falb) — fa(a) (13)
(a,b)eEL

dla) = Z f2(b) — fa(a). (14)
(a,b)EE

11



To proceed the induction argument we remark that for any vertex a in Vi

H(la) = fi(a) + (15)
Hi(=1a) = fi(a) - (16)
fo(la) = ()+a1(a) (17)
fa(=1a) = fa(a) — a1(a). (18)
We will then compute ¢(1a), ¢(—1a), ¢(la), ¢(—1a). The easiest compu-

tation is

d(la) = > fa(b) = fo(la)

(la,b)EEY

= Y flle) - fola),

(a,c)€EEL
since (la, —1c) € B ;. Then
$la) = > fale)= fala)+ Y ai(e) —ala).
(a,c)eE (a,c)€E

To evaluate Z(a by a1(c) — ay(a) we use that @;(a) is the number of

digits equal to —1 in a. If (a,c) € Ej; and if the number of a; # ¢; is even
then a;(c) = @i (a). If this number is odd then @;(c) = @;1(a) — 1. Therefore

Z(a,c)e By a1(c) —ag(a) = —apq(a). Hence
¢(la) = ¢(a) — doi(a). (19)
One also get in the same way
¢(—1la) = ¢(a) — aoa(a). (20)
The induction is a bit more involved for
¢(la) = Y. ) - flla)

(la,p)eEL 4

_ Y RO -fOa)+ Y fa(—1c) — fo(la).

(1a,1c)€EI+<_~_1 (la,flc)GE;a_1
Because of (17)

Y. RO -flta) = Y fale) = fala)+ Y au(e) - au(a)

(1a, 1c)€EKJrl (a,c)EE?< (a,c)EE?<

= ¢(a) + aod(a)'

12



Then

Y. hl)-fla) = Y fld) = fla)- Y ai(e)+a(a)

(la,—lc)GE?;Jrl (a,c)eE, (a,c)eEx
= - Y w(©+a
(a,c)€E
+ > ai(e) - ai(a)
(a,c)EE;

Hence
¢(la) = ¢(a) + ¢(a) + api(a) — api(a) — Ka(a). (21)
Similarly we get
¢(—1a) = ¢(a) + d(a) — ani(a) + aoa(a) + Ka(a). (22)

We can now evaluate the functions ¢, ¢.

LEMMA 1. Va € Vi,
d(a) = aep(a) — (K + Daey(a) + apq(a) + aoqla) (23)

b(a) = —aey(a) + (K + 1)aey(a) — @pg(a) — aoq(a) (24)

Proof. We will only sketch the proof performed by an easy induction on K
for ¢, computations are similar for ¢. Let us assume that (23), (24) hold for
K, we have to compute ¢(la) and ¢(—1a) and check that they fulfill (23),
(24) for K + 1. Because of (21)

(25(10,) = (;5(0,) + (;75(0,) + aod(a) - aod(a) - Kdev(a) - K@od(a)‘

One can check that aey(la) = @ep(a), tep(la) = aey(a)+ apa(a), aoi(la) =
aog(a) + @ep(a) + 1, @pd(la) = auq(a). Using (23) for K, we get (23) for
K + 1 and ¢(1la). The computations for ¢(—1a) are left to the reader. [J

By summing (23) and (24) we get (12), and we deduce that if we take

f=—<;f1+Ki2f2) +§, (25)

A — Vf is divergence free. Please note that obviously the additive constant

in (25) is arbitrary but it yields the following convenient expression of f(a)
in terms of the digits of a € V.

13



LEMMA 2.

flay= > F~, (26)
1

i, a;=—
where 342K 1)
+ —1
pE_“ = 7 2
! K +2 27)

Moreover V f is a stationary gradient vector field.

Proof. Since we already know that fi(a) = Zfil a;, it is enough to show by
induction on K that

fg(a) = ai(l + K- 21) (28)

=1

DN =

Obviously the formula is true for K = 1. Because of (17) and (18),
fa(la) + f2(=1a) = 2fz(a) - fi(a)
fg(la) — fg(—la) = K.

Hence (28) is proved for K + 1. Owing to fi(a) = Zfil a;, and (28), it is
obvious that V f1, V fa are stationary and consequently V f is a stationary
gradient vector field. O

3.4 Proof of theorem 1

We denote by (V f, B) the decomposition of A as per Proposition 2.
Back to the original problem, we recall that

vn > 0,28, = 20 = B(Yy, Yay1) + V£ (Ya, Yoi).

Let us denote M, = 2\’ — f(Yy). Let F, = a((Yk,Zlgl)), k <mn), we
have

E[MnJrl - Mn|]:n] = (V ’ B)(Yn) =0,

and (Mp,)nen is a martingale.

We now sketch out how to apply the Central Limit Theorem for Markov
chains. Let e, = (Y, Yat1), (en),n > 0is a Markov chain on Ex. Then our
quantity of interest Z,(LI) is an additive observable of the process (e,),n > 0,
as

14



ZZk+1—Z ZAek

The Central Limit Theorem for Markov chains (see e.g. [4]) shows that

(ﬁZ 67135 J)tzo converges as n — 400 to a Brownian motion, with variance
given by

k= Jim 2| (#)]

~ lim iE [M?] + lim g [f(Yn)?] + lim gE[(f(yn)Mn)].

n—4+oo N n—-+oo N n—4+oo N
Let us first compute limy,— oo %]E [Mg] . We can remark that MT% —
2
S B(Y;, Yig)? is a Fy, martingale, hence limy, 1 oo 2B [M2] = lim,, 4o 1K [Zf‘ ” (B(YZ, E+1)> ]

If 41 denotes the invariant measure for the random walk (Y},)n>0, by
ergodicity, we get

nETOO%E 2(3(5@1@1))2 = E, [(B(Yo,11))"].

Under g the distribution of (Yp, Y1) is uniform on Ex because Z; is
uniformly chosen among all neighbours of Zj, hence

1
lim —E(M;) =B, (29)

n—+oo n

Using that f does not depend on n, we obtain

lim LE [f(Yn)?] =0,

n—-+oo N

and by Cauchy Schwarz inequality and (29)

lim ZE[(f(Y,)M,)] = 0.

n——+oo N

So we get

—

n—

ok = i
= lim —IE
IK n—+oo N

(B Yiin) )2]

=0
and by ergodicity,



ok = E, [(B(Yo,1))?].
Since, under p, the distribution of (Yp, Y1) is uniform on Ex
ok = |BI*.

By orthogonality of B and V f,

ok = IAI* = (A, V).

Thus, it remains to compute (A4, Vf) (since ||A|| = 1, by definition).
At this point we use the fact that V f is a stationary field, in the sense
of Definition 5. Then if we denote by

a=(1,...,1), z=(1,...,-1,1,...,1)
(where —1 is in é-th position) and, for 1 < i < K, we have by (26)
Fi = vf(avzi)v
Now we compute (A, Vf) as a function of Fj, the value V f on the edge
(1>"' 71) - (_1717"' 71)'
By (3)

AVH) = 3 (VD)

(a,b)EEL

If ¢ ={ld',d € Vg_1} and ¢ = {(—=1)V/, b’ € Vk_1}, then using the relation
between EFx_1 and E,

AT =p Y (TD@htp- 3 (V@b Tsu(V)

(a.b)EELNS (a.b)EELNY
By stationarity of V f,
AV = 3 (V@) + gV )
9 - DK a’ DK ¢7w

(a,b)EELNG

4 2
= Do (V@ b) + 5= Jou (V) = 5= Jsu(V ).
K K
(a,b)EELNG
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Then, because of the definition of ¢ and 1,

AVH=2— S (VHE W)+ (V. (~Da) — Ty,
K (/' B)EEL | K
4 2
S o X SN = ) + F(CD) — ) = el A)
(o, V)EEL |

Then by stationarity of V f

CaurdE;(_1 Sr
R L Sl

Dk Dk
B 2
K42

(A, Vf)=4

REMARKS 2. In the proof, the way we guessed (27) is a bit mysterious.
Assuming that V f is a stationary gradient vector field, the family (F});cq1 k)
can be computed considering the system of equations given by

Vi € [LKLJMZ-,]\Q =0,

where M,; = {(aj)je[lij S VK,ai = 1} and N; = {(aj)je[le] S VK,CLZ' = —1}.
This leads to the following system:

3Kk-1  _gK-2 . _3 1 Fak 17
_gK-2 gK-1 . -9 _3 gk-2
F =
-3 -9 .. gK-1 _gK-2 3
-1 3 .. _3Kk-2 gK-1 L1

The unique solution is given by :

Even if the guess is correct, we did not find another way as the techniques
used in the Section 3.3 to show that V f is a stationary gradient vector field.
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4 Some further questions
In this final section we briefly outline some related problems.

e It is possible to make sense of the process when K is infinite. Several
questions arise : what happens to the process of one marked walker 7 Is
there a scaling limit under equilibrium for the “shape”process (Z (k) —
Z(l))1 <k ?

Another natural step would be to let K grow with N in a suitable

way, So as to get a scaling limit for the two-parameter process (ZT(Lk) —
1

Z8 ))1§k§K+1,n€Z-
e One may also ask about different quantities, such as the diameter of
the set of walkers under the invariant measure for the entire walk.

e One may also consider random walkers conditioned on satisfying dif-
ferent shape constraints, and on graphs more general than Z. As a
starting example, what happens if we work on a torus, i.e. if we force
also |Z7(LK+1) - Z,(LD\ =17 The "shape” chain changes in this case and
it is no longer irreducible over {—1,1}%+! (one may check that the
number of —1 symbols is fixed, and that this enumerates the recur-
rence classes). It is interesting to point out that this setup is the one
chosen by E. Lieb for the computation of the ”six-vertex constant* in
(3].
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