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ON HARNACK INEQUALITIES
AND OPTIMAL TRANSPORTATION

D. BAkry, I. GENTIL, M. LEDOUX

Unwversity of Toulouse and University of Lyon, France

Abstract. — We develop connections between Harnack inequalities
for the heat flow of diffusion operators with curvature bounded from
below and optimal transportation. Through heat kernel inequalities, a
new isoperimetric-type Harnack inequality is emphasized. Commutation
properties between the heat and Hopf-Lar semigroups are developed
consequently, providing direct access to the heat flow contraction property
along Wasserstein distances.

1. Introduction

Harnack inequalities classically provide strong tools towards regularity properties of
solutions of partial differential equations and heat kernel bounds. A renowned result on
the topic is the parabolic inequality by P. Li and S.-T. Yau [L-Y]

|thf‘2 _APtf < n
(P.f)? Pf — 2t

(1)

for the heat semigroup (F;),~, on an n-dimensional Riemannian manifold (M, g) with
non-negative Ricci curvature, and every ¢ > 0 and smooth positive function f : M — R.
By integration along geodesics, it yields the Harnack inequality

n/ 2
) Pf() < Py () (F52) et

for f: M — R non-negative and t, s > 0, where d = d(z,y) is the Riemannian distance
between x,y € M. The results (1) and (2) admit versions for any lower bound on the
Ricci curvature (cf. [L-Y], [D]). A heat flow proof of (1), in the spirit of the arguments
developed in this work, has been provided in [B-L2].

In the context of diffusion operators, the Harnack inequality (2) may actually loose
its relevance due to the infinite-dimensional feature of some models. Let L=A-VV -V
be a diffusion operator on a smooth complete connected Riemannian manifold (M, g),
where V' : M — R is a smooth potential, with associated Markov semigroup (F;),~,
and invariant and symmetric measure dy = e~V dx (where dz is the Riemannian volume



element). A notion of curvature-dimension CD(p,m), p € R, m > 1, of such operators
L has been introduced by D. Bakry and M. Emery [B-E] (cf. [B], [Ba-G-L]), under the
name of I'y criterion, through the Bochner-type inequality

1 2 2 1 2
(3) 5 LUVI?) = VI VL > p[Vf[* + — (Lf)
for any smooth f : M — R. (The I'y operator in this context is precisely the
expression on the right-hand of (3).) For example, by the standard Bochner formula
from Riemannian geometry, the Laplace operator A on an n-dimensional Riemannian
manifold with Ricci curvature bounded below by p satisfies CD(p, m) with m > n. On
the other hand, on M = R"™ with V the quadratic potential, the associated Ornstein-
Uhlenbeck operator L is intrinsically of infinite dimension m = oo since (3) cannot
hold for some p € R with m finite. (It actually holds in this example with p = 1
and m = oco.) In particular a Harnack inequality (2) cannot hold in this case, as well
as in further similar infinite-dimensional models. Note that, when m = oo, again by
the Bochner formula, the curvature condition C'D(p,o0), p € R, amounts to the local
geometric lower bound

(4) Ric + Hess(V) > p

(as symmetric matrices) uniformly over the manifold.

To circumvent the drawbacks attached to the case m = oo, F.-Y. Wang introduced in
[W1] (see also [W2]) a new form of Harnack inequalities for infinite dimensional diffusion
operators of the type L = A—VV -V (and more general ones). Namely, Wang’s Harnack
inequalities indicate that, under the curvature condition C'D(p, c0) (equivalent to (4)),
for every (smooth) non-negative function f on M, every ¢t > 0, every a > 1, and every
r,ye M,

(5) (P f(2))" < Pi(f*)(y) ev® /2o

where d = d(z, y) the Riemannian distance between z and y and where o (t) = 1 (e?Pt—1)

(=2t if p =0). The proof of (5) is based on the interpolation

1
p

PS((Pt—Sf>a) (zs), s€0,t],

along a geodesic (ms)se[o 4 joining x to y together with the commutation, for all ¢ > 0
and smooth g : M — R,

(6) [VPyg| < e ”"P(|Vy|)

as an equivalent formulation of the curvature lower bound C'D(p,o0). In a sense, the
gradient bound (6) is the counterpart of the Li-Yau inequality (1) in this context.
In the limit as o — o0, a log-Harnack inequality
d2
20(t)

(7) Pi(log f)(z) < log Py f(y) +



also holds (cf. [Bo-G-L], [W3]). It was further shown in [W1], [W3] that either (5) (for
one a > 1) or (7) implies back, as ¢ — 0, the curvature condition CD(p,00) (in its
infinitesimal form (4)).

The aim of this work is two-fold. We will first show how the previous infinite-
dimensional Harnack inequalities may actually be seen as consequences of the Lipschitz
property of a suitable functional of isoperimetric type. On the basis of this observation,
we establish next a kind of isoperimetric-type Harnack inequality. These results naturally
lead to develop connections between Harnack inequalities and mass transportation. In
particular, we establish a commutation property between the heat semigroup and the
Hopf-Lax infimum-convolution semigroup at the root of the Wasserstein contraction
property along the heat flow.

Two observations are actually at the starting point of this work. For simplicity in
the discussion below, let us restrict ourselves to CD(0,00) (p = 0).

First, the gradient bound (6) (and thus the curvature condition C'D(0, 00)) is known
to imply (to be equivalent) to logarithmic Sobolev inequalities under P;, in particular
in reverse form

VPP

B/ < Py(flog f) — Piflog P f

(8)
for every smooth f > 0 and every ¢t > 0 (cf. [Ba-G-L]). Inequalities like the preceding one
are understood point-wise throughout this work. Now, as was noticed by M. Hino [H],
the latter ensures that whenever 0 < f <1 and 9 = (log(1/P.f))'/2, then

1

V2 < —.
In other words, 1 is Lipschitz with Lipschitz coefficient less than or equal to (2t)~1/2,
In particular, for every z,y € M,

| 1 < /1 1 + d
Crr@ =\ Py T Vo

where we recall that d = d(x,y). After some work, it may then be shown that for each
e > 0, there exists C'(¢) > 0 such that

(Pif(2))? < Cle) Pu(f2)(y) e /400

that is as close as possible to (5) (for a = 2).

It should be mentioned that it is precisely the dimensional version of the reverse
logarithmic Sobolev inequality (8) which has been used in [B-L2] to provide a mono-
tonicity proof of the Li-Yau parabolic inequality (1). We will exploit this information
toward dimensional statements in Section 5 below. For further dimensional Harnack in-
equalities under the curvature-dimension condition C'D(p, m), comparing in particular
different times, see [W4].



The second observation at the starting point of this investigation is the links between
Harnack-type inequalities and optimal transportation already put forward in [Bo-G-
L] where semigroup tools were developed towards a proof of the Otto-Villani HWI
inequality [O-V] (cf. [V1], [V2]). We briefly recall the basic step. Namely, the log-
Harnack inequality (7) may be translated equivalently as

(9) Pi(log f) < Q2¢(log P;f)

where (Qs),-, is the Hopf-Lax infimum-convolution semigroup

d(z,y)?

], zeM, s>0.
2s

Qsp(r) = yigﬂg [w(y) +

Assume now that p is a probability measure and let f > 0 be a probability density
with respect to p. Then, by time reversibility and (9) applied to P, f, t > 0,

| mifogPifdu= [ gPgosPif)an< [ 7 Qaog Pauf)d
M M M

Now [ 1 1og Porfdp < 0 by Jensen’s inequality. Hence, combining with the scaling
properties of (Qs) <,

/M Piflog Pufdp < o [ /M Qi fi - /M sodu}

where ¢ = 2tlog Py f. By the Kantorovich-Rubinstein dual description of the quadratic
Wasserstein distance Wa (v, 1) between the probability measures dv = fdu and p on M
(cf. e.g. [V1]), the latter amounts to

1
(10) /M P log Pufdu < o W3(v, ).

Recall that the (quadratic) Wasserstein distance Wy (v, ) is defined by

wat) = ([ 1d<x,y>2dw<x,y>)l/2

XM 2
where the infimum is taken over all couplings m with respective marginals v and pu.

Note that the preceding argument similarly yields, for every ¢ > 0,

1
(11) t/ P flog P fdu < §W§(fu,gu) +t/ gloggdu
M M
where g is a further probability density with respect to u, and where, for simplicity here,

fur and gp denote the probability measures fdu and gdp. Indeed, write in the preceding
notation that

1
7 PtflogPtfdusi[ | @uesau- | @gdu]ﬂ | gtosPusin
M M M M
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Since by convexity [, glog Pofdu < [, glog gdu, the claim follows.

Now (10) is actually the major step in the semigroup proof of the HWI inequality

f [O-V] under the curvature condition C'D(0,00). Namely, the classical heat flow

interpolation scheme (cf. [B], [Ba-G-L]) indicates that, for every suitable probability
density f: M — R and every ¢t > 0,

/Mflogfdu—/MPtflogPtfdu— /t (d%/ PflogPsfdu)ds

/ / |VP f|2
Since |V P f| < Ps(|V f]) according to (6),

2 2
IV]l:;s}fl < Pg(@)

by the Cauchy-Schwarz inequality along the Markov kernel P;. Therefore,

V£I?
f

/ flog fdu < / P, flog Pyfdp +t / .
M M M

Together thus with (10), optimization in ¢ > 0 yields

V|2 /2
/Mflogfdusw2<u,u><2/M' ]{' u)

which is the announced HWI inequality, connecting Entropy, Wasserstein distance and
Fisher Information. Similar arguments may be developed under C'D(p, oo) for any p € R
to yield the full formulation of Otto-Villani’s HWT inequality (cf. [Bo-G-L], [Ba-G-L]).
Note that together with (11), the argument also recovers the known inequality (cf. e.g.

[CE])
2 1/2
/M flog fdj < Wa( 11, gu) (2 /M @ du) T /M glog gd

for probability densities f and g with respect to pu.

For the matter of comparison, it might be worthwhile mentioning that the recent
Kuwada lemma (see [G-K-O]) develops similar arguments towards the inequality

t
(12) WE(Pfp fir) < 5[ /E flog fdyu — /E Ptflogptfdu]

for any probability density f with respect to p and any ¢ > 0. Indeed, for ¢ : £ — R
bounded and measurable,

/M Qi Pyfdyi - /M ofdy = /O 1 (% /M stPstfdu) s
— /1/ [— % |VQS<,0|2PStf +tQsyp LPtSf] duds
0 M
1
— / / [_ % IVQs¢|* P f —tVQup - VPstf] dyi ds
0 M
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by the fact that the Hopf-Lax semigroup solves the standard Hamilton-Jacobi equation
and by integration by parts. Next, by the Cauchy-Schwarz inequality,

fowrsin [t [ el

which yields (12) by the Kantorovich-Rubinstein duality and integration.

With respect to (10), the Kuwada inequality (12) somewhat works in the other
direction. The point is that while (10) leads to the HWI inequality, the Kuwada
inequality (10) has been identified in [G-L] at the root of the Otto-Villani theorem [O-V]
(cf. [Bo-G-L], [V1], [V2]) connecting logarithmic Sobolev inequalities to transportation
cost inequalities.

On the basis of these two early observations, the purpose of this work is, as
announced, to develop a synthetic and refined treatment of Harnack-type inequalities
for diffusion operators with curvature bounded from below and of their connections with
transportation cost inequalities. The various contributions of this work are summarized
as follows.

In Section 2, we provide a direct treatment of Wang’s Harnack inequalities (5) and
(7) relying on an improved, isoperimetric-type version, of the reverse logarithmic Sobolev
inequality (8) along the heat flow.

This reverse isoperimetric-type inequality in turn implies a new isoperimetric version
of Harnack inequalities emphasized in Section 3. For example, under non-negative
curvature, it yields that for any say closed set A in M, any ¢t > 0 and any x,y € M,

(13) P(1a)(z) < P (14,)(y)
where d = d(z,y) and A. is the e-neighborhood of A in the metric d. This result seems
to be new even for the standard heat flow operator on a Riemannian manifold.

A direct consequence of (13) is the commutation

(14) Pt(Qs) S Qs(Pt)7 t7 s > 07

between the heat and Hopf-Lax semigroups (under non-negative curvature) which we
emphasize in Section 4. This commutation was actually used earlier by K. Kuwada [K]
in the study of the duality of gradient estimates at the root of the contraction property
of the Wasserstein distance along the heat flow

Wa (e, ve) < Wal(po, o)

where du; = P fdu and dvy = Prgdu, t > 0, f, g probability densities with respect to u,
a result first established in [C-MC-V], [vR-S] and [O-W] (see also [W2]).

The commutation property (14) may actually be reached in several ways, and
Section 5 presents a variety of methods depending on the underlying context, including
the original approach of [K]. This section further includes dimensional version of the
commutation property together with the corresponding Wassertein contractions.
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In the last Section 6, we briefly discuss some connections between the material
presented here and recent developments, following [A-G-S3], around the Evolutionary
Variational Inequality (EVI) expressing in the preceding notation that

W3 (s, v0) + t /

Py flog P, fdu < W3 (o, o) +t/ glog gdp.
M M

This property actually connects the I's Bakry—Emery CD(p,o0) curvature condition
([B-E], [B], [Ba-G-L]), expressed by the commutation (6), with the curvature bound
in the sense of Lott-Villani-Sturm in metric measure spaces as convexity of relative
entropy along the geodesics of optimal transportation ([L-V], [S1], [S2], [V2]). The
recent main achievement by L. Ambrosio, N. Gigli and G. Savaré [A-G-S3| actually
provides a link between the I'; and Lott-Villani-Sturm curvature lower bounds in the
class of the Riemannian energy measure spaces through the EVI. In Section 6, we sketch,
following [A-G-S3], the principle of proof of the EVI in a smooth setting, for comparison
with some of the tools developed here.

For simplicity in the exposition, the results of this work are presented in the weighted
Riemannian setting, for thus diffusion operators L = A—V-VV on a complete connected
Riemannian manifold (M, g) with invariant and reversible measure du = e~ dz (not
necessarily a probability measure) where V' : M — R is a smooth potential. Integration
by parts with respect to L is expressed by fM f(=Lg)du = fM Vf - Vgdu for smooth
functions f,g : M — R. The associated curvature condition CD(p,o0), p € R, is
expressed equivalently by (4) as the infinitesimal version of the Bochner-type inequality
(3). It amounts to the standard lower bound on the Ricci curvature for the Laplace
operator A on (M, g). The curvature condition C'D(p,o00) is also equivalent to the
gradient bound (6) which is, in an essential manner, the only way the curvature condition
will be used throughout this work.

Most of the results below actually extend to the framework of a Markov diffusion
triple (E, u, ') in the sense of [B], [Ba-G-L], consisting of a state space E equipped with a
diffusion semigroup (P;),~, with infinitesimal generator L and carré du champ operator
I' and invariant and symmetric o-finite measure . In the weighted Riemannian context,
L(f, f) = |[Vf|? for smooth functions. In this setting, the abstract curvature condition
CD(p,0), p € R, stems from the Bochner-type inequality (3) (with m = oo) which is
by now classically referred to as the T'y criterion going back to [B-E] (see [B], [Ba-G-L]).
The condition C'D(p, o) is equivalent to the gradient bound (6)

V(P f) <e " P(VT(f))

for every t > 0 and every f in a suitable algebra of functions. The state space E may
be endowed with an intrinsic distance d for which Lipschitz functions f are such that
I'(f) is bounded (u-almost everywhere). We refer to [Ba-G-L] for details on this general
setting. Note that at the level of the local inequalities along the semigroup, the setting
covers the example of a generator L = A + Z for some smooth vector field Z on a

manifold M as developed in [W1], [W2], [W3].



2. Reverse isoperimetry and Wang’s Harnack inequalities

In this section, we address a direct proof of Wang’s Harnack inequalities (5) and (7)
along the Hino argument on the basis of a reinforced family of heat kernel inequalities
first emphasized in [B-L1].

Denote by I : [0,1] — R the Gaussian isoperimetric function defined by I = @o®~1!

where . J
d(x) = e_“2/2—u, z € R,
( ) /_oo V2T

and ¢ = ®’. The function I satisfies the basic differential equality I 1" = —1.

The following statement, as a kind of reverse isoperimetric-type inequality, was first
put forward in [B-L1]. We enclose a proof for completeness.

Proposition 2.1. Under the curvature condition CD(p,0) for some p € R, for
every smooth function f on M with values in [0, 1] and every t > 0,

(15) [1(P.A)] = [B(I(f)] = o(t)|VPf|?

where o(t) = + (e*’t — 1) (=2t if p=10).

1
p

Proof. By the heat flow interpolation, write

(1P )] = [P(I(H)] = - /O t d% [Pu(I(Prof))] ds

Now, by the chain rule for the diffusion operator L,

d
—— [~ (I(P—of))]” = —2P.(I(Pr_of)) P (LI (P_of) — I'(Pr—s f) LPt_Sf))
= 2P, (I(P—s ) Ps(I"(Po—s )|V P f[?)
VP f|? )
=2P,(I(P_sf)) Ps
( ( - f)) ( (Pt sf)
where we used that I I” = —1 in the last step. Since P; is given by a kernel, it satisfies

a Cauchy-Schwarz inequality, and hence
2
PS(Y)PS<X7> > [P(X)]?, X,Y >0.
Hence, with X = |VP,f| and Y = I(P—sf),
2 2 ¢ 2
1R - (R 22 [ [POvP)] s
0
By the gradient bound (6), Ps(|Vg|) > e?*|VP,sg|. With g = P,_f, it follows that

[I(Ptf)f — [Pt(I(f))]Q > 2/0 e**ds |V P, f|?

8



which is the result. O

For the comparison with the Hino observation mentioned in the introduction, note
that the inequality (15) of Proposition 2.1 implies the reverse logarithmic Sobolev
inequality (8) by applying it to ef and letting e — 0.

As announced, we next show how Proposition 2.1 actually covers Wang’s Harnack
inequalities recalled in the introduction. Namely, in terms of gradient bounds, Proposi-
tion 2.1 indicates that for every (smooth) f with values in [0,1], ®~' o P, f is o(t)~/2-
Lipschitz, ¢ > 0. In particular, for z,y € M and d = d(z,y) the Riemannian distance
between x and y,

d
a(t)

This Lipschitz property actually entails most of the inequalities emphasized in this work.

Towards a first illustration, set § = d/+/o(t), so that (16) reads as

(16) o Pf(x) <@ o Pf(y) +

Pf(z) <®(@ ' o Pf(y)+9).

Apply now this inequality to 1;¢>4}, a > 0, for a non-negative (measurable) function f
on M. Denoting by A the distribution of f under P; at the point vy,

P50 () < @(¢—1(A([a, ))) + 5).

Integrating in @ > 0 and using Fubini’s theorem, denoting by dvy(u) = e"“‘Z/QjT“_ﬂ the
standard Gaussian distribution on the line,

oo & 1 (A([a,00)))+6 0o 0o
P f(x) S/ / dV(U)dGZ/ (/ 1{u<<1>1(A([a,oo)))+5}da)d7(u)~
0 —oo 0

— 00

Change v into v + § to get

Py f(z) <e™® /2/_ e’ (/0 1{@<u>9<[a,oo>>}da)dV(W

Changing u into —u and denoting by F' the distribution function of A, it follows that

Py f(x) Se‘52/2/ eé“(/o 1{F<a><¢(u>}da)d7(“)-

— 00

After the further change of variables v = ®(u),

1 00
Pf,f(l’) < 6—62/2/ eé@—l(v)(/ 1{F(a)<v}da)dv-
0

0

The next statement summarizes the conclusion reached so far.



Theorem 2.2. Under the curvature condition C'D(p,o0) for some p € R, for every
non-negative measurable function f on M, every t > 0 and every x,y € M,

P f(zx) < 6_52/2/ S P TOF(s) sdF(s)
0

where § = d(z,y)/+\/o(t) and F is the distribution function of f under P; at the point

y.

Theorem 2.2 appears at the root of the various Harnack inequalities in this context.
It is however not expressed in a very tractable form. But it easily implies known ones.
For example, by Cauchy-Schwarz,

00 o 0o o 1/2 0o 1/2
/ o0 ®TToF (s) sdF(s) < (/ 020 @ oF(S)dF(S>) (/ 52 dF(s))
0 0 0

< (P(fAw)"?

since

(e%e] 1 oo
/ 625<I)_10F(s)dF(8) :/ e26<I>‘ (“)dv :/ e25“d’y(u) :e25 .

0 0 oo

The preceding therefore yields Wang’s Harnack inequality (5) for oo = 2,
Pof(@)? < P(F)(y) /7.

By Holder’s inequality rather than Cauchy-Schwarz, one obtains the whole family of
inequalities (5) with @ > 1. Using the entropic inequality yields similarly the log-
Harnack inequality (7) (which is also obtained as o — o00). With respect to Wang’s
original argument, the proof here avoids interpolation along geodesics (although the
length space property is required to move from (15) to (16)).

3. Isoperimetric-type Harnack inequalities

As announced, the basic Lipschitz inequality (16) may be seen at the origin of a
number of inequalities of interest, and this section develops further consequences in
combination with isoperimetric bounds for heat kernel measures. To this task, recall
first the isoperimetric comparison theorem for heat kernel measures under curvature
bounds of [B-L1]. Recall I the Gaussian isoperimetric function.

Theorem 3.1. Under the curvature condition C'D(p,c0) for some p € R, for every
smooth function f on M with values in [0, 1] and every t > 0,

1) < PP + pOIVIP)

where p(t) = £ (1 —e 2rt) (=2t if p=0).

1
p

10



As developed in [B-L1] (cf. also [Ba-G-L]), this result is an isoperimetric comparison
theorem expressing that the isoperimetric profile of the heat kernel measures is bounded
below by the Gaussian isoperimetric function (up to a scaling depending on t and p).
More precisely, for any y € M, any measurable set A C M, any ¢ > 0 and any ¢ > 0,

an) P(14.)(y) > <I><<I>‘1(Pt<“><y)) " Z<t>)

where A. is the e-neighborhood of A in the distance d.

Applied to f =14, the Lipschitz property (16) ensures on the other hand that, for
any measurable set A C M, and again with 6 = d/+/o(t),

(18) P(14)(@) < @ (@7 (Pi(14)(y)) + ).

The combination of (17) and (18) together with the fact that % = e 2P then yields
the following isoperimetric-type Harnack inequality.

~—

Theorem 3.2. Under the curvature condition C'D(p,c0) for some p € R, for every
measurable set A in M, every t > 0 and every x,y € M,

Pi(1a)(z) < P(1a,,)(y)

where d; = e P'd(x,y) = e P'd. In particular, when p = 0,

Pi(1a)(x) < P(1a,)(y)-

4. The commutation property and contraction in Wasserstein distance

The isoperimetric-type Harnack inequality of Theorem 3.2 has several consequences
of interest in terms of commutation properties between the heat and the Hopf-Lax
semigroups developed in this section.

To start with, let f : M — R be Lipschitz with Lipschitz constant L. Then, if
A={f>a} (f >0 for simplicity), A4, C {f > a — Ld;}. Therefore, by Theorem 3.2,
under C'D(p, 00), for every z,y € M and t > 0,

Pi(1ir>ay)(®) < Pe(lip1nd,>a})(Y)-

Integrating in a > 0,
Py f(x) < Pof(y) + Ldy.

In other words, P;f is Lipschitz with Lipschitz constant less than e ?!L, a result by
M.-K. von Renesse and K.-Th. Sturm [vR-S].

The same argument may actually be used to reach a more precise property which in
turn entails the contraction property of the heat flow with respect to Wassertein metrics.

11



The key is expressed in the commutation between the heat and Hopf-Lax semigroups.
Recall the Hopf-Lax infimum-convolution semigroup (cf. [E], [V1], [V2])

d(z,y)*
2s

Quf(x) = inf [F(y)+

], re M, s>0.
yeM

This property was actually used first by K. Kuwada [K] in the analysis of gradient bounds
and Wasserstein contractions (see Corollary 4.2 below). The proof in [K], developed in
the context of length spaces and actually for more general costs, relies on an interpolation
along geodesics and the use of the Hamilton-Jacobi equation (see the first alternate proof
in Section 5 below).

Theorem 4.1. Under the curvature condition CD(p, o) for some p € R, for any
t,s > 0 and any measurable f : M — R,

(19) Pt(st) < Qezf’ts<Ptf)'

Proof. Let f be non-negative on M. It is enough by homogeneity to consider
s = 1. As above, apply Theorem 3.2 to A = {Q1f > a} for every a > 0. Since
Adt C{f—Fd?/QZCL},

Pt(l{Qlfza})(w) < Pt(l{f+d§/22a})(y)
for all z,y € M and t > 0. Integrating in a > 0 yields

d2
PQuf)(@) < Puf(y) + 5
Taking then the infinmum in y € M yields the result by definition of the infimum-

convolution Q. O

The infimum-convolution semigroup (Qs) .., being solution of the Hamilton-Jacobi

s>0
equation dsu = —% |Vu|? with initial conditior>1 u(0,-) = f, the commutation property
(19) implies by a Taylor expansion at s = 0 that |[VP,f|* < e”2'P,(|V f|?) for every
t > 0. This gradient bound, weaker than (6), is still equivalent to the curvature
bound C'D(p, 0), providing therefore a converse to Theorem 4.1. In particular also,
the isoperimetric Harnack inequality from Theorem 3.2 is actually equivalent to the

curvature condition C'D(p, o).

As announced, it immediately follows from the commutation property (19) of
Theorem 4.1 that the Wasserstein distance W5 is contractive along the semigroup
(P;);>0, an observation due to K. Kuwada [K]. The Wasserstein contraction property
in this context is going back to [vR-S], with a stochastic proof, and to [O-W], with an
Eulerian point of view, in a Riemannian framework (further discussed below in Section
6). The proof presented here on the basis of Theorem 4.1 extends to the abstract Markov
semigroup setting of [B], [Ba-G-L]. The measure pu is assumed here to be a probability
measure.
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Corollary 4.2. Under the curvature condition CD(p, o) for some p € R, for any
£>0,

(20) Wa (e, ve) < €27 Wa(po, vo)

where du; = P;fdu and dvy = Pigdu for probability densities f,g with respect to the
probability measure L.

Proof. For any bounded measurable ¢ : M — R, by time reversibility and the
commutation property (19),

/M leoPtfdu—/MsoPtgduz/M Pt(leO)fdu—/M Pyp gdp
< / Qe2ot (Prp) fdp — / Prp gdp
M M

< e 2t {/ Q1(e*' Pyp) fdu — / e?Pt Py gdu}
M M

< e " W3 (o, vo)

where the last step follows from the Kantorovich-Rubinstein dual description of the
Wasserstein distance Ws. The proof is complete. O

By adapting Theorem 4.1 to costs d(z,y)?, the same argument works for any
Wasserstein distance W, 1 < p < oo (cf. [K]), extending the contraction property
of Corollary 4.2 to this class. More general Wasserstein functionals associated to further
transportation costs may be considered similarly. Note that one main conclusion of
the work [vR-S] by M.-K. von Renesse and K.-Th. Sturm is the equivalence of the
Wasserstein contraction of Corollary 4.2 with the curvature bound. In [K], K. Kuwada
established the equivalence of the Wasserstein contraction property for the cost d(zx, y)?
with the bound (6) with power ¢ on the gradient, where ¢ > 1 and p < oo are dual
exponents. Actually, reading backwards the proof of Corollary 4.2, the contraction
property (20) indicates that for all ¢ : M — R bounded and measurable,

/ Pt(Qw)fdu—/ PtcpngS/ leoPtfdu—/ ©Pgdp < e 2P W3 (1o, vo).
M M M M

Now, if z,y € M and if f and g are densities with respect to u such that dug = fdp and
dvy = gdu approach Dirac masses at x and y respectively (for example by heat kernel
approximations), the preceding yields

PAQup) (@)~ Prply) < e d(a, )",

that is exactly the commutation property (19). As we have seen, the latter ensures in
turn the curvature condition C'D(p, c0).
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5. Alternate proofs of the commutation property

In this last section, we briefly outline alternate proofs of the basic commutation
property (19) of Theorem 4.1. For simplicity in the notation and the exposition, we
only consider p = 0 below. Each proof involves at some point specific properties and
may thus be adapted to more general settings accordingly.

First alternate proof. This proof is the original argument by K. Kuwada [K]. Tt
requires the use of geodesics and the Hopf-Lax formula as solution of the Hamilton-
Jacobi equation. Consider

#(s) = P(Qsf)(zs), 0<s<1,

where <x5)s€[0,1] is a constant speed curve joining zg = y to 1 = x in M. Set as above
d = d(z,y). Then, by the gradient bound (6) under C'D(0, c0),

#(5) = P = 5 IVQuI) () + VAo () - &
Spt<_%‘stf‘ ) Ts +d‘vpt Qs f)(xs)‘
)

< P~ 5IVQ.f1?) +d P (VQ.f])
d2
< —.
-2
Hence ) P
PUQUN(@) = Puf(0) = o) = 00) = [ o'(s)as < 5

which is the result.

Second alternate proof. This second alternate proof also uses the Hopf-Lax infimum-
convolution semigroup as solution of the Hamilton-Jacobi equation, and relies on the
hypercontractivity property along the heat flow recently put forward in [B-B-G|. Namely,
by the log-Harnack inequality (7), for every v > 0,

PAQu) <+ Qu(log PA("%)).

Under non-negative curvature, it is shown in [B-B-G] that for every ¢ : M — R and
t>0,
log P;(e92t%) < Pyap.

With v = 1/2t and ¢ = f/2t, the conclusion immediately follows by homogeneity of the
infimum-convolutions.

Third alternate proof. This proof may be obtained by linear approximations of
the Hamilton-Jacobi equation (vanishing viscosity method) along the lines of [Bo-G-
L]. Following the notation therein, let for every ¢ > 0, the approximated Hopf-Lax
semigroup

QS f = —2clog Py(e~7/%)
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solution of the equation

1
Ou = e Lu — 3 |Vul?.

Moreover, lim._,o Q5 f = Q+f. Dealing with

o(s) = P(Qi(P—sf)), 0<s<H,

, 1 [|VP.g|? <|Vgl2>D
— 2P, eedl _p
Pls) =2 <P€g [ P.g g

where g = e~ Ft=+//2¢_ Under the gradient bound (6), ¢'(s) < 0 which yields that

shows that

P(Q1f) < Qi(Pf).

In the limit as ¢ — 0, the announced commutation property follows.

One benefit of the third alternate proof is that it may be developed similarly
on the reinforced curvature-dimension condition C'D(0,m) with a finite-dimensional
parameter m, for example with m = n for the Laplace operator on an n-dimensional
Riemannian manifold with non-negative Ricci curvature (cf. [B], [Ba-G-L]). We sketch
the argument. The local logarithmic Sobolev inequalities of [B-L2] (see also [Ba-G-LJ)
under C'D(0, m) ensure after linearization that, for any ¢ > 0, any non-negative smooth
function g : M — R and any ¢ > 0,

P 2 2

Pig p ) < (c=1DF(Lg) + 5 (Ve—1) P

Arguing as previously in the C'D(0, c0) case yields that for any f and t,s > 0,

PUQSS) < Q(Pf) +m(VEi—5)°

and similarly in the limit as ¢ — 0.

Applied to the Wasserstein contraction, the latter shows that, under C'D(0, m) and
in the notation of Corollary 4.2,

(21) W3 (e, vs) < Wi (o, v0) + m(VE—/s).

This inequality covers (20), however only when s = ¢. Note that when s = 0 and p; = vy,
then Wa (e, o) < v/mt which describes a classical behavior of Brownian motion in
Fuclidean space. Further Wasserstein contraction properties under curvature-dimension
condition are emphasized in [W4].

It should be mentioned in addition that, following the argument at the end of
Section 4, the contraction inequality implies back the commutation

(22) P(Q1f) < Qu(Pf) +m(Vi—s)
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for all f: M — R and ¢,s > 0. Now, given a € R to be specified, set t = (1 4 €a)s for
¢ > 0 small enough. By homogeneiy, the latter yields

ma258

(VI+as+1)2

P(1—|—a5)s<Q€f) < Qe(Psf) +

A Taylor expansion at € = 0 then shows that

ma25

4

asP,(Lf) — %PS(WfIQ) < —% VP fI? +

For a = % LP,f, it follows that

2s
m

VPP < PP - 2 (L f)2

This inequality, holding (pointwise) for every (smooth) f and every s > 0, is known to
be equivalent to the curvature-dimension condition C'D(0,m) (cf. (12) in [B-L2]). As
such, the Wasserstein contraction (21), as well as the dimensional commutation (22),
are also equivalent to C'D(0,m).

6. Links with the Evolutionary Variational Inequality

To conclude this work, we briefly describe some of the connections between the pre-
ceding material and recent contributions around the so-called Evolutionary Variational
Inequality (EVI). As mentioned in the introduction, the EVI actually connects the cur-
vature condition C'D(p,c0) in the sense of the T'y operator of [B-E] (see [B], [Ba-G-L]),
expressed here through the commutation (6), with the curvature bound in the sense of
Lott-Villani-Sturm in metric measure spaces as convexity of relative entropy along the

geodesics of optimal transportation ([L-V], [S1], [S2], [V2]). See [A-G-S2], [A-G-S3].

The purpose of this short paragraph is to describe the main ideas at the root of
the EVI following the recent main development [A-G-S3] by L. Ambrosio, N. Gigli and
G. Savaré. In this work, the authors actually establish the EVI in the extended class of
Riemannian energy measure spaces, providing there a complete link between the Bakry-
Emery I's and Lott-Villani-Sturm curvatures (the implication from Lott-Villani-Sturm
to I's was achieved in [A-G-S2]). With respect to [A-G-S3|, we only concentrate here
on the main principle of proof in the simplified framework of weighted Riemannian
manifolds, the main achievement of [A-G-S3] being actually to perform the argument in
a much larger class of non-smooth spaces together with a rather involved analysis. The
guideline of this investigation is the Eulerian approach of [O-W] and [D-S] but the non-
smooth structure causes a lot of technical problems. We nevertheless found it useful to
outline the argument, avoiding all the regularity issues, in the context of this paper, to
illustrate the general principle and the links with the material of the previous sections.
We of course refer to [A-G-S3] for a complete rigorous investigation.

For simplicity thus, we deal with the weighted Riemannian framework of the
preceding sections with du = e~V dz a probability measure, and restrict ourselves to the
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non-negative curvature assumption C'D(0, co) expressed in the form of the commutation
property (6) with p = 0. The case of arbitrary p € R is easily adapted along the same
lines (cf. [A-G-S3]). Recall that we are using the cost % d(z,y)? in the Wasserstein
distance Ws.

Let f and g be probability densities with respect to the probability measure p. The
Evolutionary Variational Inequality (EVI) indicates that under C'D(0, c0), for any ¢ > 0,

(23) W3 (11, 10) +t/ Py flog P, fdu < W3 (o, o) +t/ glog gdu
M M

where duy = P fdu, dvy = Pigdpu. In the limit as ¢ — 0, together with the semigroup
property,

d

(24) o

W%(ut,Vo)S/ gloggdu—/ P,flog P, fdu
M M

(the derivative being understood in an extended sense).

The material described in the preceding sections gets close to (23), however not quite.
Indeed, the conjunction of (11) and of the Wasserstein contraction (20) (for p = 0) yields

W2 (s, 1) + ¢ /

3
Py flog P fdu < = W3(po, vo) +t/ glog gdu
M 2 M

which is not directly comparable to (23) but which, in any case, is useless in the limit
as t — 0. To reach EVI, more on optimal transportation is actually required.

One key step in this regard is the existence of curves of probability densities hg,
s € [0, 1], with respect to p interpolating between hy = g and hy = f, assumed to be
smooth both in space and s, such that for every smooth function ¢ on M,

. 1
(25) / hs b dp < W3 (po, vo) + 5/ (Vb2 hedpt.
M M

Such curves are naturally provided by optimal transportation, and arise for example
in the Benamou-Brenier dynamical description of the Wasserstein distance [B-B] (cf.
[A-G-S1], [Vil], [Vi2]). To illustrate at a mild level such curves, and in M = R" for
the simplicity of the notation (the manifold case being similar at the expense of further
Riemannian technology, cf. [V2]), consider the Brenier map 7' : R" — R" pushing
forward dug = fdu to dry = gdp and providing optimal transportation in the sense of
the Wasserstein distance W5 as

(26) W) = 5 [ o= T@)[ f@)aua)

(cf. [A-G-S1], [V1], [V2]...). Consider then the geodesics Ty = sId+ (1 — s)T, s € [0, 1],
of optimal transportation. If hs denotes the density with respect to p of the pushforward
measure of dug = fdp by Ts (so that hg = g and hy = f) assumed to be smooth both
in space and s, it is easily checked that for every smooth function 1 on R",

[ hevdu= [ (o= T@) - Vo) f@)dnlz)
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yielding (25) by the quadratic inequality and (26). Of course, the existence of such
curves hg, s € [0, 1], satisfying (25) in a non-smooth setting is a delicate issue carefully
investigated in [A-G-S3].

On the basis of (25), the EVI (23) is then analyzed by a suitable coupling between
the heat kernel and optimal transportation parametrizations. Precisely, the expressions

(27) /M QiP.fdp — /M wgdp + t(/M P.flog P, fdp — /M glog gdu)

for any smooth ¢ on M may be represented as

1
d
/ (i / Cgsgppsthsd,u + 1 — / Psths log Psthsd,u) ds.
0 ds M dS M

Now, again under suitable smoothness assumptions not detailed here, by the Hamilton-
Jacobi equation and integration by parts,

d 1 .
d_/ Qs@Psthsd:u: __/ |VQ8<P|2Psthsdﬂ+/ hsPst(ngp)dﬂ

S JMm 2 v M

—I—t/ Qs LPsihgdp
M

1 .
= _5/ |VQ8‘P|2Psthsdﬂ+/ hsPst(Qsp)dp

M M

- t/ VQsp -V Pyhsdy.
M

On the other hand,
d

L[ Puh,log Puhydy = / [Pyths + t LPyhy] log Pyhydy
ds M M

= / Psths log Psthsd,u - t/ VPsths ' V(lOg Psths)du
M M

where we used that d%Psths = P, hy +tLP,h, and Jous Pyhgdp = Jous hedp = 0.

From these expressions, it is easily checked that the sum

d
7 / Cgsgppsthsd,u +1 i / Psths log Psthsdll’
ds M ds M

may be rearranged as

£2 [ |VPyhy|?

1
_5/ IV (Qup + tlog Puhy)|* Pahydp — =
M

d
2 )y Puhs M

+ / hsPst (QSQO + tlog Psths)dﬂ“
M

2
Forgetting the term % o % dp (which is anyway of the order o(t) in the limit

(24)), this quantity is upper-bounded by

1

_5 / PSt(‘v<QSSO + thg Psths)‘Q)hsd,u + / hspst (ngp + thg Psth'S)d/J’
M M
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where we used also symmetry of the semigroup. Now, by the curvature condition in the
form of the commutation (6), the latter is further upper-bounded by

1 .
_5/ ‘vpst<Qs§0+tlogpsths)‘2hsdﬂ+/ hspst(ngp_FthgPsths)du
M M

With ¢ = Py (Qsp + tlog Psths), (25) implies that this expression is precisely bounded
above by W2(uo, ). Integrating in s from 0 to 1 and taking the supremum over all ¢
then yields the announced EVI (23).

As mentioned above, the preceding argument is inspired by the Eulerian calculus
developed by F. Otto and M. Westdickenberg [O-W] in their approach of the contraction
property (20). Namely, if the parametrization does not involve the heat flow, consider
for ¢ : M — R smooth enough,

1
d
/Qlcthfdu—/ thgduz/ (d—/ stoPthsdu)dS-
M M 0 S JIM

Since, as above,

d 1 .
d—/ QspPihsdp = ——/ |VQ590\2Pthsdu+/ hs P (Qsp)dp,
S M 2 M

M

by time reversibility and the gradient bound (6),

1
& | QuePiudu= 3 [ PAVQuelhudu+ [ hPUQue)d

M

S__/ ‘thQs(P‘hd:u"i_/ hsPthgp

M

Using (25) then yields

/ Q190Ptfd,u—/ ©Prgdp < W3 (po, vo),
M M

that is, after taking the supremum in ¢, the contraction property (20) of Corollary 4.2.

Acknowledgement. We are grateful to L. Ambrosio, N. Gigli and G. Savaré for
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for sharing with us his simple proof from the Wasserstein contraction to the curvature
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