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THE CYCLE COMPLEX OVER P! MINUS 3 POINTS : TOWARD
MULTIPLE ZETA VALUE CYCLES.

ISMAEL SOUDERES

ABSTRACT. In this paper, we construct a family of algebraic cycles in Bloch’s
cycle complex over P! minus three points, which are expected to correspond
to multiple polylogarithms in one variable. Elements in this family of weight
p belong to the cubical cycle group of codimension p in (P! \ {0, 1, c00}) x (P! \
{1})27~1 and in weight greater than or equal to 2, they naturally extend as
equidimensional cycles over Al.

Thus, we can consider their fibers at the point 1. This is one of the main
differences with the work of Gangl, Goncharov and Levin. Considering the fiber
of our cycles at 1 makes it possible to view these cycles as those corresponding
to weight n multiple zeta values which are viewed here as the values at 1 of
multiple polylogarithms.

After the introduction, we recall some properties of Bloch’s cycle complex,
and explain the difficulties on a few examples. Then a large section is de-
voted to the combinatorial situation, essentially involving the combinatorics
of trivalent trees in relation with the structure of the free Lie algebra on two
generators. In the last section, two families of cycles are constructed as solu-
tions to a “differential system” in Bloch’s cycle complex. One of these families
contains only cycles with empty fiber at 0; these correspond to multiple poly-
logarithms.
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1. INTRODUCTION

General goals. This paper is a first and crucial step toward motivic multiple zeta
values via algebraic cycles.

In the algebraic cycles setting, motives arise as comodules over the Tannakian
Lie coalgebra given by the H° of the bar construction over a differential graded
algebra A/®*, modulo products. The algebra A/® is built out of algebraic cycles. The
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2 ISMAEL SOUDERES

Lie coalgebra generating its 1-minimal model is isomorphic to the above Tannakian
Lie coalgebra.

In order to obtain a motive, that is a comodule, it is enough to have an element in
the relevant Tannakian Lie coalgebra. Then the motive is the comodule cogenerated
by this element. Since the Tannakian Lie coalgebra is a “H° modulo product”, we
write one of its elements as a class [£7] in this H°. This class can be represented
in the bar construction over A”® by an element £Z. The element £? is essentially
determined by its projection onto its tensor degree 1 part, which gives an algebraic
cycle £ in N'*. The cycle £ has a decomposable boundary because the element £7
leads to a class in the H°.

Hence a first step toward explicit motives via algebraic cycles is to build algebraic
cycles in A® having a decomposable boundary. The main result of this paper
(Theorem [5.8) provides such algebraic cycles denoted by L£J; here the indexing
set W consists in Lyndon words. It is shown in [Soul4] that the motives attached
to these cycles generate the Lie coalgebra associated to the Deligne-Goncharov
fundamental group.

However lifting algebraic cycles to objects in the bar construction requires, in
general, a strong combinatorial or algebraic control of the boundaries involved. In
our context, this control is insured (Theorem[(.8]) by the algebraic and combinatorial
structure of Thara’s special derivations studied at Proposition

The next steps in order to obtain motivic multiple zeta values are:

(1) Our main theorem makes it possible to build a commutative differential
graded algebra morphism between the cobar construction over the Lie coal-
gebra associated to Thara’s special derivations (combinatorial structure) and
N* (algebraic cycles). Then the unit of the bar/cobar adjunction lifts cy-
cles E%,, built in this paper, to elements of B(A®), the bar construction
over N°.

(2) Then Proposition €27 shows that the motivic cobracket of elements induced
by cycles LY, is exactly given by Thara’s cobracket. As a consequence, the
family of motivic elements (i.e. in the Lie coalgebra) arising from cycles £,
generates the Lie coalgebra associated to the Deligne-Goncharov motivic
fundamental group. This uses the Lie coalgebra version of the comparison
between the Tannakian group of the category of mixed Tate motives and
Deligne-Goncharov motivic fundamental group (cf. [Levli]).

The above steps can be deduced from this paper using the bar/cobar adjunction
and classical motivic theory. In particular they do not require any other specific
algebraic or geometric structure than the ones developed in Proposition and
Theorem

A more recent work, [Sould], is devoted to proving the above assertions. In par-
ticular, the cycles L, built in this paper, induce motivic elements which generate
the Lie coalgebra associated to the Deligne-Goncharov motivic fundamental group
(see [Sould]).

The Lie coalgebra associated to the Deligne-Goncharov motivic fundamental
group contains the multiple polylogarithms. Looking for multiple zeta values we
want the above construction to be compatible with specialization at “1”. This is
possible by our main result (Theorem [B.8]) which gives cycles that are not only
fiberered over P! \ {0,1, 00} but are also fibered over A'. In particular cycles built
at Theorem can be specialized at 1. This is a major improvement on previous
attempt to build algebraic cycles attached to multiple polylogarithms.

The rest of this introduction gives, first, the general background about multiple
polylogarithms and algebraic cycles. Then it presents the general strategy and
states our mains results : Theorem [5.8 which builds algebraic cycles Ly, under
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the algebraic control given by Proposition [4.27] which concerns the Lie coalgebra
associated to Thara’s special derivations.

1.1. Multiple polylogarithms. Multiple polylogarithm functions are defined (cf.
[Gon95]) by the power series

27tz Ztm
Liy,.. k(2155 2m) = Z Ty (2 € C, [z] < 1),
ny n Nm"
ny>-->n, >0 U1 2 m
where the k;’s are strictly positive integers. They admit an analytic continuation
to a Zariski open subset of C™. The case m = 1 is nothing but the classical
polylogarithm functions. The case z; = z and 2o = -+ = 2z, = 1 gives a one-
variable version of the multiple polylogarithm function

ni

.C . o z
Lig, k. (2) = Ligy ..k, (2,1,...,1) = g T R
ny>->nm>0 101 27 1 im

When k£ is greater or equal to 2, the series converges as z tends to 1, where we
recover the multiple zeta value

. . 1
(ks km) = L, (1) = Ligy, g, (1,0 1) = Z ST S
N> >n,>0 101 T2 Thm
To the m-tuple of positive integers (k1,. .., kn) of weight n = " k;, we associate
an n-tuple of 0’s and 1’s
(enyeve1) ==(0,...,0,1,..., 0,...,0 ,1).
—— ——
k1 —1 times kpm—1 times

This allows us to write multiple polylogarithms as iterated integrals (z; # 0 for all

i)

dty dtn,
Li ) = (1) [ L A

bt G m) = ()" [ G
where 7 is a path from 0 to 1 in C\ {z1,...,2,}. The integration domain A, is the
associated real simplex consisting of all m-tuples of points (y(t1),...,v(t,)) with
t; < t; for i < j, where we have set

(Z'n, s 7:r1) =
(zrh e (ze) (i) T (2 m) T (2 2m) T,
k1 times ko times kp, times

As shown in [Gon05al, iterated integrals have Hodge/motivic avatars living in
a Hopf algebra equivalent to the Tannakian Hopf algebra of mixed (Q-Hodge-Tate
structures. Working with these motivic/Hodge iterated integrals reveals more struc-
ture — in particular the coproduct, which is not visible on the level of numbers —
conjecturally without losing any information.

1.2. Multiple polylogarithms and algebraic cycles. The relations between the
motivic world and the higher Chow groups on the one hand (e.g. |[Lev05l [Voe02])
and the relations between multiple polylogarithms and regulators (e.g. [Zag91]
Gon05b]) on the other, suggest the question of whether there exist avatars of the
multiple polylogarithms in terms of algebraic cycles.

Given a number field K, in [BK94], Bloch and Kriz used algebraic cycles to
construct a graded Hopf algebra. They conjectured that this Hopf algebra was iso-
morphic to the Tannakian Hopf algebra of the category of mixed Tate motives over
K, a result that was later proved by Spitzweck in [Spi | (as presented in [Lev05]).
Moreover, Bloch and Kriz described a direct Hodge realization functor for these
“cyclic motives”. For any integer n greater than or equal to 2 and any point z in
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K, they produced an algebraic cycle Lif’(z). This cycle Lij’(z) induces a motive.
They showed in [BK94, Theorem 9.1] that the “bottom-left” coefficient of its period
matrix in the Hodge realization is exactly —Li,(z)/(2im)".

More recently in [GGL09|, Gangl, Goncharov and Levin, using a combinatorial
approach, constructed algebraic cycles corresponding to the multiple polylogarithm
values Lig, .. k. (#1,...,2m) with parameters z; in K*, under the condition that the
corresponding x; (as defined above) are all distinct. In particular, all the z; except
for z; must be different from 1. This implies that their method does not give
algebraic cycles corresponding to multiple zeta values.

1.3. Algebraic cycles over P!\ {0,1,00}. The goal of this paper is to develop
a geometric construction for algebraic cycles which removes the previous obstacle
(z; # 1); thus opening the possibility to obtain algebraic cycle attached to multiple
zeta values (as explained at the very beginning of this introduction).

The general approach of this project views cycles as fibered over a larger base,
and not just point-wise cycles for some fixed parameter (z1,...,2,). Levine, in
[Levid], shows that there exists a short exact sequence relating the Bloch-Kriz
Hopf algebra over Spec(K), its relative version over P!\ {0,1,00} and the Hopf
algebra associated to Goncharov and Deligne’s motivic fundamental group over
P\ {0,1, 00} which contains the motivic iterated integrals associated to multiple
polylogarithms in one variable.

This one-variable version of multiple polylogarithms gives multiple zeta values
for z = 1. Thus, in order to obtain motives corresponding to multiple zeta values
in this framework of algebraic cycles, it is natural to first investigate the Bloch-
Kriz construction over P!\ {0,1,00}. This should lead to algebraic cycles and
motives corresponding to multiple polylogarithms in one variable. The multiple
zeta value objects then arise as limit motives, or as limits of variations of mixed
Hodge structure as z tends to 1.

However, before computing any motives or any matrix periods, we first need to
obtain explicit algebraic cycles over P!\ {0, 1,00} such that:

e their boundary (in the Bloch-Kriz complex) is related to the differential (or
derivative) of multiple polylogarithm functions;

o their Zariski closures over A! have a well defined fiber at z = 1 as element
of the Bloch-Kriz complex.

This last condition is a priori guided by the fact that, even if the period matrix
corresponding to Li,(z) is not well defined at z = 1 (because log(1l — z) appears
in some coefficients), its “bottom-left coefficient” —Li,,(z)/(2im)™ is well-defined at
z = 1. Moreover it is also naturally imposed by our geometric construction (cf.
Section [).

This paper constructs a family of cycles satisfying these conditions. In the final
remarks, we provide some extra evidence that it is a good family by computing an
integral in low weight.

1.4. Strategy and Main results. The Bloch-Kriz Hopf algebra and its relative
version over P!\ {0,1,00} is the H of the bar construction over a commutative
differential graded algebra (cdga) N§ constructed from algebraic cycles. We will
use this algebra in the case K = Q and X = Spec(Q) or X = P!\ {0,1,00} or
X = A'. The algebra N'% comes from the cubical construction of the higher Chow
groups, and setting (0! = P\ {1} ~ A, we have:

Nx = Q& (8p21Nx(p)



THE CYCLE COMPLEX OVER P! MINUS 3 POINTS 5

where the N'%(p) are generated by codimension p cycles in X x (=" which are
admissible (cf. Definition and Remark [2Z7). The cohomology of the complex
N%(p) recovers the higher Chow groups CH? (X, 2p — e).

As the H° of the bar construction over J\/'Ipfl\{o,lm} is isomorphic to one of its 1-
minimal models [BK94|, our strategy is to follow the inductive construction of this
1-minimal model as presented in [DGMS75]. We recall below how the 1-minimal
model is built in [DGMST5] because it guided and motivated the present work.

Let S9"(V) = @,59"™(V) denote the graded symmetric algebra over a graded
vector space V. Roughly speaking, the inductive construction of the 1-minimal
model of NIP?I\{O,LOO} proceeds as follows. We start with V3 = H'( IP’I\{O,LOO}) (in
degree 1) and a map ¢ given by a choice of representative in NIP?I\{O,l,oo} of a basis
of V4. This map induces a map S9"(V;) — NIP?I\{O,l,oo} and a map

HE(S97(V1)) 5 HE (VB (0,1,001)s
where the differential on S97(V}) is 0. But the above map may not be injective on
H?, which is one of the desired properties of a 1-minimal model. Hence the first
inductive step consists in killing the kernel of &; on H?. In general, at the i-th step
of the induction, we define
Vi1 = Vi @ ker(iluz),
where the kernel is added in degree 1 and where ;|2 denotes the restriction of g;
to H?(S97(V1)). Then g; is extended to a map
@iv1: Vier — Np1\ (01,00}

by defining it on ker(g;|g2). We choose a family (bg)) of degree 2 elements in S9"(V;)
inducing a basis ([bg)]) of ker(;|g2). The image of [bg)] under ;11 is defined as
follows: by definition bl(;) is a Q-linear combination of products of elements in V;,
bl(;) = Z O‘Z,bcgi) : Cz(f),
The element b,(j) is mapped by ¢; to > a’;’bcpi(c,(li)) . gpi(cgi)) in IPgl\{O,l,oo}' As b,(j)
gives a class in the H?(S97 (7)), the differential in NIP?I\{O,l,oo} of the previous sum
is 0. Because [b,(f)] lies in the kernel of ¢;, the sum
pib)) =D ol yiled) - wilel)

is a boundary in prl\{o 1,00} That is, there exists eg)

eilb’) = (e)?)
where 0 denotes the differential in NIP?I\{O 1o} The element ©wi+1([bk]) is then
defined by

in NIP}l\{OJ,OO} such that

piva([bn]) = e
The discussion above can be summarized in the following diagram

S92(V) ngl\{o,mo}
. . . 0
b Lakeie)) - pile)) 0
o,

(1)
Jey” € NIF}I\{O,I,OO}
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Although the construction developed in this paper does not exactly follow the
above description, it is largely inspired by its main aspects:

e Which linear combinations of products of degree 1 elements are boundary?
Note that these linear combinations are degree 2 elements.

e Which degree 1 elements ¢ are mapped by the differential onto these linear
combinations of products?

The strategy of this paper finds linear combinations ) «; jc; - ¢; that have a zero
differential, and considers under what conditions they can be written as an explicit
boundary, i.e. as d(e) for some explicit cycle e in N%.

In weight p, we will consider linear combinations constructed from elements
obtained in lower weight; under some geometric conditions the cycle ¢ can be con-
structed easily. It is the pull-back of Y v jc; - ¢; induced by the multiplication map
(O~ Al X = Al):

X x Al x A%r—2 X x A?r—2

(t,S,Il,...,Igp,Q) — (tS,QZl,...,IQp,Q).

Even though it is not stated formally in their paper, it is reasonable to believe
that Bloch and Kriz used this idea to build their cycles Lif”(z). Thus, it is natural
to recover these cycles using the method described above. However, the cycles cor-
responding to multiple polylogarithms constructed using this method are different
from the ones proposed by Gangl, Goncharov and Levin in [GGL09).

In particular, using the above pull-back by the multiplication insures that the
constructed cycles on P!\ {0,1, 00} admit an extension to N, which is dominant
over A! with pure relative dimension (cf. Definition [5.1]), and have an empty fiber
at 0 and a well defined fiber at 1. Such cycles are called equidimensional (over Al).

This geometric construction proceeds within a combinatorial setting. More pre-
cisely, for any Lyndon word W in the letters {0, 1}, we consider linear combinations
of decorated rooted trivalent trees Ty «(2). These Ty« (z) are dual to the basis of
Lyndon brackets of the free Lie algebra; hence the subscript W* in Ty« (z). In
this notation, = denotes a parameter in A! labeling the root. By dualizing the
action of the Lie algebra on itself by Thara’s special derivations, we obtain a twisted
cobracket d, which can applied to Ty~ (z). The main point of the combinatorial
setting is the following result (Proposition [L.27).

Theorem. For any Lyndon word W in the alphabet {0, 1}, the cobracket of Ty« (x)
can be expressed as:

(1) dey(Tw (@) = Y i jTwy () ATw () + > BriTwy () A Twwy (1)

where A is the exterior product and Wy, W;, Wy and Wy are Lyndon words of length
strictly smaller than W. The coefficients o ;’s and Bj,1’s are integers.

Note that Gangl, Goncharov and Levin in [GGL09] defined a differential dgq on
a commutative differential graded algebra built on a closely related type of tree.
These authors’ approach is mainly based on the universal enveloping algebra of the
Lie algebra used in this paper (see Remark[.29)). The differential dg, was originally
constructed to mimic the differential in Ny while the cobracket d., reveals the
underlying structure of Thara’s (co)action by special derivations.

The above Theorem controls the combinatorial structure of the elements we want
to build. It plays a central role in constructing our explicit algebraic cycles in a
general framework. Modifying the above “differential system” (a cobracket inducing
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a differential), we inductively construct cycles LY, corresponding to Ty« (z) (which
we can think of as Ty« (x) — Ty« (0)) and cycles L corresponding to the difference
Tw+(z) — Tw+(1). In this way, we obtain (cf. Theorem [0.8)) algebraic cycles that
are expected, when specialized at 1, to correspond to multiple zeta values under
Bloch-Kriz Hodge realization functor (which, up to the author understanding, is
not completely computable in any explicit and coherent way).

Theorem. Let X = P!\ {0,1,00}. For any Lyndon word W in the alphabet
{0,1} of length p > 2, there exists a non zero cycle LY, in Nk (p), i.e. a cycle of
codimension 1 in X x 0%~ such that:
° L%V has a decomposable boundary whose explicit expression is derived from
Equation (),
o L admits an equidimensional extension to A with empty fiber at 0.
A similar statement holds for 1 in place of 0.

Remark 1.1. The main arguments in support of the importance of cycles LY, are :

e When W =0---01 (only one “17), we recover the class of classical polylog-
arithms cycles introduced by Bloch and Kriz [BK94].

e More generally, the differential equation satisfied by cycles LY is controlled
by Ihara’s special derivation and the induced cobracket.

On motivic iterated integrals, Thara’s cobracket is known to agree with
Goncharov motivic coproduct which corresponds to the differential equation
satisfied by multiple polylogarithm (see also the discussion on page [BTJ).

Hence the differential equations satisfied by cycles £9, is very closely
related to the differential equations of multiple polylogarithms.

e Theorem 5.8 insures that cycles LY}, can be specialized at the point 1 which
is desirable because multiple zeta value are specialization of multiple poly-
logarithm at the point 1.

e The computation of the actual integral for W = 011 is done in Section [£.4]
and give —((2,1) after specialization at 1. Such computations can be done
by hand in small weight but they do not increase the global understanding
of the Hodge realization for cycles above.

All these reasons leads us to think of L%V|{z:1}, specialization of the cycle £Y, at
1, as corresponding to a (linear combination of) multiple zeta value(s).
This intuition is confirmed in [Soul4] which shows that motives associated to
cycles E%V'{x:z} generate the Deligne-Goncharov motivic fundamental group.
This is a consequence of this paper because their cobracket (corresponding to
the differential of cycles) is exactly given by Equation (Il and hence by Thara’s
cobracket.

The paper is organized as follows:

e The next section (Section [2) is devoted to a general review of the Bloch-
Kriz cycle complex. In particular, we detail the construction of the cycle
complex and recall some of its main properties (relation to higher Chow
groups, localization long exact sequence, etc.).

e Then, we apply in Section [B] our strategy to the nice examples of polylog-
arithms as described in [BK94]. Then we present the main difficulties via
an example in weight 3, and explain how to overcome them in general.

e Next, in Section [ we deal with the combinatorial situation, beginning by
presenting the trivalent trees attached to Lyndon words and their relations
with the free Lie algebra Lie(Xp, X1) on two generators. We then review
Thara’s action by stable derivations. Next we introduce linear combinations
of trees Ty« corresponding to the dual situation, i.e. in the Lie coalge-
bra graded dual to Lie(Xy, X1), and study the cobracket corresponding to
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Thara’s action. Note that we are not simply looking at Thara’s Poisson
bracket; we are also keeping track of the structure coefficients of the action.

This leads to Proposition[4.27] which proves that the image of Ty« under
dcy is decomposable in terms of Ty« (with U of smaller length).

e In Section Bl we prove our main Theorem. It begins by presenting some
properties of equidimensional algebraic cycles over P!\ {0,1,00} and Al.
Then, we study the relation between the two situations and explain how
the pull-back by the multiplication (resp. by a twisted multiplication) gives
a homotopy between the identity and the fiber at 0 (resp. at 1) pulled back
to a cycle over Al by p: A — {pt}. Finally, the above work allows us to
inductively construct the desired families of cycles L}, and L]}, in Theorem
We conclude this section by computing the integral attached to the
cycle £8;,. Its specialization at the point 1 is —((2,1).

e The last section is devoted to some concluding remarks. In particular, we
show how our construction passes to the setting of quasi-finite cycles used
in the motivic context provided by [Lev1I].

2. THE CYCLE COMPLEX OVER P!\ {0, 1, 00}

2.1. Commutative differential graded algebras. Let us recall some definitions
and properties of commutative differential graded algebras (cdga’s) over Q.

Definition 2.1 (cdga). A commutative differential graded algebra A is a com-
mutative graded algebra (with unit) A = @, A™ over Q together with a graded
homomorphism d = ®d”, d"* : A» — A"+ such that
o d"lod?=0
e d satisfies the Leibniz rule
d(a-b) =d(a)-b+ (=1)"a-d(b) forae A", be A™.

We recall that a graded algebra is commutative if and only if for any homogeneous
elements a and b, we have

ab = (—1)des(@ deg®)p,

Definition 2.2. A cdga A is

o connected if A" =0 foralln < 0and A°=Q-1.
e cohomologically connected if H"(A) = 0 for all n < 0 and H*(4) = Q- 1.

In our context, the cdga involved are not necessarily connected, but come with
an Adams grading.

Definition 2.3 (Adams grading). An Adams graded cdga is a cdga A together
with a decomposition into subcomplexes A = @,>0A(p) such that

e A(0) = Q is the image of the algebra morphism Q — A;

e The Adams grading is compatible with the product of A, i.e.

A¥(p) - Al(q) € A" (p +q).
However, no sign is introduced as a consequence of the Adams grading.

For an element a € AF, we call k the cohomological degree and denote it by
la| := k. In the case of an Adams graded cdga, for a € A¥(p), we call p its weight
or Adams degree and denote it by wt(a) := p.

We assume that all the commutative differential graded algebras are equipped
with an augmentation ¢ : A — Q. Note that an Adams graded cdga A has a
canonical augmentation A — Q with augmentation ideal A" = @®,>1A4(p).
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2.2. General construction of the Bloch-Kriz cycle complex. This subsection
is devoted to the construction of the cycle complex as presented in [Blo86, [Blo97,
BK94, [Lev94].

For simplicity we work over Spec(Q). For n > 1, let " be the algebraic n-cube

0" = @'\ {1})"
with the convention that [(0° = Spec(Q). Insertion morphisms s¢ : O"~! — O7
are given by the identification

anl ~ Difl X {E} % ani

for ¢ = 0,00. Similarly, for I C {1,...,n} and € : I — {0,000}, we define s5 :
ar-Hl — on,

Definition 2.4. A face F of codimension p of (0" is the image s5(CJ"~P) for some
I and ¢ as above such that |I] = p.

In other word, a codimension p face of (1" is given by the equation u;, = ¢, for
kin {1,...,p} and e in {0, 00} where us,...,u, are the usual affine coordinates
on PL.

The permutation group &,, acts on J” by permutation of the factors.
Remark 2.5.

e In some references, [Lev94l [Lev1l] for example, (0" is defined to be the usual
affine space A", and the faces are obtained by setting various coordinates
equal to 0 or 1. This makes the correspondence with the “usual” cube more
natural. However, the above presentation, which agrees with [BK94] or
[GGL0Y|, makes some comparisons and some formulas “nicer”. In particular,
the relation between the construction in the setting (0! = P!\ {1} and the
Chow group CH'(X)g is simpler.

e Let Cube be the subcategory of the category of finite sets whose objects
are n = {0,1}"™ and whose morphisms are generated by forgetting a factor,
inserting 0 or 1, and permutation of the factors, these morphisms being
subject to natural relations. Similarly to the usual description of a simplicial
object, [1® is a functor from Cube into the category of smooth QQ-varieties,
and the various (J" are geometric equivalents of n.

Let X be a smooth quasi-projective variety over Q.

Definition 2.6. Let p and n be non negative integers. Let ZP(X,n) be the free
group generated closed irreducible subvarieties of X x 0" of codimension p which
intersect all faces X x F properly (where F' is a face of 00"). That is:

W is closed and irreducible;
Z<WCX><D" such that { codimxxp(WNX X F)=p >
or WN(X xF)=0
Remark 2.7.
e A subvariety W of X x 0" as above is called admissible.
e As the projection p; : 0% — "~ ! forgetting the i-th factor is smooth, we
have the corresponding induced pull-back: p} : ZP(X,n — 1) — ZP(X,n).
e s¢ induces a regular closed embedding X x O0"~! — X x 0" which is of
local complete intersection. As we are considering only admissible cycles,
i.e. cycles in “good position” with respect to the faces, s induces s§* :
ZP(X,n) = ZP(X,n—1).
e The morphism 9 = 327" | (1)1 (s)* — 57°*) induces a differential

ZP(X,n) — ZP(X,n—1).
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The action of &,, on 0" can be extended to an action of the semi-direct product
Gn = (Z)2Z)" x &,, where each Z/27Z acts on (! by sending the usual affine
coordinate u to 1/u. The sign representation of &,, extends to a sign representation
G, — {£1}. Let Alt, € Q[G,] be the corresponding projector.

Definition 2.8. Let p and k be integers with p > 0. Set
N (p) = Altap—1(2(X,2p — k) © Q).
We will refer to k as the cohomological degree, and to p as the weight.

Remark 2.9. In this presentation, we have not dealt with degeneracies (images in
Z(X,n) of pf) because we use an alternative version with rational coeflicients. For
more details, see the first section of [Lev09] which presents the general setting of
cubical objects. A similar remark was made in [BK94]|[after equation (4.1.3)].

Definition 2.10 (Cycle complex). For p and k as above, the pull-back
s$$*ZP( X, 2p—k) — ZP(X,2p—k —1)

induces a morphism 95 : N'& (p) — N&(p). Thus, the differential d on Z7(X, 2p—
k) extends to a differential

2p—k
0= (-1 48 - 0°) : Nk (p) -2 NEF (p).
=1
Let N%(p) be the complex
Ne): o NE) S NEF () — -

Define the cycle complex as
Y =QaPNi).
p=1
In |[Lev94, §5] and in [Lev1I|[Example 4.3.2], Levine proved the following propo-
sition.
Proposition 2.11. Concatenation of the cube factors and pull-back by the diagonal

XxO"x X xO™ 3 X x X xO"x O™ 3 X x X x O™ &% x x On+m
induces, after applying the Alt projector, a well-defined product:
Nx(p) ® Nx(q) — N5 (0 +q)
denoted by -

Remark 2.12. The smoothness hypothesis on X allows us to consider the pull-
back by the diagonal Ax : X — X x X which is, in this case, a local complete
intersection.

We have the following theorem (also stated in [BK94l Blo97] for X = Spec(Q)).

Theorem 2.13 ([Lev94, Theorem 4.7 and §5|). The cycle complex Ny is a differ-
ential graded commutative algebra. In weight p, its cohomology groups are the p-th
higher Chow group of X :

H*(N%(p)) = CHP(X, 2p — k)q,
where CHP (X, 2p — k)g stands for CHP(X,2p — k) ® Q.
Moreover, this construction is functorial in X with respect to flat pull-back
and proper push-forward (up to the usual shifts in degree and weight). Using

Levine’s work [Lev94], we have a more general pull-back functoriality on the level
of cohomology groups; we could also use Bloch’s moving Lemma [Blo94].
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2.3. Some properties of Higher Chow groups. In this section, we present
some well-known properties of the higher Chow groups and some applications that
will be used later. Proof of the different statements can be found in [Blo86| or
[Lev94].

2.3.1. Relation with higher K -theory. Higher Chow groups, in a simplicial version,
were first introduced in [Blo86] in order to achieve a better understanding of the K-
groups of higher K-theory. In |[Lev94|[Theorem 3.1], Levine gives a cubical version
of the desired isomorphisms.

Theorem 2.14 (|[Lev94|). Let X be a smooth quasi-projective Q-variety, and let
p, k be two positive integers. Then

CHP(X,2p — k)g ~ Gr? K2p7k(X) ®Q

In particular, using the work of Borel [Bor74|, computing the rank of K-groups
of a number field in the case k = 2 and p > 2, we find

2) CHP(Q,2p — 2)g ~ Gr” K5y_»(Q) ® Q = 0.

2.3.2. A'-homotopy invariance. From Levine [Lev94]|Theorem 4.5], we can deduce
the following proposition.

Proposition 2.15 ([Lev94]|). Let X be as above and let px be the projection
px : X x Al — X. Then the projection px induces (by flat pull-back) a quasi-
isomorphism for any positive integer p

P s NX () 75 N3 (p)
Moreover, an inverse to p% on the cohomology is given by the pull-back by the
zero section iy : H¥ (Vg 1 (9)) — HF (N (p)).

Remark 2.16. The proof of Levine’s theorem also tells how this quasi-isomorphism
arises using the multiplication map A! x A’ —s Al. This leads to the proof of
Proposition B.71

We now apply the above result in the case where X = Spec(Q), and use the
relation with K-theory via equation (2]).

Corollary 2.17. The second cohomology group of N, vanishes:
Vp=1  HXWi(p) ~ CHP(A',2p —2)g ~ CHP(Q,2p — 2)g = 0.

2.3.3. Localization sequence. Let W be a smooth closed subvariety of pure codimen-
sion d of a smooth quasi-projective variety X. Let U denote the open complement
U= X\W. A version adapted to our needs of Theorem 3.4 in |[Lev94] gives the
localization sequence for higher Chow groups.

Theorem 2.18 ([Lev94]). Let p be a positive integer and | an integer. There is a
long exact sequence

(3)
coo — CHP(U, 1 + 1)g - CHP (W, 1)g - CHP(X,1)g L CHP(U, 1)g > - - -

where i : W — X denotes the closed immersion and j : U — X the open one.

Remark 2.19. Here, i, and j* denote the usual push-forward for proper morphisms
and pull-back for flat ones.

In order to study the cycle complex over P!\ {0,1,00}, we begin by applying
the above theorem to the case where X = A, U =P!\ {0,1,00} and W = {0, 1}.
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Corollary 2.20. For p > 0 and k € Z, we have the following description of
Hk(Nﬁl\{o,Loo})-'
Hk(NIPtl\{O,l,oo})(p) =
H'AS)(p) & (B WG)(p — 1) @ QlLo] ) & (' (NS (p — 1) @ QIL4])

where [Lo] and [L1] are cohomology classes represented by cycles Lo and Ly re-
spectively which are in cohomological degree 1 and weight 1 (i.e. of codimension

1).

Proof. For any integer [, the long exact sequence above gives

(4) -~ — CHP1({0,1},0)g =5 CHP (A}, 1)g — CH? (X, 1) —>
CHP™'({0,1},1— 1)g = CHP(A', 1 — 1)g —> - --

The map i, is induced by the inclusions iy and 4; of 0 and 1 into A!. The morphism
i5 - Hk( ) — H* (N{'O}), and more generally i% for any Q point x of Al, is an
isomorphism inverse to pgpec((@) : A — Spec(Q). Hence the Cartesian diagram

Spec(Q)

L

20

Spec(Q) ———— Al

shows that 4o . (and respectively i1 ) is 0 on cohomology.
In particular, the sequence (@) is a collection of short exact sequences

0—s CHP(A', 1)g — CHP(X,1)g —= CHP~1({0,1},1 — 1)g—0.
Thus, for fixed I, using the A'-homotopy property and the fact that
CHP?({0,1},1) ~ CHP(Spec(Q), 1) & CHP(Spec(Q), 1),
we obtain the following short exact sequence
0— CHP (Spec(Q), 1) — CHP(X, 1) —+ CHP~}(Spec(Q), 1 — 1)§2—0,
and an isomorphism
CHP(X,1)g — CHP(A',1)g & CHP~(Spec(Q), 1 — 1){?.

The relation between the cohomology groups of N'% (p) and the higher Chow groups
concludes the proof. (I

Remark 2.21. The above corollary for k = 1 gives us a description of H (N[Ptl\{o,l,oo})
which is the key object of the first step of the 1-minimal construction mentioned in
the introduction. Hence this corollary is the starting point of the construction of
our algebraic cycle.

The generators Ly and Ly will be given explicitly in terms of cycles in NEL\ {0,1,00}
at Subsection[3l This allows us to follow the 1-minimal model construction in order
to build our algebraic cycles.
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2.4. The cycle complex over P!\ {0,1,00} and mixed Tate motives. Levine
in [Lev1I] makes the link between the category of mixed Tate motives (in the sense
of Levine [Lev05] or Voevodsky [Voe(0]) over a base X and the cycle complex Nx.
The relation between mixed Tate motives and the cycle complex was developed
earlier for X = Spec(Q), the spectrum of a number field, by Bloch and Kriz in
[BK94].

In what follows, X still denotes a smooth, quasi-projective variety over Q. We
will work with coefficients in Q.

Under more general conditions, Cisinski and Déglise [CD09| defined a triangu-
lated category DM(X) of (effective) motives over a base with the expected proper-
ties. Levine’s work [Lev93, [Levi]] shows that when the motive of X is mixed Tate
over Spec(Q) and satisfies the Beilinson-Soulé vanishing conjecture, there exists a
Tannakian category MTM(X) of mixed Tate motives over X.

Together with defining an avatar of N'x in DM(X), Levine |[Lev11][Theorem 5.3.2
and beginning of the section 6.6] shows that when X satisfies the above conditions,
we can identify the Tannakian group associated with MTM(X) with the spectrum
of the H® of the bar construction over the cdga Ny:

GMTM(X) = SpeC(HO(B(NX)))-
Then he uses a relative bar-construction in order to relate the natural morphisms
p* : MTM(Spec(Q)) — MTM(X), ¥ MTM(X) — MTM(Spec(K)),

induced by the structural morphism p : X — Spec(Q) and a choice of a Q-point x
to the motivic fundamental group of X at the base point = defined by Goncharov
and Deligne, 71"°t(X, z) (see [Del89] and [DGOH]).

In particular, applying this to the the case X = P!\ {0,1,00}, we have the
following result.

Theorem 2.22 (|[Lev11]|Corollary 6.6.2]). Let x be a Q-point of P1\{0,1,00}. Let
Gpi\[0,1,00} and Gq denote the spectrum of HO(B(NIPI\{O,LOO})) and H°(B(Np))

respectively. Then there is a split exact sequence:

*

(5) 1 —— 7mey(PL\ {0,1,00},2) —— Gp1\{0,1,00} ., Gg ——1
\_/

*

where p is the structural morphism p : P\ {0,1,00} — Spec(Q).

Let cofq and cofpi\{o,1,00} denote the Lie coalgebra given by the set of inde-
composable elements of the HO of the bar construction of Ns.p ec(Q) and NIpfl\ {0,1,00}
respectively. Then, taking the ring of functions and passing to the set of indecom-
posable elements, the short exact sequence (Bl can be reformulated in terms of Lie
coalgebras.

Thus there is a split exact sequence of Lie coalgebras:

0 —— coLg — coLpn\(0,1,00} — COSH?)fi%’l’OO} —0

where co€310T |, is the graded dual of the Lie algebra associated to 7" (X, z).

In particular co£I577

P1\{0,1,00}
free Lie algebra on two generators Lie(Xg, X1). This observation motivated the
study of this Lie coalgebra in Section @ in order to understand the combinato-
rial structure of our construction. This Lie coalgebra is presented in a “trivalent

tree” version because of the combinatorial construction of Gangl, Goncharov and

is the Lie coalgebra which is the graded dual of the
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Levin [GGL09|, which is based on linear combination of trivalent trees. Their ap-
proach seems to be related to the graded dual of the universal enveloping algebra
of Lie(Xo, Xl)

3. LOW WEIGHT EXAMPLES AND CYCLES CORRESPONDING TO POLYLOGARITHMS

From now until the end of the article, we let X denote P* \ {0, 1, 0}.

In this section, we give a first presentation of our strategy to construct general
cycles in g corresponding to multiple polylogarithms by examining the simple
case of the polylogarithms Li$. We will pay special attention to the Totaro cycle,
which is known to correspond to the function LiS(z), and then explain how its
construction can be generalized to obtain cycles already present in [BK94] and
[GGLO9] corresponding to the functions Li&(2).

3.1. Two weight 1 examples of cycles generating the H'. We want to con-
struct cycles in N’y in order to obtain the inductive construction of the 1-minimal
model. This means that we will

(1) find in N% linear combinations of products of already constructed cycles

that are boundaries, i.e. d(c) for some cycle ¢ in N'y;

(2) explicitly construct the desired c.
The first step begins with a basis of H! (N%). However, as we only want a description
of the geometric part of the 1 minimal model (i.e. relative to the situation over
Spec(Q)), we do not need to consider a full basis of H' (N'y). We saw that H' (V%)
(Corollary 2:20)) is the direct sum of Hl(./\/'d,) and two copies of H" (NQ)-

Lemma 3.1. Let Ty and Ty be the graph of po : X — O which sends = to x
and the graph of p1 : X — O which sends = to 1 — x respectively. Then Ty and
Ty define admissible algebraic cycles in X x O'. Applying the projector Alt to the
alternating elements gives two elements Lo and L1 in Ny, and we have

H' (MVE1(0,1,00y) = H'(NVG) @ (HO(WVG) © QLo) ® (H'(NG) ® QL) .
When we speak about parametrized cycles, we will usually omit the projector
Alt and write
Lo=[z;z] and L =[z;1— 1] cXxx0Ot
where the notation [z; f(z)] denotes the set

{(z, f(x)) such that x € X}.

Proof. First of all, note that Ly and L; are codimension 1 cycles in X x O' =
X x O?1-1 Moreover, as

LoNn (X x {e}) = LoN (P'\ {0,1, 00} x {e}) =0,

for € = 0,00, Lo is admissible (i.e. intersects each face in the right codimension
or not at all) and gives an element of N (1). Furthermore, the above intersection
tells us that d(Lg) = 0. Similarly, we obtain that L; gives an element of N3 (1),
and that 9(L1) = 0. Thus Lo and L; yield well defined classes in H* (N3 (1)).

In order to show that they are non-trivial, we show that in the localization
sequence (3)), their images under the boundary map

H' (W3 (1) -2 HOW, (0) @ HO(A,(0))

are non-zero. It is enough to treat the case of Lo. Let Lo be the closure of Ly in
Al x O Indeed, Ly is given by the parametrized cycle

Lo = [x;2] c At x O,
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and the intersection with the face u; = 0 is of codimension 1 in A' x {0} and the
intersection with u; = oo is empty. Hence Ly is admissible.

Thus, considering the definition of 0, d(Lg) is given by the intersection of the
differential of Lo with {0} and {1} on the first and second factors respectively.
The above discussion on the admissibility of Lo shows that §(Lg) is non-zero on
the factor H°( {01(0)) and 0 on the other factor, as the admissibility condition
is trivial in HO( {01 (0)) and the restriction of Ly to 1 is empty. The situation is
reversed for L. O

Later we will consider cycles depending on many parameters, and denote by

[$7 fl(xat)a fQ(:I"’t)’ ) fn(.’I],t)] C X x ar
the (image under the projector Alt of the) restriction to X x (0" of the image of

X x (P X x (P)"
(z,t) } (z, fi(z, t), fa(x,t),. .., fu(z, t)).

3.2. A weight 2 example: the Totaro cycle. Consider the linear combination
b=Lo-L; € N3(2).
It is given as a parametrized cycle by
b=[r;2,1 —2] C X x[?
or in terms of defining equations by
XV —U1 X2 =0 and UiVa + UV =iV,

where X; and X5 denote the homogeneous coordinates on X = P!\ {0,1, 00} and
U;, Vi the homogeneous coordinates on each factor O = P!\ {1} of 0%, The
intersection of b with any faces (U; or V; = 0 for any 4’s) is empty, because X
and X, are different from 0 in X and because U; is different from V; in O!. This
comment ensures that b is admissible.

Moreover, it implies that 9(b) = 0. So b gives a class

[b] € H*(N%(2)).
Let us show that this class is trivial.

Let b denote the algebraic closure of b in Al_x 2. As before, the intersection
with A! x F for any face F of (12 is empty, and b (after applying the projector Alt)
gives

beNZ(2).
Write 941 for the differential in AMy1. Then 941 (b) = 0 and b defines a class
[b] € H? (V1 (2))-
As Corollary ZI7 ensures that H*(N, (2)) = CH?(A',2) = 0, there exists ¢ €
N1 (2) such that
Op1(T) = D.
Moreover, note that blo = b|; = (). The multiplication map
Al x O x 02 -2 Al x 12 7 [x;ul,u27U3]%>[ﬁ;u2,u3]

is flat. Hence, we can consider the pull-back of the cycle b by u. This pull-back is
given explicitly (after reparametrization) by

w*(b) = [z;1 — ti,tl,l —t] C Al x O3
1



16 ISMAEL SOUDERES

This is nothing but an Al-based variant of Totaro’s cycle [Tot92], already de-
scribed in [BK94] Blo91], and it gives a well-defined element in N}, (2).

Definition 3.2. Let Lo; = Lis¥ denote the cycle
Loy = [x;lfti,tl,lftl] C X x B
1

in N%(2).

Remark 3.3. The cycle Loy corresponds to the function x — Liz(z), as shown in
[BK94] or in [GGLOY).

From the parametrized expression above, we obtain the following result.

Lemma 3.4. The cycle Lo1 satisfies the following properties
(1) O(Lo1) =b. L
(2) Loy extends to A, i.e. its closure Loy in A x(0? gives a well-defined element
in NJ(2).
(3) Loi|z=o = 0 and Lo1|.=1 are well-defined.

3.3. Polylogarithm cycles. We construct the cycles Li;’ = Lg..01 for n > 2
inductively. Define Lij¥ to be equal to L;.

Lemma 3.5. For any integer n > 2, there exist cycles Li%Y in Ni(n) satisfying
(1) O(LiyY) = Lo - LiY 4
(2) Lif¥ extends to A', i.e. its closure Li{’ in A' x 02"~ yields a well-defined
element in N}, (n).
(3) Li/|p=0 = 0 and Li}Y|,—1 are well-defined.
(4) LijY is explicitly given as a parametrized cycle by
tn— t
251 — —— tn, 1= 2= e 1— 21— t] C X x Ol
tn—1 tn—2 131
Proof. For n = 2, we already defined Lis¥ = Lg; satisfying the expected properties.
Assume now that we have constructed the cycles Li;” for 2 < k < n. As before,
let b be the product

tn— t
b:LOle:{l = [Z';Z',l*%,tnfg,l* tn_z,tn737._.,17 t_27t1717t1]'
1

n—2 n—3
and b its algebraic closure in A' x [1?"~2,
Computing the differential with the Leibniz rule, we obtain 9(b) = —L¢ - Lo -
Li% , = 0, and b gives a class in H*(N'(n)). B
Using its expression as a parametrized cycle, we compute the differential of b in

A
() 00 (6) = 3 (0 4) ~ 075,5) = 0.

since many terms are the empty cycle because intersecting with a face u; = 0,00
on a factor (! leads to a 1 appearing on another (0!, while the remaining terms
cancel after applying the projector Alt.

Just as it does in the case of Liy’, b gives a class in H*(N$,(2)) = 0 by Corollary
217 and there exists

Li¥  =ce NL
such that
Op1(c) = b.
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Just as LiY ||,—0 = 0, we also have b|,—o = ), and the element € is given by the
pull-back by the multiplication

o
Al x O x[O272 — Al x [O2n—2
3
given in coordinates by

[T u1,us, .. uzn—1] >[5 U2, - U2 1]

Reparametrizing the factor A! and the first (' factor, we write ¢ = pu*(b) ex-
plicitly as a parametrized cycle

b t
a1yl — 2 b g 1= 21—t C Al x O
n—1 tn72 tl

Lify =¢=[z;1—

Now, let Li’Y be the restriction of ¢ to N’y (n), i.e. the parametrized cycle

x th— t
Lig/ = 51— 7 ta-1,1 - t”—l,tn_g,...,1— t—2,t1,1 —t] c X xO* L
1

n—1 n—2

The different properties, d(LitY) = Lq-Li’? ;, extension to A', Li¥ |,—o = 0, can
now be derived easily either with the explicit parametric representation or using

the properties of ¢. (I

Remark 3.6. In equation (@), the fact that 99, 1(5) = 0 is related to the induction

hypothesis Li” ;|,—0 = 0; in terms of cycles, the above part of the differential is
given by
b (A' x {0} x O*"7?) = Lif¥ | [s—0.

The other terms in the differential are related to the equation satisfied by Li;” ,
in N3 (n — 1), giving
d(b) = —Lo- Lo -Li)’ 5, = 0.

Even if Ly is not defined in N,, the fact that Li;” ;[,—o = 0 ensures that the
product really corresponds to an element in N, L

Remark 3.7. e The expression of Lij¥ as a parametrized cycle was already
given fiberwise in [BK94| and in [GGL09|.
e Moreover, Li? corresponds to the function z — Li$(z), as shown in [BK94].
e The construction is given in full detail for more general cycles in Section [B]
and is nothing but a direct application of Theorem 5.8 to the word 0---01
(with n — 1 zero).
The case of cycles Lif? is, however, simple enough to be treated sepa-
rately as the “good” case.
e It is a general fact that pulling back by the multiplication preserves the
property of having empty fiber at x = 0, as proved in Proposition

3.4. Admissibility problem at x = 1 in weight 3. It seems that the first at-
tempt to define algebraic cycles corresponding not only to polylogarithms but also
to multiple polylogarithms was made by Gangl, Goncharov and Levin in [GGL09].
In their work, they succeeded in constructing cycles corresponding to the value
Lin, ...n.(#1,...,2k) for fixed parameters z; in a number field F, with the condi-
tions z; # 1 and 2z; # z; for ¢ # j. However, their cycles are not admissible if one
removes the conditions on the z;. In this section, we consider the first example
where this problem appears.
In the example of the Lij¥ cycles, we repeatedly multiply by the cycle Lg :

A(Li%) = Ly - Li<Y_| .
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Below we explain the first example where a multiplication by the cycle L arises
and where both geometric and combinatorial difficulties arise.
The cycle Lo; was defined previously, as was the cycle Log1 = Liz”, by considering
the product
b= LO . L01 .
Now we would also like to consider the product
b:Lol-Ll GN)Q((S),

given as a parametrized cycle by
b= [z;l—tz,tl,l—tl,l—z] C X xO4
1
From this expression, we see that 9(b) = 0, since € X cannot be equal to 1.
Let b be the closure of the defining cycle of b in Al x %, i.e.

b= {(m,l— tﬂ,tl,l—tl,l—x) such that z € Al t; EIP’l}.
1

Let F be a face of 0%, and let u; denote the coordinates on each factor O'. Then
u; # 1. If F is contained in a hyperplane defined by the equation uwy = oo or
ug = 00, then, since u; # 1, we have

bNA' x F=0.

Similarly, the intersection of b with a face contained in {us = oo} is empty, because
x € Al is different from co. This remark reduces the case where F is contained
in {u1 = oo} to the case where F' is contained in {us = 0}, which gives an empty
intersection since ug # 1. By symmetry, the intersection with an F' contained in
{ug = 0} is also empty.

In order to prove that b is admissible and gives an element in N gl, it remains to
check the (co)dimension condition on the three remaining faces: the face defined
by the equation u; = 0, the one defined by the equation u4 = 0 and the one defined
by the equations u; = ugq = 0. The intersection of b with the face {u1 = ug = 0}
is empty since up # 1. The intersection b with the face defined by the equation by
u; = 0 or ug = 0 is 1-dimensional, so of codimension 3 in A! x F.

Remark 3.8. Let FY denote the face of [J* defined by us = 0. The intersection of
b with X x FY is empty since x # 1 in X = P!\ {0, 1, 0}.

From the above discussion we obtain a well-defined element in A2, (3), which we

again denote by b. Since the intersection with u; = 0 is killed by the projector Alt,
computing the differential in N}, gives

O (5) = _L_Ollmzl 7’é 0

and b does not give a class in H*(N2,).
In order to overcome this obstacle, we introduce the constant cycle Lpi(1) in
N1 (2) defined by

1
Loi(1) = [z;1 — ot —t] C X x .
1

The cycle Lg1(1) satisfies
Va € X Loi1(1)]e=a = Loi]z=1-

and extends to a well-defined cycle in N}, (2).
Instead of considering the product Lg; - L1, we consider the linear combination
of products

(7) b= (Lor — Lo1(1)) - L1 = Loy - L1 — Loa(1) - L1~ € N3 (3).
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As above, we check that b extends to a well-defined element b in N2, (3). The
correction by —Lg1(1) - L1 ensures that

a(b) = 07 aAl (5) = 07 Z_7|I:O =0.

Considering the previous computation of the pull-back by the multiplication p :
Al x O — Al we define Lo11 in N%(3) as the parametrized cycle
x

t
_31__2)t1)1_t131_t2]
3]

(8) L011 = [ac; 1-—
ta

1
bl -1t l— = t,1—t] CXxOP
to t1
Since z # 1 in X = P!\ {0,1, 00}, it is easy to check that Lg;; is admissible on
X x [0° and gives a well-defined element in N'%(3). An explicit computation also
yields

(9) G(LOH) =b= (L01 — LOl(l)) . Ll.
Remark 3.9. However, we point out that

e The cycle Lo, is defined as parametrized cycle, not using the pull-back by
the multiplication, which serves here as a support to “guess” the parametrized
expression.

e The fiber at # = 1 of the algebraic closure Lgi; of Loi; in A x (0% is not
admissible.

e This non-admissibility problem was also encountered by Gangl, Goncharov
and Levin in [GGLO9].

In section Bl we will explain how to obtain general cycles admissible at x = 1.
The particular example of a cycle £);; related to Lo11 above will be detailed in the
next subsection

Remark 3.10. Even if Lg1; is not admissible at x = 1, we could still go on looking
for “good” linear combinations of products in N . In particular, in weight 4, we
could consider

(10) b= Lo- Loi1 + Loo1 - L1 — Loo1(1) - L1 + Lo1 - Lo1 (1)
and observe that

e The terms Lg- Lo11+ Loo1 - L1 correspond to the expression of the cobracket
of the Lyndon word 0011 in the Lie coalgebra which is the graded dual to
the free Lie algebra Lie(Xo, X1) (cf. equation (£24]). This is explained in
generality at Section [£.31

e When computing the differential 9(b), the term 9(Lo; - Lo1(1)) gives

8(L01 . LOl(l)) = LO . L1 . L()l(l)

From the differential of L - Lo11 arises a term in Lo - Loi(1) - L;. Hence the
differential of Lg1-Lo1(1) cancels with part of the differential of Lo-Lg11 and
can be thought as “a propagation” of the correction introduced for Lg1.

e The term —Lgo1(1) - Ly is similar to the correction —Lg1(1) - L; introduced
earlier for Lg;; and ensures that 9,1 (b) = 0.

The above remarks are the motivation for the introduction of the cobracket d., on
the Lie coalgebra dual to the Lie algebra representing the action of Lie(Xg, X1) by
Thara’s special derivations. In particular it was the the similarity between equation
(I0) above and equation (2I]) that led the author to uncover the relation between
Thara’s action and the geometry of the above cycles. The goal of section [ is to
understand the global combinatorics underlying the correction terms and to make
their relation to Ihara’s special derivations explicit.
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Note however that these combinatorics can not be applied directly. The reason
is that the lack of admissibility of the fiber at 2 = 1 of Lg;; “propagates” to higher
weight, leading to closed subvarieties which are not admissible anymore. In the
next section we explain how to overcome this issue.

3.5. Twisted multiplication and admissibility in weight 3. All the examples
of cycles given above are obtained by the general construction, with the exception
of L011. Namely

Lo=L), Li=L), Lo=L)y, Li¥=Lw,=°L},
with W, = 0---0 1.
N——

n—1 times
In the previous section, the cycle L1 was constructed by considering the product

b= (Lo1 — Lo1(1)) - Ly € N3 (3).

However, the fiber at 1 of L1 is not an admissible cycle. This comes from the
lack of admissibility of the fiber at 1 of the cycle Li; the closure in At x O of L.

When building the cycles Li7”, the lack of admissibility of the fiber at x = 0
of Lo is counterbalanced by an empty fiber at # = 0 of Li’” ;. This phenomenon
allowed the induction to go through in the construction of the cycles Li7".

Thus, we want replace the factor Lo; — Lo1(1) in the expression of b by a cycle

L}, whose closure £}, in A! x 0% is admissible with an empty fiber at z = 1. We
define a twisted multiplication map v as follows:

1 1 2 _¥ 1 2 . T—u1 .
At XD x D —— A x D [zur, ug,us] —— [T ua, ug)

which exchanges the role of 0 and 1 with respect to the multiplication p. As in the
case of Lg; we obtain
LY =v*(Lo- L) CA'x [P,

and L}, is defined as its restriction to X x (3. The cycle £}; can also be described
as a parametrized cycle by
R th —
Ll =[x 2= 41— t] C Al x 0%,
t1—1
The cycle E—él is a well-defined element of N}, (2) and its fiber at = is empty. £,
is an element of A’} (2) and a direct computation shows that

t1—x
s b=z
Ly, = Lor — Loa(1) + 0 ([za s, j,tl, 1- tl])

— b
Then the product

t
! z,tl,lftl;lfff]

b =Ly L = [ P—

can be extended to an admissible cycle ¥’ in A! x (0* with empty fiber at z = 0 and
zero under Ou1. Its pull-back by the multiplication gives
X tl — tQ

L0 — () =g 1 — = L2
o1 =K () =z, P

which has an empty fiber at 0. By proposition 571 (or direct computation), it
satisfies

1 —ty, 1 — 1] € NN (3),

aAl (5811) = y = EélLl-
By definition £3;; is its restriction to X x [J° and satisfies
3([,811) = £(1)1L1-
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This example shows that in order to construct a well-defined family of cycles
whose extension to A admits a well-defined fiber at # = 1 (as elements of N, {11})
and an empty fiber at 0, we need to simultaneously construct a family of cycles
satisfying the same properties but with 0 and 1 exchanged.

4. COMBINATORIAL SETTINGS

A plane or planar tree is a finite tree whose internal vertices are of valency > 3,
and on which a cyclic ordering is given on the edges coming out of each vertex. All
other vertices are of valency 1; we call them external vertices.

A rooted tree is a planar tree as above with one distinguished external vertex of
valency 1, called its root. In particular a rooted tree has at least one edge. The
external vertices which are not the root are called leaves.

We will draw trees so that the root vertex is at the top and so that the cyclic
order around the vertices is counterclockwise.

The following combinatorial section is organized as follows. Subsection E.T] re-
views some properties of the free Lie algebra on two generators Lie(Xo, X1). In par-
ticular it presents the basis of Lyndon brackets and a presentation of the brackets as
trivalent trees. Subsection introduces Thara’s special derivations [Tha90l Tha92]
and their actions on Lie(Xg, X1). Using the tree representation for Lie(Xy, X1), we
keep track of the part of Thara’s bracket (or Poisson bracket) on Lie(Xo, X7) which
comes from the special derivations. This is done by taking the semi-direct sum of
Lie(Xo, X1) by itself.

Section dualizes the above situation. Thara’s coaction is then written down
in terms of the basis dual to the Lyndon brackets. The structure coefficients of this
coaction give us the “system of differential equations” after a change of basis.

As a last comment to this introduction to this combinatorial part, we observe
that the usages of trivalent tree is not actually necessary. However, the presentation
with trees is somehow more visual, and more importantly, it sheds a new light on
the relation between our construction and the work of Gangl, Goncharov and Levin
[GGL09|.

4.1. Lyndon words and the free Lie algebra Lie(Xy, X1). The material devel-
oped in this section is detailed in full generality in [Reu93), [Reu03| and recalls the
basic definitions and some properties of the free Lie algebra on two generators and
its relations to trivalent trees and Lyndon words.

4.1.1. Trees and free Lie algebra. Recall that a Lie algebra over QQ is a Q vector

space L, equipped with a bilinear mapping [, ] : L ® L — L, satisfying the two
following properties for any x,y, z in L:

(11) ) =0

(Jacobi) [z, 9], 2] + [ly, 2], 2] + [z, 2], ] = 0.

Remark 4.1. Note that applying the first relation to [z + y, z + y] yields the anti-
symmetry relation

[‘T’y] = _[ya ZC]
Thus, we may rewrite the Jacobi identity as

[yl 2] = [2, [y, 21] + [z, 2], y].

Definition 4.2. Given a set S, a free Lie algebra on S over Q is a Lie algebra L
over Q together with a mapping i : S — L with the following universal property:

For each Lie algebra K and each mapping f : S — K, f factors uniquely through
L.
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In what follows, we will only consider S to be a set with two elements, either
S = {0, 1} or §= {XQ,Xl}.

It is usual to consider the free Lie algebra on {Xg, X1} as a subspace of Q <
Xo, X1 > (its enveloping algebra), the space of polynomials in two non commuting
variables Xy and X;. Let Lie(Xy, X1) denote this free Lie algebra.

In order to show the existence of free Lie algebras, a tree representation is often
used.

Definition 4.3. Let Q[7%"] denote the Q vector space generated by the set 7"

of rooted, planar, trivalent trees with leaves decorated (i.e. labeled) by 0’s and 1’s.
For two trees T, Ty in 7', define T} 4 T5 to be the tree obtained by joining the

root (marked by a circle around the vertex) of T and T and adding a new root:

ey

Ty Ts T T

The internal law * is standard in the the study of binary operations and is usually
called grafting.

Tt is isomorphic to the free magma on {0, 1}; a branch /‘\ in a tree corresponds
to a bracketing in a well-formed expression.

The composition law 4 extends by bilinearity to Q[7*"] making it into a ring.
Let ;4. denote the ideal of Q[7?"%] generated by elements of the form

T*T and (Tl/{Tg)/{Tz;+(T2)\T3))\T1+(T3)\T1)*TQ

The quotient Q[7T"*]/1 4. is a Lie algebra with bracket [, ] given by 4; in fact it
is the free Lie algebra on {0,1}. Identifying {0,1} with {X, X1} by the obvious
morphism and using the correspondence /‘\ < [, ], we obtain
Lemma 4.4. The quotient T = Q[T'"|/Is4c is isomorphic to Lie(Xo, X1).

For T in 7' let [T] denote its image in 7%,
4.1.2. Lyndon words. In this section we will recall a particular basis of the vector
space 7%, the one induced by the Lyndon words.

Let S be the set {0,1}, and let S* denote the set of finite words in the letters
0,1. Let < be the lexicographic order on S* with 0 < 1.

Definition 4.5 (Lyndon words). A Lyndon word W in S* is a nonempty word
which is smaller than all its non-trivial proper right factors, i.e. W # () and

W=UV withUV#0) = W<V
Note that 0 and 1 are Lyndon words by convention.
Example 4.6. The Lyndon words of length < 4 are
0, 1, 01, 001, 011, 0001, 0011, O111.
They are ordered by the lexicographic order, which gives
0 < 0001 <001 <0011 <01 <011 <0111 < 1.
In order to associate a tree to a Lyndon word, we need the following definition.

Definition 4.7 (Standard factorization). Let W be a word in S* of length > 2.
The standard factorization of W is the decomposition
UV eSS\

W =UV with { and V is the smallest non-trivial proper right factor of W.



THE CYCLE COMPLEX OVER P! MINUS 3 POINTS 23

To any Lyndon word W we associate a tree ry in 7% If W =0 or W = 1,we

set
TOZC? 71:(?,

0 1
For a Lyndon word W of length > 2, let W = UV be its standard factorization
and set

™W = TU /‘\ TV .
Let Hr, be the set {7} where W runs through the Lyndon words in the letters
0,1.

Remark 4.8. The set Hy, is endowed with the total order < induced by the ordering
of the Lyndon words W given by the lexicographic order on S*.

Definition 4.9. Let Lyn be the set of the Lyndon words. For any Lyndon word
W, let [rw], or simply [W], be the image of 7y in T,
We say that 7y is a Lyndon tree and that [W] is a Lyndon bracket.

Theorem 4.10 ([Reu93|[Theorem 5.1|). The family ((W]))weryn = ([Tw])weLyn =
forms a basis of T .

Example 4.11. In length < 3, the Lyndon trees are given by:

7’02(?, 7-1:(?3 TmZi, 70012&, 7’0112/&,
’ ! o1 00 01

1 1

and in length 4 by

Tooo1 = ;)\ , Tooll = &\ ,  Tolll = /& .

0001 0011 0111

Moreover, a basis of T A TLi is then given by the family ([U] A [V]) for U,V
Lyndon words such that U < V. Writing the Lie bracket in this basis yields the
structure coefficients of 7L = Lie(Xo, X1).

Definition 4.12. The structure coefficients a[V}fV of TLi = Lie(Xy, X1) are given
for any Lyndon words W and U < V by the family of relations

(12) UIAV]I == ULV = Y agy[W].
The ozlv}fv are integers

4.2. Special derivation and Ihara’s cobracket and coaction. We now review
the Thara bracket [Tha90, Tha92], denoted {, }, which provides Lie(Xy, X1) with
another Lie algebra structure. We also explain how the Thara bracket is represented
in terms of trivalent trees.

A derivation of Lie(Xy, X1) is a linear endomorphism D of Lie(Xg, X1) compat-
ible with the bracket [, ] in the following way:

D([f,g]) = [D(f),g] +[f,D(g)]  Vf, g€ Lie(Xo, X1).

The commutator of two derivations D and D’, given by
[DvD/]Der =DoD' 7D/OD7

places a Lie algebra structure on the set Der(Lie(Xo, X1)) of derivations.
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Definition 4.13 (Special derivations). For any f in Lie(Xo, X;) we define the
spectal derivation Dy by

(13) D§(Xo) =0,  Ds(X1) = [Xu, f]

The map Lie(Xo, X1) — Der(Lie(Xo, X1)) sending f — Dy is linear, and
its image is a Lie subalgebra of Der(Lie(Xp, X1)) such that for any f and g in
Lie(Xo, X1) we have

[vaDg]Der:Dh Wlthh:[fvg]+Df(g)7Dg(f)

Definition 4.14 (Thara’s bracket, [[ha90l Tha92]). The Ihara’s bracket {,} on
Lie(Xo, X1) is defined by

{fi9}=1f, 9]+ Ds(g9) — Dy(f).

Remark 4.15. Note that the derivation Dy, is identically zero. Moreover Dy, is
the adjoint derivation

Dx,(9) = adx, (9) = [9, Xol;
In particular, {Xo, g} = [Dxy, Dg|per = 0.

As we just saw, Lie(Xo, X1) acts on itself by the non-inner derivations Dy; that
is Dy is not an adjoint derivation (with the exception of Dx, and Dx, ). The Ihara
bracket controls the relation between the usual bracket, the derivation bracket
and the action. However it loses the description of the action. Using the tree
representation for Lie(X(, X1) allows us to track of the action. We begin by adding
a root decoration to the trivalent trees. Trees corresponding to an element in the
Lie algebra Lie(Xy, X1) have a root decorated by a generic parameter x. Trees
corresponding to derivation have a root decorated by 1 (as reminder that they act
on Xl)

More formally, let Q[7,1"] (resp. Q[T{!"‘]) denote the Q vector space generated
by the set 7! (resp. T{"") of rooted, planar, trivalent trees with leaves decorated
(i.e. labeled) by 0’s and 1’s and a root decorated by x (resp. 1).

The internal law A is defined as above on each set T/ and T, i.e. it joins
the two trees and adds a new root redecorated by = and 1 respectively. It is then
extended to the disjoint union

O UTUTY
by 0 whenever the two trees do not have the same root decoration, and extended
by bilinearity to
Q7" @ QIT™].
The ideal I, is defined in the obvious way, separately on Q[7,!"¢] and on Q[7;'"?],
and we define the Lie algebras:
7;Lie _ Q[U”']/IJU,C and 7-1Lie _ Q[ﬁ”']/l.]ac

We identify 7.%% with the Lie algebra Lie(Xo, X;). Again, we will write [T'(a)] for
the image in T2 of the tree T in 7" for a € {1,z}.
Similarly, a generic element of 7% is denoted by [F], while its image in 7,1
(resp. T;L%€), i.e. with root decorated by z (resp. 1), is denoted by [F(z)] (resp.[F(1)]).
To any element [F(1)] in 7{** we associate a derivation Dp(1y on the direct sum

7’1’[;/;6 —_ rTlee ey 7;Lze
via

Deay([ PP =Dray([ " =0, Deey([ T =[] AF Q)
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and

Pl "¢ =[] aren = ["¢]A["F] - i

1
where in the above equation, the tree F(x) has been pictured as [ x(?] The last
F
picture means that the two trees $? and F(z) are joined at the root and a new
1

root is added with root decoration . The above operation is linear in F'

For an element [F(x)] of T/, we define the derivation Dp(,) on 7% to be 0.
With the above definition, 7;%%, identified with Lie(Xo, X1), acts on 7% and on
T.Lie by special derivations while 7,1 acts by 0.

Now, we endow ’TlL;e with the Lie algebra structure of the semi-direct sum (see
[GOVIT]) of T,Fie ~ Lie(Xo, X1) by Ti£% ~ Lie(Xy, X1) acting by the above deriva-

tions. More precisely, we define on 7;%¢ the bilinear map

{[F (@)}, [GO)} = [F(a)] AlGD)] + Dra)(IGOD)]) — Da)([F(a)])

where F(a) and G(b) denote two generic elements of T/%¢, i.e. a and b lie in {1, 2}.

Lemma 4.16. The direct sum TH® = T & T} endowed with {, } is a Lie
algebra.

Proof. The proof takes place in 7{%¢ and its subspaces T,/ and T;***. Thus we
Lie

simply write F'(a) to denote the element [F'(a)] in 7;;¢. It is enough to check that
{, } satisfies Jacobi identity. The definition of

{F(a), G(b)}
ensures that {, } is the usual bracket * on 7,1 when a =b=x. Whena=0b=1,
then {, } is the IThara bracket on 7;/% ~ Lie(X¢, X1). Hence the Jacobi identity
holds when the three terms are all in 7.2 or all in 7;**. When @ = x and b = 1,
the bracket {F'(a), G(b)} reduces to —Dg(1)(F(x)). We have to show that

{F(a) {G(0), H(c)}} +{G(b),{H(c), F(a)}} + {H(c),{F(a),G(b)}} =0
when two out of the three elements a,b,c € {1,z} are equal and the other is
different. We can assume that a = b. When a = b = = the Jacobi identity reduces
to the fact that H(1) act as a derivation on {F(z),G(z)}. When a = b = 1, the
Jacobi identity reduces to the definition of the bracket of two derivations. O

Note that a basis of 7'1%e A 7'1L;e is given by the union of the following families:
[tv(x)] A [Tv (2)] for any Lyndon word U < V
[tv(x)] A [Tv(1)] for any Lyndon word U # V
]

A 1
[tu(1)] A [Ty (1)] for any Lyndon word U < V.

Definition 4.17. The structure coefficients agv, ﬂgfv and fyg,/v of ’TlL;e are given
for any Lyndon words W by the family of relations

{lrv(@)], [rv ()]} = Z ag{v [tw(z)]. for any Lyndon word U < V/
WeLyn

(14) {lro(@)], [rv ()]} = Z ﬁ}}'{v [fw(x)]  for any Lyndon word U # V
WeLyn

{lrv )], [rv (1)]} = Z 'y(VJI,/V[TW(l)] for any Lyndon word U < V.
WeLyn
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Note that the ozlv}fv are the a’s of equation (I2)) because {, } restricted to T,1% is
the usual Lie bracket. All coefficients above are integers.

We will need the following property of the above coefficients later, for our geo-
metric application.

Lemma 4.18. Let W be a Lyndon word of length greater than or equal to 2. Then
the following holds for any Lyndon words U,V :

o ﬂgf/v =0,
o ﬂ\V/‘,/o =gy
L4 /BU,l - 0;
i ﬂlm,/U = O‘IVJV1

wo_ W w w
* vy =ayy+Buy—bBvu-
In particular, 6(% = Bﬂfl = 0. We also have
O‘?J,V = BIEJ,V = VIEJ,V =0
fore € {0,1}.

Proof. The coefficient ﬂgf/v arises by decomposing the bracket
{Iro@) [ (O]} = =Dry ([ " F]) =0
into the basis. Hence ﬂgf/v = 0. Similarly, ﬂlvf/U arises from

~Drey([ " = =[P A @] = ol A [ ]
which shows that ﬁK/U = agl. In the same way, fy,1 = 0 arises from —D (1) ( [TU(ac)] ) =
0 because D, 1) = Dx, = 0 after identifying 7;** and Lie(Xo, X1). The same
identification shows that

—D,, = —ady, : [F] —> —[F])\[TO]
which proves ﬁ‘v,'f 0= agffv. The relation

W w W w
Yo =oyy + Buy — Bru
comes from the relation between the commutator of two derivations, the action and
the usual bracket. It is given in terms of the Lie algebra Lie(Xy, X1) by:

{Dy, Dy} =Dy, with h=[f,g]+ Ds(g) — Dy(f)
for any f, g in Lie(Xy, X1). O

4.3. Trivalent trees and duality. Here, we dualize equation (I4]) by considering
the vector space that is the graded dual of T%/¢. The dual d, of the bracket {, }
coming from the semi-direct sum is a cobracket, i.e. essentially a differential where
the relation d? = 0 is dual to the Jacobi identity. Hence the coefficients a’s and
B’s from equation (I4) give us a “differential system” (cf. equation (I8])) which will
lead us, after a change of basis, to the differential system satisfied by our algebraic
cycle.
Lie

We begin by making the construction of the graded dual of 77, explicit.

Remark 4.19. It is not actually necessary to give an explicit construction of the
dual vector space of 7'1L;e, with an explicit basis dual to one above. However, this
explicit construction allows us to work with concrete objects. Moreover, we use it
to relate our work to the combinatorial construction of Gangl Goncharov and Levin

in [GGLO9|(see Remark
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The construction of the vector spaces dual to 7,2 and T, are parallel. Hence
a will denote an element of {1, x}.
Let Q[7./<] be the quotient of Q[7/"] by the ideal (for ) I, generated by

Ty ATo + T ATh.
Let T be a tree in 7™ with subtree Tl)\Tg, and let 77 be the tree T in which
Ty /{Tg has been replaced by T /{Tl. The following relation holds in Q[7."%<]:
T=-T.

The total order on Hy, (Remark A.8) induces a total order < on 7. Let B3
be the set of trees T in 7.!"* such that

T =T *TQ is subtree of T = Tj < Tb.
Writing T'(a) € B also for the image of a tree T'(a) in Q[T <], we see that
Lemma 4.20. The set BS induces a basis of Q[T"<], also denoted by B .

From now on we identify Q[7""<] with its dual, via the basis B=.
Let I5, .. denote the image of the ideal I ;4. in Q[7,/"#<]. The Lie algebra T

Jac,a

is then isomorphic to the quotient Q[T!"<]/I5.

Jac,a
between Q[7""<] and its graded dual (the grading coming from the number of
leaves), we can identify the graded dual of 7% with a subspace of Q[T <].

and, using the identification

Definition 4.21. Let 7.°°L C Q[7!"%<] denote the vector subspace of Q[T <]
which is the graded dual of 7. ~ Lie(X, X1).

Let (Tw-(a))weryn in T2°L denote the dual basis of the basis ((W])weryn of
the free Lie algebra 7.

The Tw~(a) are linear combinations of trees in B. Observe that any Lyndon
tree Ty (a) is in B and that by definition its coefficient in Ty« is 1.

Example 4.22. Up to length < 3, Ty~ (a) = 7w (a), ie.

a a
a
a a
To-(a) = ?a Ty« = ?, Toi+ = i‘a Too1= = , o Tonx =
0 1 {y

001 011

In length 4, the first linear combination appears:

a a a a
e }) e &\ ' /i\ e &
0001 0011 0011 0111

Remark 4.23. Using Q[T7.!%<] instead of T/™ to explicitly construct the graded
dual of T;F*¢ makes it possible so shrink the size of the linear combinations involved
in the basis dual to ([Tw])weryn. As an example, the linear combination of trees
corresponding to 791 in the dual basis working in 7./ should be

1 ai‘ a,i
2
01 10

As the Lie bracket on 7.1 (for the free Lie algebra structure) is induced by
AT a] AT a] — T[a]; it is also induced by 4 on Q[7;"<]. By duality, one
obtains a cobracket

dLie . /7;COL N 7;coL A 7;coL
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dual to the Lie bracket and induced by the map Q[7"%][a] — Q[T "*][a] AQ[T*"*][a]
also denoted by dr;e :

(15) drie i — a?/\ a?.
T, Ty

The property that dr;. o drie = 0 on 7;°°L is dual to the Jacobi identity on ’7;”6.
Example 4.24. As example in weight 4, we have
dric(Too11+(a)) = To+(a) A Tor1+(a) + Too1+(a) A Ti+(a).
Proposition 4.25. By duality, the following hold in T,°F:
o To-(a) = a?; Ti+(a) = a?;
e dric.(To-(a)) = dpie(T1+(a)) = 0;
e for all Lyndon words W of length > 2,

(16) dric(Tw+(a)) = Z aEfVTU* (a) A Ty-(a)

u<v
U,VeLyn

where the aE{V are the structure coefficients of TL* ~ Lie(Xo, X1) defined
by equation (I2).

Moreover, we can construct the linear combinations Ty~ (a) inductively by

(17) Tw+(a) = Z oy Ty« (a) A Ty« (a)

Uu<v
U,VeLyn

for W of length greater than or equal to 2. Here * denotes the bilinear map T @
Teol —s Teol induced by )\

Note that between equation (I2) and equation (I8) the summation is “reversed”
due to the duality; equation (I8) computes the transpose of the matrix representa-
tion of the Lie bracket given in basis by equation (I2). Equation (IT) provides an
inductive constructions of trees Ty« (a).

Having constructed the graded dual vector spaces 7T:°°L and T,°L above, we give
the following definition.

Definition 4.26. Let Tf;L be the graded dual of 7;%¢; as a vector space it is the

Lz »
direct sum

7-10;;L _ 7—100L D 7;coL.
A basis of 759" is given by the union of the two families:
Tw(x) for any Lyndon word W
Tw+(1) for any Lyndon word W.
Similarly a basis of 7'1ch A 7'1ch is given by the union of the following families:
Ty« (z) A Ty=(x) for any Lyndon word U < V
Ty« (x) A Ty-(1) for any Lyndon word U # V
Ty« (1) ATy-(1) for any Lyndon word U < V.

Proposition 4.27. The bracket {,} on T induces a cobracket on T5"

. coL coL coL
dCy : 71;1 71;1 A ,H;I
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which is written in terms of the above basis as

(18)  dey(Tw-(z)) = Y alfyTu+(z) ATv-(x) + > By Tu-(x) ATy (1)
Uu<v U,v
and
(19) dcy TW* Z "YU VTU* /\TV*(1>
Uu<v

where U and V' are Lyndon words, the agfv, 55[,/\/ and 73,/‘, being those defined in

equation (4.

In particular diy =0.

Proof. The proposition follows by duality. In particular equations (I8) and (I9)
are just the transpose of (4. O

Let us give some examples of computation of de, (Tw~(x)).
Example 4.28. e For Lyndon words of length 1 and 2, we have
dey(To(z)) = dey(Th(x)) =0,  and dey(To1(x)) = To- () AT+ (x)+ T4~ (x) ATop- (1).
e For Lyndon words of weight 3, we have

dcy (TOOI (1‘)) = To* (ZL') A TOl* (ZL') + TOl* (SC) A To* (1)

(20) dey(To11(z)) = Tor+ (x) A Ty-(x) + Th+(x) A To1+(1)
e In weight 4, we find

(21) dcy(T0011* (,CC)) = To* (,CC) AN TOll* (.’L‘) + TOll* (.’L‘) A To* (1)
+ T001* ((E) A Tl* (.’L‘) + Tl* (.’L‘) A TOOl* (1) + TOl* A TOl* (1)
In particular, equations ([20) and (2] should be compared with equations (@)

and (I0).

Note that the only difference between (2I) and (I0) lies in the terms with a
factor of Tp«(1). This difference also appears when comparing de,(Too1-) above to
(Loo1) = O(Li5¥) presented at Lemma We could simply kill these terms in
the expression d., (Tw~) by taking the appropriate quotient. However, Lemma .18
ensures that terms of the form Ty« (x) A Tp-(1) can always be regrouped with a
unique term 7o« (z) A Ty« (2) giving a term in

(To- () — To- (1)) A Tow+ ().
Hence, terms with a factor Ty~ (1) do not really change the combinatorial situation.

However, as presented in section 3.4, the geometric situation does not exactly
fit the above combinatorial setting, which needs to be rewritten in a suitable way.

Before doing so, we would like to comment on the relation between equation (IS)
and the combinatorial approach of Gangl, Goncharov and Levin in [GGL09].

Remark 4.29. In [GGLOY|, the authors constructed parametrized algebraic cycles
in Slp ec(Q) from linear combinations of trivalent trees and a forest cycling map.
They worked in cdga setting where:

e the product is induced by the disjoint union of trees (hence the name “for-
est”);

e the graded commutativity is induced by an ordering of the edges of the
trees and of the forests and an alternating relation;

o the differential dgq consists in the appropriate alternating sums of the fol-
lowing operation : (a) contracting internal edges of trees and (b) contracting
and splitting root and external edges as pictured below (figures [l and 21 :
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T
contracting /T\ splitting at T x
along e internal vertex
p q T

Fi1GURE 1. Contracting the root

z T
contracting splitting at
r ~ r r
L]
along e internal vertex 7'
p q

FIGURE 2. Contracting a leaf

iS]
Q

Their linear combination of trees differ from ours by their decorations, but also by
their structures. More precisely, with our decoration (z decorates the root and 0
and 1 the leaves) their linear combinations of trees are dual to the standard basis of
the universal enveloping algebra of Lie(Xg, X1) presented as a quotient of Q[T.!"].

Moreover, the authors of [GGL09| are not very precise about the case where the
leaves or the root are decorated by 0. The forest cycling map in loc. cit. sends any
tree with root decorated by 0 to the empty cycle. Hence, taking the quotient by
the ideal they generate, we kill these trees with root decorated by 0.

We can endow the linear combinations of trees Ty + with a canonical ordering of
each tree (root edge is the first edge, then down and left). Then we can compute
dgg(Tw~(x)) in the [GGLOY| setting and observe that it satisfies precisely equation
([IR) after killing trees with 0 as root decoration:

(22)  dygi(Tw-(2)) = Y afyTu-(x) - Ty=(z) + Y _ By To-(x) - Ty~ (1)
U<v U, v

We will not give a proof of the above claim, which involves long computations on
the decompositions of Lie brackets into the Lyndon bracket basis. However, let us
explain informally why it is true.

e Because of the ordering of edges and its alternating relation, working in the
vector space

TcoL 7ﬂlcoL ® 7;COL C Q[letTi,<] ® @[Etri,<]

is possible. The graded commutativity in [GGL09] corresponds to the ex-
terior product TCOL A T‘OL.
e In computing dggl(TW*( )), the internal edges do not contribute. To see
this, proceed by induction and use the fact that d%,, = 0.
e The part of dyq corresponding to the root edge is nothing but dr;., hence
this part equals
Z QE[{VTU* (.’L') . Tv* (ZC)
U<v
in dygi(Tw+(2)).
e The part of dyy corresponding to external edges with 0 as decoration gives
a factor with a tree having 0 as root decoration. Hence this part is 0 because
we have killed these trees.
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e The part of dgg corresponding to an external edge e with 1 as decoration
(given by “contract and split”) is dual to the action by special derivations
(given by “attach at 1”) as drawn below:

s s f?

) contracting ) splitting at
dggl : S ~> S ~» .
/\e along e / 1  internal vertex
T 1 T CI)
T

where T' denotes a subtree; and

x
T
B attaching

DT(I) : ~
T at 1

1<f T/\l

T

4.4. A combinatorial statement. Because of the admissibility issue at 1 for
algebraic cycles explained in Section[B:4] equation (I8]) cannot be used directly. The
solution found in Section leads us to express (I8)) using products as Ty« (z) A
(Ty«(x) — Ty~ (1)) rather than Ty~ (x) A Ty« (1).
Definition 4.30. For any Lyndon word W, let T3, be the difference
Ty = (Tw-(z) — Ty~ (1)).
In order to use a consistent notation, we set TQV* = Tw~(x), which can be thought
as T3, = Tw~(x) — Tw+(0) where Ty« (0) = 0.
Because
Tw~(1) = Tie — T,

a basis of ’ngL is given by the union of the two families:

T for any Lyndon word W

TI}V* for any Lyndon word W.

Hence a basis of Tf;L A ’Tlch is given by the union of the following families:
TB* ATY.. for any Lyndon word U < V
T4 ATY. for any Lyndon word U # V
T[}* A T{. for any Lyndon word U < V.

We can now rewrite equation (I8]) in terms of the above basis. We also write the
cobracket d., (T}.) in terms of this basis.

Definition 4.31. Let W be a Lyndon word. We define coefficients a;/y,, o’ Efv

for any Lyndon words U < V and coefficient b‘gfv and by y for any Lyndon words
U,V as follows:

(ED-T9) dey(Tiy-) = > alyTh- AT« + > by The AT,
U<v UV

and

(ED-T?) doy(Tiip) = > d/yTh ATE + 3 V0 T ATD.

U<v UV
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Note that no term of the form T}. A Ti:. appears in equation m because
there is no term of the form Ty« (1) A Ty~(1) appearing in equation (I8). More
precisely, we express the a’s, b’s, a’’s and b’s in terms of the a’s and 3’s of equation

as).

Lemma 4.32. For any Lyndon words W, the following holds

GEVV:OéEfVﬁLﬂEfoﬂ&/U forU <V

23
(23) byv—ﬂ&/{] for any U, V
and
a’I[/JVV =—afly forU <V,
(24) b’UV—aUV—i-bUV forU <V,
b’VU— —aly +byy  forU <V,
b’WU = b for any U.

Note that coefficients a'’s and b’’s are defined in terms of a’s and b’s (from
equation (ED-T77)), and not in term of coefficients a’s and §’s (from equation
([I8)). In particular this makes the proof of the above Lemma and the comparison
between dey (T3.) and de, (T},.) easier:

(26) dey (T — Ti.) =

> ally (TG ATV + T AT + T ATG. — T AT
Uu<v

Proof. Beginning with equation (I8) for a Lyndon word W

dcy TW* Z ay, VTU* /\ TV* ) + Z ﬂg,/VTU* (:L') NTy- (1),
U<v TR

we write terms of the form Ty« (z) A Ty+(1) as

Ty-(x) ANTv- (1) =Ty (x) A (=(Tv- () = Ty~ (1)) + Ty (2))
=-T5. AT + T3 AT
=Ty ANT)e + T ANTY..

Then equation (23]) follows by reordering the terms of the sum. The second sum
ZU,V BII}/VTU* () ATy~(1) is, in this reordering, cut in three pieces corresponding
toU <V,U >V and U = V. Note that when U = V, the term Tg* /\T‘(}* vanishes
leaving only the term 7. A T).. The inversion of letters U and V in the equality

W W
bU,V = 5V,U

is induced by the choice of terms T[}* ATY. as “cross-terms” of the basis instead of
T3 ANT{:.. This choice is motivated by the position of the tree Tj. in the products.
The tree T, will correspond to the algebraic cycle £ which usually arises as the
first term of a product.
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In order to obtain equation (24)), we compute dey (T3« ) = dey(Tw= () —dey (Tw= (1))

(26) dey(Tiy-) = > allyTh. ANTP. + ZbWUTU* ATY-

Uu<v
+ > by Th AT+ Y by The ATy
Uu<v VU

= > W T (1) ATy (1)
Uu<v

where U, V' are Lyndon words. We observe that

IO ATY = —Th AT 4+ The ANTO. — Tho ANTH. + Ty (1) ATy« (1).

Substituting this expression for T{. A T{. in the above equation for d., (T};.), we

obtain

dey(Tiip) = Y —apyTie ATV + > alyThe AT + Y —afyTye AT

Uu<v Uu<v Uu<v
ZbU oI ANTO-+ Y b yTh ATy + > by T ATy
Uu<v VU

because by Lemma m we have

W W W W W
YWy = ey +Buy = By = agy-
Collecting terms in the last expression of d.,(T}.) yields equation (24)). O
Lemma [4.I8 gives us some extra information about the coefficients O‘gv and

ﬂg,/v when W, U or V is equal to the letter 0 or 1. This translates for coefficients
a’s, b’s, a’’s and b'’s as:

Lemma 4.33. o If W is the Lyndon word O or 1, then:

0 0 0 0 1 1 1 1
ayy = bU,V = a/U,V = b/U,V =0, ayy = bU,V = a/U,V = b/U,V =0
for any Lyndon words U and V.
e For any Lyndon word W, U and V' of length at least 2, one has

w
ag'fvza'07v:0 and bUOfb' 0=0.
which says that there is no term in TQ.TO., T T or TH.T3.. Moreover,

we have

wo_ W W
agy =ayy =0, and b1v*b1V*0

which says that there is no term in T3 T, T T or TETY..
We also note that for W a Lyndon word, we have

w W
aU,v—bUV—aUv—va—

whenever the length of U plus the length of V is not equal to the length of W.

In particular, equation and equation (m involve only Lyndon
words of length smaller than the length of W.
Proof. This is a direct consequence of Lemma I8 and Lemma [£.32] O

The two equations (ED-TY) and (ED-T")) provide the combinatorial situation

which will allow the construction of the algebraic cycles. However, we cannot

directly relate the above equation to what happens in the cycle algebra ./\/'IP?I\ {0,1,00}>

because

e the structures are not the same : ’Tf;L is a Lie coalgebra while N A1 is a
commutative differential graded algebra;



34 ISMAEL SOUDERES

e we can associated a cycle LY, to T (resp. L to Tji,.) only after that
the cycle has been constructed.
Later, we will apply the following Proposition [£.34] to the complex nggizo,l,oo} of
equidimensional cycles over P!\ {0,1,00}. The result and the proof are algebraic
and do not involve any geometry. Proposition €34 concludes this combinatorial
portion of the paper. It relates the structure of equations m and m
to the “differential system” arising in the construction of the algebraic cycles in the
next section.
Let (A®,04) be a cdga and p an integer > 2. We assume the following:

e There exist two degree 1 elements A} and A in A' such that
O4(Ap) = 0.4(AT) =05

e For any Lyndon words W of length £ with 2 < k < p — 1, there exist
two degree 1 elements AY, and A}, in A" satisfying (ED-T") and (ED-7"1)

respectively:
Oa(Aly) = D ally Ay NAY + D 0y Al NAY,
U<v uv
w w
da(Ay) = Z 'y Ay A Ay + Zb/U,VAIIJ NAY
U<v A%

Proposition 4.34. Let W be a Lyndon word of length p. Let R 0 and R 1 be the
degree 2 elements defined by

R0 = Z apy AL AY + ZbE{VA}JA?/v
U<v UV

and
Rar = > dpvALAL + > V[ ALAY,
Uu<v U,V
where the coefficients a, b a’, V' are, as above, those defined by equations m

and (ED-TT).

Then
O4(Rp0) = O4(R4r) = 0.

Proof. First we recall that the symmetric algebra S9(V'*) over a graded vector space
V' is the tensor algebra modulo the ideal generated by

ab — (—1)des(@) dee®)p,

whenever a and b are homogeneous.

Let S$ = S9(T%") be a symmetric graded algebra over the vector space 755"
concentrated purely in degree 1. We shall use the same notation for an element
in 719 and its image in S%. The cobracket dc, and the Leibniz rule induces
a differential on S% denote by O.,. This makes S5 into a cdga. In particular
equations (ED-77) and (ED-T7) hold in S5 after replacing d., by 0., and the
wedge product in ngL A 7'1ch by the product in S5

Let S5 ., be the subalgebra of S$ generated by elements 7. and Ty,. for U
and V' Lyndon words of length £ < p — 1. It is a sub-cdga of S5 because equations
(ED-T%) and (ED-T-)) involve only words of smaller length on the right-hand side.

Let W be a Lyndon word of length p. Note that the degree 2 elements 9., (T}}.)
and O, (Tyy.) of S§ also lie in Sy . ;:

Oey(Ti+), Oey(Tyir) € ST <p-1-

However that they are not boundary in S5 <p—1-
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We define an algebra morphism ¢ : 5% ., ; — A® on the degree one elements
by
p(Th.) =AY, and  o(T.) = Ay
for any Lyndon word U of length k with 2 < k < p — 1 and by ¢(Tg.) = A}
and (1Y) = AY. The morphism ¢ is a cdga morphism due to the assumption
on d4(AY) and 94(A};) for Lyndon words U of length < p — 1. Hence R0 =

@(0cy(T,.)) and Rar = @(0cy(T}h,-)) satisty
OA(Rp0) = ‘P(acy © acy(TIE)V*)) =0, and O4(Ra1)= Sﬁ(acy © acy(TI}V*)) =0.
O

5. CONSTRUCTION OF ALGEBRAIC CYCLES

In this section we define two “differential systems” for algebraic cycles, one cor-
responding to cycles with empty fiber at x = 0 and another corresponding to cycles
with empty fiber at £ = 1. Then, we show that there exist two families of cycles in
Nt satistying these systems induced by two families of cycles in N es L

5.1. Equidimensional cycles. We recall that the base field is Q and that all
varieties considered below are Q-varieties. We also recall that 0! = P!\ {1}, that
0" = (OY)", and that X = P\ {0,1, 00}

Definition 5.1 (Equidimensionality). Let ¥ be an irreducible smooth variety

e Let Z% (Y,n) denote the free abelian group generated by irreducible closed
subvarieties Z C Y x " such that for any face F' of 0", the intersection
ZN (Y x F) is empty or the restriction of p; : Y x 0" — Y to

ZN(Y xF) —Y

is dominant and equidimensional of pure relative dimension dim(F)—p,i.e. the
non empty fibers have the same required dimension.

e We say that elements of ZZ, (Y, n) are equidimensional over Y with respect
to any face or simply equidimensional.

e Following the definition of N (p), let N2 (p) denote

Ny E(p) = Alt (28,(Y,2p— k) © Q).

Definition 5.2. Let C be an element of Ay decomposed in terms of cycles as
C=>aZ, @€qQ
il
where I is a finite set and the Z; are irreducible closed subvarieties of Y x "
intersecting all the faces of O™ properly (i.e. in codimension p;).
e The support of C' is defined as Supp(C) = |, Z;.

e For C in Ny* *(p), we will say that C' has empty fiber at a point y in Y if
for any ¢ in I the fiber of Z; — Y at y is empty.

Proposition 5.3. LetY be an irreducible smooth variety.
(1) The differential Oy on Ny induces a differential:

N2 E(p) 25 Mgt FH ()

which makes Ny* *(p) into a sub-complex of N3 (p).

(2) MY ® = @®p50NT *(p) is a subalgebra (sub-cdga) of Ny.

(3) Assume that Z or Z' has an empty fiber at a pointy in'Y. Then the fiber
aty of Z - Z' is empty.
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Proof. As the generators of ZF, (Y, 2p — k) are equidimensional over Y when inter-
sected with any face, they stay equidimensional over Y with respect to any face
when intersected with a codimension 1 face because a face intersected with a codi-
mension 1 face is either another face or the intersection is empty. This gives the
first point.

Let Z and Z' be two generators of ZL (Y, 2p—k) and Z¢ (Y, 2g—[) respectively for
p, ¢, k and [ integers. By definition, for any face F C O%~%, either the restriction
of the projection p; : Y x FF — Y to

pr:ZN(XxF)—Y

is equidimensional of relative dimension dim(F') — p, or the above intersections are
empty. Similarly for Z’.

Let F and F’ be two faces as above, and assume that none of the intersections
ZN(X x F)and Z' N (X x F') is empty. Then

ZxZ'N(Y XY xFxF)CY xY xpto-k-t

is equidimensional over Y x Y of relative dimension dim(F") + dim(F’) —p — ¢q. For
any point « in the image of the diagonal A : Y — Y x Y, we denote the fiber over
x with the subscript z. In particular we have
dim (((Zx Z)N(Y xY x F x F')) ) =
dim(Zx Z'n({z} x F x F')) =
dim({z}) + dim(F) + dim(F’) —p — ¢
and Z x Z' N (im(A) x F x F') is equidimensional over Y of relative dimension

dim(F) + dim(F’) — p — ¢ by either of the two projections Y x Y — Y. If either
ZN(Y x F)or Z'N(Y x F') is empty, then the intersection

ZxZ'N(Y xY xFxF)
is empty and so is Z x Z' N (im(A) x F x F').
From this, we deduce that
(A xid)"(Z x Z') = Z x 7' (im(4) x D20+
is equidimensional over Y with respect to any face. Hence,
Z-7"'=Alt((A xid) "N Z x Z")) e Ny

and the product in Ny induces a cdga structure on Ny?* which makes it into a
sub-cdga.

Moreover, from the above computation, we see that if the fiber of Z is empty at
a point g, then, denoting the various fibers at y with the subscript y, we have

((A xid)~N(Z x Z’)) =ZxZ'0({(y,y)} x DPPrO=Hly = 7, x 7/ = .

Y

The same holds if Z’ is empty at y, which gives the last point of the proposition. [

In order to compare the situation in Ny and in N, we will use the following
proposition.

Proposition 5.4. Let Yy be an open dense subset of an irreducible smooth variety
Y and let j : Yo — Y denote the inclusion.

(1) The restriction of cycles from'Y to Yy induces a morphism of cdga’s
Sk eq, ® eq, ®

(2) The morphism j* is injective.
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(3) Let C be in Ny, be decomposed in terms of cycles as

C=% aZ, a€Q
il
where I is a finite set. Assume that for any i, the Zariski closure Z; of Z;
is in ZLi(Y,n;). Define C as

C= Z%‘Z’;

iel
then
C‘GN{;’J" and C = j*(0) GNf,g".

(4) In particular j7*(D) = D for any D in N3»°.

Proof. 1t is enough to prove the first part of the proposition for generators of N3 °.
Let Z be an irreducible, closed subvariety of codimension p of Y x 0%~* such
that for any face F' of J?’~* the intersection

ZN(Y x F) (resp. Z' x (Y x F))

is either dominant equidimensional over Y of relative dimension dim(F) — p or
empty.
Let Zy be the intersections Z NY;. As for any face F of (1*P~* we have

Zon (Yo x F) = (ZN(Y x F))NYy x O%7F,

Zy is equidimensional with respect to any face over Yy with relative dimension
dim(F) — p. This also shows that j* commutes with the differential on N3"*® and
on Nyh*.

Moreover if Z, denotes the Zariski closure of Zy in Y, we have Zy = Z because Z
is closed and irreducible. This gives part (4) of the proposition and the injectivity
of j*.

Let Z' be an irreducible, closed subvariety of codimension ¢ of Y x 024~ pro-
viding a generator of 22 (Y,2¢q —1). In order to show that j* commutes with the
product structure, it suffices to remark that

Zox Zh=(ZxZ)nN (YO x Y] x DQ<P+P/>—’€—’€/) CY xY x OXptp)—k—k"

Let C and C be as in the proposition. The fact that C is in Ny? ® follows directly
from the definition. To prove that

C = (CT) e NG,

we can assume that I contains only one element and that g; = 1. Then it follows
from the fact that Z;, = Z1NYy C Y.
O

The main geometric tool of our construction comes from the usual multiplication
on A which induces a homotopy on N;{'® between the identity and the constant
cycle given by the fiber at 0.

Let m : A x A — A! be the multiplication map sending (x,y) to xy, and let
7:0" =P\ {1} — A! be the isomorphism sending the affine coordinate u to
ﬁ. The map 7 sends oo to 0, 0 to 1 and extends as a map from P! to P! sending
1 to oo.

The maps m and 7 are in particular flat and equidimensional of relative dimen-

sion 1 and 0 respectively.
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Consider the following commutative diagram for a positive integer n;

(mo(id al x 7)) xid On

Al x O x O Al x O
Pyl Ol J JPM
Al v Dl mo(idAl XT) Al
Pyl J

Al

Proposition 5.5 (multiplication and equimensionality). In the following state-
ment, p, k and n will denote positive integers subject to the relation n = 2p — k.

e The composition m = (mo (id g1 7)) X id gn induces a group morphism
2p (MY, n) 25 2z (AY x O, n)
which extends into a morphism of complexes for any p,
() T NS ().
e Moreover, there is a natural morphism
hzl,n : qu(Al x O'n) — qu(Al,n +1)

given by regrouping the O’s factors.
o The composition pu* = hgl , ©M* gives a morphism

* Kk s k—
w NG R (p) — NETE T (p)

sending equidimensional cycles with empty fiber at 0 to equidimensional
cycles with empty fiber at 0.

o Let : Al — Al be the involution sending the natural affine coordinate x
to 1 — x. Twisting the multiplication m by 0 via

Al x O x O —— Al xO7

9><ian+1J Wexidmn

Al x O x O —2 5 Al x O7

gives a morphism

v NP (p) — NSERH(p)

sending equidimensional cycles with empty fiber at 1 to equidimensional
cycles with empty fiber at 1.

Proof. It is enough to work with generators of ZZ, (A, n). Let Z be an irreducible
subvariety of A' x 0" such that for any face F' of O, the first projection

par: ZN (A x F) — Al

is dominant and equidimensional of relative dimension dim(F') — p or empty. Let F
be a face of (0". First we want to show that under the projection A! x (! x (0" —
Al x O,
m N Z)Nn (A xO' x F) — A x O

is dominant and equidimensional of relative dimension dim(F') — p or empty. This
follows from the fact that Z N (A! x F') is dominant equidimensional over A! and
m is flat and equidimensional of relative dimension 1 (hence so are m o (id g1 X7)
and m).
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The map m is the identity on the (0" factor, thus for Z C A! x " as above and
a codimension 1 face F of 0", m~!(Z) satisfies
m N Z)N (A" x O x F)=m~ Y (Zn (A! x F)).
This shows that m* is a morphism of complexes.
Moreover, assuming that the fiber of Z at 0 is empty, the intersection
m~N(Z)n ({0} x O x O)
is empty because m restricted to
{0} x O x O
factors through the inclusion {0} x (0" — A! x O". Hence the fiber of m=*(Z)
over {0} x O (resp. over {0}) by pa1xmr (resp. par 0 parxmn) is empty.
Now, let Z be an irreducible subvariety of A! x O! x (0" such that for any face
Fof O™
ZN(A'xO'x F) — Al xO*
is dominant and equidimensional of relative dimension dim(F') — p when the inter-
section is not empty. Let F’ be a face of
artt =0 x O,
The face F’ is either of the form (0! x F or of the form {¢} x F with F a face of
0" and € € {0,00}. We can assume that Z N (A! x O! x F) is not empty. When
F’ is of the first type, we observe that
ZNA'xO'x F) — Al xO!
is dominant and equidimensional and that A! x 0! — A! is equidimensional of
relative dimension 1. Hence the projection
ZN(A'xO' x F) — Al
is equidimensional of relative dimension
dim(F) —p+1=dim(F’) — p.
When F’ is of the second type, by symmetry of the role of 0 and oo, we can
assume that € = 0. Then, the intersection
ZN (A" x {0} x F)
is nothing but the fiber of Z N (A! x O x F) over A! x {0}. Hence, it has pure
dimension dim(F) — p + 1.
Moreover, denoting the fiber with a subscript, the composition

Zﬂ(Alx{O}xF):(Zﬂ(AlxDle))AIX{O}—)Al><{0}—>A1

is equidimensional of relative dimension

dim(F) — p = dim(F’) — p.
This shows that h’Kl,n gives a well defined morphism and that it preserves the fiber
at a point x in A'; in particular if Z has an empty fiber at 0, so does h}, (Z).

Finally, the last part of the proposition follows from the fact that 6 e;(changes
the roles of 0 and 1. (|

Remark 5.6. We saw that m sends cycles with empty fiber at 0 to cycles with empty
fiber at any point in {0} x [J!. Similarly, m sends cycles with empty fiber at 0 to
cycles that also have an empty fiber at any point in A! x {oo}.

From the proof of Proposition 4.2 in [Lev94], we deduce that u* gives a homotopy
between pf o i and id where ig is the zero section {0} — A' and py the projection
onto the point {0}.
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Proposition 5.7. Let notation be as in Proposition above. Fore=0,1, let i.
be the inclusion of € into Al

io : {E} — Al,

and let p. be the corresponding projections p. : A1 — {e}.
Then p* provides a homotopy between

py oty and id : N3P °® — NGT°

)

and similarly v* provides a homotopy between

pioi; and id : NiP* — NGT®.

In other words,
Oprop™ +p o0y =id —pjoil and Oprov™ +v* 00y =id —pj o4}

The proposition follows from commuting the different compositions involved,
and from the relation between the differential on N7 75, and that on NT* via
the map hY, .

Proof. Let iy g and i, 0 denote the zero section and the infinity section Al —
Al x[O'. The action of § only exchanges the role of 0 and 1 in A', hence it is enough
to prove the statement for p*. As before, in order to obtain the proposition for

Ity *(p), it is enough to work with the generators of ZP (A',n) with n = 2p — k.

By the previous proposition[5.5, m* commutes with the differential on ZZ, (Al e)
and on 2% (A' x 0" e). As the morphism x* is defined by p* = hy, , om*, the
proof relies on computing dx1 o hY, . Let Z be a generator of ZZ, (A x O n). In
particular,

ZcA' xO' xO"
and hY, (Z) is also given by Z but viewed in
Al x Ot

The differentials denoted by ;" on 22 (A, n+1) and 8%, -, on 22 (A x O, n)
are both given by intersections with the codimension 1 faces, but the first (' factor
in O+ gives two more faces and introduces a change of sign. Namely, using an
extra subscript to indicate in which cycle groups the intersections take place, we
have

n+1
o (0, (2)) = Z(*l)i’1 (0041 (2) = 0751 (2))
n+1
=0 (2) =0 (2) = )_(=1)7 (0w (2) = 9075 (2))

=io,0(%) =it n(Z) - Z(*l)“l (041,41(2) = 0331 11(2))
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Thus, we can compute 91 0 p* + p* 0 91 on ZE, (Al n) as
Opr o ™ 4 ™ 0 0p1 =0p1 0 hpt o™ + hyp1 g oM™ 0 Opn
=ignom’ —is mom" —hp 100 om”
+ h/Al7n_1 0Oy om*
=ignom’ —il, o m*.

The morphism it 0° m™* is induced by
ATED AT Ot T AT AT
x — (z,00) —— (2,0) ——— 0
which factors through

AUTE AT Ot T AL AL T AL

lpo lidAl

Al o Al

Thus,

-k ~ % . * * -k
isemom’ = (io©po)" = pg © i

Similarly 4§ 5 om* is induced by
AUEE AT O T AL AL - AL

x| (x,0) t (,1) —— 2z

which factors through id 41 : A — A, and we have
i,0 0 m* =id .
This concludes the proof of the proposition. O

5.2. Cycles over X = P!\ {0,1,00} corresponding to multiple polyloga-
rithms. Set £} = Lo and £ = L;, where Ly and L; are the cycles in N} (1)
defined in Section Blinduced by the graph of z — z and = — 1 — x from X — P!
Note that the superscript 1 in L} refers to the fact that this cycle has an empty
fiber at 1.

Consider the two following differential systems

(ED-£%) OLYy) =Y apyLyLy + Y bl vLyLY
U<v uv
and
w w
(ED-L') d(Ly) = Z a'yy Ly Ly + Z Vo Ly Ly
U<v UV

; w w . L
where the coefficients afY,, bYy,, v.v and b’y are those defined in Definition

431

These differential equations are exactly the differential system considered in sec-

tion (441

Theorem 5.8. Let j be the inclusion X < Al. For any Lyndon word W of length
p = 2, there exist two cycles LY, and L}, in N5 (p) such that:

o LY, Lk, are elements of N ' (p).
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e There exist cycles @, E m Ng?’ 1(p) such that
Ly =5 (L) and Ly = (L)

e The restriction ofE (resp. LY) to the fiber x = 0 (resp. x = 1) is empty.
o The cycle LY, (resp. L) satisfies the equation (ED-LY) (resp (ED-L))
in Ny and the same holds for its extension LY, (resp. Ly,) to Nit®.

The remainder of this section is devoted to proving the above theorem. Let A o
and Az denote the right-hand side of (ED-£Y) and (ED-£T) respectively. The
proof works by induction, and will be developed by the following steps:

e Reviewing the cycles £3; and £}, presented in subsection3]in order to show
that they give the desired cycles for W = 01.

e Proving that Ao and Ap: have differential 0 in A'y. This was essentially
proved in Proposition [4.341

e Extending Ayo and A1 to A! and proving in Lemma [5.10 that the differ-
ential stays 0 in N, .

e Constructing £, and L}, by pull-back by the multiplication and pull-back
by the twisted multiplication in Lemma [E.TT1

e Proving that the pull-back by the (twisted) multiplication preserves the
equidimensionality property and has empty fiber at 2 = 0 (resp. = 1), as
a direct consequence of Proposition

e Showing that £9, and L3}, satisfy the expected differential equations, which
follows from the homotopy property of the (twisted) multiplication given
in Proposition B

Proof. We start the induction with the only Lyndon word of length 2: W = 01.

Example 5.9. In Section Bl we already considered the product
b=L{LY = ;2,1 —x]. € X x 0%

In other words, up to projection onto the alternating elements, b is nothing but the
graph of the function X — (P')? sending = to (z,1 — z). Its closure b in A x (02
is induced by the graph of z + (x,1 — z) viewed as a function from A! to (P*)2:

b=[x;2,1— 1] C Al xO%

From this expression, we see that J41 (5) = 0.

Proposition [(.3] already ensures that b is equidimensional over X, as this is the
case for both £} and £§. Then, in order to show that b is equidimensional over A!,
it is enough to look at the fibers over 0 and 1. In both cases, the fiber is empty and
b is equidimensional over A!. Now, set

Ly, =p(®) and L§ =v*(D)
where p* and v* are defined in Proposition The same proposition shows that
L8, and L}, are equidimensional over A'; more precisely they are elements of
Nt '(2). The same proposition shows that L3, and L}, have empty fiber at 0 and
1 respectively because b has.

Since the fibers at 0 and 1 of b are empty and d41(b) = 0, we conclude from
Proposition (.7 that

O (L3;) = O (Lh;) = D.
Finally, we define
L0y =3"(L0;) and Loy = 5" (Lhy),

where j is the inclusion X — A!, and conclude using Proposition [5.4
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We can explicitly compute the two pull-backs, and obtain a parametric repre-
sentation

ﬁglz[x;liiatlalitlL Eélz[z;h;x,tl,l*tl].
tl tl -1
In order to compute the pull-back, observe that if u =1 — x/¢; then
x J—
1—u b1

Computing the pull-back by u* then comes down to simply rescaling the new (!
factor which arrives in first position. The case of v* is similar, but using the fact

that for u = E:f we have

r—u

=0 t1.

Let W be a Lyndon word of length p greater than or equal to 3. From now on,
we assume that Theorem [5.8 holds for any Lyndon word of length strictly less than
p. We set

Ao =" apyLyLY + Y by LyLY,
U<v U,v
and
A= > d v LhLl + > 00 Lh ey,
Uu<v U,V

Lemma shows that A,o and A1 only involve Lyndon words U and V such
that the sum of the length of U and the length of V' is equal to the length of W. In
particular the various coefficients are 0 as soon as U or V has length greater than
or equal to W.

The induction hypothesis gives the existence of £J, and £}, for any U and V/
of smaller length, and by definition (L)) = 9(L}) = 0. So the combinatorial
Proposition EE34] with AY, = £? and A}, = L£};, shows that

(27) A(Ago) = (A1) = 0.

Lemma 5.10 (extension to A'). Let Ayo (resp. Ap1) denote the algebraic cycles
in Z(A! x [0%P=2) obtained by taking the Zariski closure in A x (0*?=2 of each term
in the formal sum defining Ago (resp. Agi). Then
e Ao and A are equidimensional over A with respect to any face of 1*P~2;
i.e. Apo and Api are in J\/X?’Q(p).
e Ao has empty fiber at 0 and Az has empty fiber at 1.
[ ) aAl (ALO) == aAl (ACI) - 0

Proof. The cases of Ago and A1 are very similar, so we only discuss the case of
Apo.

Let U and V' be Lyndon words different from 0 and 1, of respective length ¢ and
¢ strictly smaller than the length p of W.

The induction hypothesis and Proposition 5.4 show that the equidimensional
cycles over A LY (resp. L{;) and LY, (resp. Li,) are the Zariski closure of L,
(resp. L};) and LY, (resp. L3,) respectively.

Thus, Proposition [5.4] ensures that

L)L =L0- L9 e Ni#2(p)  and L5 LY =LL - LY € NP2 (p).

and that the above products have empty fiber at 0, since this is the case for E
and LY, (Proposition [.3).

In order to show that A o0 extends to an equidimensional cycle over Al, it is now
enough to study the products £{ - L), and L}, - LY, since Lemma £33 shows that



44 ISMAEL SOUDERES

these are the only types of product in Ao with a non-zero coefficient involving £}
and £Y which are not equidimensional over A'.

We show below that m is equidimensional over A! and has empty fiber at 0.
We first observe that V has length p — 1 and that £2, is in N5 ' (p — 1). Let Z
be an irreducible component of Supp(LY,), and let Z denote its Zariski closure
Al x 02773,

Then Z is an equidimensional cycle over A! because it is an irreducible component
of Supp(LY,). Moreover, Z has an empty fiber at 0.
Let I' denote the graph of id : P! — P!, Then we have

Ly=At(TN(XxOY)  and  Lh=Alt(TN (A" xOY).
We simply write I'x and Ty for
I'x=TN(XxO") and Tx=In(A'x0O"

It is enough to show that I'x - Z is equidimensional over A! (here - denotes the
product in N3 ®). As the projection

I'sxxZ—XxX
is equidimensional, we have
Tx-Z~(Tx xZ)Nim(Ay1)
where Ag1 @ Al x 0272 — Al x Al x O%P—2,
Hence it is enough to show that for any face F of (0?P~2 the projection
(Tx x Z)N (im(Ap1) N XF) — im(Aur)
is either empty or dominant and equidimensional of relative dimension dim(F') — p.

Restricting the above situation to X x X C A! x Al, we see that it is enough to
check that the fibers at (0,0) and (1, 1) are empty, since

Tx xZ)N(X x X x F)
is either empty or dominant and equidimensional of the right relative dimension
over X x X.

We write the face F as Fy x F’' with F! a face of O! and F’ a face of (J?P~3.
Using the fact that

Al x AT x 0?2772 ~ (A x O x (Al x O%73),
the fiber at (1,1) is given by
Tx x 2N ({(LD)} x F) ~ Tx 0 {1} x F)) x (Z0 {1} x F) =0
because T'x N {1} x Fy is empty in A' x 0! (T'x is the restriction of the graph of
o )Similarly, the fiber at (0,0) is given by
(Tx x 2) N ({(0.0)} x F) ~ (Tx 1 {0} x F1) x (Z {0} x F') =0

because Z has empty fiber at 0 (by induction hypothesis E has empty fiber at 0).

Thus, T'x Z is equidimensional over A! with empty fiber at 0 (and also at 1) for
any irreducible component Z of Supp(L},). Hence m is equidimensional with
respect to any face and has empty fiber at 0 (and at 1). Exchanging the role of

0 and 1, a similar argument shows that £},£? is equidimensional over A! and has
empty fiber at 1 (and at 0).

The above discussion also shows that A o is equidimensional over A! and has
an empty fiber at 0.
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Now, we need to show that
O (Aze) = 0.
We compute L L
3" (On1 (Ago)) = 0(j*(Ago)) = 9(Ago) =0
as explained above. The injectivity of j* on equidimensional cycles (Proposition

[B54) ensures that
O (Ago) = 0.

The equality
8A1 (A—[})> =0 (resp. 8A1 (A—L‘,l> = 0)
shows that Ao (resp. A1) gives a class in H*(NV?,). As Corollary 217 ensures
that this cohomology group is 0, Ao (resp. A1) is the boundary of some cycle
¢ (resp. ¢) in N};. Lemma [5.11] below gives this ¢ (resp. ¢) explicitly and, after
restriction to X, concludes the proof of Theorem (.8
O

Lemma 5.11. Define @ and @ in Nyt Y(p) by
LY = (A) and Ll =v*(Az)
where pu* and v* are the morphisms defined in Proposition [5.1.
Let j : X — A be the natural inclusion of P\ {0,1,00} into A* and define
LYy and Ly by L L
Lw =3 (LY) and Ly = 35" (Ly).
Then LY, and L3y, satisfy the conditions of Theorem [5.8.

Proof. As in Proposition 511 let ig (resp. i1) be the inclusion of 0 (resp. 1) in Al:
io: {0} — AY iy {1} — AL
and let pg and p; be the corresponding projection p. : A* — {e} for e =0, 1.

Proposition ensures that £9, (resp. Ly ) is equidimensional over A with
respect to faces, and has an empty fiber at & = 0 (resp. « = 1); in particular

i5(Apo) = i5(Az1) = 0. Moreover, Proposition 5.7 enables us to compute 9y (@)
as
O (L) =00 o " (T)
— A () — p} o i3 (Az) — i o O (Age)
=Ago

because Ox1(Ago) = 0 and i§(Ago) = 0.
Using Proposition [£.7] again, a similar computation gives

0 (Chy) = Aer
because dy1 (A1) = 0 and it (Az1) = 0.

Now, as

LY =j*(Ly) and Ly = j* (L),
LY, and Lj;, are equidimensional with respect to any faces over X by Proposition
B4l and their closures in A! x 0?P~1 are exactly £, and £i,. As j* is a morphism
of cdga’s, £, and L} satisfy the expected differential equations, as do @ and
g; that is
OLY)=Aro  and  O(Liy) = Apr.
This concludes the proof of the Lemma and of Theorem 5.8 ([
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5.3. Examples in weight 4 and 5. The first linear combination in the differential
equation arises in weight 4. The first case where the differential equations for £9,
and L}, are not the same arises in weight 5. There are actually two such examples

in weight 5. We give below one of them.
There are three Lyndon words in weight 4: 0001, 0011 and 0111. The first linear
combination arises from the word 0011. The image of

Too11+ () = +
0011 0011
under d.,, given at equation 21} is
dey(Toor1+(x)) = (To-(x) — To- (1)) A Torr+(x) + (Too1- () — Too1+(1)) A T+ (x)
+ To1+ A Tor+ (1)

Hence the cycle £, is defined as the pull-back by p of

LoLY11 + Loy £9 + L5, LY, -

Consider the Lyndon word 00101 in weight 5. Its corresponding tree Too101+ ()
is

and computing dey(Too101+ (z)) gives
dey(Too101+) = Too1+ () A Tor+ () — Tooor~ (z) A Ti+(z) — Th+(x) A Tooo1+(1).

Finally, £34,0; and L3y, satisfy respectively

(28) 8(580101) = 5801581 - 5(1)0015(1)
and
(29) 5(550101) = _5(1)015(1)1 - 5(1)15801 + 5(1)01581 - 530015?-

5.4. An integral associated to L{;;. In this section, we sketch how to asso-
ciate an integral to the cycle £3,,. We directly follow the algorithm described in
[GGLO9][Section 9] and put in detailed practice in [GGLO7]. There will be no gen-
eral review of the direct Hodge realization from Bloch-Kriz motives [BK94][Section
8 and 9]. Gangl, Goncharov and Levin’s construction seems to consist in setting
particular choices of representatives in the intermediate Jacobians of (I in relation
with their algebraic cycles.

We do not extend this description here, nor do we generalize the computations
below. Relating the Bloch-Kriz approach to the explicit algorithms described in
[GGL09, [GGLOT7] and the application to our particular family of cycles £, will be

the topic of a future paper, as it requires, in particular, a family E%,B of elements
in H’(B(NV%)) not yet at our disposal.
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Let us recall the expression of £{);; as a parametrized cycle:

r t to
5011:[:5,1—t2 tllj t1,1—t1,1 — o]
T t1 —to
=—lz;1——,1—1t —t 1—tq).
['Ta t2 25 tlfl 1, 1]

where the second expression is due to the alternating projector and seems to the
author more suitable for the computations below.

We want to bound L£J;; by an algebraic-topological cycle in a larger bar con-
struction (not described here). This is done by introducing topological variables s;

in real simplices
={0<s <2< s <1}

Let d° : A" — A"~! denote the simplicial differential
n
@ =S (1)
k=0
where i : A"7! — A" is given by the face sy = sx11 in A” with the usual
conventions for k = 0, n.
Let us define

S3T t1 — 1o
st 1—— 1-—t
o1 = [ t 2’t 1

,t1, 1 — 1]
for s3 going from 0 to 1. Then, d‘S(COH) L3, since s3 = 0 implies that the first
cubical coordinate is 1.

Now, the algebraic boundary 9 of 0011 is given by the intersection with the
codimension 1 faces of (0°; giving
tl — 83

t1 —1

We can again bound this cycle by introducing a new simplicial variable 0 < s5 < s3,
and the cycle

8(0011) [;1 — sz, tla 1—t].

tl — S
t1 — s2/53
The intersections with the faces of the simplex {0 < so < s3 < 1} given by s3 =0
and s3 = 1 lead to empty cycles (since at least one cubical coordinate equals 1)
and a negligible cycle respectively. Thus, up to a negligible cycle, the simplicial
boundary of C§j3 satisfies

0011 = [ 1-— S3T, ,ﬁl,l —tl].

t1 — S3
ds(cou) a(0011) —[x; 1 — 83, % t1, 1 —t1].
Its algebraic boundary is given by
8(08’121) = —[z;1 — s3z, 92,1 — sox] + ;1 — s3z, 5—2, 1— 8—2]
S3 S3

Finally, we introduce a last simplicial variable 0 < s; < s2 and a purely topological
cycle
s
0011 = —[z;1 — 532, 50w, 1 — s12] + [w;1 — sgz, —, 1 — =],
53 53
Up to negligible terms, its simplicial differential is given on the one hand by the
face s1 = s9:
S92 S92
[2;1 — s3x, Saw, 1 — sox] — [2;1 — s3t, —,1 — —]
83 83
which is equal to —G(Cgﬁ), and on the other hand by the face s2 = s3:

—[z;1 — s3x, s32,1 — s1].
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In order to cancel this extra boundary, we define

s,3 s,3 .
Coi1 = Coi1 + [z51 — sozx, s3x, 1 — s1]

whose algebraic boundary is 0.
Finally, we have

(d* +0)(Ciil + Cot + Coi) = Loy,

up to negligible terms.
Now, we fix the situation at the fiber z(, and following Gangl, Goncharov and
Levin, we associate to the algebraic cycle £8;,]s—z, the integral Ipi1(xo) of the

standard volume form
1 le dZQ ng

T
over the simplex given by Cj;. That is:

1 Tods ds Tods
1011(130):—.— MA_Q/\L
(207)3 Jogsi<sacss<1 L — Tosz sz 1 — 2081

+ 1 / Zo d83 / dSQ A dSl
)3 — —
(2i) 0<s3<1 1— 2083 0<s1<s2<1 52 1—5

1 / Zo d82 d83 A ZTo dSl
(207)3 Jocs,<sacss<t 1 —Tos2 sz 1 —mps1

Taking care of the change of sign due to the numbering, the first term in the
above sum is (for g # 0 and up to the factor (2i7)~3) equal to

dSl d82 ng

LzLQ(aco) = / —— A— N ———
0<s1<s2<s3<1 Lo — 1 S22 Xg o — S3

while the second term (up to the same multiplicative factor) equals

—Lif (wo) Lis (1)

and the third term (up to the inverse power of 2im ) equals
Li§ 1 (z0).

Globally the integral is well-defined for xy = 0 and, more interestingly, also for
xo = 1, as the divergencies when xy goes to 1 cancel each other out in the above
sums. A simple computation and the shuffle relation for LiS(zg) shows that the
integral associated to the fiber of £3;; at zo =1 is

(2im)*To11 (1) = —Lig 1 (1) = —¢(2,1).

6. CONCLUDING REMARKS

6.1. Comments about the setting of quasi-finite cycles. In this paper we
chose to work with cycles in the original Bloch complex N§ having the extra
property that their projection onto the base X is equidimensional. This allows
us to easily compare our construction to previously constructed explicit cycles re-
lated to polylogarithms ([BK94]) or multiple polylogarithms (with conditions on
the parameters in [GGL09]). Moreover, after computing the structure coefficients
of Ti%ok (Definition EIT) up to some weight, our cycles can be written explicitly
as parametrized cycles, because the pull-back by the multiplication u* introduces

a term in 1 — ﬁ on the new (! factor while the pull-back by the twisted multi-
-

L . ctyi—
plication v* introduces a terms in 2=1—<

tp—1—1°
In classical motivic constructions, however, it is preferable to work with quasi-
finite cycles (cf. Definition[6.1]). Quasi-finite cycles behave better in particular when
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X is of dimension d > 2, with functoriality or with a sheaf-theoretic approach. They
are defined, following Levine [Lev1l], as follows.

Definition 6.1. Let Y be an irreducible smooth variety.
e Let Zg . (Y, n) denote the free abelian group generated by irreducible closed
subvarieties
Z CY xO" x (PH\ {1})?
such that the restriction of the projection on Y x (™,
p1: Z —Y x O,

is dominant and quasi-finite (i.e. of pure relative dimension 0).

o We say that elements of Z7 ; (Y,n) are quasi-finite.

e The symmetric group &,, acts on fo_f. (Y, n) by permutation of the factors
in (P*\ {1})?. Let Symﬁ,l\{l} denote the projector corresponding to the
symmetric representation.

e Following the definition of N (p), let NZ/*(p) denote

NEEH(p) = Symbs, 1y 0 Altay i (20 .(V,2p — K) © Q).

e As in the classical case, the intersection with the codimension 1 faces of
0?7~k induces a differential
2p—k
Oy = > (=)0 - o)
i=1
of degree 1.
e We define the complex of quasi-finite cycles as

NEFe =Qa PN ().

p=1

The product structure given by concatenation of factors and pull-back by the
diagonal makes N&7** into a cdga. The cohomology of N7 ® agrees with higher
Chow groups by [Levill, Lemma 4.2.1].

Remark 6.2. The condition on the quasi-finite cycles is much stricter than the one
for our equidimensional cycles, as it requires equidimensionality (of dimension 0)
over

Y x@O”
and not merely over Y as in the case of equidimensional cycles.

In the case of N)q,'f “*(p), however, the ambient space is much larger due to the
extra (P \ {1})P factors.

Because of the remark above, propositions B3] point (3) —, B4 and 5.7 hold
with A%/ ® instead of N°©°.

Let X denote P\ {0, 1, 0o} as before. In order to obtain an equivalent of Theorem
B3R in ./\/')q('f'°, we need to have quasi-finite cycles £, o and L ,, avatars of Lg
and LY in /\/}q('f' . Once this is granted, Lemma holds in N)q('f' % by the same
arguments using quasi-finiteness over

X xO"

and the empty fiber properties.
Below, we define these cycles qu,o and Eqﬂ 1, each of which (up to the projec-
tors) is given by a single irreducible variety of

X x O x (P {1}).
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Let x denote the standard affine coordinates on X = P!\ {0,1,00}; let [U : V]
be the standard projective coordinate on O and [A : B] that on P!\ {1}. Let Z,
be defined by the following equation

Zo: (U—-V)A—B)U —2aV)+z(1 —2)UVB = 0.
Similarly, let Z; be defined by the following equation
Z1:(U=-V)A-B)(U-(1-2)V)+z2(1—-2)UVB=0.
Proposition 6.3. (1) Let L and Ly | the images under Sympy, 1y © Alty

of Zo and Zy respectively. Then L, and L, | are elements of ./V')q('f' '
(2) Their Zariski closures L ;o and L. to Al lie in Njilx(Pl\{l})(l) with
empty fiber over

{1} > O > (B \ {1})
and {0} x O x (P \ {1}) respectively.
(3) The Zariski closure of their product L, oL,y is an element of/\/'g'lf'2(2)
with empty fiber at 0 and 1.

Proof. Part (3) is a consequence of part (2). The cases of L ; , and L ; , are
symmetric with respect to the role of 0 and 1, so we only consider the case of £ af, 0"

Note that the projection Zg — X x ' is dominant because the defining equa-
tion is homogeneous of degree 1 in A and B.

Note that U — V # 0 in (O'. In order to check the quasi-finiteness, we write the
equation as

AU -V U —-2a2V)=B(U-V)(U —2V)+2(1 —2)UV).
Observe that when x, 1 — z, U and V are all non-zero, the equation uniquely
determines [A : B]. For U = 0 the equation becomes
Az = Bz.

Hence [A : B] should be uniquely determined provided that a # 0 (which holds in
X =P\ {0,1,00}). Recall that [A : B] is the projective coordinate on P!\ {1}.
Thus A — B is invertible and

Zon (X x {U=0}x (P'\ {1})) = 0.
For V =0, the equation becomes

A=B

without any restrictions on x. Thus we have

ZoN (X x {V =0} x (P'\ {1})) = 0.
The above discussion shows that Zy is quasi-finite over X. It also shows that its
Zariski closure Zj is not quasi-finite over A! because of the fiber at = 0. However,
we have o

Zon (A" x {V =0} x (P \ {1})) = 0.
and o

Zon (A x {U =0} x (P'\ {1})) = {0} x {U =0} x (P \ {1})
which is of codimension 1 in A' x {U = 0} x (P! \ {1}). This shows that Zg
is an admissible cycle over A' x (P'\ {1}). Moreover the above intersection is
concentrated in the fiber of Zy over {0} x O
The fiber of Zy over 1 is given by the equation

AU -V =BU-V)?

and is empty in Al x O! x (P*\ {1}), because U — V and A — B are invertible
there. g
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From the above discussion we obtain the following result.

Theorem 6.4. For any Lyndon word W of length p > 2, there exist two cycles
ng w ond E}]f win ./\/)q('f' 1(p) satisfying the conditions of Theorem [5.8 with quasi-
finite cycles replacing equidimensional ones.

Remark 6.5. The proof of Proposition [6.3] also shows that

H' (W (61,00p) () =
H (WG D)o (HOWET ) = 1) @ QlLyy o )& (HOWVET ) = 1) @ QlL,y 1)) -
where [£,; ] and [L,; ] are the cohomology classes of £, ; ; and L, | respectively.

Bloch and Kriz in [BK94] constructed, for any n > 2, algebraic cycles corre-
sponding to the value of the polylogarithms Li€(z¢). This leads, by specialization
at xp = 1, to an algebraic cycle related to the (single) zeta value {(n). Algebraic
cycles corresponding to multiple logarithm away from the point 1 have been con-
structed in [GGLOT, [GGLO9] but these cycles cannot be specialized at the point
1. The algebraic cycles L given by Theorem satisfy the following properties
which are also satisfied by the algebraic cycles given by Theorem (with the
appropriate changes in notations). Let W be a Lyndon word with W # 0,1 and let
7o be a point in AY(Q):

e When W =0---01 (n—1 zero), LY, |s—s, is the algebraic cycle correspond-
ing to the polylogarithm Li%(xq) given by Bloch and Kriz in [BK94].

e The differential equations satisfied by the cycles LY, are closely related
to the ones satisfied by the multiple polylogarithms. It is clear when
W = 0...01. For the others, let’s recall that the differential equation
comes from Thara’s cobracket, that is from Thara’s action of the funda-
mental group of P!\ {0,1,00} on itself. Another point of view is that the
differential equation for £, and hence for LY} |,—,, gives the coproduct of

the induced element (E?,V|I:m0)B in the H” of the bar construction over
Nslpec(Q)' This coproduct is Goncharov’s motivic coproduct (cf. [Levll])
on Deligne-Goncharov motivic fundamental group (cf. [DGO05]); however
this coproduct is given by the differential of iterated integral. This other
approach also shows that the differential of the cycles LY}, encode the dif-
ferential equations of the multiple polylogarithms.

e A Lyndon word W may contain more than one 1 ; that is multiple polylog-
arithms are present.

e For any Lyndon word W and any zy as above, the cycle E%/|z:x0 is ad-
missible, that is in /\/'Slp ec(Q)" Hence, specializing at zo = 1, multiple zeta
values are present.

The above reasons, together with the integral computed in the previous section,
lead the author to believe that cycles £9,]|,—1 correspond to multiple zeta values.

In this direction, the author proved that the bar elements associated to the family
L), yeive a basis ofDeligne-Goncharov motivic fundamental group (see [Soul4]).
It remains to explicitly compute the periods of these motives, that is the associated
integral. This question will be addressed in a future paper.
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