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Abstract

We consider decay properties including the decay parameter, invariant measures and quasi-
stationary distributions for a Markovian bulk-arrival and bulk-service queue which stops
when the waiting line is empty. Investigating such a model is crucial for understanding
the busy period and other related properties of the Markovian bulk-arrival and bulk-service
queuing processes. The exact value of the decay parameter A\¢ is firstly obtained. We
show that the decay parameter can be easily expressed explicitly. The invariant measures
and quasi-distributions are then revealed. We show that there exists a family of invariant
measures indexed by A € [0, A\¢]. We then show that under some mild conditions, there
exists a family of quasi-stationary distributions also indexed by A € [0, A\¢]. The generating
functions of these invariant measures and quasi-stationary distributions are presented. We
further show that this stopped Markovian bulk-arrival and bulk-service queueing model
is always Ag-transient. Some deep properties regarding Ac¢-transience are examined and
revealed. The clear geometric interpretation of the decay parameter is explained. A few
examples are then provided to illustrate the results obtained in this paper.

Keywords: Stopped Markovian bulk-arrival and bulk-service queues;
Decay parameter; Invariant measures; Quasi-stationary distributions.
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1. Introduction

During the development of general theory and applications of continuous time Markov
chains, there is a long history in investigating a few closely linked and very important con-
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cepts: the decay parameter, invariant measures, invariant vectors, and the quasi-stationary
distributions. While the idea of using a quasi-stationary distribution can be traced back at
least to the early work of Yaglom [45], who considered the long run behavior, in the sense
of conditional distribution, of the subcritical Galton-Watson process, the key feature and
importance of this theory was not fully realised and explored until the publication of the
remarkable work of Vere-Jones [44]. At nearly the same time, the existence of the decay
parameter was firstly revealed by Kingman, when he showed in Kingman [25] that if C' is an
irreducible class of a continuous time Markov chain defined on the state space E, then there
exists a number Ao > 0, called the decay parameter of the corresponding process, such that
for all 7,5 € C,

1
zlogpij(t) — —A¢ ast — 400,

where P(t) = (p;j(t);i,j € E) is the transition function of the corresponding continuous
time Markov chain. It can be easily proved that this decay parameter can be expressed as

Ao =inf{A\>0: / eMpij(t)dt = oo} = sup{\ >0 : / eMpij(t)dt < oo} (1.1)
0 0

where the quantities in the middle and right hand side of (1.1) are independent of i, j € C.
Beginning with this pioneer and remarkable work, this extremely useful theory has been
flourished due to much important research, including the significant contributions made
by Flaspohler [16], Pollett [36], Darroch and Seneta [13], Kelly [23], Kijima [24], Nair and
Pollett [32], Tweedie [41], Van Doorn [42], [43] and many others.

On the other hand, Markovian queueing theory, as one of the most notable and prominent
as well as one of the oldest subareas in applied stochastic processes, occupies a significant
niche in applied probability. Markovian queueing theory plays an important role both
in the development of general queueing models (for example, Asmussen [4], Gross and
Harris [19], Kleinrock [26] and Medhi [31]) and in the theory and application of continuous-
time Markov chains (for example, Anderson [1] and Chung [12]). Within this framework,
state-dependent input and output mechanisms have attracted considerable attention. In
particular, Gelenbe [17] and Gelenbe, Glynn and Sigman [18] introduced the very useful
concept of negative arrival, and this was followed up by other authors, including Bayer
and Boxma [5], Harrison and Pitel [20], Henderson [21] and Jain and Sigman [22]. The
queueing models with negative arrivals also has close theoretical links with the versatile
Markovian arrival processes introduced by Neuts [33], which include several kinds of batch-
arrival process. Additionally, Neuts [34] described a number of interesting batch-arrival
models together with useful methods for analysing them. For further developments, see
Stadje [38], Lucantoni [29], Lucantoni and Neuts [30], Nishimura and Sato [35] and Dudin
and Nishimura [14]. Also, in Chen and Renshaw [10, 11] the possibility of clearing the entire
workload is allowed. At the same time, the theory of bulk queues (bulk arrival and/or bulk
service) is also well developed. See the excellent reference of Chaudhry and Templeton [7].
For recent advances see Armero and Conesa [2], Arumuganathan and Ramaswami [3],
Chang, Choi and Kim [6], Fakinos [15], Srinivasan, Renganathan and Kalyanaraman [37],
Sumita and Masuda [39] and Ushakumari and Krishnamoorthy [40]. The queueing models
with both bulk-arrival and bulk-service incorporating with state-dependent control have
also been attracted much interest. In particular, very recently, Chen et al [8] discussed an
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interesting model where state-dependent control can happen only when no customer is at
waiting list except possibly a customer in service.

In spite of these developments in both topics, it seems that the deep relationship between
decay properties and Markovian queueing models has not been fully revealed. In fact, even
calculating the exact value of the decay parameter for most transient Markovian queueing
models is still an open problem. In particular, we still know little about decay properties
of the queueing model discussed in Chen et al [8]. Note that, however, if the bulk-service
is not presented, the decay parameter and the associated properties have been examined in
Li and Chen [27, 28].

The main aim of this paper is therefore to consider the decay parameter and the as-
sociated properties including the most important invariant measure and quasi-stationary
distributions of the Markovian bulk-arrival and bulk-service queue with state-dependent
control explored in Chen [27, 28]. Investigating such properties will greatly deepen our
understanding of the busy period distribution of the corresponding queueing model and
provide much information in designing appropriate state-dependent control, which, in turn,
could significantly improve the efficiency and effectiveness of the queueing systems. We
shall see that this basic aim has been achieved in this paper. In particular, we shall show
that the decay parameter for our models can be obtained very easily. Many deep associated
properties have also been revealed. Based on the results obtained in this paper, we shall
be able to further investigate the decay parameter and the associated properties for the
more general Markovian bulk-arrival and bulk-service queue with state-dependent controls,
particularly for the transient case, in our subsequent papers,

In addition to achieving the above aims, this paper is also of methodological significance.
Indeed, several new ideas and methods are employed in our analysis. These new methods
will be very useful in analyzing more complex models. This will also be revealed in our
subsequent papers.

We now begin our study by specifying our known conditions. That is that we first
specify the generator matrix, i.e., the so-called g-matrix Q = (g;j;¢,j € Z,), of our stopped
Markovian bulk-arrival and bulk-service queue queueing models, where Z, stands for the
nonnegative integers {0,1,2,---}.

Definition 1.1. A g-matrix Q = (¢;;;¢,7 € Z) is called a stopped bulk-arrival and bulk-
service generator (henceforth referred to as a stopped BABS generator), if

bj—i+27 1f122a]21—2
= 1.2
% {0, otherwise, (1.2)
where
bo >0, b; >0 (j#2), 0< Y by < —by < 0. (1.3)

J#2
In order to avoid discussing some trivial cases, we shall, throughout this paper, assume
that

> by >0 (1.4)
=3
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and
> byjer > 0. (1.5)
5=0
Also, let
mg = 2by + by, my =Y (j—2)b (1.6)
j=3

denote the mean service rate and the mean arrival rate, respectively.

By (1.2) we may see that the behaviour of the stopped BABS could be described as
follows. Whenever the queuing length is great than 1, then the arrival of customers follows
a compound Poisson process with arrival of a batch of r individuals with rate b,,o (r >
1) coupled with batch service to j individuals with rate by_; (j = 1,2). The queueing
process will stop moving whenever either the queue is empty or there is only one customer
being-served in the queue. From practical point of view, this is, of course, not a realistic
model. However, as shown in Chen et al [11], this structure is the underlined structure of a
Markovian bulk-arrival and bulk-service queue with state-dependent control and thus plays
extremely important role in analysis the latter practical model.

By (1.3) we see that non-conservativeness is allowed in this paper. The reason for dealing
with this general definition is two-fold: firstly in our later proof, we need to consider the non-
conservative case. Secondly and more importantly, this definition provides us an opportunity
to consider more general models.

Let

d = —ibj (1.7)

be the deficit. Then d > 0 and d = 0 if and only if () is conservative.

Definition 1.2. Let Q = (¢;;;¢,j € Z;) be a stopped BABS generator matrix defined in
(1.2)-(1.3). The corresponding transition function P(t) = (p;;(t);4,j € Z. ), usually called
the QQ-function, is called a stopped Markovian bulk-arrival and bulk-service queueing process
(henceforth referred to as a stopped BABS-process).

Note that we have defined the queueing process as the corresponding transition function
P(t) rather than the process itself. In fact, for convenience, we shall freely use this term to
denote either of them in this paper. Also, under this interpretation, the terms @-process
and @Q-function, referring to a specific g-matrix @), are identical. Such kind of usage is, of
course, commonly accepted and won’t cause any confusion. Since our generator matrix @) is
bounded and thus, by the general theory of continuous time Markov chains, we know that
there exists only one Q-process which is the Feller minimal one. Since we have assume that
both by > 0 and (1.4)—(1.5) hold, it is clear that C' = {2,3,-- -} is an irreducible class for Q)
and, also, for the corresponding @Q-function P(t) = (p;;(t);4,j € Z4).

It is well known that the decay parameter and quasi-stationary distributions are closely
linked with the so-called p-subinvariant measures and p-subinvariant vectors. An elementary
but detailed discussion of this theory can be seen in Anderson [1]. For convenience, we briefly
repeat these definitions, tailored for our special models, as follows:
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Definition 1.3. Let @ = (¢;;%,j € Z;) be a stable generator matrix and C' be a
communicating class of Z,. Assume that © > 0. A set (my;;i € C) of strictly positive
numbers is called a p-subinvariant measure for () on C' if

> magy < —pmy,  jeC. (1.8)
ieC
If equality holds in (1.8), then (m;;i € C) is called a p-invariant measure for @ on C.

Definition 1.4. Let P(t) = (p;;(t):i,j € Zy) be a Q-function and C' is a communicating
class of Z,. Assume that g > 0. A set (m;;i € C) of strictly positive numbers is called a
p-subinvariant measure for P(t) = (p;;(t);4,5 € Zy) if

Zmipij(t) <eMm,;, jeC. (1.9)
icC
If equality holds in (1.9), then (m;;i € C) is called a p-invariant measure for P(t) on C.

The subinvariant vectors can be similarly defined. Finally, following Van Doorn [43], we
give the definition of quasi-stationary distributions as follows.

Definition 1.5. Suppose that P(t) = (p;;(t);1,7 € Z4) is a Q-function. Assume that C
is a communicating class of Z, and (m;;i € C) is a probability distribution over C. Let
pi(t) =D ccmipij(t), for j € C and t > 0. If

p;i(t)

Ziec pi<t)

then (m;;i € C) is called a quasi-stationary distribution.

—m;, jeC,t>0, (1.10)

The relationship between invariant measures and quasi-stationary distributions has been
revealed by, say, the work of Van Doorn [43] and Nair and Pollett [32].

The structure of this paper is as follows. Some preliminary results, which also provide
useful techniques and methods to be used later, will be firstly presented in Section 2. In
Section 3 we concentrate on studying the decay parameter for the stopped Markovian bulk-
arrival and bulk-service queues. The exact value of decay parameter will be revealed in two
theorems which deal with two different cases by using different approaches. The simple and
practical calculation methods are then presented. The interesting geometric interpretation
is also explained in this section. Transience properties related to the decay parameter will
be discussed in the following Section 4. We shall prove that a stopped Markovian bulk-
arrival and bulk-service queueing process is always Ao-transient and some exact expressions
closely related to this property are revealed. The important Ac-invariant measures and
quasi-stationary distributions are addressed in Section 5. We show that there exists a
family of invariant measures indexed by A € [0, A¢]. We then show that under some mild
conditions, there exists a family of quasi-stationary distributions also indexed by A € [0, A¢].
The generating functions of these invariant measures and quasi-stationary distributions are
presented. In the final section 6, several examples are provided to illustrate the results
obtained in the previous sections.

2. Preliminaries
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In order to find the decay parameter A¢ and to study invariant measures and quasi-
stationary distributions for the stopped BABS-processes, we need to define a function B(s)
which is the generating function of {by; k > 0}, i.e.,

B(s) = Zbksk. (2.1)

with, as a power series, convergence radius

p=1/limsup /b, (2.2)

n—oo

Clearly,
p>1. (2.3)

By Noting that B(0) = by > 0 and B(1) = —d < 0, we know that B(s) = 0 has a root
g € (0,1]. Also B(1) =0 if and only if d = 0.

Our first observation on B(s) is that both B(s) and B’(s) are strictly piecewise monotone
functions on [0, p) with at most two interlaced nonnegative zeros, respectively. In fact, B'(s)
is even convex on [0, p), as the following two lemmas show.

Lemma 2.1. Assume that p = +oo. Then B(s) is a piecewise conver and monotone
function on [0, 00) with exactly two zeros 0 < q, < q, < 0o, while B'(s) is a convez function
on [0, 00) with exactly two zeros 0 < &, < &, < oco. More specifically,

(i) if d = 0 and mq = my, (or equivalently, B(1) = B'(1) = 0), then there exist four points
0< és < gy = £L =49, = 1 such that B/<£s> = B/(£L> = B(Qs) = B(QL) = 0. Moreover,
if by =0 then &, = 0 and B'(s) < 0 for s € (0,1) and B'(s) > 0 for s € (1,00) and that
B(s) > 0 for all s > 0 except that B(1) = 0, while if by > 0 then 0 < &, < 1, and that
B'(s) <0 fors € (&,1) and B'(s) > 0 for s € (0,&,) U (1,00) and that B(s) > 0 for all
s >0 except that B(1) = 0.

(i) If d > 0 or mg # my, then there exist four interlaced points 0 < &, < q, <&, < q, <
+oo such that B'(&,) = B'(§,) = B(qy) = B(q,) = 0. Moreover, if by = 0 then {, = 0
and that B'(s) < 0 for s € (0,£,) and B'(s) > 0 for s € ({,,00) and that B(s) < 0 for
s € (qq,q,) and B(s) > 0 fors € [0,q,)U(q,,00). Ifby > 0 then &, > 0, and that B'(s) <0
for s € (&,€,) and B'(s) > 0 for s € [0,&,) U (§,,00) and that B(s) < 0 for s € (q4,q,)
and B(s) > 0 for all s € [0,q,) U (q,,00).

Proof. First note that the function

B"(s) =3 j(j —1)(j — 2)bys’ (2.4)

j=3

is positive for all s > 0 (note also B”(0) > 0), which is due to the assumption (1.4). It follows
that B’(s) and B”(s) are strictly convex and increasing functions, respectively, on [0, c0).
Also, by the facts that p = +o0 and (1.4), it is easily seen that all of B"'(s), B"(s), B'(s) and
B(s) tend to +o0 as s — +00. Considering that B”(0) = 2b; < 0 and lim,_., o, B"(s) = 400
and the fact that B”(s) is strictly increasing on [0, 00), we know that B”(s) has exactly one
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zero, denoted by 7, on (0, 00) and that B”(s) < 0 for s € [0,n) and B”(s) > 0 for s € (1, 00).
Hence B'(s) is strictly decreasing on [0,7) and strictly increasing on [n, 00).

Now, if B'(0) = b; = 0, then 0 is a root of B'(s) = 0 on [0,00) and thus £, = 0 and
then B'(s) is strictly decreasing until its minimum point 7 and thus we must have B’(s) < 0
for all s € (0,n]. After hitting n, B'(s) is then strictly increasing on (7, +00) and since
lim, 40 B'(s) = 400, we know that B’(s) must have exactly one zero, denoted by &, , on
(n,+00). It follows that B(s) is strictly decreasing on [0,&,) (recall £, = 0) and strictly
increasing on (£,,00) and thus B(s) attains its minimum value B(&,) at £,. Note that
B(0) =by >0, B(1) = —d < 0 and lim,_, - B(s) = 400, it is clear that B(s) has exactly
two positive zeros ¢, and ¢, and all the conclusions in this Lemma 2.1 regarding the case
of by = 0 follow.

On the other hand, if B'(0) = b; > 0, then B'(s) is strictly decreasing on [0,7) from
by, which is positive, to its minimal value B’(n). Now, we claim that B'(n) < 0. Indeed,
if B'(n) > 0, then B’(s) would be positive for all s # n and hence B(s) would be strictly
increasing on [0, co0) which contradicts with the fact that B(0) = by > B(1) = —d. Therefore,
we have proven that B'(n) < 0. It then easily follows that B’(s) has exactly two zeros &,
and ¢, such that 0 < £, < n < ¢, and that B'(s) < 0 for s € (£,,¢,) and that B'(s) > 0
for s € [0,£,) U (§,,00). Then B(s) is strictly increasing on [0,&,] U [¢,,00) and strictly
decreasing on [£,&,]. Now, beginning from B(0) = by > 0, B(s) increases on [0, &) until
its local maximum B(¢,), which must be positive, and then decreases on [, &, |, until its
minimum value B(&, ). Of course, we have B({,) < 0 (because of B(1) < 0) with B'(§,) =0
if and only if B(1) = B’(1) = 0. After reaching the non-positive minimum value B(¢, ),
B(s) then increases to +00 as s — +o0o. Hence, B(s) must have exactly two positive zeros
¢, and ¢, such that 0 < £, < ¢, < &, < ¢, < 0o except that in the case of B(1) = B'(1) =0
we have 0 < §, < g, =&, = ¢, = 1. All other conclusions now easily follow. O

Remark 2.1. By Lemma 2.1 and its proof, we also see that B(s) is concave on [0,7) and
convex on [n,00) with s = 7 as the inflection point, where 7 is the unique positive zero of
B"(s). This n, together with the other four important quantities £, ¢,, &, and ¢, determines
the local properties of B(s). For example, we may easily derive the intervals on which B(s)
is negative, decreasing and concave, etc.

Lemma 2.1 completely describes the behavior of B(s) for p = +o00. If p < 400, then
the principle of the above proof still works. The only difference is that, of course, we can
only consider the behavior of B(s) on the finite interval [0, p) and that we may not have the
property that B"”(p), say, is infinity. Therefore, with some obvious amendments, we may
easily prove the following conclusion.

Lemma 2.2. Assume that p < +o0.

(i) If B(p) > 0 ( including B(p) = +00) or, if B(p) = 0 but p > 1, then all the conclusions
of Lemma 2.1 hold. In particular, each of B(s) and B'(s) has exactly two interlaced zeros
0<¢& <qy<E, <4q,.

(ii) If B(p) < 0 and B'(p) > 0 (including B'(p) = +0o0), then B'(s) has two nonnegative
zeros 0 < &, <&, < p with & =0 if and only if by =0 and &, = p if and only if B'(p) =0
with B'(s) < 0 for s € (£,,¢,) and B'(s) > 0 for s € (0,&,) U (§,,p). Moreover, B(s) has
exactly one nonnegative zero q, € (£,,€,) with B(s) > 0 for s € [0,q,) and B(s) < 0 for
s € (g5 p)-
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(iii) If B(p) < 0 and B'(p) < 0, then each of B'(s) and B(s) has ezactly one zero, £, and
q, respectively, such that 0 < &, < q4 < p with & = 0 if and only if by = 0. Moreover,
B'(s) > 0 for s € (0,£,) and B'(s) < 0 for s € (&,p| and B(s) > 0 for s € [0,q,) and
B(s) <0 for s € (g4, p)-

Remark 2.2. If B(p) =0,p =1 and B'(p) < 0 then B(s) has exact one zero ¢, = 1 and
B'(s) has a zero &, € [0,1). Furthermore, p = 1 is a zero of B'(s) if and only if B'(p) = 0.
If B(p) =0,p=1and B'(p) > 0 then B(s) has exact two zeros 0 < ¢, < ¢, = 1 and B'(s)
has exact two zeros £, §, such that 0 <, < ¢, <¢, <¢q, = 1.

In connection with B(s) and B'(s), we define a new function

g(s) = sB/(s) —2B(s), s € (=p,p). (2.5)

Obviously, g(s) is also a power series with the same convergence radius p as B(s). We shall
see later that the function g(s) plays a role as the “testing function” in determining the
decay parameter and hence it is crucial to understand the properties of g(s).

Lemma 2.3. The function g(s) is convex on (0, p) and there are only two possibilities for
the nonnegative zeros of g(s). That is that either g(s) has only one zero or no zero on [0, p|
(if p = 400, [0, p] should be read as [0, p)). More specifically,

(i) If p = +o0, then there exists a unique s, € (0,00) such that g(s.) = 0 and that
g(s) <0 for all s € (0,s.) and g(s) > 0 for all s € (s, 00).

(i) If p < +o00 and B(p) = 400, then there exists a unique s, € (0, p) such that g(s.) =0
and that g(s) <0 for all s € (0,s,) and g(s) > 0 for all s € (s, p).

(iti) If p < 400, B(p) < +00 and Y 3 5(j —2)bjp’ > bip+2bo, then there exists s. € (0, p]
such that g(s.) = 0 and that g(s) < 0 for all s € (0,s.) and g(s) > 0 for all s € (s.,p).
Furthermore, s, = p if and only if 3 72 5(j — 2)b;jp? = bip + 2by.

(iv) If p < 400 and Y72 4(j — 2)bjp’ < bip+ 2bo, then g(s) < 0 for all s € [0, p] and thus
there exists no zero for g(s) on [0, p.

Moreover, for the first three cases we have ¢'(sy) > 0.

Proof. Note that for 0 < s < p, we have
g'(s) = sB"(s) = B'(s) (2.6)
and
g"(s) = sB"(s). (2.7)

Hence, ¢"(s) > 0 for all s € (0,p) due to the fact that B”(s) > 0 on the same interval.
Therefore g(s) is convex on [0, p) and ¢'(s) is strictly increasing on [0, p). It follows that
g(s) has at most two zeros on [0,p) (or [0,p] if p < 4+00). Now we further claim that
g(s) has at most one nonnegative zero. Indeed, since ¢'(s) is strictly increasing on |0, p)
and that ¢'(0) = —B’(0) = —b; < 0, we know that if b, = 0 then ¢’(0) = 0 and thus
g'(s) > 0 for all s € (0,p) since ¢'(s) is strictly increasing. This implies that g(s) is
strictly increasing on (0, p) and thus g(s) has at most one zero on [0, p). Furthermore, since
g(0) = —=2B(0) = —2by < 0 we see that g(s) changes its sign from negative to positive
in crossing this unique nonnegative zero. On the other hand, if b; > 0 then ¢’(0) < 0.
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Considering ¢'(s) strictly increases on [0, p), we know that there are only two possibilities
for signs of ¢'(s). That is that either ¢'(s) < 0 for all s € (0, p) or ¢'(s) changes its signs
from negative into positive in some point (which is the zero of ¢’(s)) in (0, p]. It follows
that either g(s) decreases on (0, p) or g(s) changes its decreasing property into increasing
property at the zero of ¢’(s). Now ¢g(0) = —2by < 0 and thus either g(s) < 0 for all s € (0, p)
(if p < 400, (0, p) should be read as (0, p|) or g(s) could become positive in some point. It
is clear that the former can happen if and only if p < +00 and g(p) < 0, or equivalently, if
and only if p < +oo and > 72 ,(j — 2)bjp? < 2by + byp. The last equivalency is due to the
fact that

g(s) = Z(] — 2)b;s? — 2by — bys.
=3

Now all the conclusions except the last part in the lemma easily follow.
We now prove the last part, i.e., g(s.) = 0 implies ¢(s,) > 0. However, this is easy.
Indeed, we know that g(s,) = 0 is just

> (5 = 2)bjs] = bys. + 2b

=3

or
= 1 2b
SO ot — 2, 25)
= %

since s, > 0. Now, by (2.6) we have

g'(s:) =2 _i(i=2bsl™ = b (29)
=3

Substituting (2.8) into (2.9) yields that

20y

Sx

g(s) =Y (=1 —2)bsl " +

j=3
which is obviously positive. 0

Lemma 2.4. Let Q and Q be two generator matrices as defined in Definition 1.1 (neither
is assumed to be necessarily conservative) which are determined by two sequences {b,;n > 0}
and {b,;n > 0}. Suppose that

by, = a"b,, n >0 wherea > 0. (2.10)

Then Q and Q as well as their corresponding transition functions have a common irreducible
class C' = {2,3,---}. Moreover, their corresponding decay parameters, denoted by Ao and
Ao, respectively, have the relationship

Ao = a*Ae. (2.11)
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Proof. Tt is obvious that Q and @ have the same irreducible class C' and hence we only
need to prove (2.11). We first show that

Ao > d®)e. (2.12)

Note that A\¢ is the decay parameter for () on C', we know that there exists a A¢-subinvariant
vector (z;;7 > 2) such that z; > 0 (j > 2) and
> e bjmy < = Aoy
> o1 b < —Aews (2.13)
>0 biTiyica < —Aemwi, i >4

Now, let Z; = x;/a’ (j > 2). It is obvious that &; > 0 (j > 2) and that we have for i = 2,

Zgjfj = ijl‘j S —>\C{L'2 = —(GZAc){i'Q, (214)
j=2 j=2
and for ¢ = 3,
[e'e] . 1 o B
Z bjijrl = — - ijﬂfj+1 < —)\01'3/& = —(CL2)\0>.§L’3, (215)
j=1 ¢ A
and finally for ¢ > 4
[ele] . 1 oo i R
ij$j+i_2 = F : ij$j+i_2 S —)\C{L’Z‘/CL 2= —((1,2>\0)1'i. (216)
j=0 j=0

Therefore, (Z;,7 > 2) is a a*A¢c-subinvariant vector for Q on (' and hence (2.12) is proved.
However, noting a > 0, we may get from (2.10) that b, = b,/a™ (n > 0) and thus by the
same argument as above we may obtain

Ao > Ae/d?. (2.17)
By (2.12) and (2.17), we know that (2.11) is true. O

Lemma 2.5. Suppose that Q and Q are two generator matrices defined on the same state
space E satisfying

Q=Q+al (2.18)

where I is the identity matriz on E X E and « is a real number. Then the corresponding
Feller Q- and Q-functions, denoted by P(t) = (pi;(t);i,j € E) and P(t) = (pi;(t);4,j € E)
have the relationship

pij(t) = e*'pi(t), i,j €E,t>0. (2.19)
In particular, if P(t) and P(t) have the same irreducible class C, then
A=A —a (2.20)

where A\c and A¢ are decay parameters for P(t) and for P(t) on C, respectively.
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Proof. (2.19) is trivial and then (2.20) follows from (2.19) and (1.1). O

Note that Lemma 2.5 holds true for any two generator matrices, not necessarily for the
BABS generator matrices. Now in combining Lemmas 2.4 and 2.5, we may get the following
useful lemma which will be one of our basic methods in determining the decay parameter
and the invariant measures for the stopped BABS queues.

Lemma 2.6. Suppose that Q is a BABS generator matriz as defined in Definition 1.1 and
C ={2,3,---} is an irreducible class for Q. Define a new sequence {b,;n > 0} as

b, = b, 3" (n#2) and by = by 3% + a3 (2.21)

where 8> 0 and o > 0. Let Q = (Gij;i,j > 0) be defined as

B‘—z‘ ’ Fi>2>i—2
@jz{] A (2.22)

0, otherwise.

Assume that
> b, <. (2.23)
n=0

Then Q is also a BABS generator matriz as defined in Definition 1.1 and Q is conservative if
and only if the equality in (2.23) holds. Furthermore, C = {2,3, -} is a common irreducible
class for Q) and @) and we have

Ao = Ao — af? (2.24)

where Ac and A¢ are the decay parameter of Q-function P(t) and Q-function P(t), respec-
tively.

Proof. By (2.21), it is clear that b, > 0 (n # 2). Condition (2.23) then guarantees that
by < 0 and that Q given in (2.22) is indeed a BABS generator matrix. Furthermore, since
b, > 0 (n # 2) if and only if b, > 0 (n # 2) and thus Q also satisfies all the additional
requirements (1.4)—(1.5). Hence C' = {2,3,---} is a common irreducible class for both @
and Q. Now the conclusion (2.24) follows from Lemmas 2.4 and 2.5. O

Remark 2.3. By Lemma 2.6, we see that the essential condition is (2.23). Also note that
both states 0 and 1 are common absorbing states for () and for ). In other words, in

applying Lemma 2.5, when defining Q = Q + o as in (2.18), the ol is actually confined on
C=1{2,3,---} only.

3. Decay parameter

We are now ready to determine the decay parameter Ao for our stopped BABS queueing
processes, where C' = {2,3,---}. Similarly as in Li and Chen [27], define

po = sup{s > 0; B(s) < 0} (3.1)
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and

A = sup{A > 0; B(s) + As> = 0 has a root in [0, po}
= sup{\ > 0; B(s) + As® = 0 has a root in g, po]}- (3.2)

By Lemmas 2.1 and 2.2, it is easily seen that both py and B(py) are finite and that there
are only two possibilities for py: either py = ¢, or pg = p < +00. Indeed, for all cases in
Lemma 2.1 and the first case in Lemma 2.2 we have py = ¢, while for the last two cases
in Lemma 2.2 we have py = p < +oo. The last equality in (3.2) also easily follows from
Lemmas 2.1 and 2.2.

We shall see later that the supremum in (3.2) is attainable and, more importantly, is just
the decay parameter for our stopped BABS queue. Hence, it is very informative and useful
to give further characteristics of this important quantity, including its geometric meaning.
To achieve this aim, we define

)\ = max {—B;;);S € [qsnf?o]} = max{—B;;);S € [0,p0]} . (3.3)
Of course, this quantity can also be expressed as

A= —min{B;QS);S € [qs,ﬂo]} = —min{Bs(;);S € [O,po]} . (3.4)
Since we have assumed that by > 0 which implies ¢, > 0, we know that —Bs(f ) is continuous

on [qq, po]. Therefore, (3.3) is well-defined. That is that there exists § € [q,, po] such that

\ = —Bg(f). Note, again, that the last equality in both (3.3) and (3.4) easily follows from

Lemmas 2.1 and 2.2.

Lemma 3.1. )\, = \.

Proof. Firstly, it is clear that A < A,. Indeed, by (3.3) we know that B(3) + As2 = 0
where 5 € [q,, po] and thus by (3.2) we obtain A < A,. In order to prove the converse, we
assume that A < \,. It follows that there exists a p € (X, \,). Since u < A, we know that
the equation B(s) + us®> = 0 has a root s, € [q,, po] which just means that y = —Blw),

2
Su

Hence by (3.3) we have < A which is a contradiction. O
Lemma 3.2. (i) For the three cases (i)-(iii) in Lemma 2.3, we have

B(s.) _ B'(s.)

s2 2s,

A= —

where s, is the unique root of the equation B(s) + A\.s*> = 0 in [0, po] and, also, is the same
S« as defined in Lemma 2.3.
(ii) For case (iv) in Lemma 2.3, we have
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Proof. Let f(s) = 22 (s € (0, po)), then

S

floy = B —2B() _gl) 55

53 53

where ¢(s) is defined in (2.5). It follows from (3.5) that

(3.6)

By (3.5), it is clear that there exists a s, € [qg, po] such that f'(s,) = 0 if and only if
g(s.«) = 0. For this s,, we can get from (3.6) and Lemma 2.3 that

(s.) = 9(s:) 3g(se) _g'(s) _ (3.7)

3 4 3
Sk Sy Sk

Hence the function f(s) attains its minimum value at s = s,. Conclusion (i) thus follows.
To prove (ii), just note that for this case we have g(s) < 0 for all s € (0, py] and thus by
(3.5) we also have f’(s) < 0 for all s € (0, pg]. It follows that f(s) is strictly decreasing on
(0, po] and thus attains its minimum at point py. 0J

Lemma 3.3. Let g(s) be given in (2.5). Then g(po) > 0 if and only if one of the following
situations occurs.

(i) p = oo.

(ii) p < 00 and 0 < B(p) < +oc.

(iii) p < 00, B(p) < 0 and B'(p) > 0.

(iv) p < o0, B(p) <0 and B'(p) <0 and pB'(p) > 2B(p).

Thus g(po) < 0 if and only if p < oo, B(p) <0, B'(p) <0 and pB'(p) < 2B(p).

Proof. In cases (i) and (ii), we have py = ¢, and thus B(q, ) = 0. However, by Lemmas 2.1
and 2.2 we know that B’(¢q,) > 0 and thus g(pg) > 0. For case (iii), py = p and thus since
B(p) < 0 and B'(p) > 0 we know that g(py) > 0. Case (iv) is just the condition that
g(po) > 0 for all other cases. The proof is complete. O

We now present our main result in this section by specifying the decay parameter. We
shall present this result in two theorems dealing with two different cases.

Theorem 3.1. Suppose that Q) is a stopped BABS generator matrixz as defined in Defini-
tion 1.1. If poB'(po) > 2B(po) (that is g(po) > 0), then the decay parameter Ao for @ on
C={2,3,---}1is

Ao = A.. (3.8)

Proof. We first consider the very special case of B(1) = B’(1) = 0 (that is d = 0 and
mq = my). For this case, it is trivial to see that A, = 0. We now claim that for this case we
also have A\c = 0. Assume, on the contrary that Ac > 0. Then for any A\ € (0, A\¢), we have

OOO eMpy;(t)dt < +oo for all 4, j > 2, where (p;;(t);,7 > 0) is the Q-function. However, by
the Kolmogorov forward equation we know that, for example,

Pao(t) = bopaz(t) and  phy (t) = bipaa(t) + bopas(t)
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and hence
| o) + a0y < o 39)
0

Since A > 0 and using the inequality e’ > 1+ M, we can obtain by applying (3.9) that

/oo t(pao () + phy (1)) dt < +o0. (3.10)

Note that (3.10) is just saying that Es[7] < 400 where 7 is the overall extinction time and
E,[-] is the conditional expectation when the process starts at state 2 (see Chen et al [§]).
This contradicts Theorem 2 in Chen et al [8]. Therefore, (3.8) is true if B(1) = B'(1) = 0.

Now, we consider the general case under the condition pyB’(pg) > 2B(po). By Lemma 3.2
we know that there exists a s, € (0, po] such that

B(s,) = —\.s2 and B'(s.) = —2\.s,. (3.11)
Now, define
be = bys®, k#2 (3.12)
and
by = bys? + \,s2. (3.13)

It is easily seen that b, > 0 (k # 2) and
ng = B(s,) + \s2 = 0.
k=0

Hence, (2.23) is satisfied. Therefore, if we define Q as in (2.22), then Q is a conservative
stopped BABS generator matrix as defined in Definition 1.1 and then by Lemma 2.6, we
have

Ao = Aos? — As2. (3.14)

For this Q, we now define
B(s) = Z b;s’.
5=0

Then it is easy to see that B(1) = B'(1) = 0. Therefore, by the proven (3.8) for this special
case, we know that

Ac =0

which, together with (3.14), immediately yields that Ac = A, since s, > 0. O

In order to consider the case of poB’(py) < 2B(po), we provide another lemma.
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Lemma 3.4. Suppose that the given stopped BABS generator matriz Q) is conservative and
let B(s) be the generating function given by (2.1). Assume that p =1 and B'(1) <0, then
Ao = A = 0.

Proof. First, considering that B(s) is not defined for s > 1 due to the assumption that
p = 1, we define B(s) = oo for all s > 1 for technical reasons. Now since B(1) = 0,
B'(1) <0 and p =1, it is clear that A\, = 0. Hence we only need to prove Ac = 0. For this
purpose, choose Ny > 3 such that by, > 0 and for any n > Ny, we define

b if k<
b= = (3.15)
0, ifk>n

and then define a generator matrix Q™ = (qg?); i,7 > 0) as

(n) o L
(n) _ {bj—ma ifi>2j>i-2 (3.16)

" 0, otherwise

It is clear that Q™ is a nonconservative stopped BABS generator matrix and C is an
irreducible class for each Q™ (n > Ny). Let

Ba(s) =Y bVs" (3.17)
k=0
and
A™ = sup{A > 0; B,(s) + As®> = 0 has a root in [0, p{"]} (3.18)
where p((]") = sup{s > 0; B,(s) < 0}. It is obvious that the convergence radius for each

B, (s) is infinite and thus p{” B, (o) > 2B,(p{") (indeed, B,(p™) = 0 and B.,(p™) > 0).
It follows from Lemma 3.3 and Theorem 3.1 that the decay parameter for Q™ is

A = A, (3.19)

We also know that for each n > Np, there exists s™ € [¢™), ¢!™] such that )\(C”) =

max{—BZ—és); s € [qg"), g'"™1}, where qé”) and ¢™ are the two zeros of B, (s) satisfying

0<q™ <1<¢™ <+00 (3.20)

S L

since B, (1) < 0 for each n > Nj.
By (3.15) and (3.16), it is easily seen that for all s > 0,

Bo(s) < Byii(s) < B(s) (3.21)

with B,(0) = B(0) (n > Ny). Intuitively speaking, (3.21) means that the whole curve
By41(s) is above B,(s) and all B,(s) is below B(s) for all s > 0. It follows that ¢{™ and

qi”) are increasing and decreasing functions of s, respectively and that

n+1
)

[d™, ¢™] > [¢" g

s S
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Therefore, both the limits lim,, qg”) and lim,, qgn) exist, denoted by qgoo) and qg’o)
respectively. By (3.20),

Now, we claim that
(00) _ qgoo) =1. (3.22)

Recall we already have that qg"o) > 1 and thus in order to prove qg"o) = 1, it is sufficient
to show that B(q{>)) < +oo since p = 1. However, we have that B,(¢™) = 0 for all n
which means that

Z b,(c”)(qf”‘))k — —by(q")?, (3.23)

k#2

Since qi”) [} qg’o) as n — oo and the left hand side of (3.23) is a nonnegative series, we
conclude that for all n

Therefore,

> " 0u(g)F < ~by(¢)? < +o0. (3.24)

Hence qg’o) < 1 and thus qgoo) =1.
We now prove that qgoo) = 1. Recall that Bn(qg”)) =0, Le.,

Z blgn)(qg"))k _ _b2(qgn))2‘ (3.25)

k2

Now, each term in the left hand side of (3.25) is increasing with n since both b,(:) and qg")
are increasing and thus we may apply the monotone convergence theorem directly in (3.25)

to obtain
S b(q ) = —bu(gf)?
k#2

or B(qgoo)) = 0. Since B(1) = 0, we know that qgoo) = 1. Therefore, we have proved
(3.22). However, recall that s e (qg”), ¢'™) and it follows from (3.22) that we also have
lim,, oo sin) =1.

Finally, let (,,)P(t) = ((m)pij(t); 3,5 > 0) and P(t) = (p;;(t); i, j > 0) be the Feller minimal
Q™ -function and Q-function, respectively. It is well-known that (see p.71 in Anderson [1],
for example) each (,)P(t) (m > Ny) and P(t) can be obtained by using the backward
integral recursions

(n) 5236_(m ifn=20
mPij (t) = . . (3.26)
o { pw )+ fo €Y ki qzk p;(fj 1)(t —s8)ds, ifn>1
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—qg.t . o
p(")(t) ) oye 1, ifn=0 (3.27)
ij =93 (0 t —gis (n—1) . .
(1) + fo e % Zk# GikPyj (t —s)ds, ifn>1,

respectively, where ¢;; is the Kronecker delta, i.e.,

1, ifi=j
0ij = e
0, if ¢# 7.

Therefore, ( )pw (1) T(m) pi;(t) and pgl)(t) T pij(t) as n — oo. By (3.26), (3.27), (3.17) and
(3.18), it is easﬂy seen that for all n > 0,

P (1) Sy () < p(#), forall i, >0 and ¢ > 0
and thus
m)Pij (1) <m1) Pij(t) < pij(t), foralli,j>0andt>0. (3.28)
It follows from (1.1) and (3.28) that
AT > A > (3.29)

That is that )\(qun) is decreasing with m and thus the limit lim,, .. )\(g‘)

)\(Coo), and that

exists, denoted by

A% > . (3.30)
()
But we have )\(éf) =AM = _Bales) Noting lim,, . s =1 and using a similar technique

(s")2

as above yields that

lim A% = —B(1) = 0.

n—~0o0

Hence, by (3.30) we obtain Ac = 0 which completes the proof. O
Now we can present the final result regarding the decay parameter.

Theorem 3.2. Suppose that Q) is a stopped BABS generator matriz as defined in (1.2)—
(1.3), determined by the sequence {bx; k > 0}. Then the decay parameter Ao = \. where \,
is given by either (i) or (ii) in Lemma 3.2.

Proof. By Theorem 3.1, we now only need to consider the situation B(pg) > %.
However, for this case we know that s, = pand A\, = — Bp(p ) Now, as a similar manner to the

proof of Theorem 3.1, just define another sequence {bp;k >0} by letting b = bkp (k # 2),
by = byp? + \,p® and B( )= e o bes®. Tt is then easy to see that B(1) = 0 and B'(1) < 0,
and thus by Lemma 3.4 we get A\c = 0. But by Lemma 2.6, again, we know that

S\C = )\0,02 — )\*p2
and thus Ao = .. O
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The following conclusion reveals the clear geometric interpretation of our basic conclusion.

Theorem 3.3. (i) If poB'(po) > 2B(po), then the two curves y = B(s) and y = —\s>
contact with degree one at point (s., B(sx)). In other words, —2\cs, is the slope of the
common tangent line of the two curves y = B(s) and y = —\s® contact at a point whose
abscissa s s,.

(ii) If poB'(po) < 2B(po), then the two curves y = B(s) andy = —\s* contact with degree
0 at point (s., B(sx)).

Proof. Just note that two curves y = f(z) and y = g(z) contact with degree one at
point M with abscissa ¢ if and only if f(zg) = g(x0), f'(x0) = ¢'(x0) and f"(x¢) # g"(x0)
and contact with degree 0 at point M’ with abscissa xq if and only if f(z¢) = g(zo) and

f'(xo) # ¢'(x0). Now all the conclusions easily follows from Lemma 3.2, Theorems 3.1
and 3.2. U

The following theorem gives the simple and practical calculation method for obtaining
the decay parameter of the stopped BABS queue.

Theorem 3.4. Let py be determined by (3.1) and g(s) = sB'(s) —2B(s) be given by (2.5).
(1) If g(po) > 0, then g(s) = 0 has a unique root s, € [0, p] and thus A\c = —%ﬁ*). In
other words, s, and \c satisfy the equation

$:B'(s:) —2B(s.) =0
{A o BI(S*) (3-31)
¢ = 7 2.
or equivalently, s, and Ao are the unique solution of the equation
B'(s) —2B(s) =0
3B'(s) ~2B(s) (3.32)
2As + B'(s) =0,
in the unknowns s and A. Moreover, s, = po if and only if g(po) = 0.
(i) If g(po) < 0, then Ao = —%.
0
Proof. This is obvious by the previous conclusions in this section. 0
Remark 3.1. If g(py) = 0, then although we may use conclusion (i) in Theorem 3.4, it
follows directly that Ao = —%. In other words, as far as the value of Ao is concerned,

0
the conclusion agrees with situation (ii) when g(py) = 0.

In applying Theorem 3.4, we need to calculate g(pg) which may not be an easy job for all
cases. The reason is that py may equal ¢, which is the largest zero of B(s), and in many
cases, it may be a hard job to calculate the exact value of ¢,. Fortunately, this difficulty
can be avoided. Indeed, note that in applying Theorem 3.4, the only thing we need to
check is the sign of g(pg) rather than the exact value of g(po) itself. However, as revealed
by Lemma 3.3, to check the sign of g(pg) is really a very easy job since all the conditions
involved only concern with the quantity p rather than py, as the following theorem shows.
This tells us that in practical cases, we first use Lemma 3.3 to check the test function g(s)
and then apply Theorem 3.4 to get the decay parameter Ao together with s,. Considering
that in nearly all the practical situations, we are interested in tackling the conservative case,
we present the following conclusion to summarize our basic results regarding determining
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the decay parameter of the stopped BABS queue, particularly for the conservative case.
Recall my and my, are defined in (1.6) and p > 1.

Theorem 3.5. If p = 400, then g(py) > 0, while if p < +oo, then g(po) > 0 if and only
if g(p) > 0. In particular, suppose that the stopped BABS generator @ is conservative, then

(i) If my > myq (including my, = +00), then Ac and s, can be obtained by using (3.31) or
(8.32) and for this case, we have 0 < s, <1 and A\¢ > 0.

(ii) If mp = mg, then s, =1 and A¢ = 0.

(iii) Assume that my < myq.

(a) If p =400, orifl < p <400 and 0 < B(p) < 400, then Ac and s, can be obtained
by using (3.31) or (3.32) and that for this case, we have 1 < s, < 400 and \¢ > 0.

(b) If p=1, then s, =1 and A\¢c = 0.

(¢) Suppose that 1 < p < +o00 and B(p) < 0. Then if B'(p) > 0 or if B'(p) < 0 with
pB'(p) > 2B(p), then A\¢ and s. can be determined by using (3.31) or (3.32) and that
1 < 8. < p (with s, = p if and only if pB'(p) = 2B(p)) and A\c > 0 while if B'(p) < 0 and

- _ _B®
pB'(p) < 2B(p), then s, = p and A\¢ = —2—;.

Proof. 1If p = 400, then by Lemma 3.3 we immediately get that g(py) > 0. Now
we assume p < +o00. If B(p) > 0, then again by Lemma 3.3 we still automatically have
g(po) > 0. However, by the proof of Lemma 2.3, we know that g(py) > 0 implies g(p) > 0
and thus for this case the conclusion still holds. If B(p) < 0, then py = p, the conclusion
holds trivially. Hence the first part of Theorem 3.5 is proven.

To prove the latter part, again, recall that B(s) = 0 has either one positive root g,
or has exactly two positive roots ¢, < ¢,. Now note that when @ is conservative then
B'(1) = mp — mg and thus, if B’(1) > 0 then ¢, < 1 and ¢, = 1 and if B’(1) = 0 then
q¢s = q, = 1. Moreover, if B'(1) < 0, then ¢, = 1 and there exists ¢, > 1 if and only if
either p = 400 or 1 < p < +o0o together with 0 < B(p) < +o00. Therefore, the conclusion
follows from Lemma 3.3 and Theorem 3.4. U

We shall see that it is extremely easy to determine the decay parameter by applying this
theorem. In Section 6, we present examples to show that how easily these conclusions could
be applied.

4. Transience Properties

Having obtained the decay parameter of the stopped BABS queueing process, we now
further consider the A¢-transience properties of the process. From now on, we shall assume
that the stopped BABS generator () is conservative.

Lemma 4.1. Suppose that for some X\ > 0, the equation B(s) + \s*> = 0 has a positive
root, u(\) > 0, say. Then for this fired A > 0, B(s) + As> = 0 also has a negative root,
denoted by v(\). Moreover, we have that [v(\)| < u(X).

Proof. Since B(u())) + Au(\)? = 0, then by letting s; = —u(\), we obtain
B(s1) + Ast = B(u(\)) + Au(A)? =2 byjpqu(N)¥ T = =2 by qu(X)¥ T <0
=0 =0

where the last inequality follows from (1.5). But B(0)+A0% = by > 0 and thus B(s)+As? = 0
possesses a negative root v(A) € (—u(A),0). The fact |v(\)| < u(N) also easily follows. [
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In the following we shall use u(\) and v(A) to denote the smallest positive root and the
largest negative root of B(s) + As? = 0, respectively. Note that for A < 0, we have used
u()) and v()\) to denote these two roots of B(s) + As? = 0, see Chen et al [8].

Lemma 4.2. Let u(\) and v(\) be the smallest positive and the largest negative root,
respectively, of the equation B(s) + As?> = 0 where X € (—o0, Ac].

(i) u(N),v(A) € C*(—o00, Ac).

(ii) u(A) is a decreasing function while v(\) is an increasing function of A € (—o0, A\¢).

(ili) limy—ou(A) = g4 and limy_ov(X) = ¢ where q, and ¢ are the smallest positive root
and the largest negative root, respectively, of the equation B(s) = 0.

(iv) Imy_, w(A) = s, and limy_,, v(\) = (. where s, and (. are the smallest positive
root and the largest negative root, respectively, of B(s) + Ags® = 0.

Proof. All conclusions follow from elementary considerations. OJ

Remark 4.1. If one compares Lemma 4.2 with Lemma 3 in Chen et al [8], one would find,
interestingly, that the two functions u(\) and v(\) defined here can be viewed as extensions
of the two corresponding functions, bearing the same title in [8], with the domain extended
from (—00,0) to (—o0, A¢). Hence they inherit the relevant properties stated in Lemma 3
in Chen et al [8].

Lemma 4.3. Let P(t) = (p;j(t);i,5 € Z.) be the stopped BABS-process (the Q-function)
with generator matriz Q) as defined in (1.2)—(1.3). Then for any i > 2,

Zpéj(t)sj = B(s) Y pr(t)s" 2, || < po. (4.1)

Proof. 1t is well-known (see Anderson [1]) that the corresponding Q)-resolvent (¢;;(\); 4, j €
Z.) can be obtained by the forward recursion scheme

by
¢ (1 ) >\+QJ .
<b(n+ (\) = Mqﬁ +Zk#¢ (A )i, n=0
and qbgl)()\) T ¢ij(A) asn T oo foralli,j € Z,.

This recursion scheme together with mathematical induction immediately yields that for
any n > 0,7>0and 0 < s < py,

Z P ()5 < 4o0. (4.2)
k=1
Also, by the above recursion scheme and (1.2), we know that for |s| < py,
S A+l (Vs = st + Z% - (bo + bys + Z bms™) (4.3)
7=0 m=3

Noting that A +¢; = A — by > —by (j > 2) and

bo+bis+ Y bus™ <bo+bipo+ Y buply
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for s € [0, po|, we know that for s € [0, p],

—by Z(b("“ (\)s? < s + (bo +bipo+ Y bmp0m> S o (N)sF? < oo (4.4
k=2

j=2 m=3

Now if we define AE;LH)()\) = gb(’f“)()\) — gb@()\) (n > 0). Then Agl)()\) > 0 and

v v

lim A ()\) 0 for all i,j € Z,. (4.5)

n—~o0

Using this notation, (4.3) can be rewritten as
)\Z<b("+1 N)s? = s'+ B(s) Z¢ $F72 4 bys ZA("“ N)si 2. (4.6)
k=2

Letting s = po in (4.4) we get that

[e.e]

ZAZ(‘Z)O‘)/)Ok < (=by)'po’, nm>1.

k=2

Hence applying the Dominated Convergence Theorem and using (4.5) we obtain that for
s € (07 100>

lim Y ATV (N)sI 72 = 0.

Letting n T 0o in (4.6) and using the above limit yields that

A ¢ii(N)s? = 5"+ B(s Zqﬁzk . se(0,p) (4.7)
§=0

We now prove that both sides of (4.7) are finite for all s € [0, pg). Indeed, this is trivial if
po = 1. If pg > 1 then we may find an € > 0 such that B(s) < 0 for all s € (py — &, po).
Thus both sides of (4.7) must be finite for s € (py — €, pp) and hence must be also finite for
all s € [0, po). It follows from (4.3) that (4.7) actually holds for all |s| < po.

By noting that the finite expression Y=, ¢ir(\)s" 2 is the Laplace transform of >3, pi(t)s* 2,
we know that Y7, pix(t)s"? < oo for all |s| < py and for almost all ¢ > 0. Now, since for
any A > 0 and |s| < pp we have limy_o, e > 77, pi(t)]s]F72 = 0, it is easy to see that

t 0
lim e’\t/ x(w)s¥ 2 | du = 0.
S ; <k2_;pk( )

Therefore, (4.7) can be rewritten as

/OO e M <sz‘j(t)sj> dt = in+ B(s) /OO e M {/ (Zpik(u)sk_2> du} dt, |s| < po.
0 = 0 0 \k=2



QUES9194_source

22 Chen A.Y., Li J.P., Hou, Z. T & Ng, K.W.
Hence,

szj(t)sj =5+ B(s)/ Zpik(u):s’l“’2 du, |s| < po

=0 0 \k=2

for almost all £ > 0. However, the right hand side of the above equality is a differentiable
function with respect to ¢, and thus we obtain

% (Zpij(t>5j> = B(s) > _pa(t)s*%, Is| < po.

We now claim that
o | 2_pi(t)s pr . sl < o
5=0
Indeed, by the Kolmogorov forward equations, we have

J+2

P () = Y pi(D)bj k+o.
k=2

Now since > p, pir(t)s" 72 < 0o and B(s) < oo for all |s| < py, we may get from the above

equality that
D pi(6)s' = B(s) > pult)s* %, s < po.
5=0 k=2

The proof is complete. U
We are now ready to consider whether the stopped BABS- process is A¢-transient or not.

Theorem 4.1.  Let P(t) = (p;j(t);i,j € Z) be the stopped BABS-process with generator
matriz Q) as defined in (1.2)—(1.3). Then for any X\ € (—oo, A¢] and i > 2

/0 T (1) dt = “WUJ(AA); - ZE;;U(W (4.8)

and

/0 h Al (H)dt = % (4.9)

Proof. By (4.1), for any A € (—o0, A\¢), i > 2 and s € [—py, pol,
Mplo(t) + iy (8)s + Z Al (t) Z ' pir(t)
k=2

Then for any fixed T" > 0, we may obtain

T T T Fi(t g
[ et [ [P0 = 56 [ OE
0 0 0 0
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where Fj(t,s) = > o, pir(t)s" 2. Using integration by parts, we get

T T T
(B(s) + \s?) / M Ey(t, s)dt = / M plo(t)dt + s/ Ml () dt + s2 Fy(T, s) — 5(4.10)
0 0 0

Now, recall that for A € (—oo, A¢], the equation B(s)+ As? = 0 has two roots u(\) and v(\)
and thus by letting s = u(\) and v(\), respectively, in (4.10), we see that for any 7" > 0,

T T
/ Al ()t + u(N) / Al (1)t + u(N2TF(T, u(\) = u(V) (4.11)
0 0
and
T T ]
/ e’\tpgo(t)dt +v(N) / e)‘tpgl(t)dt + v()\)ze)‘TFi(T, v(A)) = v(A) (4.12)
0 0
We now claim that
Jim A F(T, u())) = Jim M F(T,v()\)) = 0. (4.13)

To prove (4.13), it is sufficient to prove that the first limit in (4.13) is zero since the second
one is controlled by the first one, see Lemma 4.1. Note first that for all ¢ > 0, we have
Pip(t) > 0 and p};(t) > 0 and thus all the three terms in the left hand side of (4.11) are
nonnegative and also the first two terms are increasing with 7' > 0. Observing that the right
hand side of (4.11) is independent of 7" > 0, we know that the third term in the left hand
side of (4.11) is decreasing with 7" > 0. Therefore, all three terms have finite nonnegative
limit when 7" — oo. Hence, letting 7' — oo in (4.11) yields

/0 Tt ()t + u(N) /O Tl (dt+ u(N? lim TE(T,u(\) = u(\). (4.14)

T—o00

We now further prove that the third limit on the left hand side of (4.14) is zero for all
A < A¢. To this end, assume that limy_ e’ Fy(T,u()\)) > 0 for some A\ < Ag. Since
u()\) is increasing with A and thus for any A € (A, A¢), we have Fy(T,u(\)) > Fy(T,u())).
It then follows that liminfr . e’ Fy(T,u())) > 0. Thus since A > A, we must have
limy o0 T Fy(T, u()\)) = +00. However, (4.11) also holds for A = X and thus

/ Mplo()dt + u(N) / Mply (£)dt + u(N)? lim ATF(T, u(N) = u(N)
0 0 e

which contradicts with limy_ s €7 Fy(T, u())) = +00. Therefore, limy_..c e’ Fy(t, u(\)) = 0
and hence (4.13) is proven. It then follows from (4.11) that

/0 " Mla(t)dt + u(N) / " (1)t = (A (4.15)

which implies that [ eMpj,(t)dt < 400 and [~ eMply(t)d < +oo. Hence, by (4.12) we
know that

/OO AMplo(H)dt +v(N) /OO Ml (H)dt = v(\). (4.16)

Now, (4.3) and (4.4) follow from (4.15) and (4.16) for the case of A < A¢.
Finally, by taking the appropriate limit, it can be easily proved that (4.8) and (4.9) also
hold for A = Aq. Ll
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Remark 4.2. Again, if one compares expressions (4.8) and (4.9) with expressions (26) and
(27) presented in Theorem 1 in Chen et al [8], one would interestingly find, once again, that
the former two expressions are just the extensions of the latter two to the domain (—oo, A\¢).

Theorem 4.2. Let P(t) = (pij(t);i,j € Z) be the stopped BABS-process with generator
matriz Q) as defined in (1.2)—(1.3). Then for any A\ € (—o0, A¢] and i > 2,

i ( /0 h e”pik(t)dt) sh=2

k=2

_ 1 uNv(N)' = o(NuN)' | uN)' - U(A)is i ol < u
= Bls) £ ( a =0y uly = ol ) o Jsl < u(d) (4.17)
and, wn particular,
) (k—2)
/O M po(t)dt = u(A)4kH, (k> 2) (4.18)

where Gg\k)(()) denotes the k’th derivative of

1 v(A) v(A) 2
— - 1 —
) = Brts) + (s [ ay) ( a8
evaluated at 0. Hence the stopped BABS-process is always \¢-transient.

Proof. Letting T — oo in (4.10) and using (4.8)—(4.9) immediately yields (4.17). Then
(4.18) follows directly from (4.17) by first letting ¢ = 2 and then letting s = u(\)s. O

5. Invariant measures and Quasi-stationary Distributions

We now turn our attention to the A¢-invariant measures and quasi-stationary distributions
for P(t) on C. We shall assume in this section that ) is conservative.

Theorem 5.1.  Suppose that the generator matriz Q) defined in (1.2)—(1.3) is conservative.
Let P(t) = (pi;(t);1,7 € Zy) be the Q-function of the stopped BABS-process and A¢c be the
decay parameter of C'. Then for any X € [0, A¢],
(i) there exists a A-invariant measure (m;;i € C) for Q on C, which is unique up to
constant multiples. Moreover, the generating function of this A-invariant measure
M(s) =3 2, m;s"™? takes the simple form as

mo b(]

Bls) + A2 <1 — m) s Is] < u(N) (5.1)

where v(\) is the largest negative root of B(s) + As?> =0 and mg > 0 is a constant.
(ii) This measure (m;;i € C) is also a A-invariant measure for P(t) on C.
(iii) This A-invariant measure is convergent (i.e., Y .. m; < 00) if and only if B'(1) < 0,
p > 1 (including p = +00) and 0 < A < A¢, where p is the convergence radius of B(s).

M(s) =
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Proof. For A € [0, A\¢], let u(A) and v(A) denote the smallest positive and the largest
negative root of B(s) + As* = 0, respectively. Consider

B(s) = B(u(\)s) + Au(N)?s?,  |s] < 1.

It is easy to see that B(1) = 0 and B'(1) < 0. By Lemma 2 of Chen et al [9], the function
G(s) = L= (s — ”(’\)> is well defined at least in (—1,1) and can be expanded as a Taylor

B(s) u(A)
series
G(s) = ngsk, ls] <1
k=0
where the coefficients g, = G®(0)/k! (k > 0) satisfy 0 < gp < go = —bgi’(\/)\) (k > 1).
Therefore
1 v(A)) gy
— s — = gk | s", |s| <L
o (i) -5 (5)
Choose mo > 0 and define
mo i .
Miyyg = ————— gr, 1>1. (5.2)
= )

Then the sequence {m;;j > 2} so defined is clearly strictly positive. Now for all |s| < u()),

1=0

B goéﬂ(%) (u&) ) uiii)

B go<B<§2+ As?) (u(sm - uiii)

Here the last equality follows from the fact that gy = — v(A)

bou (Y Hence

v(A)

Comparing the coefficient of s in the above equality, we know that the coefficient of s in the
left-hand side must be 0, i.e,

B(s)M(s) — mabg <1 - ) = —AM(s)s*, |s| <u(N).

mab
mgbo + m2b1 + 20 = 0.

v(A)
Therefore

B(s)M(s) — maby — (msby + maby)s = =AM (s)s%, |s| < u())
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and hence

Noting that M(s) = >222, m;s’~2, we get
J+2

Zmibj_Hg = —)\mj, j Z 2 (53)
1=2

which shows that (m;;i € C) is a A-invariant measure for Q on C.
We now prove uniqueness. Suppose that p € [0, \¢] and (m;;i > 2) is a p-invariant
measure for @ on C, that is, m; > 0 (i > 2) and

j+2
Zmibjfwz = —pmj, J=2. (5.4)
=2
Let b = —by, then b > 0 and b > A¢. We shall prove the uniqueness in three steps. First
show that the generating function M(s) = 3772, m;s'~2 of {m;;j > 2} is well defined at
least on (—, /(i_ow \ /i—“ﬂ) Indeed, note that (5.4) can be rewritten, after replacing by = —b,
as

mipbo = (b—pym;— Y mibj s, j>2 (5.5)
i€{27“'7j+1}\{j}

b—p
and hence m; o < T Therefore,

b— =
maj < < ) mae, J =2 (5.6)
bo
b—p\' ™ ,
my < (1) ma iz (5.7)
0
It follows from (5.6) and (5.7) that the convergence radius of M(s) = > 72, m;s/~? is at
least bli—o
m

Secondly, it follows from (5.4) that for all s € (—, / bfi—ou, \/ bﬁ—%),

0o J+2 A 0o

Z (Z mibj—i+2> s = —szjsj- (5.8)
=2

j=2 \i=2

Using some algebra yields that for all s € (—, /bli—ou, v/ bli—ou),

(B(s) + pus*)M(s) = mabo + (msbg + maby)s. (5.9)
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Note that although (5.9) is obtained under the condition that |s| < , the right hand

side of (5.9) is positive for all s > 0. However, B(s)+ us? is finite and in fact positive for all
s € (0,u(u)), where u(u) is the smallest positive zero of B(s) + us? as defined above, and

thus M (s) is also well-defined. That is that M (s) is finite for all s € (0, u(x)). Furthermore,
we have

m2b0 + (mgbo + mgbl)S

B T

s € (0,u(p)). (5.10)

Recall that B(s) + us? = 0 has a largest negative root v(u) € (—u(p),0) and thus M (v(u))
is finite. It then follows from (5.9) that

mgbo + (mgbo + mgbl)v(u) =0. (511)

Noting that B(s) + us® = 0 has exactly two roots on [—u(u),u(p)], we may further write
(5.10) as

mgb(] + (m3bo + mgbl)S
B(s) + ps? ’

M(s) = s € (—u(p), ulp)). (5.12)

Because of (5.11), we know that the p-invariant measure is unique up to constant multiples.
We now prove (ii). By Theorem 5.4.3 of Anderson [1], we only need to show that the
equations

J+2
> b= —vy;, 0<y; <my, j>2 (5.13)

has no nontrivial solution (y;;¢ > 2) for some v < A. Indeed, suppose that (y;;7 > 2) is
a solution of (5.13). Since |M(s)| < oo for all |s| < u(A) and y; < m; (j > 2), we know
that Y(s) = > 222, y;s7~? is convergent for all [s| < u()). Hence, it is easily seen that for
|s| < u(X),

(B(s) + vs*)Y (s) = yabo + (ysbo + yab1)s.

Since v < A, we know that B(s)+vs? = 0 has a positive root 5 € (0,u())). Letting s = 5 in
the above equality and noting Y (s) < M(s) < oo for all s € (0,u(\)) yields that yo = y3 = 0.
Hence, Y (s) = 0 for s € (0,u(\)) which implies that y; = 0 (¢ > 2). Conclusion(ii) is thus
proven.

Finally, note that B(s) + As?* = 0 has a smallest positive root u(A) > 1 if and only if
B'(1) <0, p>1and 0 < A < A¢ and thus conclusion (iii) follows from (5.1). The proof is
complete. O

Remark 5.1. Since a A-invariant measure for P(¢) on C' must be a A-invariant measure
for @ on C. Theorem 5.1 implies that the A-invariant measure for P(¢) on C' is unique up
to constant multiples.

Having given the Ac-invariant measure, we now further consider the quasi-stationary
distributions for P(t) = (p;;(t);¢,5 € Z1) on C.
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Theorem 5.2. Suppose that the generator matriz QQ defined in (1.2)—(1.3) is conservative.
Let P(t) = (pij(t);i,5 € Z1) be the corresponding stopped BABS queueing process and ¢ be
the decay parameter determined as above. Then there exists a quasi-stationary distribution
for P(t) = (pij(t);i,j € Zy) on C if and only if B'(1) < 0 and p > 1. Moreover, if
these conditions hold, then there exist one-parameter family of quasi-stationary distributions

{(mi(N);i € C); A € (0, \c]} which can be given by
Als —v(N)

(1 —v(N))(B(s) + As?)’

where My(s) = >, mi(N)s™2 and v(\) is the largest negative root of B(s) + As* = 0.

Proof. By Proposition 3.1 of Nair and Pollett [32], a probability distribution (m;;i € C)
on C is a quasi-stationary distribution for P(t) = (p;;(¢);i,j € Z1) on C if and only if,
for some A > 0, (m;;¢ € C) is A-invariant for P(t) = (p;;(¢);4,j € Z1) on C. Thus the
conclusions follow from Theorem 5.1. O

My(s) = |s| < u(A) (5.14)

6. Examples

In this section, we present some examples to illustrate the results obtained in the previous

sections. Since a stopped BABS generator matrix only depends on the sequence {by; k > 0}
and it is clear how to construct the generator matrix ) from this sequence, we shall, in
the following examples, only specify the sequence {by;k > 0} and then discuss the decay
parameter A¢ of the corresponding queueing process.
Example 6.1. Assume that by = dy > 0,b; = d; > 0 and there exists k > 3 such that
by =b>0and b; =0 (j > k+1) and by = — (dg—l—dl +Zf:3bj>. This is a queueing
model that no more than k — 2 customers (if £ = 3, then no more than 1 customer) will
arrive at the queue and the serve rates for 1 and 2 customers are d; and ds, respectively.
For this example, we have p = 400 and

k k
B(s) :d2—|—d1$— <d2+d1+2b]> SQ—I—ijSj (61)

Jj=3 Jj=3

and
k k
B'(s)=d, —2 (d2 +di+ ) bj> s+ jbis (6.2)
§=3 §=3

By Theorem 3.5, we know that A\¢ and s, can be determined by using (3.31) or (3.32). That
is that s, is the positive zero of the polynomial

k
Z(] — 2>bj8j — dlS — 2d2
j=3
and then \¢ = —%‘i*). In particular, if £ = 3 and b3 = b > 0, then

B(S) = dg —|— d1$ — (dl —|— dg + b)$2 —|— ng
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and
B,(S) = dl — 2(d1 —|— dg —|— b)S —|— 3b$2.

The equation (3.32) becomes

b83 —2d2 — dlS =0
2\s + dy — 2(dy + dy + b)s + 3bs® = 0

If dy =0, then

bs? —2dy = 0
2Xs — 2(dy + b)s + 3bs* = 0

and hence the equation bs® — 2d, = 0 has a unique positive root s, = ¢/2d,/b (the other
two roots are complex). Therefore, we have

Ao =dy+b— 2\3/ 2dyb2.

If d; > 0, then the unique positive root of the equation bs® = 2d, + d; s is
d dy\*  (di\® d dy\*  (dy\*
5, = A| =2 + 22 (Z2) L2 2y (2L
b b 3b b b 3b

3b d
Acz(d1+d2+b)—gsf—2;.

and hence

For any A € [0, A\¢], the generating function of A-invariant measure M(s) = Y o0, m;s' >
is given by

m2d2 S
B+ 2 o0y

M(s) = )

where v()) is the largest negative root of B(s) + As?> = 0 and my > 0 is a constant. This
k
M (s) gives a quasi-stationary distribution if and only if ) (j—2)b; < 2dy+d;. In particular,
j=3
if kK =3 and b3 = b > 0, then this M(s) gives a quasi-stationary distribution if and only if
b < 2d2 + dl.
Example 6.2. Let by = (1 — a)a, by = (1 —a)(1 —a), b; = a(l = b)p" > (j > 3) and
b = —1 where 0 < a < 1,0 < a < 1,0 < b < 1. This is a queue that the arrival rates

follow a geometric distribution coupled with the serve rates follow a Bernoulli distribution.
For this example, we have

a(l—b)s3

B(s) = (1-a)la+ (1 —a)s] = s + ——

(6.3)
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Hence, p = 1/b and B(p) = +00. Therefore by Theorem 3.5 we see that A\¢ and s, must
satisfy Equation (3.32) in the unknowns A and s. That is

sB'(s) —2B(s) =0
A=-E0

Recall g(s) = sB'(s) — 2B(s), it is thus easy to see that

ol -0b)s?

g(s)—m—(l—a)(2a+(l—a)s).

Note that ¢(0) = —2(1 — a)a < 0 and g(1/b) = 400 and thus g(s) = 0 has a root s, in
(0,1/b). By Lemma 2.5 we also know that s, is the unique positive root of g(s) = 0. Note
also that g(1) = a(1 —b)™' — (1 — a)(1 + a) and hence if /(1 —b) > (1 — a)(1 + a) then
s. € (0,1) while if a/(1 —b) < (1 — a)(1 + a) then s, € (1,1/b). The above calculation
coincides with our intuitive explanation. Indeed, for this example, m, = «/(1 — b) and
mg = (1 — a)(1+ a) and thus m, > my if and only if a/(1 —b) > (1 — a)(1 + a)

To get the exact value of s,, we need to find the positive root of the equation

afl —a) 1 (1 —b)s* = [2a + (1 — a)s](1 — bs)?
or
[a(1—a) (1 =b) — (1 —a)b?]s® +2b(1 —a — ab)s® + (4ab+a —1)s —2a =0  (6.4)
After finding this positive root s,, then

B 1[(1—-a)(l—a) 3 — 2bs.,
)\C—]_—§ s, ‘I—Oé(]_—b)s*m .

In particular, if @ = 1 (that is by = 1 — a and b; = 0), then Equation (6.4) becomes
afl —a) 11 = b)s® — 20%s* + 4bs — 2 =0
and then

35, — 2bs?

Note also that if a = 1 then g(1) = 12%; — 2(1 — «) and hence if a(1 — a)™' > 2(1 —b)
then 0 < s, < 1 while if a(1 — a)™' < 2(1 —b) then 1 < s, < 1/b. In the special case of
a(l —a)™t =2(1 —b), we have s, = 1 and thus A\¢ = 0. For all other cases, A\c > 0.

For any A € [0, A¢], the generating function of A-invariant measure M(s) = > °, m;s
is given by

1—2

_me(l—aja,. s
M(s) = B(s) + \s? ( v()\))

where v()) is the largest negative root of B(s) + As®* = 0 and my > 0 is a constant. This

. . . . . . . . Sa_2b
M (s) gives a quasi-stationary distribution if and only if (1 — a)(1 —a) + 4=~ < 2.
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Finally, we consider a more subtle example. We shall see that even for this complicated
example, Theorem 3.5 still works well.

Example 6.3. Suppose that by = dy > 0,0 = d; > 0, b, = W%)k(k_z) (k > 3) and
by = — d2+d1+bzzoz3k(k+;(k_2)],Whereb>0and0<9§ 1.

For this example we have

- fs)k
B(s) = 2 ( .
(5) = do + dis + bys +bzk<k_1)(k_2) (6.5)
k=3
and thus p = 1/6 < +o00. Easy algebra then yields
. & Pk gk—1
B'(s) =dy +2b b 6.6
(8) = dy +2bys + Z(k—l)(k;—Q) (6:6)
k=3
and
— (0s)F
=—2dy—d b — . .
g(S) 2 1S + ;k(k‘—l) (6 7)

By (6.7), we immediately obtain

9(p) 29(%) :g_ <2d2+%)

which is nonnegative if and only if g > 2dy + %1.
Note also that closed forms for B(s), B'(s) and g(s) in (6.5)—(6.7) are available. In
particular, after easy algebra, B’(s) can be written as

bo(2 — 0)

B/(S) = d1 + 9

4 b(1— 6)2In(1 — ) — 2(ds + dl)] s+ bO(1 — 0s)In(1 — 0s). (6.8)

The form of B'(s) in (6.8) also holds for # = 1 under the convention that limy_,;(1—6) In(1—
6) =0.

Now, an application of Theorems 3.4 and 3.5 immediately yields the following conclusion.

Theorem 6.1. (a) Suppose 0 < 6 < 1.
(i) If & > 2dy + %, then A = —B;i*) where B'(s) is given in (6.8) and s, is the unique
positive Toot of the equation

2.2 92
(1 —6s)In(1l —0s) — 978 + (6’— %) s = ﬁ (6.9)

(il) If £ < 2dy + &, then

Ao =dy + dy (1 — g) — b0(24_ 6 _ 1 ; o) In(1 —6). (6.10)
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(b) Suppose 0 = 1. Then A\c = 0 if and only zf% < 2dy+dy and for the case of% > 2dy+dy,
this positive Ao is given by
b dy+b(1—s.)In(l — sy)

Ao=dy+dy —— —
c 2+ a; 1 2.

where 0 < s, < 1 s the unique positive root of the equation

2

(1—5)1n(1—s)—%+(1—%>5:2—d2. (6.11)
Proof.  Just note that g(p) > 0 if and only if % > 2dy + %1 and that, by some easy

algebra, g(s,) = 0 if and only if s, is the unique positive root of the Equation (6.9), then

the conclusion in Part (a) immediately follows from Theorems 3.4 and 3.5. The conclusion

in Part (b) is also easy. In particular, Equation (6.11) is just the version of Equation (6.9)

when # = 1. The proof is complete. O

Acknowledgements

The authors would like to express their sincere thanks for the anonymous referees who
have provided extremely helpful comments and suggestions, which led to a much improved
presentation of this paper. The work described in this paper by Chen Anyue was sub-
stantially supported by a grant from the Research Grants Council of the Hong Kong
Special Administrative Region, China, Project HKU 7010/06P and the work by Li Junping
and Hou Zhenting was supported by the National Natural Science Foundation of China
(grant No. 10771216) and Doctoral Fund of Ministry of Education of China (grant No.
20090162110058), respectively.

References

[1] ANDERSON,W. (1991) Continuous-Time Markov Chains: An Applications-Oriented
Approach. Springer-Verlag, New York.

[2] ARMERO, C AND CONESA, D. (2000) Prediction in Markovian bulk arrival queues.
Queueing Systems Theory Appl. 34, 327-350.

[3] ARUMUGANATHAN, R. AND RaMaswawMmi, K.S. (2005) Analysis of a bulk queue with

state dependent arrivals and multiple vacations. Indian J. Pure Appl. Math. 36, 301—
317.

[4] ASMUSSEN,S. (2003) Applied Probability and Queues. 2nd ed. Springer-Verlag, New
York.

[5] BAYER,N. AND BoxMmA,O.J. (1996) Wiener-Hopf analysis of an M/G/1 queue with
negative customers and of a related class of random walks. Queueing Systems 23,
301-316.

6] CuANG, S.H., CHoi, D.W. AND KiM, T.S. (2004) Performance analysis of a finite-
buffer bulk-arrival and bulk-service queue with variable server capacity. Stochastic Anal.
Appl. 22, 1151-1173.



QUES9194_source

Decay Properties and Quasi-stationary Distributions for Stopped Markovian Bulk-Arrival and Bulk-Service Queues 33

[7]

8]

[9]

[10]

[11]

[14]

[15]

[16]

[17]

CHAUDHRY,M.L. AND TEMPLETON,J.G.C. (1983) A First Course in Bulk Queues.
Wiley: New York.

CHEN,A.Y., PoLLETT,P.K., L1,J.P AND ZHANG, H.J.(2010) Markovian bulk-arrival
and bulk-service queues with state-dependent control. Queueing Systems, 64, 267-304.

CHEN,A.Y., PoLLETT,P, L1,J.P. AND ZHANG,H.J. (2010) Uniqueness, extinction

and explosivity of generalised Markov branching processes with pairwise interaction.
Methodol. Comput. Appl. Probab.(DOI:10.1007/s11009-009-9121-y).

CHEN, A.Y. AND RENsSHAW,E. (1997) The M/M/1 queue with mass exodus and mass
arrivals when empty. J. Appl. Probab., 34, 192-207.

CHEN,A.Y. AND RENsHAW,E. (2004) Markovian bulk-arriving queues with state-
dependent control at idle time. Adv. Appl. Probab. 36, 499-524.

CHUNG,K.L. (1967) Markov Chains with Stationary Transition Probabilities. 2nd edn.
Springer, New York.

DARROCH, J.N. AND SENETA, E. (1967) On quasi-stationary distributions in
absorbing continuous-time finite Markov chains. J. Appl. Probab., 4, 192-196.

DupIN,A. AND NISHIMURA,S. (1999) A BMAP/SM/1 queueing system with
Markovian arrival input of disasters. J. Appl. Probab., 36, 868-881.

FAkINOS, D. (1991) The relation between limiting queue size distributions at arrival
and departure epochs in a bulk queue. Stochastic Process. Appl. 37, 327-329.

FLASPOHLER, D.C.(1974) Quasi-stationary distributions for absorbing continuous-
time denumerable Markov chains. Ann. Inst. Statist. Math. , 26, 351-356.

GELENBE,E. (1991) Product from networks with negative and positive customers. J.
Appl. Probab., 28, 656-663.

GELENBE,E., GLYNN, P. AND SIGMAN (1991) Queues with negative arrivals. J. Appl.
Probab., 28, 245-250.

GRross, D. AND HARRIS, C.M.(1985) Fundamentals of Queueing Theory. Wiley: New
York

HARRISON,P.G. AND PITEL,E. (1993) Sojourn times in single-server queues with
negative customers. J. Appl. Probab., 30, 943-963.

HENDERSON,W. (1993) Queueing networks with negative customers and negative
queue lengths. J. Appl. Probab., 30, 931-942.

JAIN,G. AND SIGMAN,K. (1996) A Pollaczek—Khintchine formula for M/G/1 queues
with disasters. J. Appl. Probab., 33, 1191-1200.

KerLry, F.P. (1983) Invariant measures and the generator. In Kingman, J.F.C.
and Reuter, G.E., eds. Probability, Statistics, and Analysis. London Math. Soc. Lecture
Notes Series 79. Cambridge University Press, pp. 143-160.



QUES9194_source

34 Chen A.Y., Li J.P., Hou, Z. T & Ng, K.W.

[24] Kuima, M. (1963) Quasi-limiting distributions of Markov chains that are skip-free to
the left in continuous-time. J. Appl. Probab., 30, 509-517.

[25] KiNaMAN,J.F.C. (1963) The exponential decay of Markov transition probability. Proc.
London Math. Soc., 13, 337-358.

[26] KLEINROCK,I. (1975) Queueing Systems, Vol.1. Wiley: New York.

[27] L1, J.P. AND CHEN, A.Y. (2008) Decay property of stopped Markovian bulk-arriving
queues. Adv. Appl. Probab., 40, 95-121.

[28] L1, J.P. AND CHEN, A.Y. (2010) Decay parameter and invariant measures for
Markovian bulk-arrival queues with control at idle time. To appear in Methodology
Comput. Appl. Prob.

[29] LucaNnToNI, D. M. (1991) New results on the single server queue with a batch
Markovian arrival process. Stoch. Models , 7, 1-46.

[30] LucaNTONI,D. M. AND NEUTS,M.F.(1994) Some steady-state distributions for the
MAP/SM/1 queue. Stoch. Models , 10, 575-589.

[31] MEDHI,J.(1991) Stochastic Models in Queuing Theory. Academic Press, San Diego,
CA.

[32] NAIR,M.G. AND PoOLLETT,P.K.(1993) On the relationship between p-invariant

measures and quasi-stationary distributions for continuous-time Markov chains. Adv.
Appl. Probab. ; 25, 82-102.

[33] NEUTS,M.F.(1979) A versatile Markovian point process. J. Appl. Probab., 16, 764-779.

[34] NEUTS, M. F.(1981) Matriz-Geometric Solution in Stochastic Models: An Algorithmic
Approach. Johns Hopkins University Press, Baltimore, MD.

[35] NISHIMURA,S. AND SATO,H.(1997) Eigenvalue expression for a batch Markovian
arrival process. J. Operat. Res. Soc. Japan , 40, 122-132.

[36] POLLETT,P.K.(1988) Reversibility, invariance and mu-invariance.  Adv. Appl.
Probab., 20, 600-621.

[37] SRINIVASAN, L., RENGANATHAN, N. AND KALYANARAMAN, R. (2002) Single server,
bulk arrival, Bernoulli feedback queue with vacations—some performance measures.

Internat. J. Inform. Management Sci. 13, 45-54.

[38] STADJE,W.(1989) Some exact expressions for the bulk-arrival queue M*/M/1.
Queuing Systems , 4, 85-92.

[39] SumiTA, U. AND MASUDA, Y. (1997) Tandem queues with bulk arrivals, infinitely
many servers and correlated service times. J. Appl. Probab. 34, 248-257.

[40] USHAKUMARI, P.V. AND KRISHNAMOORTHY, A. (1998) On a bulk arrival bulk service
infinite server queue. Stochastic Anal. Appl. 16, 585-595.



QUES9194_source

Decay Properties and Quasi-stationary Distributions for Stopped Markovian Bulk-Arrival and Bulk-Service Queues 35

[41] TWEEDIE, R.L.(1974) Some ergodic properties of the Feller minimal process. Quart,
J. Math. Ozford , (2)25, 485-493.

[42] VAN DOORN, E.A.(1985) Conditions for exponential ergodicity and bounds for the
decay parameter of a birth-death process. Adv. Appl. Probab. , 17, 514-530.

[43] VAN DOORN, E.A.(1991) Quasi-stationary distributions and convergence to quasi-
stationarity of birth-death processes. Adv. Appl. Probab. , 23, 683-700.

[44] VERE-JONES, D.(1962) Geometric ergidicity in denumerable Markov chains. Quart,
J. Math. Ozford, (2)13, 7-28.

[45] YAGLOM, A.M.(1947) Certain limit theorems of the theory of branching processes.
Dokl. Acad. Nauk SSSR, 56, 795-798.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


