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Abstract

The computation of the model parameters of a Canonical Polyadic Decom-
position (CPD), also known as the parallel factor (PARAFAC) or canonical
decomposition (CANDECOMP) or CP decomposition, is typically done
by resorting to iterative algorithms, e.g. either iterative alternating least
squares type or descent methods. In many practical problems involving
tensor decompositions such as signal processing, some of the matrix factors
are banded. First, we develop methods for the computation of CPDs with
one banded matrix factor. It results in best rank-1 tensor approximation
problems. Second, we propose methods to compute CPDs with more than
one banded matrix factor. Third, we extend the developed methods to also
handle banded and structured matrix factors such as Hankel or Toeplitz.
Computer results are also reported.
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(CANDECOMP), parallel factor (PARAFAC), CP decomposition, Banded

matrices, Hankel matrices, Toeplitz matrices.

1. Introduction

Tensor decompositions with banded matrix factors and possibly also
(block-) Toeplitz/Hankel structures have found application in signal pro-
cessing, in particular in cumulant based blind identification of convolutive
mixtures [4], [20], [1], [2], [10], [11] and in tep ‘l based blind equalization
of wireless communication systems | [ I n:his case the banded struc-
ture of the matrix factors are directly related to the filter orders of the given
system we attempt to identify.

It also occurs in blind separation of communication signals [23] and
in computational multilinear algebra [7] involving triangular structured
matrix factors. Hence, the development of methods to deal with CPDs
with banded and possibly also structured matrix factors such as Hankel or
Toeplitz must be considered important.

Recently an approach to address structured CPDs was proposed in [5].
However, it was mainly concerned with deriving necessary uniqueness
conditions. In this paper we limit the discussion to tensors with banded
matrix factors, but also provide sufficient uniqueness conditions for CPDs
with banded and possibly also structured matrix factors such as Hankel or
Toeplitz. Second, we develop numerical methods for the computation of
CPDs with banded and possibly also structured matrix factors.

The results presented in this paper are also valid for more general tensor

decompositions with banded matrix factors such as the Tucker decompo-
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sition [22] or the family of block tensor decompositions [9].
The paper is ised as follows. In the rest of the introduction, the
presented followed by a brief review of the CPD
decomposition. Section [l provides uniqueness results for CPD decom-
positions with banded matrix factors while section Bl present numerical
methods to compute them. Next, in section Bl we provide uniqueness re-
sults for CPD decomions with banded and structured matrix factors
while section numerical methods to compute Elx . In section

[ some numerical experiments are reported.

O

2. Notation

Vectors, matrices and tensors are denoted by lower case boldface, upper
case boldface and upper case calligraphic letters, respectively. The symbol

® denotes the Kronecker product

a1B a;pB

A®B = Elg]B Elng e |y,

where (A),,, = a,. The symbol © denotes the Khatri-Rao product
AGOB= [ a1®b1 a2®b2 ]/

where a, and b, denote the rth column vector of A and B, respectively. Let

o denote the outer product of N vectors a®™ € C' such that

(au) 0oa®o...0 a<N>) =aV@ ... W
iqlp...IN nhon in -’
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Use present tense, as the other sentences. I suggest:
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"A concluding section eventually ends the paper".


Further, ()", (), O, (), Il - llr, Col(:) and Row (-) denote the trans-
pose, conjugate, conjugate-transpose, one-sided inverse, Frobenius norm,
column space and row s of a matrix, respectively.

Let A € C™, then (A) € CY denotes the column vector defined
by ( (A = (A);- Given a € C', then the reverse operation is
Unvec(a) = A € C™ such that (a),, 1y = (A);;.

Matlab index notation will be used to denote submatrices of a given
matrix. For example, A(1 : k,:) denotes the submatrix of A consisting of

the rows from 1 to k. The anti-identity matrix is denoted by J € C*** and

it is equal to

0 0 1
T 0
Jr = e CPX,
0 1
_1 o --. ()_

Let a be a column vector, then we say that a is lower bounded by b; (a) if
its entries satisfy ap, a) # 0 and ap, a)+» = 0, Vi > 0. Similarly, we say that a
is upper bounded by by, (a) if its entries satisfy a,,,) # 0 and ap,@)-» = 0,
Vn > 0.

We say that a matrix A = [ay, ..., ar] € C™*Risbanded if by (a,) # by (a,)
and by (a,,) > 1, or by (a,,) # by (a,) and by (a,,) < I, for some m,n € [1,R].
Furthermore, we say that A is lower banded if by (a;) < -+ < by(agr)
and anti-lower banded if by (a;) > -+ > by (ag). Similarly, we say that
A is upper banded if by (a;) < -+ < by (ag) and anti-upper banded if
br (a;) > --- > by (ag). Note that this definition of banded matrices is less

restrictive than the standard definitions such as in [[12].


Since vectors are not denoted in uppercase, I believe function vec(.) should be in lowercase everywhere.


2.1. Canonical Polyadic Decomposition (CPD)

An Nth order rank-1 tensor X € C**Ix is defined as the outer product
of some non-zero vectors a® € C', n € [1,N], such that X;,_;, = [, agf).
The rank of a tensor X is equal to the minimal number of rank-1 tensors
that yield X in a linear combination. Assume that the rank of X is R, then

it can be written as

a’o---0al, (1)

R
X =

r=1
where al” € C". The decomposition () is sometimes referred to as the
polyadic decomposition [14], PARAFAC decomposition [13ANDE-
COMP decomposition [3] or CP decomposition Irromis paper
it will be referred to as the Canonical Polyadic Decomposition (CPD) of X.

Let us stack the vectors {aﬁ”)} into the matrices

A(n) — [ a(ln), a(n) ] e CI”XR, ne [LN]- (2)

7 AR
The matrices A™ in (@) will be referred to as the matrix factors of the tensor
X in (). Furthermore, we say that the tensor X is partially symmetric if
A" = A™ for some m # n. Similarly, we say that the tensor X is partially
Hermitian symmetric if A = A" for some m # n.

The following two matrix representations of the CPD of an Nth order
tensor will be used throughout the paper. First, consider 7~ € CIV with
rank R and let the row vectors ti--1ip+1--iN) € C*l», where p € [1,N], be
constructed such that tgl’""i’? VlprieiN) T3, then

Ip R N
(i],...,ip_l,ip 1,...,iN) — 3 . (IP)T — (7’1) (P)T
t " - § 7;1"'1Neip - ainyar

ip=1 r=1 n=1
n#P
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where al(.”r) = A"(,, 1) and egf ) e CP is a unit vector with unit element

at entry ip and zero elsewhere. Stack the vectors {t1-P-1irri-iN)} into the

matrix
PGS B P
{1112)
CIli e Xl 5 Tip = = (A(l) 0---0AP Ve APDo...0 A(N)) AT
t([l,...,IP_l,IP+1,...,IN)

Second, we will also apply the matrix representation

Tvo00,.10 Ti1,.2 o T,y
VE VE - T
CHZ;l XTI I il e 102,11 1,.,21,..2 12, Ips1 e IN
| Tt Thot2 = Thy o ey |

T

= (A(l) 0 ...@A(P))(A(P+1) o "'@A(N))

The CPD of X in () is said to be essentially unique if all the N-tuplets
(K(l), ey K(N)) satisfying () are related via

A" = AMTIA ., Vne[l,N],

whereITis a permutation matrix and {A,« } are diagonal matrices satisfying
1L, Ayw = Ig [17].

If the matrix factor A® is known up to a permutation and scaling of
its column vectors and has full column rank, then the other matrix factors
follow in an essentially unique manner from the decoupled rank-1 tensor

approximation problems
+
F =T ( A(P)T) — AV ... 0 AP DG APD o...0 AN, 3)

6



Indeed, the Khatri-Rao product structure of (@) indicates that each column
vector of F corresponds to a vectorized version of a rank-1 tensor.
Similarly, assume that the matrix factors {A(”)}E _, are known up to a per-
mutation and scaling of their column vectors and the matrix AV ©-- -0 A"
has full column rank, then the remaining matrix factors follow in an es-
sentially unique manner from the decoupled rank-1 tensor approximation

problems
T
G= ((A(l) Q-0 A(P))Jr T[P]) =APDo...0 AW, (4)

Again, the Khatri-Rao product structure of @) indicates that each column
vector of G corresponds to a vectorized version of a rank-1 tensor.

To summarize, if some of the matrix factors of a CPD are known and
the matrix of Khatri-Rao products of them is a full column rank, then
the remaining matrix factors for this CPD follow from decoupled rank-1

tensor approximation problems. This observation is the foundation of the

numerical methods presented in this paper.

The  of solving best rank-1 tensor approximation is

well-posed. Furthermore, when N = P + 1 or N = P + 2, then the problem
reduces to linear system solving and best rank-1 matrix approximation
problems, respectively, which can be solved by standard numerical linear
algebra methods. This is in contrast to iterative methods such as Alter-
nating Least Squares (ALS) which can be prone to local minima and slow

convergence.
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3. Uniqueness of CPDs with Banded Matrix Factors

In this section we present a uniqueness result for Nth order CPDs

exploiting that P < N of the involved matrix factors are banded matrices.
More precisely, it allows us to identify the banded matrix factors from
Col (T[P ]).
Proposition 3.1. Consider T~ € C*IN with rank R and matrix representation
T = (A(l) O @A(P)) (A(P”) o -A(N))T where P < N. Assume that the
matrices AV ©---© AP and APV @ - © A™ have full column rank and the
matrix AD © - -- © AP satisfies

1<by(a’e - @al)< - <by(a) ® - ©ay), )
P

b(ale-@al)< - <b(al®oay) <], 6)
n=1

up to a permutation of its rows and columns, i.e., there exist permutation matrices
T, € Cll= Il gpd TT, € CR*R such that TT, (A(l) o---0A° )) I, satisfies the
inequalities @) and (@). Let Z(l) Q-0 Z(P) be another matrix with same struc-
ture as AV © -+ © AP, then Col (Z(l) Q--- @Z(P)) C Col (A(l) Q--- @A(P)) =
Col (T[P]) if and only ifZ(l) 0 0A = (A(l) Q- @A(P)) IT,DIL], where D is
a nonsingular diagonal matrix.

Proor. Assume that A ©---0A " = (A(l) o---0A% )) [1,DIT!, where I, is
a permutation matrix and D is a nonsingular diagonal matrix, then obviously
Col (Z(l) Q--- @Z(P)) C Col (A(l) o---0A%" )) = Col (T[P ]). Conversely, assume

that Col (Z(l) -0 Z(P)) C Col (A(l) -0 A(P)) = Col (T[P]), then there exists

a nonsingular matrix M € C*R such that

—(1 —(P
(A()Q---G)A( ))M = AVG...0AD, @)

8



By assumption we also assume that there exist permutation matrices I'ly and I1T,
such that TT, (A(l) 0---0A" )) I1, satisfies the inequalities (B) and (@). Hence,
from () we get

— —~(P)\ . —

I (A( ) @...@A( ))HZM: I (A(l) Q"'QA(P))HZ/

—~(1) —~(P) 1) (P) .
whereIL|[A ©---0A "|Iland I'Ty (A O---0A )H2 are banded matrices
satisfying B) and @) and M = TI} MT1, is a nonsingular matrix. Due to property
@) the matrix M must be lower triangular and due to property @) the matrix M

must also be upper triangular. Hence, the matrix M must be diagonal.

We notice from proposition Bl that if only one banded matrix factor
is exploited, then it is required to be upper and lower banded. However,
if several of the matrix factors are banded, then from proposition B.J we
only require that the Khatri-Rao product of the banded matrix factors is
upper and lower banded. This means, by exploiting the structure of several

banded matrix factors, we obtain more relaxed uniqueness results.

4. Computation of CPDs with Banded Matrix Factors

In this section we develop numerical methods to compute CPDs con-
taining banded matrix factors. To simplify the discussion, let us only
consider computational methods exploiting that one or two of the matrix
factors are banded. The presented method can be generalized in such a
way that it is capable of jointly exploiting that three or more of the matrix
factors are banded. Subsection Bl and B2 provide numerical methods
to compute a CPD exploiting that one and two of the matrix factors are

banded, respectively.



4.1. Exploiting one Banded Matrix Factor

The method outlined in this section will be referred to as CPBANDI.
Let 7 € C'Iv with rank R and let Ty; = (A(l) Q-0 A(N'l)) AMT be its
matrix representation. Assume that the matrices AV ©---0 A®"Y and AN
have full column rank. Let Tpy; = ULV denote the compact SVD of Ty,

then there exists a nonsingular matrix N € C®® such that

UZI\I_1 = A(l) ) A(z) OXERNO) A(N—l) (8)

VN = AW ©)

Assume also that AV is a banded matrix with 1 < by (a(lN)) <---<by (ag\n)
and by (agN)) < -+ < bg (ag\’)) < Iy up to a permutation of its rows and
columns, then according to proposition B}, we can find N and A™) from
Row (Tnyp).

Let the rth column vector of A™) be parameterized as

by (a)
a™ = a,e™

m:bu(ag\D)

where e € €™V is the unit vector which is equal to one at entry m and zero

elsewhere. The linear system (@), then decouples into the R linear systems

bL(arN))
Vn® = Z a,elN)

m=by(a™)
—_ | (N (In) (N)
= [ebg(ai’“))""’eb:(ai’“)] a,’, re[l,R], (10)

(N) (N)
where n® is the rth column vector of N and the vector a™ € () bu(a) 1

10



contains the coefficients used to construct the rth column of A™)., Let

(N)\_- (N)
EV = [el()lg()agm)’ ceey el(fz\]()agw)):l € CINX(bL(aV ) bu(a, )+1) , r€[LR],

then equation ([0) can be written as

n®

V'n® = B2 [V*, —E‘”]{ } =0, re[LR]. (11)

a

From propositionB.Jlwe know that the solution to ([T)) is essentially unique.
The Least Squares (LS) solution to ([) is given by the right singular vector
of the matrix [V*, —E(’)] associated with its smallest singular value. Let

) ) ,
x € CR+o()Pula™}+1 e the solution to the system (1), then

n® =x(1:R), re[1,R]
a™ =x(R+1:R+1+b;(a™")-by(al")), re[l,R]

Once AN and N have been obtained, then from () we have the relation
F=UIN'=AV 0 AP 0o.---0 ANV, Thus, we can find the remaining
unknown matrix factors from the R decoupled best rank-1 tensor approx-

imation problems

(N—1)|

f-ale®---@a™ |, relLR], (12)

min
al.a™ D

where f, and a!” denote the rth column vector of F and A, respectively.

To numerically solve the best rank-1 ]sor approximation problems ([2)

the higher-order power method 1" courd for instance be used.
Remark that if N = 2, then Ty = AVA®" and we directly obtain AY
1.
from AY = Ty (A(z)T) or alternatively AY = UZN"'. Furthermore, if

11
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N =3, then Tjy) = (AY © A?) A®" and F = UZN"" = AV © A®. We have
f, = aﬁl) ® a§2) and F, = Unvec(f,) = aﬁz)aﬁl)T, where f,, aﬁl) and afz) denotes
the rth column vector of F, A® and A®, respectively. The matrices AY
and A® can therefore be found from the R decoupled best rank-1 matrix

approximation problems

2) ()T
F,—aﬁ)ai) |

min |
a(rl>ra(rz>

", relLR],
which can be solved by standard numerical linear algebra methods.

Assume that the matrices A%, 1 < p < P < N are lower and upper
banded matrix factors. If the matrix representations Ty, only consist of
full column rank matrices Yp € [1, P], then we can successively compute
the banded matrix factor A” from Row (T[p]) in a non-iterative way Vp €
[1, P]. This is done by repeating the procedure just outlined above in this
subsection.

Let us discuss this approach in more detail when P = 2. Assume that
A" and A® are banded matrices satisfying the conditions stated in propo-
sition Bl Assume also that the matrices AV, A?, (A(z) 0AY0e..-0 AW )),
(A(l) 0AY o0 A" )) and (A(S) oAY o0 AW )) have full column rank.

We first compute AY. Let Tj;; = UZVH denote the compact SVD of Ty,
then there exists a nonsingular matrix N € C®® such that V'N = A®. By
applying the procedure described in this subsection we obtain A? from
Row (Tpy).

Next, we compute A®. Let T = ULV* denote the compact SVD of
Ty, then there exists a nonsingular matrix N € C®*R such that V'N = A@.
Again, by applying the procedure described in this subsection we obtain
A® from Row (Tpy).

12



In the final step we find the remaining matrix factors. Let
Tl = (A(l) ©O) A(z)) (A(S) Q-0 A(N))T = ﬁEVH

denote the compact SVD of T!?, then there exists a nonsingular matrix
— —H

M € C®® such that UM = (A(l)G)A(Z)) & M=U (A(l)QA(Z)). Let

F=VIMT =A®0...0 A, then the remaining matrix factors follow

from the R decoupled best rank-1 tensor approximation problems

2
7

f,-a’®---@a|, re[LR]

min
a® . aW

where £, and a!” denote the rth column vector of F and A", respely.

Remark that if N = 3, then T3 = (A(l) o A(z)) AT and we ob-
tain A®T = (A(l) O] A(Z))+ T3 or alternatively A® = v'EIMT. Furthermore,
ifN = 4, then T? = (A” 0 A?) (A¥ 0 A®) and F = V'EM " = AD0A®,
We have f, = a(rs) ® a£4) and F, = Unvec(f,) = a(r4)a§3)T, where f,, af’) and a£4)
denote the rth column vector of F, A® and A®, respectively. The matrices
A® and A® can then be found from the R decoupled best rank-1

approximation problems

2
¢ relLR],

4 ()T
F,—a(r)aﬁ) |

min |
353)1354)

which can be solved by standard numerical linear algebra methods.

)
4.72. Banded Matrix Factors

In this subsection we present a method for computing a CPD which
jointly exploits that two of the matrix factors are banded. It is referred to

as CPBAND?2.

13
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Let 7 € C' IV with rank R and matrix representation
T = (AV 0 A?) (AP 0 AY 0 --- 0 A(N))T'

Assume that the matrices A © A® and A® © A® ©---© A™ have full

column rank. Note that this condition does not require that the matrix

factors {A™} to have full column rank. Furthermore, assume that A and

A®@ are banded matrices satisfying the conditions stated in proposition

Bl Let T®! = ULV* denote the compact SVD of T, then there exists a

nonsingular matrix M € C*® such that

UM = APV pA® (13)
VIMT' = APoA%Yo - 0AW (14)

According to proposition B} we can find M, A® and A® from Col (Tm).

Let the rth column vector of AY © A® be parameterized as

b))
Doa?= Y Y el od,

where affzz = AY (m,r) and efff) € C! is the unit vector which is equal to

one at entry m and zero elsewhere. The system of equations ([3), then
decouples into R independent systems of equations
b(a”)  br(a?)
M2 4h)

Um" = Z Z alg@el) g o)
m:bu(agl)) n:bu(agz))

—|e® (12) (1) () (1) )
_[ebu<agl>)®ebu<a<f>)""'em<a9>)®ebL<a<f>) a; ®a”, rel[LRl, (15)

14



o)
where m® is the rth column vector of M and the vectora'™ e (") bular”)1
contains the coefficients for the basis vectors used to construct the rth

column vector of A®. Let

7

oulo) © oulo) T s o)

where r € [1, R], then equation ([I5)) can be written as

wﬂ—[m> el el | e ]ecww@@wmw IRIE R

m®

" — ™ (L) 2) _EM® _
Um" = E(a" ®a”) & [U,-E")] g0 =0, re[L,R]. (16)

From propositionB.Jlwe know that the solution to ([{€]) is essentially unique.
In order to solve the system ([f)) we ignore the Kronecker product struc-
ture a'” ® a’. Remark this relaxation may affect uniqueness of the prob-
lem. However, numerical experiments indicate that this relaxation step
does not seem to affect the uniqueness of the solution. The LS solu-
tion to the relaxed version of ({6 is given by the right singular vector
of the matrix [U, —E(’)] associated with its smallest singular value. Let
x € CRH{bu(ar)bu(a)1)(br(37)bu(a)+1) pe the LS solution to the relaxed ver-

sion of the system (I6), then we set

n” =x(1:R),

1 2
y, = 9a?

=x(R+1:R+ (b (a") = by (a") + 1) (b (a”) - bu (i) + 1)),

where r € [1,R]. LetY, = Unvec = a(Z)a(l)T then {a (1)} and {aiz)} follow
N\

from the R decoupled best rank-1 matrix approximation problems

r€[1,R].

min ”Yf —a,’a
A0 ,@
r “r

15



Remark that this method is able to take a partial symmetry a{’ = a'” or a
partial Hermitian symmetry al"’ = a®" into account.

Once the matrices M, AV and A® have been found, then from @@
we have the relation F = VVIM T = A® 0 A® o -.- 0 AN, Hence, the
remaining matrix factors follow from the R decoupled best rank-1 tensor
approximation problems

min
a® . a®

2
£’ re [1/R]/

3 N
f,—a§)®---®a§ )|

where f, and a!” denotes the rth column vector of F and A®™, respectively.

+
Again, remark tha f N = 3, then A®T = (A(l) o) A(Z)) T or alterna-

T
tively A® = V'EIM™ = rthermore, if N = 4, then T = (A" © A?) (A® 0 A¥)

and F = VIM ' = A® © A®. We have f, = a® ® a¥ and C% 5 F, =
Unvec (f,) = a§4)a§3)T, where f,, af) and a§4) denotes the rth column vector
of F, A® and A, respectively. Thus, the matrices A® and A® follow
from the solutions of the R decoupled best rank-1 approximation
problems

min ||F, - a§4)a§3)T| i, re[1,R],

a(rS)ra(r4)

which can be solved by standard numerical linear algebra methods.

5. Uniqueness of CPDs with Banded and Structured Matrix Factors

We say that a matrix A € C™R is structured if it can be written as
A = Zlel a;E; where the matrices E; are given, and L < IR [5]. Examples
of such matrices are banded Hankel or Toeplitz matrices which will be

discussed in more details. Let A be a structured matrix, then dim (A)
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denotes the dimension of the subspace of structured matrices consisting of
matrices with the same structure as A.

For instance, let A € C*R be a banded Hankel matrix with by (a,) =
by(a;)) + 7 —1 and by (a,) = by (a;) + ¥ — 1. Let {E;} be a basis for the
banded Hankel matrix A with predefined values for by (a;) and by (a;),
then A = Zlel mE;, where L = dim (A) = by (a;) — by (a;) + 1. In particular,
basis matrices of the form

(Ez)ij _ 1, i=by(a)+I—j
0, otherwise
will be used in section [

As another example, let A € C™*R be a banded Toeplitz matrix with
by (a,) =by(a;)—r+1and by (a,) = by (a;) — 7+ 1. Let {E;} be a basis for the
banded Toeplitz matrix A with predefined values for by (a;) and by (a;),
then A = Zlel mE;, where L = dim (A) = by (a;) — by (a1) + 1. Again, basis
matrices of the form

(E), - 1, i=by(a)+I1+j-2
0, otherwise
will be used in section [

In subsection B.Jl we extend the uniqueness result from section 8 con-
cerning tensor decompositions with banded matrix factors to the case of
tensor decompositions with banded and structured matrix factors. Next,
in subsection B2 we provide some uniqueness results valid for tensor de-

compositions with a banded Hankel or Toeplitz matrix factor.
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5.1. Banded and Structured Matrix Factors

The following proposition B2 presented in this subsection is an exten-
sion of proposition B.Jlto the case when the matrix factors under consider-
ation are banded and structured. In order to prove proposition 5.2 we will

make use of lemma .1l

Lemma 5.1. Let A" € C'"R belong to a subspace of structured matrices of
. . —~(n)
dimension L, and n € [1,N]. Let A" have the same structure as A" and assume

that

—(1 —~(N
A0 -0A4 ):(A“’@---@A‘N))D,

where D € C*R is a nonsingular diagonal matrix up to a possible permutation
of its rows and columns. If there exist orthogonal bases {E(} such that A" =

an . ZZ)E(”) with properties (Eg’))pq € {0,1}, VI, n,p,q, and ¥n € [1,N] 3l,, €

[1,L,] such that Yr € [1,R], di, € [1,1,], (E§”))ir =1, ie. for every n, there
exists at least one basis matrix E;”) having a 1 in each column, then D = aly ,

a e C.

Proor. Assume that

Ly

N
ZZAG) M (EV 00 EN) = Z al- ™ (EV o--- 0 EM)D,

n=1 I,= n=1 I,=1

where D € CPR s a nonsingular diagonal matrix up to a possible permuta-
tion of its rows and columns. Since there exist orthogonal bases {Egj)} with
properties (EZZ)) € {0,1}, VI, n,p,q, and ¥Yn € [1,N] 3l,, € [1,L,] such that

rq
Yr € [1,R], Ji, € [1,1,], ( (:)), = 1, we first notice that there exists a basis

Ler
matrix E(l) Q-0 E(N) containing a unit entry in each of its column vectors.

™., ..M

This means that a;* - - -a) ° must appear in each column of this particular matrix
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a?l) .- -agN) (E;l) 00 E;N)). Second, since {E;”)} are orthogonal bases, then due
1 N 1 N n

; (1) NNy -
to the property of the Khatri-Rao product the set {E, " © --- © E, "} is also an or-
thogonal basis. Third, the basis matrices {Egn)} are constructed such that (Egn))pq €

n

1 N
{0,1}, V1,,n,p,q and therefore (Egl) Q-0 EgN))pq €{0,1}, VL4,...,In,p,q. Due
H
to orthogonality, Vec (E;l) OREE @EEN)) Vec (Eg,l) OXER @EE,N)) = 0 when I, # I,
1 N 1 N
for some n. The last two facts imply that if (E;PQ---@E(N))W = 1 then

In

(E§l )o-.- @EE,N )) = 0 when I, # I, for some n. Hence, in order to preserve
1 N pq

the Khatri-Rao product structure of the linearly structured matrices {Egn)} the

diagonal matrix must be D = alg, where a € C.

Proposition 5.2. Consider T~ € C'*IN with rank R and matrix representation
T = (A(l) - @A(P)) (A(P“) Q- @A(N))T where P < N. Assume that the
matrices (A(l) o---0A" )) and (A(P Mo @A(N)) have full column rank. As-
sume also that A"™, n € [1,P], belong to a subspace of structured matrices of
dimension L, and satisfying the assumptions made in proposition 3.1l Moreover,
assume that there exist orthogonal bases {E;:)} such that A" = ann=1 “;:)Egj) Vn e
[1, P]with properties (EZ’))M €1{0,1},Vp,q,1,,nandV¥n € [1, P]3l, € [1, L,] such
that Yr € [1,R], i, € [1,1,], (EZZ))M = 1. Let Z(H) be matrices with same struc-

i —
tures as A™, ¥n € [1, P], then Col (A(l) 004 )) c Col (A(l) O @A(P)) =

Col (T[P]) if and only z'fZ(n) = A"aq,, where a, € C,Vn € [1, P].

- . —P
Proor. LetA " = A"a,, wherea, € C,Vn € [1, P, then obviously Col (A( ) Q- @A( )) C

Col (A(l) O QA(P)) = Col (T[P])- Conversely, assume that Col (Z(l) Q--- @Z(P)) c
Col (A(l) ©---0AP )) = Col (T[P ]), then there exists a nonsingular matrix M €

CRR sych that

—~a —(P
A'0-0A" = (AV0--0AP)M.
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Due to proposition BTl we know that M must be equal to a diagonal matrix D up
to a possible permutation of its rows and columns. From lemma BTl we know that

D = aly, where o € C.

5.2. Banded Toeplitz or Hankel Matrix Factor

The following proposition shows that we can identify an upper
banded Toeplitz matrix factor or a lower banded Toeplitz matrix factor A"
from Row (Tp}). Similarly, proposition B.4explains that we can identify an
anti-upper banded Hankel matrix factor or an anti-lower banded Hankel

matrix factor A" from Row (Tjp)).

Proposition 5.3. Consider T~ € C'*IN with rank R and matrix representation
Tip) = (A(l) 0---0A VoA Vo... @A(N))A(P)T. Assume that the matrices
A® and (A(l) 0 0A" VAPV o...0 AW )) have full column rank and A"

is an upper or lower banded Toeplitz matrix with
by (af)) < Ip and by (a) - R > 1 (17)

or

bu(a) > 1and by (a”) + R < Ip (18)

. . —(P) .

in the respective cases. Let A"~ be another matrix with same structure as A®),
—~(P)T )T . ..—(P) P)

then Row |A C Row (A ) = Row (Tipy) if and only if A~ = AV a, where

a e C.

—~(P —~(P)T
Proor. Assume that A = AP for some a € C, then obviously Row a7 c
Row (A(P )T) = Row (Tip}). Conversely, assume that by (a(lp)) >1, by (a(lp )) +R <
—(P)T
Ip and Row (A( ) ) C Row (A(P )T) = Row (Tipy). Then there exists a nonsingular
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matrix M € CPR such that

2" = aopm

—~p
According to [I8) the matrices A" and AP are lower banded and therefore M
must be lower triangular.

We have that ”’Abu(af’)) m;;, Yi € [1, R] which together with

wie1i = Poy(aP)4i-i

the relations dbu(ugp)) = By (o) 17 Vi € [1, R] implies

simti = By (a®)17 Doy ()i,

that m;; = mg g, Vi € [1,R]. Since the lower triangular matrix M is nonsingular
we also have that mg g # 0 and hence m;; # 0, Vi € [1, R].
Next, we have that ﬁhu(agp)) = dbu(a(lp))ﬂ,l and ahu(a(lp))ﬂ,i = abL(a(lp))H,l’ Vi €

+1,i
[1,R], and

) | B (ayiiMid By ()i Misri o1 € [1LR=1]
Tp(aP)eii = R
Ty(al?)i i =

The fact that m;; = my,, Yi € [1,R] and the assumption abu(uf’)) viiel 0,
Vi€ [1,R — 1] implies that mjy,; =0, Vi€ [1,R = 1].
Furthermore, we have that that ﬁbu(agm) visli = ﬁbu(af)) w21 and ahu(af’)) visli =
ﬂbu(agp))+2’1, Vie[l,R-1],and
~ _ abu(u(lp))+i+1,imi1i + abu(agp>)+i+1,i+2mi+2fi 1€ [1’ R - 2]
Ty(aP)rivri = _R_1
abu(u(lp))+i+1,imi1i sE=R=
The fact that m;; = my,, Vi € [1,R] and the assumption By (aP)1is1iv2 # 0,

Vi € [1,R —2] implies that m;.,; = 0, Vi € [1, R —2]. By repeating this procedure
P
we can conclude that M must be upper triangular. Thus, A" = APq, where

a e C.
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The proof for the case when A" is an upper banded Toeplitz matrix satisfying
the assumptions ([{2) is analogue. Notice that J;, A”Jy is a lower banded Toeplitz

matrix satisfying the assumptions ([8). Hence the result also follows directly from

the above reasoning.

Proposition 5.4. Consider T € C>*IN with rank R and matrix representation
Typ) = (A(l) 0---0AP VoA Vo... @A(N))A(P . Assume that the matrices
AP and (A(l) 0---0A"VoAPVo...0 A(N)) have full column rank and A"

is an anti-upper or anti-lower banded Hankel matrix with

by (a”) < Ip and by (a”) - R > 1 (19)
or
bu(a$’) > 1and by (ay') + R < Ip (20)

—(P

in the respective cases. Let A" be another matrix with same structure as A® ),
—(P)T —~P

then Row (A( ) ) C Row (A(P )T) = Row (Tipy) if and only if A" = APq, where

aeC.

—~(P) . —~P)T
Proor. Assume that A°" = AP a for some o € C, then obviously Row (A ) C

Row (A(P )T) = Row (Tp). Conversely, assume that by, (agp)) <Ip, b (a(lp )) -R>
—~(P)T
1 and Row (A( ) ) C Row (A(P )T) = Row (Tip)). Then there exists a nonsingular
matrix M € C®R such that
A7 = AdM.
We have

ATy = APLIM], = AP M,
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where M = JLMJy, is a nonsingular matrix. Since Z(P)]R and AT are upper
banded Toeplitz matrices satisfying the inequalities ([{Z) the result follows from
proposition

The proof for the case when A®) is an anti-lower banded Hankel matrix sat-
isfying the assumptions @0) is analogue. In fact, since AVJ is a lower banded
Toeplitz matrix satisfying the inequalities ([I8) the result follows from proposition
D0l

6. Computation of CPDs with Banded and Structured Matrix Factors

Subsection 6.1l and .2 explains how to compute a Nth order CPD by
exploiting that one or two of the matrix factors are banded and structured
matrix factors, respectively. The presented method can be generalized in
such a way that it is capable of jointly exploiting that three or more of the

matrix factors are banded and structured.

6.1. Exploiting one Banded and Structured Matrix Factor

In this subsection we propose a method which exploits that one of the
matrix factors is banded and structured. When the matrix factor
is Toeplitz or Hankel , then the method will be referred to as
CPTOEP1 and CPHANKT, respectively. Let 7 € C* N with rank R and
let Tiny = (A(l) ©---0AW _1)) AMT be its matrix representation. Assume
that the matrices AV ©---© AN and A™ have full column rank and that
A™ is a banded and structured matrix with dim (A(N)) = Ly. Let Ty =

UXV" denote the compact SVD of Ty, then there exists a nonsingular
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matrix M € C®R such that

UM = AY0AP o -0 AN (21)
MVHE = ANT, (22)

If AN is a banded and structured matrix satisfying the assumptions stated
in proposition 5.2, B3 or B4} then we can find M and A® from Row (Tny)-
Equation (Z2) can be written as
Ly
MVH = AN = 3" o VENT, (23)
I=1
where V € CVR and {EgN)} is an orthonormal basis for the matrix A®
T
and a®™ = [a(lN), .. .,a(LIX])] € Cv is its coefficient vector. Equation @3) is

equivalent to
(V'®Ig)Vec(M) = [Vec (E(lN)T) ,..., Vec (E(LZ)T)] a®™

and

24
I~ (24)

Vec (M) } iy

where
G =|V' ®Ig,—Vec(E"), ..., —Vec(ENV")| € CvRx(®+tw),

From proposition 5.2, B3 or B4 we know that the solution to 24) is unique
up to a scaling ambiguity. The LS solution to @4) is given by the right
singular vector of the matrix G associated with its smallest singular value.
Let x € CR*I¥ be the LS solution to the system (24), then

Vec(M) =x(1: R?)

a™ = x(R2 +1:R*+1 +LN).
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Let F = UIM™, then from 1) the remaining matrix factors follow

from the R decoupled best rank-1 tensor approximation problems

. 1 N-1
min fr—a§)®~~®a§ )|
A0 D

*, re[LR], (25)

where f, and a!” denotes the rth column vector of F and A", respectively.
1.

When N = 2, then Ty = AVA®" and we get AY = Ty (A(z)T) or alter-

natively A = UZM™. When N = 3, then 5) reduces to solving the R

decoupled best rank-1 matrix approximation problems

. 2
min Y
all) 4@

1 2
f,—a(r)®a§)

re[LR],

which can be solved by standard numerical linear algebra methods.

If the CPD contains several banded and structured matrix factors, then
under certain conditions we can compute them in a successive manner
as follows. Consider 7~ € C*"*Iv with rank R. Assume that the matrix
factors AV, 1 < p < P < N are banded and structured and they satisfy the
assumptions stated in proposition5.2, B3 orB.4l Furthermore, assume that
the involved matrices of the matrix representations Ty, only consist of full
column rank matrices Vp € [1,P]. By applying the procedure described
in this subsection we can obtain A¥ from Row (T[p]). By repeating this
procedure the remaining banded and structured matrix factors can be
found. Once the banded and structured matrix factors have been found,
then the remaining unstructured matrix factors follow from R decoupled
best rank-1 tensor approximation problems as earlier explained.

Let us be more specific for the case P = 2. Assume that AY and

A® are banded and structured and satisfying the assumptions stated
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in proposition B.2] or Assume also that the matrices AV, A?,
(A<2> oA®o. "GA(N)), (Au) oA®o... @A(N))and (A‘3> 0A®o... @A(N>)
have full column rank.

We first compute AY. Let T = UZVH denote the compact SVD of Ty,
then there exists a nonsingular matrix N € C®*R such that V'N = AY. By
applying the procedure described in this subsection we obtain A? from
Row (Tpy).

Next, we compute A®. Let T = ULV" denote the compact SVD of
Ty, then there exists a nonsingular matrix N € C®R such that V'N = A@.
Again, by applying the procedure described in this subsection we obtain
A® from Row (Tpy).

In the final step we find the remaining matrix factors. Let
T = (AV 0 A®) (A% -0 A(N))T —TZV.

denote the compact SVD of T, then there exists a nonsingular matrix
— —H

M e CPR such that UM = (A(l) o) A(Z)) ©M=U (A(l) @A(z)). We have

F=VIM' =A®0o..-0 A™ and the remaining matrix factors follow

from the R decoupled rank-1 tensor approximation problems

2
£’

(N)

min f,—a§3)®---®a, re[1,R],
a®,...aV

where f, and a!” denotes the rth columtor of Fand A", respectively.

R _ @ BT — (AD o A@) T2
emark that when N = 3, then A mAY" = (A OA ) T or

alternatively A® = VIM. WhenN =4, then F=VIM ' = A® 0 A®

which means that A® and A® follows from solving the R decoupled rank-1
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approximation problems

2
¢ re€[LR],

f, — a§3) ® a§4)|

min
a® o

which can be solved by standard numerical linear algebra methods.

In this subsection we propose a method which exploits that two of the

6.2. Banded and Structured Matrix Factors

matrix factors are banded and structured. When both the structured matrix
factors are Toeplitz or Hankel structured, then the method will be referred
to as CPTOEP2 and CPHANK?2, respectively.

Let7 € C**IN withrank Rand let T = (A(l) o A(z)) (A(S) ©---0A" ))T
be its matrix representation. Assume that the matrices A © A® and
A® o0 AW have full column rank. Assume also that A"Y) and A® are
banded and structured matrices with dim (A(l)) = L, dim (A(z)) =L, and
satistying the assumptions stated in proposition According to propo-
sition B2 we can find the matrix factors A" and A® from Col (T[Z]). Let
T = UZV* denote the compact SVD of T, then there exists a nonsingu-

lar matrix M € CR*R guch that

UM = APV pA® (26)
VIMT = A®e...0 AW, (27)

T
Let {E;p '} be an orthonormal basis for A?) and a® = a(lp ). .,a(L’; )] € Cl» be
12

its coefficient vector such that AP = Zle_l agp )EZ’ ), wherep € {1,2}. Equation
P P

@8) can now be written as

(Ix®@U)Vec(M) = [Vec (E(ll) o} E§2)) ,..., Vec (E(Lll) o} E(Lzz))] (a(l) ® a(2))
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and

Vec (M)
=0, (28)
a(l) ® a(z)

where
G=[k®U,~Vec(E' 0 E?), ..., ~Vec(E{) 0 EY)| € ClERx(®+hLa)

From proposition we know that solution to (Z8) is unique up to a
scalar ambiguity. In order to solve the system (8) we will ignore the
Kronecker product structure a’ ® a®. Remark this relaxation may affect
the uniqueness of the problem. However, numerical experiments indicate
that this relaxation step does not seem to affect the uniqueness of the
solution. The LS solution to the relaxed version of ([Z8) is given by the right
singular vector of the matrix G associated with its smallest singular value.
Let x € CX*112 be the LS solution to the relaxed version of the system @8),

then we set

Vec (M)

x(1:R?)

X (R2 +1:R2+ LlLQ) = a¥ ®a®?,

y

Let C'2*b 5 Y = Unvec (x(R? + 1 : R? + L1L,)), then we find the unknown
coefficient vectors a) and a® up to scale factor ambiguities from the rank-1

matrix approximation problem

min ||Y - .el(z)a(l)T”2
a a® F’

which can be solved by standard numerical linear algebra methods. Re-
mark that this method is able to take a partial symmetry a® = a® or a

partial Hermitian symmetry a! = a®* into account.
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Once the matrices M, AV and A® have been found, then from (@2)
we have F = VIM ' = A® @ ... 0 AY). This implies that the remaining
matrix factors follow from the R decoupled rank-1 tensor approximation

problems

2
FI

f,—a§3)®---®a§N)

re[LR],

min
a?,..a
where f, and a!"” denotes the rth column vector of F and A™, respectively.
- (N = @) BT — (AD o A@) T
Again, remark thatif N = 3, then A" follows from A*" = (A OA ) T
or alternatively A®) = V'EM™'. WhenN =4, thenF = V'IM ' = A®0A®
which means that A®) and A® follow from solving the R decoupled rank-1

matrix approximation problems

2
: re€[LR],

f, — a§3) ® a§4)|

min
a§3)/a§4)

which can be solved by standard numerical linear algebra methods.

7. Numerical Experiments

Let us restrict the simulation study to tensors of order N = 3. The
real and imaginary entries of all the involved matrix factors and tensors
are randomly drawn from a uniform distribution with support [—%, %].
Let 7 e C'2*s with rank R denote the structured tensor we attempt to
estimate from the observed tensor X = 7 + BN, where N € C'*2*5 s a
perturbation tensor and g € R. The following Signal-to-Noise Ratio (SNR)

measure will be used

SNR [dB] = 101log [—
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Furthermore, when the matrix A™ € C"*R is banded, the following per-

formance measure will also be used

HA<”> - K(”’AH
n)y\ _ : F
Py (A( )) = rr}\m ||A(”)||F p

—~(n) ) . .
where A~ denotes the estimated matrix factor and A denotes a diagonal
matrix. When the matrix A™ € C"R is banded and Hankel or Toeplitz

structured, we will use the following function

A - A(n)aH
P, (A®) = min TG

as a performance measure. To measure the elapsed time in second used to
execute the algorithms in MATLAB, the built-in functions tic(-) and toc(-)
is used.

We compare the presented methods with the popular ALS method. The
ALS method is randomly initialized and we decide that the ALS method
has converged when the applied cost function at iteration k and k + 1 has
changed less than exrs = 107 or the number of iterations has exceeded
2000. For the ALS method we will use the following performance measure

”A<”> - K(")HA”

R T

—~(n) . . . .
where A denotes the estimated matrix factor, IT a permutation matrix
and A denotes a diagonal matrix. In order to fmd IT and A the gre. LS

column matching algorithm between A™ and A" proposed in || isused.
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7.1. Banded Matrix Factors

In all the simulations in this subsection we setI; = 10, I, = 7,13 = 5
and R = 5, the data is complex, i.e., 7, N € C'®” and the matrix factor
A® € €% is an unstructured matrix. When the CPBAND1 and CPBAND2
methods are followed by an ALS refinement step of at most 200 ALS
iterations, then the refined CPBAND1 and CPBAND?2 methods will be
referred to as CPBAND1-ALS and CPBAND2-ALS, respectively.

Case 1. Let A" and A® be narrow lower and upper banded matrices of

the form
[0 000 0]
x 0 00O ;
000 0D O
x x 0 0O
x 0 00O
x x x 00
x x 000
A(l)— x x x x 0 e([:10><5’ A(Z): 0 x x 00 EC7X5,
0 x x x x
0 0 x x O
0 0 x x «x
0 00 x «x
00 0 x «x
000 0 «x
00 0 0 x )
00 0O0D O

where x denotes a non-zero entry. Remark that since the matrix factors
are lower and upper banded both CPBAND1 and CPBAND?2 are valid
methods. The mean and standard deviation (std) Pra (A(”)), Px (A(”)) and
time values over 100 trials as a function of SNR can be seen in the left
column of figure [l We notice that the CPBAND2 method works better
than the CPBAND1 method. At low SNR the CPBAND2 method also
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works better than the ALS method while at high SNR the

method. However, the ALS method
is also more costly than the CPBAND2 method. We also notice that the
CPBAND1-ALS and CPBAND2-ALS methods yield a similar performance

as the ALS method but at a lower computational cost.

Case 2. Let the matrix factor A" be a upper banded matrix and let the A®

be a lower banded matrix of the forms

x x 0 0 O
x x x 00 :
0 x 0 00O
X X X X
x x 0 0 O
X X X x X
x x x 00
X X X x X
AD = €C10x5’ A2 =| v + 1 « 0 EC7X5,
0 x x x x
X X X X X
0 0 x x x
0 x x x x
00 0 x «x
00 0 0 0 x x x x
X
00 000D O

where x dénotes a non—zéro entry. Remark that the matrix factors are not
lower and upper banded, but the Khatri-Rao product of them is still lower
and upper banded. This means that the CPBAND1 method is not valid
while the CPBAND2 method still is. The mean and standard deviation (std)
Pria (A(”)), Px (A(”)) and time values over 100 trials as a function of SNR can
be seen in the right column of figure[ll Asexpected, we first notice that the
CPBAND?2 method works better while the CPBAND1 method does not.
The CPBAND2-ALS and the ALS methods yield a similar performance.
However, the CPBAND2-ALS method is less costly than the ALS method.
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7.2. Banded Toeplitz Matrix Factors

In all the simulations in this subsection we set[; =8, I, =9, Iz = 10

and R = 6, the data is complex, i.e., 7, N € C¥10 and the matrix factor

A® e C19%6 ig an unstructured matrix.

Case 1. Let A"Y) be narrow lower and upper banded Toeplitz matrix and let

the A® be lower banded Toeplitz matrix of the forms

[ 4" 0 o0
a(zl) a(ll) 0
0 a(zl) a(ll)
o)
AD = 0 0 a,
0 0 0
0 0 0
0 0 0
0 0 0

x_

S
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Remark that the conditions stated in propositions b.2land B.3 are satisfied.

The mean and std P (A(l)), Px (A(l)) and time values over 100 trials as

a function of SNR can be seen in the left column of figure 2l We notice
that CPTOEP2 method performs better than the CPTOEP1 method which
in turn performs better than the ALS method. We also notice that the ALS
method is more costly than the CPTOEP1 and CPTOEP2 methods.
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Case 2. Let A" and A® be lower banded Toeplitz matrices of the form
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Remark that the condition stated in proposition 5.2 and B.3 are satisfied.
The mean and std P (A(l)), P (A(l)) and time values over 100 trials as

a function of SNR can be seen in the right column of figure 2l We notice
that CPTOEP2 method performs better than the ALS method which in turn
performs better than the CPTOEP1 method. Again, we notice that the ALS
method is more costly than the CPTOEP1 and CPTOEP2 methods.

7.3. Banded Hankel Matrix Factors and a Partial Symmetry

In all the simulations in this subsection we setl; = 8,1, = 8, I3 = 10 and

R = 6, thedataisreal, i.e.,, 7, N € R¥®*10 and the matrix factor A® e R10%6

is an unstructured matrix.
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Case 1. Let the AY) and A® be anti-lower and anti-upper banded Hankel

matrices of the form

0 0 0o 0 0 ab]
o 0o o0 0 aY 4
0 0 0 a(ll) a(zl) ag)
AD = 0 0 &’ &) o o0 cR*6 A® = A

0 agl) a(zl) aél) 0 0 '
a(ll) a(zl) a(;) 0 0 0
a0 0 0 o0

14" 0 0o 0 0 o0

Note that the conditions stated in propositions and B4 are satisfied.
The mean and std P (A(l)), Px (A(l)) and time values over 100 trials as a
function of SNR can be seen in the left column of figure @ We notice that
the CPHANK2 method performs better than CPHANK1 method which in
turn performs better than the ALS method. We also notice that the ALS
method is more costly than the CPHANK1 and CPHANK?2 methods.

Case 2. Let the AY and A® be anti-upper banded Hankel matrices of the

form
@ o O @O @]
0 a7’ ay,” ay’ a,’ ag
o o @ @O @)
ays a4y a4y’ o4, ag 0
o @ @O @
a,’ ay’ a4, as 0 0
- @ @)
A= | B s 0 0 0 ERY® A = A,
a0 0 0 o0
V0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
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Remark that the conditions stated in propositions 5.2 and B.4] are not sat-
isfied. The mean and std Py (A(l)), P (A(l)) and time values over 100
trials as a function of SNR can be seen in the right column of figure B
We notice that CPHANK?2 performs better than ALS method while the
CPHANKTI fails. Again, we notice that the ALS method is more costly
than the CPHANK1 and CPHANK?2 methods.

8. Conclusion

We first presented uniqueness results for CPDs with a banded and
possibly also structured matrix factor. Furthermore, procedures for the
computa of a CPD containing a banded and possibly also structured
matrix ~ t were provided. It resulted in best rank-1 tensor approxima-
tion problems.

Next, we presented uniqueness results for CPDs with several banded
and possibly also structured m factor. More relaxed uniqueness results
were obtained when ~ structure of several of the matrix factors
into account. Procedures for the computation of a CPD containing several
banded and possibly also structured matrix factors were also provided.

The results presented in this paper are also valid for more general tensor

decompositions with banded matrix factors such as the Tucker decompo-

sition [22] or the family of block tensor decompositions [9].

Numerical experiments showed that often an increase petformance
can be expected when several of the banded and possibly also structured
matrix factors are taken into account in the computation of the structured

CPDs. In the case of banded matrix factors the numerical experiments
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insert "jointly"

in

singular, according to the beginning of the sentence


indicated that the proposed methan be used to speed up the popular
ALS method. ' '

In the proposed methods for computing a tensor decomposition with

two or more banded or structured matrix factors a relaxation of the prob-

lem was applied. The impact of this

ower banded. Generalization
of the proposed methods to deal with non-banded matrix factors will be

another subject of future work.
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Figure 1: Mean and std Pria (A(")) and Py (A(")) and time values over 100 trials while SNR
is varying from —10 to 30 dB for the banded simulation cases. Case 1 on the left column

and case 2 on the right column of the figure.

41



Mean and std P /\(A ® ) and PG(A (1))

(a) Mean and std Prjp (A(D) and P, (A(l)).

o
)

o o
el

o

Mean and std Ph /\(A @ ) and Pu(A (2))

o
)

o
P

N~ B
=

Lo
o

[

o
©

N
»
7T

fALS
|-+ CPTOEP1
|-©-CPTOEP2

-

Yo

[any

L
e
0 0

10 20 30

SNR

| <-ALS
|-+ CPTOEP1
-©-CPTOEP2

SNR

g 1 :
< <-ALS
G ; | -+ CcPTOEP1
z 08F° |-©-CPTOEPZ|
[
g 06P
< ¥
< N
a" 0.4f
=
2]
T 0.2
©
c
8 ‘ :
= % 0 10
SNR

(b) Mean and std Prp (A(z)) and P, (A(z)).

1
[~-ALs
g | + cPTOEP1
0.8] -©-CPTOEP2||
0.6

o
=

o
)

@) @)
Mean and std Pn /\(A ) and PU(A )

Ho
o

0 10
SNR

(c) Mean and std Prys (A(z)) and P, (A(Z)). (d) Mean and std Prja (A(Z)) and P, (A(Z)).

1 T :
| ~<-ALS
= \ -+ CPTOEP1
g 08 ! -O-CPTOEP2
o |
Eos ‘
2
2]
2 0.4r
g
% 0.2F .%*<>”f7.'< NG
¢ EEECERR TR %
o GG
-1 20 30

(e) Mean and std time.

1; \ i ; :
\ ~<~ALS

_ k A B || -+ CPTOEP1
08/ -O-CPTOEP2)||
= L: \ ]
=061 S AN
5 | SO o
204} S
© N
%0_2,“ e I -

BB OB -0--9--0--0

|
=9
off
i
i
+
i
]
OA
=
o
N
o

30

(f) Mean and std time.

Figure 2: Mean and std Pris (A(”)) and P, (A(”)) and time values over 100 trials while SNR

is varying from —10 to 30 dB for the banded Toepliz simulation cases. Case 1 on the left

column and case 2 on the right column of the figure.
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Figure 3: Mean and std Pra (A(”)) and P, (A(”)) and time values over 100 trials while SNR
is varying from —10 to 30 dB for the banded Hankel simulation cases. Case 1 on the left

column and case 2 on the right column of the figure.
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